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ABSTRACT

A model for calculating electron-clectron interaction, compressibilily mtio, screening parameter and
thermal resistivity of metals was proposed by using an interaction potentisl, A FOTRAN 80
computer programme was developed based on the mode] to calculate the properties of metals, The
effect of screening on the compressibility ratio, and thermal resistivity of metals was studied.

Results obtained revealed that the screened intersetion potential In metals is effective within a
distance of 1A and depends directly on the electron concentration of the metals. The electron -
electron interaction increases slightly with electron-gos parameter. The compressibifity ratio
decreases with an increase in the electron pas parameter, aiso the screening parameter increqsss
with an inerease in the electron gas parameter, The thermal resistivily inereases with an increass in
the eléctron gas parameter, [t also increases with an incresse in the screening parmmeter showing
that the screening in metals affects the thermal resistivity of metals. The results obtained in the
work revealed that thermal resistivity of metals increase with increase in temperature in agreement

with theoretical predictions.
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CHAFPTER ONE
INTRODUCTION
Metals are of tremendous scientific, industrial and technological applications. Metals usually
crystailine structure and are good thermal and electrical conductors.

The physical properties of metals such as: elecrieal and electronie properties, magnetic

pecties and thermal properties make them functional materials: The physical properiies of metals
are g a result of their numbers of free electrons and how these free electrons are bound in metals.

Transport properties of metals are explained based on the free conduction theory. At room
iemperature and above, the transport properties of metals are dominated by the free or conduction
- electron. At low temperatures, the laitlee or photen contribution comes into play.

As the electrons in the metals move as a result of thermal excitation of applied electric feld,
the electrons move and collide with ene another, This collision gives rise to resistivity: Increase in
lemperaitire increases the rate of colligion of the electrons.

.

Metals are good thermal conductors as a result of their free electrons. As these free electrons
mave into the metal to conduct heat, they coilide with ane another {electron-electron callision), they
els0 collide with the phonons (el ctren-phonon collision). these collisicns reduce the rate of thermal
conductivity of the metals and gives rise to thermal resistivity,

Electron-electron interaction is manifest through screening. Screening accounts for and
explains how electrons interact in meals, These are different screening theorles that produce
different screening parameters. But not all the screening parameters can produce values that are in
rood agreement with experimental values,

Considering the fact that screening affects how electrons behave in metals and the relevance

of thermal resistivity in metals; it becomes necessary that the effect of screenirg on thermal



fesistivity of metals should be studied to provide an insight on the physical properties of metals that

~give nse (o screening affects the thermal resistivity of metals.

‘1.1  OBJECTIVE OF THE RESEARCH

The ohjective of this work is to

1. develop a model potential and screen the potential.
H. use the screened potential 1o study electron-electron nteraction in metals.
iii,  calculate the Thomas Fermi screening parameters for merals.

iv.  caleulate the thermal resistivity of metals and study how electron-electron screening
affects the thermal resistivity of metals. Compare the caleulated thermal resistivity with
available experimental values.

12 SIGNIFICANCE OF THE STUDY
The significance of the study are:

L this study will provide a model thay can be used w explain how eleciron-gleciron
interaction affects the properties of metals,

ii. the study will provide a first hand do on the sereening parameter of metals thatare very
important in computational condensed matter physics,

i, the study will provide numerical values for the thermal resistivity of metals which can
guide experimentalist and act as reference

ivi  this study will give the relationship between efectron-glectron screening and thermal

resistivity of metals.



JUSTIFICATION FOR THE RESEARCH
The thermal resistivity of metals and alloys is a very imporiant property that affects their
industrial and technological applications. Electron-electron interaction is an important phenomenon
taffects many properties of metals and allovs.

Considering the relevance of thermal resistivity te electron-electron intéraction in explaining
the properties of metals, the development of & model to explain and study eléctron-electron
mteraction in metals becomes a necessity. Alsa, caleulation of thermal resistivity of metals and

studying how sceeening in metals affects thermal resistivity becomes very relevant.

14 FREE-ELECTRON MODEL

At.about 19 the hypothesis of the free-electron gas was first used by Drude 1o explain
both the optical properties and the high electrical and thermal conductivities of mgtals. He assumed
that the valence electrons in a metal were able to move Freely in the crystal and, at the temperature
T ol th- erystal they behave like the particles of an Ideal gas (hence the name “free electron
midel”), In the free-electron maodel, all electron-electron and eléctron-ion interactions are
neglacted,

In the following vears Lorentz improved the model by assuming a Moaxwell-Boltzman
distribution for the electron velocity, The assumption of a Magwell-Boltzmann gas, however,
proved incensistent with measurements.of specific heat capacities of metals since such a gas of &
electrons should give & contribution to the specific heat of 3NK/2Z. There was experimental proof
(e.g measurements of the Hall Effect) that the electron ¢oncentmation 5 of the order of the
concentration of the atoms, According to this, the electronic contribution to the specific heat

capacily of metals should be comparable to the Dulong-Petit value of the lattice heat, hence the ol

spectiic heat of a metal above the debye temperature 8 should then be (3+3/2)NK. However,



metals also show a good agreement of their measured specific heat capacity with the Dulong-Petit
value at INK. This indicates that the electiron gas cannot be considerad w0 be an ideal Maxwell-
Boltzmann gas.

The basic assumption of Drude were qualitatively correct and were wsed in later theories,
Experiments have shown that the metals are actually pure electronie conductors, without additional
s conduction, and electrolylic experiments showed that no mass transport occurs, The presence of
tlternating currents could be praved in metallic bodies which were rapidly moved to and fro. These
currents arg due w the inertia of the moving carriers. The specific charge of the carriers determined
from these experiments were in perfect agreement within the limits of experimental errors with the
values measured for free electrons in cathode rays: {Busch and Schade; 1976).

According to the free electron theory the nuclei and inner core electrons of a metal are fixed
tn their-awice sites in a crystal, The electrons are assumed not to interact with each other or with
the nuclei at the lattice site. According to the free electron theory, electrons fill all the available
energy levels up 1o the Fermi level which is the higiisst occupled energy level a1 absolute zero
temperature. 1 the temperatuce of the erystal is raised to 8 emperature above absolute zero some of
the electrons are not disturbed &t all only a few of those electrons near the Fermi energy level are
elevated to higher levels, This model is just an approximation and does not describe quantitatively
any real system.  The qualitative features. however, are similar to those present in o more
comiplicated model. We have therefore attained the reason why the Debye theory for specific heats
can provide reasonably good agreement with experiments. even though it ignores the motion of the
electrons. Only those electrons with energies close to Fermi energy can contribute to the specific
heat and their number is small in comparison with the number of atoms in the crystal,

The behaviour of an electron gas is often compared with that of molecules of water in the

liquid state. Water is essentially incompressible, and in a large body of water the most violent



tion oceurs anly in the form of surface phenomena. The clectron gas is likewise incompressible
use of the pauli exclusion principle, and the surface of the system is often referred to as the
ermi sea”, That is the electrons near the Fermi energy are apalogous to water melecules near the
rfoce of the ocean, The same ideas and terminology sre also wsed to describe nuclear matter;
snce protons and neutrons have spin half, they are fermions, and a heavy nucleus with many
protens and neutrons similarly has ity lowest engrgy states completely filled. (Semat and Albright
1572),

The electron pas is modeled by 3 system of large number of particles that are identical and
non interacting contained in a box with impensetrable walls. The box is large and the number of
particles is large and the properties of the system is independent of the shape of the bax. Such a

gystem can be described by a time independent schrodinger equation,
3 2 . -
Vogi{x, v, )+ n—:{E-—F' lx v ey=1 (1.1}

The behaviour of electron gas depends on
i. The number of particles that make up the gas
1. the number of accessible state or level for each particle.
The weakness of free electron theory of metals is that:
L. ltcannot be used to classify metals into conductor, semiconductor and insulators.
ii It can not be used to explain some transport properties of matals. (Semat and Albright 1972},
L5 SOMMERFIELD'S THEORY
According to Sommerfield the properties of the electron gas are determined by guanium-
mechanical principles. Knowledge of the energy and momentum of the electrons can help 1o

thearatically evaluate those properties of metls which depend on the valence electrons. [n this



- present case, this problem is reduced to a single-electron problem and the theory is hased on the
following assumptions:

L The valence electrons move independently of one anather in the potential of the metal
tons and the other electrons.

il. The potential in the interior of the metal s constant, i.¢ the electrons are not seted upon
by forces provided that no external fields are applied. Therefore the electrons are called
“free”.

iii, A wave function is attributed 1o évery eléctron which has been obtained as a solution of
the time-independent schrodinger equation.

iv. The electron energy distribution s given by the Fermi-Dirac statistics:

The fourth assumption contains the Pouli exclusion principle sccording to which each
eigenstate can be occupied by at most two electrons with opposite spins.

In this sense the W electrons are not perfectly independent from one another even if,
according 1o assumption one and two, forces acting between the electrons among themselves and
the electrons and the metal jons can be neglected.

By virtuz of the De Broglie relation o wavelength of & = hp i atiributed to electron of
momentum p. When we introduce the wave number & = 2x/4 the de Brogliz relation takes the
form p=hK

The matien of the alectrons is congidered as the propagation of particle waves, which for the
stationary state is determined by the time-independent Schrodinger equation with suitable boundary

conditions

v!w+%-t5—mw=ﬂ (12)




where i 13 the wave function, E is the total energy of the electron. V is the potential energy and m
:Eﬂts rest mass. The quantity w is also called the probability amplitude. The quantity yoy 24 s the
probability for an electron to be found in the volume ¢lements d°r. The probability for an eleetron
obe anywhere in the system must be unity, this requirement is called the normalization condition

~which the wave function must satisfy.
fpwed'r= 1 (1.3)

Here w+ is the complex conjugate function of w. The integration is carried out over the toml
volume of the svstem considered,
As in the present case the potential energy is taken as constant (“free” electrons), and as 1133
defined to within an additive constant, we can put ¥V = O in-equation (1.2). when we cin write,
w = Cexplikr) {143

where C is a normalizing constant, k 14 the wave vectar and r is the position vector, we obtain from

equation (1.2}

; h* e . .
.&{k}:Ep =-£;{k.- s (1.5}

This relation, E(k) represents the dispersion relation for free electrons.

The boundary conditions supply us with a <election of a finite number of & wvalués,
Therefore, enly certain energy values (eigen values) ore allowed, and only certain definite functions
{eigen-functions) are solutions to the schrodinger equation. The boundary conditions themselves are
obiained from the homogeneity of the crystal (periodic boundary conditions). The spatial
perindicity of the wave functions for cells of the size L7, is
e,y sy=wix+ Loy =ylx,y+ Lo)=wlx 2+ L) (1.6)

Yields together with equation (1.4) the quantization condition for the K values:
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where m, m n_ are integers and from equation { 1.3) we hence obtain the eigen values for traveling

WIENES:
£ g :Ei?n: (1.9

Using 2% to denote the k values from k=0w k=k(n), we get

z;eﬁi: ¥ (1.10)

Where we equally have many enargy values Z's fromE=pwE=E;

_L‘{lmfﬂj”
st

(.11

The density of the enerzy eigenvalues D(E) i.e the number of energy

valuz per unit energy interval con be obtained from this by differentiation with respect to E:

dZ" Fhy [Em
MdE =——dE=——| —
P fE S W i

¥4
] B R {1.12)
These quantization conditions yield the energy eigenvalues allowed for each individual™s vatence
electron in the metal.

The application of the Pauli exclusion principle and the Fermi-Dirac statistics enables us to

find cut how many electrons have certain energy (the so-called energy distribution). According to

the Pauli principle only two electrons (with anti parallel spins) can have the same momentum, the



“sar = “state”™, which is defined by the set of the three quantum numbers #, /. and m; according to
equation { 1.8).

The Fermi-Dirac statistics tell us about the occupation probabilities of the states of energy E.
The energy distribution, that is, the number A7EJdE of electrons with energies between E and
E-dE, Is glven by the distribution function
NiEWE = 2D¢E) F (E) dE (1.13)
with the Fermi-Dirac function

l

{5
ey +|
£r

Where £ is the chemical potential of the Fermij-zas or the Fermi energy, From equation (1.12) and

FiE)= [1.14}

1.14) we abtain for the distribution function (Busch and Schade 1976) for free electrons (Ggl. 1) as

£

.L'I

Y S EVYE
MNE .|'£'=—,(—,] 1.5
(L) R T . FE_E].F[ {1.12]
P kT

1.6 PROPERTIES OF THE FERMI-DIRAC FUNCTION

The function F{E) depends only on an energy difference and is therefore indzpendent of the
choice of the crigin of the energy scale; F(E) is nlso independent of the distribution of the guantum
states DYEY and i5 generally valid for non-localized electrons. The function F(E} assumes only

values between O-and | as shown In Fig |
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Fig 1.1 Fermi-Dirac function F(E), Distribution of equation of states D(E) and the distribation
function N(E) for (i} T = 0%k and T=0"%k.

02 F(E)S] _ (1.16)
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particular we have for :‘“ h AT,
=0k E=&: FrE=0 "
E=E: FiEi=i
T=0°k E>=€ F(E =0 o

E=<f; F(E) =]

E=E&; =4

The enérgy Co is the Fermi energy. At T = 0'% all energy states arc filled up to Eo with unit
probability, for higher energies the occupation probability is equal to zero. For T > (% the
occupation probability for states of the energy £ = £i35 equal to half. The Fermi erergy is a slightly

temperature dependent ener v parameter which is determined by the electron density.
The function F(E) has the following important properties

F{e+VE) = 1-F (e -VE) (1.18)
this is easily understood when we take inte consideration (fig 1.1) that is

1 - I

() =)
expl — I+1 EiXp = —— | +]
KT KT

ond-

(1.1%)
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1.7 PROPERTIES OF THE ELECTRON GASAT T = 0"K

At absolute zero all states are filled up 1o the Fermi energy E., This fact results from the
Fermi-Dirac statistics. The value of this limiting energy depends on the total number N of valence
electrons contained in the volume L7, which sccupy the allowed states in agreement with pauli’s

exclusion principle. From this we obtain an equation determining E;
N = [ MEME =2[" DEVEE e (1.21)

Using equation (1.12) and F(E) = 1 we abtain

g
=

h * T
Ei=—3xn )" (1.22)
2m

P i, #
where n. = WL is the electron concentration.

The eleetron concentration in metals is of the order of the concentration of ntoms. The

caleulation of E; from equation (1.22) and {1.23) yields astonishingly high energy values even ot
phsolute zero (of the order of several eV') tor the valence electrons of highest enerzy.

Mg = Oay (1.33)

The total enerey of all valence electrons in the volume L at absolute zero amounts to
U, = [" EN(EIE (1.24)
Substitution of equation (1.15) and (1. 17) vields

o L] Im B j.l: o5
{JHEEFT[?ET] E, (123

From this, using also equation {1.22), we obiain for the mean energy per electron

St _ (1.26)



In contrast to the classical Maxwell-Bolizmann gas whose particles have no energy at

ute zero, the electron gas has a considerable zero-point energy, [t corresponds to a temperature

of the order of 10K of a classical gas. This can be casily estimated by means of the following

relations:
= 3 - IR
L"?ﬁ.EF;EhE (1.27)
£ 3
I.=—— .28
=T (1:28)

where Tg is the degeneracy temperalure.

In contrast o the ideal gas. the electron gos at absolute zero has high pressure Po (zero-point

pressure). When we substitute the electron concentration n, and the mean energy U in the general

ms-Kinetic relation for the pressure, we obtain the zero-point pressure of the electron gas as
b
&

neli, = ?HEE, (1.2%)

~
1
Lad | P

This pressure is of the order of 107 atm. (Busch and Schade, 1976).
LE  PROPERTIES OF THE ELECTRON GAS AT T > 0"K

The following considerations are based on the assumption that the electron gas is in
thermodynamic equilibrium with the metal jons in the lattice. [fthe temperature is raised, the mean
encrev of the electron gas is alse raised via the interaction with the lattice vibrations (Phanon). The
excitation energies transferred from the phonons to the electrons amount to about KT. As all stes
with energles E < Er are occupied, only the fastest electrons of energics E = Eq can be excited to
higher levels, Thus the curve of the Fermi-Dirac function is changed only near the Fermi energy, in
an energy interval of the order of KT, The value of the Fermi energy is slightly temperature-
dependent and is obtained from a normalization condition similar to equation (1,21), under the

assumption of a temperature-independent electron concentration N {Figh.1y:

13



N=[ NEHE=2 [ D(EYF(EME (1.30)

Using equation (1.15) we obtain the equation for the determination of £,

o Em] E'E
i e | %
i IJT!L;J: r P[E_Eﬂ_] [! ]1}
X —— | +1
KT

with the substitutions x = E/KT and a = Ep KT we can rewrite this equation in the form

. [zmﬂ]"’ X" dx
N=—| T — 132
ol N f expix—e) +1 (39
ot
2
= —=nf () (1:33%)
iT

with the “effective density of states”

b o]
B =£[_--—2’:ﬁfr] (134)

and the Fermi integral

Xy
F.lays| ———— 1.35

the so-called effective density of states means essentially a eritical electron concentration, In the

Fermi statistics we often encounter integrals of the form

Flay= [ L& (1.36)

explx —or) +1

14



Fermi integrals in general cannot be solved analvtically, but by means of series expansions

can be given approximately for ceriain ranges of & = E&/KT,

For ar >> 1 we can use Sommerfield s expansion

¥ ra e i ]
Flaey = | fixds+— flart STl + {1.37)

In particular for fi{x) = A"

F,{r:]:f A~ . l+£{.lr+l_hua':+....,... (1.38)
' exp{x—a)+] m+l 6

This series converges rapidly for @=>1. (Busch and S¢hade, 1976)

1.9 DEGENERACY OF THE ELECTRON GAS
Deviations of the properties of the electron gas from those of an ideal gas are due to

degeneracy. The presence of zero pointenergy and zerp-point pressure are characteristic features of

o o



degeneracy. The concept of electron gas degeneracy 15 in no way connected with the quantum-
mechanical concept of degenerncy which means the existence of several states of the same eneray.
The criterion for degeneracy is defined by the condition
E{T) 2Ez >> KT (139
The electron gas s therefore degenerates as long as its temperature T is considerably below
the degeneracy temperature T (equation 1.18)
I=<T; (140}
The criterion in equation (1.39). together with equation (1.22) defines :a critical electron

cencentration n.,: for concentrations given by

", }?Jfl_“=—|—,[£1:—k-] e (1.41)
- o W &

Camparison with equation {1.34) shows that ngy is approximately equal 1o the effective density of

Hlless

4
M= : 142
?l\. 3}1_! - |"i'" { ]- .

AL T = 300°K the critical density ny, = 10" em™; the electron concentration in monevalent metals,
however, if n. = 107 %em™, Thus the ¢lectron gas of metals is highly degenerate, the degeneracy
would disappear only at temperatures considerably above the melting point of the metals. (Busch
and Schade 1976).
L.10  SPECIFIC HEAT OF THE ELECTRON GAS

Only the fastest electrons and thus only a small fraction of all electrons can take up thermal
enerzy because of the pauli principle. For this reason the specific heat of the degenerate electron

£as is' much smaller than that of a classical gas,

16



Tre specific heat Cv is ohtained from the temperature dependence of the encrzy U(T) of the

gas in the volums g
(=l 2]
o= — [ A3
I [ ar }I."II: “ !

total energy LT} is ohtained in analogy to equation (1,24} from

UiTy = f ENEVIE (1.44)

: ihstitution ol equation (1.15) yields

7 ofamy"? EYIE
(= _:‘1'_1(_;':1_] .[. (1.45)

"
-

- with the substitutions x = E/KT and = E/RT we have
I 2m R i
Uily=—| =5 | (KTY Fale) (1.46)
2 N K

where
. Xk

f‘ ,.{ _-']| — — 14?1]
# f explx—e) +1 [

case of degenemacy (& = £/KT == I} we have

According to equation {1.38) in the



" E ::[1 5(=Y (1.48)
s:l:.ﬂ}tgﬂ' LE(E] L RS P .

L
When we again replace £by Er in the correction term, we obtain with equations (1.46) and (1.48)

far the electron gas energy

5o w31 i .. Sy
UiTy= L,(ET—J Pt Sl {-F‘—T] = T (1.49)
dx” \

Repeated applivation of the binomial expansion on equation

= =_’,[ 2\ [1+=—[ ”J -l (1.50)
‘3 Rt
L ’ |

enable ws 1o obtain

om0

while the substitution of &¢T) from equation (1.3]) yields

TP 0 ] I U S
U(ﬂ.:-'ﬂ_jﬁ] £’ ’[I s }l." L‘E] +} (1:32)

seiln E,

and using equation (1.23) and (1.26) we find

o § set (kT J

UiT) = "-E + el [N S 1.53

(7= (1 3 [ EﬁJ ‘ (1.33)

the temperature dependence of the mean energy per ¢lectran equation (1 26) is given by
. Uy 3 57 [EI’]:

HTys———=—E T+ —| =] Fommrrrim 1.54

from equation (1.53) we oblain
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& NK?
R

T=3T (1,55)

forthe specific heat of the electron gas. where

r NK* (1.56)

wi¥

Lattice spacilic heat

Electron zpecific hieat

T o ¥ o 1R

Fig 1.2 Lattice specific heat and specific heat of the electron gas as functions of tempersture,
Introducing the degeneracy temperature Tr in equation (1.28) into eguation (1.53) we get

x

. T
Cy ==——Nk=— k¥
g R (1.57)

E
L'nlike the classical gas, the electron gas has a temperature dependent specific heat, which i3
directly proportional to the temperature. From equation ( 1.57) we see immediately that the C, value
for temperatures above the Debye temperature 8 (B is of the order of 100°K) is only about 1% of

theDulong-petit value NK of the Lattice specific heat. Only at very low temperatures do the



clectrons contribute noticeably to the specific heat of metals: as T—» 0%k the electron contribution of

e lamtice vibeations drops s TV When we 2quate thess two contributions we obuain the
temperature T* below which the specific heat of the eleciron gas is predominant (fig 1.2).
12 o

—rtNK — = N — 1.58
2w I ) -wk .59

fot copper, for instance with 8= 311K and Ty = Jx ! 'k we find T*=3"K.

The tatal specific heat of metals at T<< £is therefore

Cuat = YT+ET (1.59)
or
C_'_;{L-_n ¥+ 8T (1.69)
12 NK
he =—nt— 161
where el (1.61)

In pasticular, the energy cigenvalue density D(E) is changed when one assumes that the
electrons move in & periodic rather than 3 constant potential. The value of Y is in other words
directly related to the eigenvalue density at the point E=Eras @ combination of equation {112}

(1.22) and (1.56) shows

;
r=§wlﬁiﬂ{£"1 (1.62)
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This relation can be obtained quite generally without the resiriction of the free zlectron

.- A measurement of the specific heat in the low-temperature range can thus vield information

nthe eigen value density at the Fermi energy &, | Busch and Schade, 1976).
1.11 LIMITS OF SOMMERFIELD'S FREE-ELECTRON MODEL

The free-electron model and the application of Fermi Dirac statistics have proved very
eessful in improving our physical comprehension especially of the moenovalent metals, T is an
sionishing fact that, in spite of the neglect of the strong electrostatic forces berween the positive

s and the electrons, Semmerfield’s model may explain satisfactorily the tollowing properties of

‘metnls:
1 The specific heat of the electron gas.
i. Thermionic emission.

i Field emissian.

1. The wiedemann-Franz law

Y. The dismagnetism and paramagnetism of the electron gas.

The theoretical calculation of galvanomagnetic effects, such as the magnetoresistance and
the Holl effect, may deviate considerably from the experimental results. Thus, for example, the
magnet-resistance: measured for tungsten is higher by a factor of 1012 than sat calculated on the
busis af the free electron model similarly, the positive Hall coefficients of some metals (e.g Zn. Cd)
cannct be explained by this model. (Busch and Schade 1976),

L12 THERMAL RESISTIVITY OF METALS

Thermal resisitivy of metals is the reciprocal of the thermal conductivity of metals. Thermal
resistivily is one of the phenomenon that arlses as a result of transport process. In metals, thermal
conduction is due to electrons and phonons. The free electrons contributes immensely to the

thermal conduction at high temperatures, Thermal resistivity is brought out by electron-electron,
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electron-phonon, eleciron-impurity scattering, These hinder thermal conductivity. The electron-
glectron scattering contribution 1@ the thermal resistivity is proportiomal 1o temperature,

Accurate values of thermal resistivity due 1o electron-electron scattering can be ebtained
from the simultaneous measurement of electrical resistivity and thermal resistivity at high
temperaiures. [his method has been used (o measure the thermal resitivity due to electron-electron
scattering for noble metals and alkaline metals. (Macdonald and Geldart, 1976},

The electron-electron scattering of the thermal resistivity is one of the main causes for the
deviation of the Lorentz function from the wiedemann-franz law above Debye temperature
(Lundmark, [990). In the measurement of the thermal resistivity, the temperature dependence of
the thermal resistivity is measured and the contribution from electron-eleciron scattening is
exiracied,

Thermal resisitivity is given by {Kukkonen and Wilkins, 1979} as

u=|rqi][‘ L8 1 (1.63)
L6 ve ) 3k, )

where Cy is the specific heat capacity, Vi is the Fermi velocity, ¢ and K are related 10

angular averages of the scattering rate, Specifically, the relaxation time for a gquasi-Particle at the

: .2y [ . ) . ;
Fermi surtace is %; whiere — i§ proportional to an angular average of the scattering rate and it
E T

i5 (Kukkonén and Wilkins, 1979)

| MNETY .
= [11‘_‘} {Il’tﬁl.ﬁ'].ﬁl+g,ﬁ:‘ﬂq]; {1.64)
T 8rh ‘

where m is mass of an electron, Kg is Boltzmann constant T 15 temperature and his
normalized planck’s constant. An exact method for obizining the thermal resistivity due o

electron-electron scattering can be obtained once the quasi-particle scattering rate is known. In the
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clculation of the thermal resisivity of metals, the metallic systems are modeled by a uniform

slevtron gas with the electron mass modified 10 1ake account of band structure effects and the
cleciron-electron interaction is modified 1o toke account of the screening of this interaction by the
(core electrons, A simple approximation for the scaunering function based on the Landau Fermi-
liquid theory was used in comparing predicted values far thermal resistivity with experiment in the
alkali metals, and it was found that the approximate seattering furction is sufficiently accurate when
the thermal resistivity of low-density alkall metals Is much higher than the simple metais of groups

I8, 2B, 3A and 4A. [MacDonald and Geldan (1979)]
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CHAPTER TWO

LITERATURE REVIEW

11 THERMAL RESISTIVITY OF METALS

Bar-Sagi (1976) caleulated the thermal resisitivity of super-conductors bnsed on bound
density of states. He used a pair potential. The results of the calculated thermal conductivity was
good agreement with experimental values,

[wamaota {1999) calculated the effects of screening on the thermal resistivity of metals dug
o electron-electron scattering based on the approximate correlation energy. He used the static
greening potential with the screening length determined by the eompressibility which is derived
from the Monte-carlo vaiues for the correlation energy. The result obtained was compared with
pther theories and experimental values and it was found that the thermal resistivity of metals
depends quite sensitively on the sereening lenath.

kukkonen and smith (1973} caleulated the validity of the Born approximation as applied to
glectrrn-electron scattering in metals based on the exact solutions of the Boltzman equation. Thay

wied the knowledge of inter electronic potential, and found that for the screened coulomb

interaction peTNER) . Theory found that:
r

L, The Born approximation over estimates the scattering cross section and the electron-

glectron contribution 1o the thermal resistivity by about a factor of 2.

i, The scattering cross section and the thermal resistivity are sensitive functions of the

sCrecning wave voctor ks,

ii. MNeither the Thomas-Fermi nor the Bohm-pines screening wave vector yields a thermal

resitivity that agrees with recent experiments on metals.
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They concluded that the knowledge of the approximate interelectronic’ potential i3

iderably more important for calculating the transport coefticients th: - the use of the Bom
ximation instead of the exact partial wave method. Kukkonen and Wilkins (1979) calculated
interaction between two electron quasiparticlas in terms of the dielectric and vertex functions of
the unitorm electron gas. The effective interaction and its contribution to the thermal resistivity was
med, and the result obtained is consistent with experimental values.

Kus (1976) succeeded in caleulating the electronic and thermal resitivity of metals using the
forms of energy dependence of the trial function. In his caleulation, realistic forms for the electron-
phonon matrix elements were nsed and the etfect of Umklapp processes was included, It was [ound
hat the electrical and thermal resistivities of metals in both the dilute and concentrated regions
deviated significantly from Mathiecssen’s rule and this result was in good agreement with
experimental values. s

Lundmark (E990) succeeded in calculating the umklapp scattering conlribution 1o the
electron-electron scattering and the thermal resistivity in metals, He used an isotropic Fermi-liquid
madel where we have corrected for the anisotropic scattering in terms of a fractional Umbkiapp
seattering functions, which is calculated using o pseudopotential band- = ructure model. The results
b oblained was in good agreement with the experimental values.

Lundmark {1998) calculated the exchange and correlation contribution to the electron-
electron scattering of the thermal resitivity in metals; He used & Fermi liquid model in which the
glectron-electron Interaction is given by sell” energy derivatives. The results of the calculated

exchange and cormelation contribution to the electron-cléctron scatterings were in good agreément

with experimental values,
MacDonald and Geldert {1979) succeeded in calculating the electron-electron scattering and

the thermal resistivity of metals. They used a modelled uniform electron gas with a modified mass

25



and electron-electron interaction to account approximately for the crystalline effects. They nlso
fotind that the electron-electron contribution 1o the thermal resistivity are in good agreement with

the experimental values.

Pecheur and Toussaint {1972) calculated the phonon limited thermal resistivity of metals
 based on their symmetry directions.  They used the Mannari-ziman-Baym theory. The results
obtained was found to be in good agreement with the experimental values,

21 ELECTRON-ELECTRON INTERACTION AND THERMAL RESISTIVITY OF

METALS

Electron-electron Interaetion play an important role in the transport processes in metals,
Experimentally, one measure the transport coeflicients and singles out the information about the
electron-electron correlations among other effects.  As for thermal resistivity for example both the
electrons and phonons contributes as carriers of heat, Their heat transport may be impeded by
electron-phonon, electron-impurity and electron-electron scatiering as well as phonon-phonon
scattering. In this case, one measures the wemperature dependence of the thermal resistivity and
extracts the contribution from electron-electron scattering. Such an analysis for different metals
gives rise to valuable information about the interelectron potential, where many body effects modify
the bare coulomb interaction significantiy.

Thearctically, many schemes have been proposed 1o take into account the many body effects
in-caleulating the thermal resitivity. To obtain the effects of electron-glectron scattering on the
thermal resistivity of metals we use the sereened coulomb interaction with the effective potential
camposed of bare coulomb potential divided by the dielectric function, where we use the static
long-wavelength limit of the dielectric function, Then the effective potential is characterized by the

sereening length which is the only density dependent parameter in the theory, It is sufficient to
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ire that the static long wavelength [imit of the diglectric function satisfv the compressibility
rule in order 10 determing this screening length uniguely.

The basic assumption in the present theoretical scheme is that the screening of the bare
tron-electron interaction is approximately described with the use of the static long-wavelength
limit of the diclectric function, The advantage of the present one-parameter theory is its simplicity.
5 is also a natural extension of theoriés with the screened coulomb interaction such as the
mas Fermi, Bohn-pines and Hubbard approximations. Thermal resistivity of metals depends on
[Itcumpr:ssihilit}' quite sensitively,

It is assumed that the electron-electron interaction potential is of the sereened coulomb form

V() =gt BT 2.1
r

were, ¢ is the electronic charze, g, is the screening length and r is the distance.
bl

To determine the screening wave number g , we regard eguation (2.1) a5 a bare coulomb

potential which is screened by a static dielectric function in Fourier space

darps
) =—— (2.2)
Elg, O~
Where
i

flg.0) =1+

Il the static dielectric function is approximated by its long-wavelength limit, then, the screening
length g may be uniquely determined by the compressibility sum rule

lim e(g.0) =1+(g, / grki k) (2.3)

where



o 13
e
= (2.4)
‘?I I [ 'E.I ]

is the Fermi-Thomas screening leéngth, n is the electronic density and Er is the Fermi energy. The
ratio ik, is the compressibility normalized by its free Fermi gas value, The screening length may
be expressed in terms of the spin-parallel and spin-anti-parallel screening wave numbers

(¢, -andg,, ) bwamoto (1993) as

g, =g [+ {17 2){(g4 "lE"rTJ: — g I 1y g (2.3}
23 FERMI LIQUID

A Fermi liquid is a_generic term for a quantum mechanical liquid of fermions that arises

under certain physical conditions:
(i) when the temperature is sufficiently low
{ii} when the system is translationally invariant

Linder theése conditions, the intersction between the particles of the many body svstem does
not need 1o be small {i.e electrons in a metal),

The Fermi liquid is qualitatively anslogous to the non-interacting Ferml gas, in the
following sense. The system’s dynamics and thermo-dynamics at low excitation energies and
temperntures may be described by substituting the non-interacting fermions with quasiparticles,
each of which carries the same spin, charge and momentum as the original particles. . Physically
these may be thought of as being particles whose motion is disturbed by the surrounding particles
and which themselves perturh the particles in their vicinity,

Each many parficle excited state of the inleracting system may be described by listing all
occupied momentum states just as in the non-interacting system. As a consequence, quantities such
as the heat capacity of the Fermi liquid behave qualitatively in the same way as in the Fermi gas

(e.g the heat capacity rises linearly with temperature),
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However, the following differences to the non-interscting Fermi gas arises:

(i) The energy of a many particle states is not simply asum of the  single-particle energy of
all occupied states,

(it} Specific heat, compressibility. spin-susceptibility and other quantities show the same
qualitative behaviour {e.g dependence on temperature) as in the Fermi gas, hul the
magnitude is (sometimes strongly) changed.

{(iii} In addition to the mean-ficld interactions, some weak Interactions between
quasiparticles remain which lead 1o scanering of quasiparticles off each other.

{iv) Gresn's function and momentum distribution of quasiparticles behave as lor the
fermions in the Fermi gas.

(v¥) The structure of the “bare™ particles (a5 opposed to quasiparticle) Green's function is
similar 1o that in the Fermi gas (where for a given momentum, the Greens functions in
frequency space |s.a delta peak at the respective single-particle energy)

(vi) The distribution of particles (as opposed 1o quasiparticles) over momenium states at zero
temperature still show a discontinuous jump at the Fermi surface (as in the Fermi gas),
but it dees not drop from one to zero the step 1s enly of size Z.
{vii) In a metal the resistance at low tempemture is dominated by electron-electron scattering
in combination with umktapp scattering {Wikipedia, 2006},
4  FERMI LIQUID THEORY
The basic idea of the theory Is'to compare the excited states of the quantum liquid with thoze
fa free Fermi gas. In order to do this, it is assumed that there exists a one-to-gne correspondence
stween the states of the Fermi gas and the siates of the liquid, 1t assume that Fermi liquid can be
btained by switching on the interaction between the particles of the Fermi gas infinitely slowly. in

iis way every state of the liquid corresponds 10 o slate of the Fermi gas. Therefore the liguid

=
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oorresponds 1o a state of the Fermi gas. Therefore the liquid obtained in this way is called & Fermi
| figuid

The only way to know if a given svstem is a Fermi liquid is o measure the properties of the
system experimentally and see if the resulis are consistent with the predictions of the Landau’s
theory, (Peter, 2002)

Fermi liquid can be defined as an inmteracting system whose spectrum of elementary
excitations is similar 1o that of a free Fermi gas, this based on the assumption that there exists 2 one-
to-one correspondence between the states-of the free Fermi gas and those of the interacting system.
|f one takes @ state of the Fermi gas and adiabatically turns on the interaction between the purticles a
state of interacting svstem 15 obtained.

The alementary excitations of the interacting Farmi liquid correspond to pamicie and hole
excitations of the free Fermi gas. Such an excitation can be created by adding a particle with
momentum P to the ideal distribution and turn on the interaction between the particles. As the
interuction is increased it is observed that the demsity of the particles in the neighbour hood is
changing, for an electron gas, the surrounding electrons are pushed away cloud of positive charge
density in this region is obtained, because of the one-to-one carrespondence, the states of the
interacting system can be classified by the distribution function of the Fermi gas which is referred to
as the guasiparticle distribution functions. As the particles of a Fermi gas, quasiparticles obey the
exclusion principle, Since quasipaticle excitations can be generated only il their momentum lies
outside the Fermi surface, the quasiparticle distrribution is bounded by the Fermi surtace: (Peter,
2002).

The only Fermi liquid found in nature is liquid helium below 0.1°K. But the theary can also

be applied to conduction ¢leotron in metals and semi-metals,



’ In the absence of excitations above the Fermi energy, the ot energy E of a fermion system
iwgiven by the ground siate energy Eg. Labeling the excited states by momentum P as in the ideal

tezs, E is expressed as

E=Eg+Y e(pin, (2.6)
| i

“where ny is the distribution function of quasiparticles in the excited state with momentum, P, &(p/ is
energy which depends on momentum the entropy 5 of the system is

S=—K§[n,lmr,+[l—.r:J,]1ntI.—nJ,:lj (2.7)

where K is the Boltzmann copstant

In equilibrium. the distribution functions is determined by temperature and is determined by
the condition that the free enerzy is minimum, (Akica, 1991,
15  QUASIPARTICLES

Quasiparticle is the simplest elementary excitations of the Fermi liquid theory. A method of
creating such an excitations is to start with the ground state of the non-interacting fermion systam;

this state is always filled up to a limiting maximum or Fermi momentum £, =4 at 0 k.

Consider 8 non interacting Fermi gas. the probability of finding a particle with momentum p

and spin o in the equilibriam state i3 given by the Fermi-Dirac distribution funetion.

- 1 @8)
EXP(E . — 20)/ Ky +1

P
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Where £, the guasiparticle energy, T is the temperature, Kg is the Boltzmann constant, p 15 the

chemical potential, and »n  is the Fermi-Dirac distribution function. The quasiparticle energy is

given by

-

r
B e (2.9
= 2m }

where p is the momentum and m is the eleciron muss

Excited states of the system are obtained by creating particles outside the Fermi surface or
holes inside the Fermi surface. The elementary excitations of the interacting Fermi hiquid
correspond to particles and hole excitations of the feee Ferml gas, such an excitation is obtained by
adding a particle with electron gas the surrounding electrons are pushed away and we ggt a cloud of
positive charge density in this region. We consider our particle together with this cloud as an
independent entity which is called quasiparticle.

The damping of the quasiparticle s due to collisions. For zero tempermture it i5 easy 10 see
that the lifetime of quasipanicles varies as the inverse sguare of the encrgy separation from the

Fermi surface. Generslly the quasiparticle hifetime is given by

! 1
X 5. (& T) +{g,, —u)
Tis 1+=Tli|ZII:E|M -yt KT

(2,10}



where T, is the quasiparticle lifetime, Kg is the Boltzmann constant, £ is the guasiparticle energy,

1 is the temperature, 1 is the chemical potential.

I we add a quasiparticle with mamentum p and spin @ 1o an unoccupied quasiparticle siate,

then the total energy of the system will increase by an amount which we call quasipanicle energy,
e

This means that the quasiparticle energy, Egs is defined as the variation of E with respect to Fermi-

Dirae distribution function n,, and the change in energy is

FE=% ¢, &n (210
o

Wihera

S =n . —n"e (2.12)
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is the departure from the groundstate distribution 0’

The interaction energy of two quasiparticles is defined as Frap o the energy of a

quastparticle (po) changes due to the presence ol another quasiparticle (p'a’). A varkation of the

disteibution function produces a varia:on of £ given by

{Eﬂﬂ':gf”'pr' ﬁnﬁ'ﬂ' t213'

therefore fo, p'e” i & second variation of the wal energy

5*E
OPTIE My~ T 24
-'Fn"i" ma &TW1&1HF| { }
The quasiparticle energy can bew rillen as
Erp =€y T 3, Syt O s Fosssisissnsssisiionc (2.15)
[y

where & is the quasiparticle energy if there are na other quasiparticles. The energy of the whale

system is thus:
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E=E, TEE an., +-~ E F sl e e ik (2.16)

f e
E, is the groundstate energy without any excitations: (Peter, 2002).
THE INTERACTIONS

There are three basic screened coulomb interactions in a metal;

The effective interaction between two external *test’ charges, e.g the scréened ion-ion

interaction used to calculate phonon frequencies in simple metals.

i. The interaction between an electron and a test charge which is needed to calculate the

scattering of an electron by an fonized impurity.
1, The effective interaction Between two elecirons,

Effective interaction is defined as the Born approximation of the total scattering amplitude,
Simple calculations of the effective interaction tnkes into account the coulomb interaction between
the charge under consideration €. test charge or electron and the screening electrons, but neglect
the teraction of the screening elecwrons with each other.  In this approximation, all the three

effective interaction are identical and in Thomos-Femi theory, the effective interaction is

U, = (2.17)

where gy, if 15 the magnitude of screening wave vecior, e is the electronic charge, g is the coulomb

-harge in a more sophisticated approach, the Lindhard or the random-phase approximation vields



fhe effective interaction that is the bare coulomb interaction, Vig) = -Im.-:.-';&r" screened by the

Lindhard dielectron function, sciq).

When electron-electron interactions are included, these three effective interactions diffee, the
lest-charge-test-charge interaction; Uy is modified bacause the sereening electrons now avoid each
other due to the pauli exclusion principle (exchangs) and due to their mutual coulomb repulsion

(correlation).. This interaction may be formally wiitten

(2.18)

where V{q) is the coulomb potential interaction and e(q) is the dielectric function bf the electron
gas, The electron-test-charge interaction La(q) differs from Uglg) because the electron under
consideration is indistinguishable from the screening electrons and therefore it has an exchange as

well as a direct coulomb interaction with them. (kukkonen and Wilkins, 1979)

The effective electron-electron interaction L' {q) may become complicated if both electrons
under consideration may exchange with the sereening electrons. Furthermore, if they have parallel
spins they may exchange with each other as well. Because of these complications, there i5 no
simple formal result for U.(q) and the problem must be addressed through the Bethe-salpeter

cquation, (Kukkonen and Wilkins, 1979,
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The effective internction between an electron on the Fermi surface (/K = Kp) and & test

7e 15 given by

Uatg) = ZLKME ) (g) (2.19)

where Z (Kp) is the quasiparticle renormalization factor of the uniform electron gas, AlKeq) Is the

vertex functions Ug{g) is the electron-test charge interaction and Uy is the test charge-test charge

interaction
The electron-electron Internction is
U, =[Z(K MK, g0 ) (2.20)
&l
where Vig) is the coulomb potential and e{q} is the dieleciric function and
P55 E’i’f_ (221

The interaction in equation (2.20} is appropriate for electrons with opposite spins. The
vertex function takes inte account the pauli exclusion principle. The interaction between two

electrons with parallel spins is gives as
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Lr.-‘f'r{"'i'}='r—r.-:-,J,{‘ﬁ_U._-r:;{kr_kl_"-i” (a2l

whare k; and k» are the initial moments of the two electrons under consideration (Kukkonen and

Witkins, (1979),

Equatian {2.20) and (2.22} are & reasonable firss approximation to the effective electron-electron

intergetion.

With these results, the formal expressions tfor all three interactions in a metal ¢an be writien
in ferms of the dielectric and vertex functions of the electron gas, Untortunately. these functions are
not precisely kmown. These functions: could be calculated independently but severnl existing

dielectric functions are used to extract the vertex function from &(q) by the constrain on the model

intEraction.

In the constraints on the model interaction. the static diglectrie function is defined in terms

of the proper polarization T{g) as
slgh=1+¥V{qiTl{g) (2233

there exists an exact relation bétween the proper polarization and the compressibility k which 1
given by

[lg=0) =i

2.24
M{g=0) & i)

where [1%(q) is the polarization k; is the compressibility of & system of noninteracting electrons an
k is the compressibility of the electron gas alons. (2.24) is know as the compressibility sun rul

Another identity that ylelds exact results is
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MK ..g=ls—— ——
=t (=l 2(K, ) K,

where m* is the effective mass of the electron and m is the mass of eleciron. [Kukkenen and
Wilkins 1979}
17 COMPRESSIBILITY

The comptessibility is determined by the second derivative of the total energy with respect

1 the volume,
FEY
KE=|V-— {2.26)
o aF

where & is the compressibility, E is the total energy and V is the volume.

There are many different calculations of ground-state energy of the electrons gas and their
internal agreement is quite good. Since fhe compressibility is detarmined by the most moent
calculations also mgree guite well with each other, it is commonly sccepted that they vield

something close to the true compressibility.
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Fiz 2.1; Ratio of the noninteracting electron compressibility Ko to the compressibility of interacting

electron gas k ssa function of r;,

We notée that the compressibility ratio becomes negative for the electron gas paramater for
dimensionless coupling constant r,> 3.18. This s due to a divergence in compressibility k. the

divergence oceurs att; = 6.03 in Hartree-Fock theory. (Kukkonen and Wilkins 1979).
28 COMPRESSIBILITY RULE

The compressibility sum rule exprésses the self-consistency condition that the static
response of the system to the long-wavelength perturbation (the static long-wavelength limit of the
dielectric function) be egual to the compressibility. Here, one may utifize the accurale density
dependent ground state energy obtained via the monte Carlo method to calculate the compressibility
via thermodynamic relations. The basic assumption in the present theoretical scheme is that the
screening of the bare electron-electron interaction is approximately deseribed with the use of the

static long-wavelength limit of the dielectric function (lwamote, (1999),
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Requiring that the compressibility ebtained from the ground-state energy is identical to that
gained from an appropriate g = 0 limit of the dielectric function is called the compressibility sum
nle. The constraint imposed by the compressibility sum rule turns out to be extremely important
but it also presents an immediate problem when it is applied to real metais because the
compressibility of the uniform electron gas become negative. To genzsralize the effective
imeraction the effects of core polarization is included by tinding the dielecteic and vertex functions
of the combined system of the eleciron gas and the polarizable background. The most important
consequence of including core polarization &5 1o modify the compressibility sum rule so that in

addition to reducing the strength of the effective interaction. (Kukkonen and Wilkins, (197%).
LY LANDAU THEORY OF A FERMI LIQUID

In the Landau theory, it is postulated that an assembly of interacting fermions may be
described by 8 set of quasipanticles (whose interactions. are weak relative to those of the real
particles), and where the number of quasi-particles are equal to the number of real fermions present.

Each quantum level available ta the quasi particles is associated with a definite momentum p and

spin o. The density of states in a momentum intérval dp 1s

2

where the factor of 2 appears because ¢ach momentum state is associated with two spin states, o't is

the density of state and # s the normalized Planck’s constant: (Brooker and Sykes, 1970),

T
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Landau tried to described fermion svstems in terms of quasiparticles that are more or less
free. His basic idea is that if the interaction is switched on adiabaticolly, the energy states may stll
pe specified in terms of the free-particle stutes. However, the states depend on many other particles

in the svstem. and therefore can be a function of the distribution funetion of quasiparticles (Isihara,

19917,

The enerpy of a paricle of momentum p ond spin o is Efp. i The interaction of the quas:-

particles is taken inte account by saving that the enesgy E/p o) of a particle changes by an amount

- 5 ) .
fip.os p'.ﬂ'h‘h{;ﬂ'.ﬁ'}%dr' when the occupation probability of —d'r" quantum states of spin G

around p' is changed by &(p'. &'). It turns out that the functions £ need be known only ot the
Fermi surface, where it isa function only of the angle ¥ between the veetors p, p (and of the two

spins).  Assuming the spin-dependent part of the intéraction to be due entirely to exchangs, Landau

expressed the interaction in teems of dimensionless functions F{z) Z( ) where

fApe:pie)=fpp)+ooiipp) (2.28)
and
ar s 79
Flry=|fp.p) |p=p=F {2.29)
ol
Iﬁ'l’ Il v b |
Zp=|ZHpp)p=p=h (2.30)

The functions F{ ), Z{ ) are expanded in spherical harmonics to give

Flr)y=F, +Reosy + FLR{005 2) 4 i, (2.31)
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() =Z, +Z cosy s ZP(CoS 3 +oniis (2.32)

The parameter F,, Fi and Z, in the equation (2.31) and {2.32) can be obtained from the
wlocity of sound, the specific heat. and the magnetic susceptibility of the liguid. Hone has shown
that one additional parameter usually chosen 1o be Zy, can be obtained from the requirement that the
frward scattering amplitude for fermions of parallel spin must be zero. Higher parameters cannot
be found very easily and they are wsunlly fgnored, though an attempt has been made 1o evaluate Fa.
The paramsters in the equation (2.31) are dependent on the density of the liguid but in the first

nslance they are independent of temperature,

The guasi-particles obey a Fermi distribution with a Fermd energy p, #nd a Fermid

momentum Py given by

B Me?

3
3xin’ =

where m 18 the mass of a fermion ' is the normaolised planck’s constant and p is the density of the

liguid. The velocity of quasi-particles on the Fermi surface is

v.oa|E] =4 (2.34)
Pl  M*

where M* is the efTective mass of an electron {Brooker and Svkes, 1970)
39,1 Fundamental assomption of Fermi lguid theor

The first fundamental assumption in the Fermi liquid theory is that there is & one-io-one

correspendence between the quasi-particles and the low-lying excited states of the Fermi liquid.



The second fundamental assumption in the Fermi liquid theory is that as we turn on particle
interactions, the excitation energy spectrum Ep of the quasiparticle has the same form as that of the

non-interacting particle system, {Animalu, 1977),
29.2 APPLICATIONS OF LANDAU THEORY OF FERMI LIQUID

The main advantage of the Fermi liquid theory is that it enables us to investigate the effect
al particle interaction on macroscopic properties of the quasi-particls model,

Landayu also applied the concept of local energy to the study of the dynamical propertigs of the

Fermi ligquid (Animala 1977},
2.10 SCREENING

Screening is the reduction of electric field at large distance from the positive charges
(Inkson, 1984}, Accarding to Wilkes, (1971) screening is the canceliation of the attraction of the
ionic positive charge by the electrons due o the heaping up of electron density in low potential
regions. Screening is the most important manifestation of electron-electeon Interactions and in
determining the behaviour of any charge carrving disturbance in a metal, When an electron moves
through a petiodic potential, there are interactions which are stirong and are of long range being the
coutomb’s force betwesn the charges and the exchange force associated with the anti-symmetry of
the wave functions (Ziman, 1969). Screening is brought about by the coulomb and exchange
patentials and is effective when the elecirons are close 1o each other. When they are far apan from
each other, sereening becomes negligible. Screening affects the interaction of twe electrons with
each other as the interacting electrons can be considered as external charges by other electrons.
Screening is a many-body problem (a problem in which all the electrons are mutually interacting,
which arises from the Harree self-consistent field (Wilkes 1973 and Mahan, 1990), Screening

characteristically reduces the importance of electron-electron interactions.

'q_q_ =



sereening charge is the mobile charge arracted by impurity electric field, which has its own

rribution in space. The screened potential is obtained from its charge sum with impurity charge.

secreening charge is from the unbound conduction electrons of the metal; or semiconductor. As
screening ¢harge moves through the crystal, they spend a little more time near the impurity
ential if it is atteactive than they do ¢lsewhere in the solid (Mahan, 1990), I the impurity
ential s repulsive for electrons, they tend 1o spend less time near the impurity, so the average
arge is depleted near the impurity. 1§ the screening charge is positive, it signifies a reduction in
average electron density, which is negatively charge. Dielectric screening 1s produced by a

rdistribution of the electron gas (Ziman, [969).

The most important behaviour of an electron gas is described by the wave vector of the

figlectrie function for zero frequency &% o) which can be used to estimate the potentials that occur

b ]

mmetals and give rise to energy-band structure (Kinel. 1976 and Harrisan, 19380),

If a positive charge of charge density vy is super imposed in an electron gas of

L]
conceniration mae, where ¢ is electronic charge. the positive charge will give rise to an electrostatic

potential gyr). If Fyrd is the electrostatic potential established as a result of the movement of the

charge density, then the total wfr) Is given (Inksan, 1934} as
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uirl= g + ¥ir) {2.

the electrostatic potential is found from the paisson’s equation

V" g= dmofr) (2.36)

with £ = - V¢ being the electrastatic field. The positive and negative charge density distribution are

related to the total charge density distribution by

plr)y= g tr)+e..(r) {2.37)

But sir) = & LriN(Ez) by sommerizld modé! (Inkson, 1984) wheee MEg is the density of states at

the Fermi energy. This shows that the potential at any point raises the energy of each eiectron state
by ¢ Lrd (Inkson, 1984
T:'F’:r. = 4’ U(rIN(E,) [(2.38)

but giry=0L{r}-¥F(r)

VL) = Fr)] = 4xe*U(FN(E,) . (2:39)
VI (r)— 4’ U(rIN(E, ) = VF(r) (2:40)
(V= A=V (r) (2.41)
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where: A° =47’ N(E, )4 is the screening length or screening parmeter. This is the distance
within which the potential is reduced to sbout one third of its unscreenad value, and is a rough
measure of the effective range of the field due to the charge (Stanley, 1963).

.11 THOMAS-FERMI SCREENING THEORY

The schrodinger equation

4]

]

T

VW (r)—elU(ry¥, (= E¥ (1] (2,47

is solved to abtain the total charge in the presence of the total potential

Uiry=glr)+Vir) (2.43)

The enerav versus wave vectar of an electron 2t the position £ in the presence of the potential is of
the form %

111
R ;.

-
.t

— el {F) (2.44)

The electrochemical potential g of the electron gas must be constant In equilibrium, independent of
position. In & region where there is no electrostatic potential, the chemical potential is related to the

electronic concentration, m, (Kittel, 1976) by

L .
Hn=E./" .—-_:—m[h"n,,‘,l' 3 (2.45)

At absolute zero, in a reglon where the electrostatic potential is L), the electrostatic potential is

constant and is given (Kittel, 1976} as

= E iry~ellr) (2.44)
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%{33:!1“}:.! =%{3}Ilﬂ{r]:3 o

h! 1 L 15 1 b | 1 )
— B -—DBrn ) =el, (2.48)
2m 2m '

If equatian (2.48) is expanded by a Taylors series expansion (that is F {.1:}=E (‘x:} f{a)) of

awpy

E, then equation (2.48) can be writtzn (Kittel. 1976) as

d.
d"i:[n{r}—n.,lzeb’{r} (2.49)
from equation (2.43)
qr-E 2 T A
Ey ey g
dn  2m dn,
dE - gy R - 7 B
.2} gt yig = =— (230}
dr, 21m in
Hence equation (2.49) becomes
2E
— L ntry=n,]=eli(r) (2.51)
I etil) (2.52)

somlrl=n, =

2E,

& )



But nir)-ng 14 the induced charge density pies . The Fourier compenent of this equation

fRitel, 1976) is

e
kj=——

(]
&

LF(k) (2.53)

where k is the wave vector. But according to Kittel (F976).

KU(ky=4xplk)
G e

s L :
P (K) E X

Al L

The zero frequency dielestric fanction of an electron gas is defined (Kittel, 1976 Harrison, 1980,

and Mahan, 1990) as

I i
o, k)= ] =t {
. (k)

!J
L
o

whare pik) is the external charge density and &o.k) 15 the static dielectric funciion

using eguation (2.54) in {2.33) gives

{—}Iﬁm!nf‘

y=1-£62
sl M == X

pik) (2.56)
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SEle kY =1+ 25T
(i1, &) e i )

where ! =6mr e’ E, = 4m N(E,)

Equation (2.37) is called the Thomas Fermi dielectric function and A7 is the Thomas-Fermi

sereening length measured in Amstrong units. The screening length is the distance within which the
effect of screening can be felt (Inkson, 1984), Bul the scieening parateter is given (Asheroft und

Mermin, 1976) as
A =—=4 2.3%)
i |I'_FT A L-

where r; is the electron gas parameter or cadius of the Wigner-Seitz cell measured in-atomic units
(#.u). The screening parameter is of the order of the Fermi wave vector showing that distorbances
are screened in a distance; which is similar 1o inter pasticle spacing. In copper for example, the
Thoemas-fermi screening Length is 0.55A( Kittel, |976). This shows that the electrons are highly

effective in shielding external charges (Asheroft and Mermin, 19763
2.12 HARTREE DIELECTRIC FUNCTION

The Hartree dielectric function concerns the effect of electron screening on the “bare”
interaction between a valence electron and the ions in the crystals {(Animalu, 1977). Consider the
screening of bare electron-lon potential Vi, by the dielectric constant of the valence electron gas,
The effective (screened) potentials s the sum of the bare electron-ion potential Vi and the sereening

potential, V. that is

V(r)=Vilr) + Vi (2.59)
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The screening potential is related to the 2lectron density by the poisson's equation and the

electron density, p(r) is obtained quantum mechanically from the electron wave function (Animaly,

1977). The electron wave function dn is determined by the solution of the sch rodinger's equation

[—%‘FE +I-'{r'JJr1ﬁj[rj=£'iq§|‘|:rJ T2.60)

In order o caleulate V(r) in equation (2.39) equation (2.60) which involves Vir) is solved
self-consistemly using the fact that Vir) is o weak potential which implies that the wave function
can be solved by perturbation theory {Animalu. 1977). The wave function perturbed by the

screened potential can be writien to the first order térms of the free electron eigenfunction as

(Wilkes, 1973}

Py =3 Aplk+g) {2.61)

where q is & continuous variable replacing the reciprocal lattice vector, the free electron wave

function is

bk +q)=etitr (262)
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the electron density 1%

Stk =SRIa =" Awik+gld A% w*{k+q) (2.63)
o) =g(k)d ® (k) = (k) "w ()Y Aprlk+qp )+ 4% " (k+gpln) (2.64)
.r

Writing g in full reduces this to

plky =14 Y Ao — gfr g Lremtinirgts (2.65)
F
L Pl =143 48" 4+ 4™ (2,66}
a

In each sum. one terms is much larger than others; this is the one for g = 0. In multiplying
the sums. all terms are smaller than the first except those containing A (k) or 4w * (&) or both.

From first order perturbation theory (Wilkes, H73).

e~ (2.67)
where

i | r

¥, =E_[F{r}e'" dr (2.68)

€1, is the atomic volume. Vir) is the screencd potential, Y is the three dimensicnal fourier
transform of the screened potential,
’ ¥
LA E— (2.69)
E —E

kg

where



S
F_r' _L p- |.|'.rdr [1 ?D
r =g [Vire 2.70)
since the potential is an even function. e = Viewpand ¥, =V, =V,
. ¥
FX "10 = _U—
Es - E, ip
¥t S b
g =1+ —+—_I’_— (2.71}
{ E!:._Lu- Ei—E,
ZF ,EI"-' r
nptBy=t Y, ———
i 'El- - E-E-FI'l
The unity in equation (2,71) shows ihat constant aleciron density arises for each siate which

balances the positive charge of all the ions:  The electron charge density in real space Al 18

el

ahtained from the relation (Wilkes, 1975 and Animalu, 1977)

2 3
2 e k
£r) 2ay plkydk

¥ e o M —
{2.r3)

.L‘Lr}—{,, o f Eu:

where k¢ Fermi wave vector and the interal is over all directions of k. Recall that

h'k? Wk +g)
nd E,..= 274
2m y ) 2m (2:79)

E, =

a3



2 I| K
i TEAS et T (2.75)
s {zn}’f# 2 W g

Emb e &
plrd= E [H{L ]_ (161 =1+ g1 "k

ar
p{?"}:Z Ewrﬂ,{l{]‘"ﬁ
"
where
()= Errrl-" "I {IH, e 1.}_4 L (2.76)
= = S =Y i s
g.q (2 oh J g

Fquation {2.76) contains a volume integral over the Fermi surface,

Wilkes, (1973) evaluated the intezral in equation (2.76) and ahtained

mby k—utk!’”’:mmlqk ﬂ"-| (277
ws'| 2 2q |2k, -.:,rH

g lgh=

This is the Fourier component of the sereening charge. It depands on the Fourier component

of the screencd potentinl, V. Since the screening charge depends on the sereened potential, it is 2
self-consistent problem.

The sereening or repulsive potential, V.. produced by the sereening charge of the valence

electrans is ohiained from the electrostatic poison’s equation {Animalu, 1977).

VI (F) = —4xe’ dolr) (2.78)



here do(r)is the change in electronic charge density above or below its mean value in

wsing Fourier transforming the screened potential gives (Wilkes, 1973)

> *1'.-' ":
V(g = = p.lg)
q

: k k.: - :.||I I:IE. |

4 -

which can be written as Fiofg) = 150

where

a | k. : . |
e | Ry Ry =g, l ARLS
—_— [ {

2 2y |24, 4|

But the sum of the bare electron-ion potential and the screening potential

potantial,
L g = Vg + V()
Bt F g =KX

F.; (o) = I«",_{q}+l«"w.f
SV A=V X =V ()

RMLAC,

1-X
Hence
v
V) = o)
dme* [ by ko —g i) |2k, +q
ol L o
Mg\ 2 g 7, —q

(2.79)

(2.80)

(2.51)

(2.82)

(2.83)

the ervstal,

b
gives the screened



this can be written in terms of the dielectric function. gufg) as

: Valg)d
Vil =———
g g £,(9)
Where
2k, B -gthY |3k e
£ (g)=1+ Jd}it. Bl i =8 1|r=! :
mhitg- | 2 2q 2k, —iy|

&yiq) is called the Hartree dielectric constant of the electron gas and q s the reciprocal lattice
vector. As q tends to zero, the Harree dielectric constant tends to the Thomas-Fermi limit
(Animaly, 1977). The Harlres diclectric constant for free electron gas is a time-independent
dielectric function since it was computed from time independent potential (Harrison, [980). Small
q components of the potential are well screened while large g compaonents are weakiy screened.

The Hartree dielectric constant is well behay ed in the intermediate region.

2.13  LINDHARD DIELECTRIC FUNCTION

The Lindhacd diglectric function is esimmanly called the random phase approximation

(RPA) dielectric function, Itis a model for a static E(g) or dynamic £(q,w) dielectric function. The



Lindhard dielectric function predicts correctly a number of solid properties such as plasmans

{Mahan, 1990),

Consider free electron-gas subjeeted 1o a time-dependent perturbation such that the potential

seen by an electron at & poaint, r and time, 1 is given (Ziman, 1969)as
U {r. 1) = U expligrexplivejexpie 1) (2.85)

where W is the frequency of oscillation, § is the reciprocal Lattice-vector and = is a time consiant

parameter. If the sbove potential acts on a stae defined as

|H}=ﬂpr[¥£ﬂ}f (2:86)

where Ek) is the energy. This mixes with other states so that the wave function becomes
w )y =tkYa, (Dk + g} YA

whete a., is given by the first ecder perturhation theoey (Ziman, 1969)as

k+gl|sU
. L 1 (2.88)
E,—E,, +hw—iha
the change in charge density (Ziman, 1996} is
dp = 1{}:!#":{"*”" —1]:.£I iu._IU'It'"' . L'_""r]
& L]
Bui (2.89)
o Sktqleu k)
B K, he—the
§P=ek 4 + - g™ e + complex conjugate
E, - E,  +hw-fha E, - E,,, —hw+ihe
(2.90)
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In equation {2.90), the summation ‘s aver all states whether occupied or not. The chaige

density obtained above gives rise to-a potential field dd(rt) acting on the electrons through the

coulomb’s imteractions by poisson's equation

V3(8g) = =dxedp (2.91)

Assuming that the potential field has the same space and time variation as the charge

density, then

Sbir.£) = ¢ e™ + complex conjugate (2.92)
Combining equation (2.90), (2.91) and (2.92) gives (Ziman, |96%)
- |_ 2 = B .
1_ = F(k)— E(k+g)+ fw—ifa |
(2.93)

LS fr-resg |y
“¢_|_ql Z’ E{k)= E(k +qg)=fw=ila .

This is the potential that arises as u result of the charge distribution created by the original

potential 8L, To achieve self-consistency, we assume that the perturbation U should have already

contained &4.
S AU (e ) = 8V (r )+ O . 1) (2.94)

where 8V(r,1} is the actual poential that was applied to the system and is of the form

a1 = Vg™ e™e™+ Complex conjugate

] 0l H
dre y Sk =k +q) ] (2.95)

LU=V +—
iq T Eik}—£{k+q]+hw—ma

ar
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. 2.96
elg.w) i

whers
4ze” FHE = 7+ 7
e - I 29
P Wit q E‘ Elk+gi—E{r)—fw+ila o

Thee sign in the denorminator has been chonged for convenfence. &(g,w) is the Lindhard’s
dielectric function. Equation (2.96) is the Lindkard formula for the Hartree dielectric function of a
free electron gas, [t Is evaluated with = approaching zero. It is an exact expression for the

dielectric function in the Hartree approximation (Harrison, 1980).

The dielectrie function obtained above using quantum mechanical treatnent is appropriate
for approximating the screening of any weak potential In the free electron gas, The situation is

slightly more complicated when a non-local pseudopotential is to be screened (Harrison, [98().

The static Hartree dislectric function has g logurithmic singularity when g = 2kse The
function is continuous but its first derivative becomes infinite logarithmically at this point. This isa
weak singularity but becomes important in mony propertics of metals. [t gives rise (0 a similar
singularity in the dispersion curve {frequency versus wave number) for lattice vibrations in crystals.
This is known as the Kohn eftect or the kohn anoimalies in the lattice vibration spectrum. The kohn
effect arises as a result of the potential set up by & phonon due to the motion of the ions. The
electrons moves to screen this field and the ions interzct with one another through the screened field
which will be inversely proportional 1o the diglectric function. This modifies the forces between the
ions and the lattice frequency of this mode of vibration will depend on the dielectric function. The

singularity in dielectric function will be reflectad in the phonon frequency,

9



The same effect is likely 1o be observed In any other system of waves propa pated in the solid
for example. spin waves interacting with the conduction electrons, This is 0 general methed for
investigating the Fermi surface of metals althou ah in practice the detection of the effect may not be

feasible (Ziman, 196%).

When the reciprocal lattice vector, g is small of the order of the Fermi witve vector, k; at the

zero frequency limit, the statie diglectric function is obtained from equation (2.97) by ratonalizing

the denorminator and letting & approach zero. The static dielectric function is given (Ziman, [969

and Harrison, 1980) as

o YR e L, Y
glg.o)=1+ $ fi [H {31 by = il (2:9%)
q!:E S""‘:I i"i:l_"nr|J

sefting X =1% and evaluating eguation (2.98) can be written (Ziman, 1969, Harrison, 1980, and

¥

Bowen etal, 1994} as

i | oo il
glg.o)=l+— 1 +==(1-35"11 o 2.99)
{g.a) Eq-‘]: IIL X~ )in |J i

|1 ~X7

where 1k is the Thomas-Fermi screening length, when the reciprocal lattice vector is small

compared 1o the Fermi wave vector, the Lindhard dielectric function reduces to the Thomas-Fermi
dielectric function. That is in the limit of slowly varying disturbances, Lindhard theory reduces to

the Thomas-Fermi theory.

Gl




Hubbard introduced a correction factor ino the lindhard dielectric function to ac¢ount for

2 existence of exchange and correlation hole around the electron. The effect of the correlation
ctor is to eceduce electron-eléctron intéractions in dieléctric screening (Mahan, 1990},  The
worrelation factor is expressed In terms of the local field correction Gip). With the introduction of

the correction factor, the Lindhard dielectric function is expressed (Bowen et al. 1994) as

4
glgol=l-—="——r (2,500}
1-Giplx
where
; a i b
r=l+=—= I+ —{1=z")Inj-—— (2.101)
2 =
and
G{p‘]=% T (2.102)

2q° +k&;

The dielectric function in equation (2.100) describes how the potential is affected by the
wreening charge from the conduction electrons in metals as a results of the exchange and
correlation hole around each electron.  According to Mahan (1990), when oné electron s
narticipating in the dielectric screening, others are likely to be found near by, This should have the

same effect on the nature ofthe diclectrie screening.

A knowledge of the dielectric screening can also be used to predict some properties of
metals such as the pair distribution function. screening charge, compressibility and correlation

energy (Mahan, 1990).
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Since screening affects some properties oft metals and can be used to explamn and predict

spme properties of metals, kence there s a nead to investizate ts effect on the thermal resistivity of

metals.
2.14 FREQUENCY-DEPENDENT LINDHARD SCREENING

If the external charge density has time dependence ™ then the induced potentisl and
charge density will also have such o time dependence. and the dielectric constant will depend on
frequency as well as on wave vector. In the limiting cnse, where collisions can be jgnored, the
Lindhard argument can be straight-forwardly generalized by using time-dependent rather than
starionary perturbation theory. One finds that whe static result of Thomas-Fermi theory must be

peneralized 1o be

. dk Jrlt-| ' _jlial 1 F . s
oy =gt [ S : (210
#a) == 3 itk !m )

where Fi denotes the eguilibrium Fermi function for a free electron with energy A7k 2 g is the

charge and m isthe mass of electron

|
explARTET {2 — )] 4

{2,104}

when q in equation (2.103) is small compared 1o Ky the numerator of the integrand can be expanded

gbout its value ntg =0

f = f ——r—ﬁ+mﬂ (2.104)

where p is the Fermi energy.



The static result in equation (2.103) can be modified by adding the quantits frw to the
ominater of the integrands. This more general form is of considerable importance in the theody
Lattice vibrations in metals, as well as in the theory of superconductivity, Here we note tha

hen q approaches zero at fixed w, the Lindhard dielectric constant

-

e dk fia 3 =~ Frarey 5
Elg.w)=l4+—= - - 2103
2:9) -I- 41’ Mkg!m+hn { }

reduces 1o the Drude résult

h":
glw)=1-—=% (2.106)

W

where W, is known as plasma frequency, given by

1
W= d”:’; (2.107)

wherz o Is the number of electran, ¢ is the electronic charge and m is the mass of electron.

Which we derived under the assumption of a spatially uniform distdrbance. [Ziman, 9649, Harrison.

1980 and Bowen et al, 1994)]
2,15 FERMISURFACE

In metals, there are many states whose energy 15 equal to Fermi eneray, Since the energy of
each state is a continuous function of the wave vector k. this relation £k = Ep describes 2
continuous Surface in k-space, which separates the region of occupied from the region of

unoccupied states. This region of separation is called the Fermi surface.

The Fermi surface is the surface of constant enerzy Eg in k-space which separates the filled

and unfilled orbital at absolute zero. Based on the free electron spproximation, all such surfaces are

&3



spheres. I thers volume V conduction electrons per cell, the volume of this sphere must be

sufficient to contain VN states.

PN = [{%‘?][4{ K (2.108)
o |

where Kr is the electron wave vector al the Fermi, surface N is the number of states, V iz the

volume and £ is the atomic volume for Face centre cubic fec.

P - 1+1
3V i
K. = [“ ] = |.14[ (2,109)
where a is the lattice constant
This givés us the radius of the Fermi surfice containing V electrons, where
1 4
fib o I-u 21D

is the atomic volume appropriate for fec, & is the lattice constant, The Fermi surface have portion in

the second and higher zones. (Busch and Schade 1976)

2,16 TRANSPORT EQUATION AND DYNAMIC PROPERTIES

The transpornt equation expluin how Landau applied the concept of local energy 1o the study

of the dynamical propertics of the Fenmi liquid. To set up the transport equation for the Now of



quasi-particles, Landau considered E.(r.t) as the classical Hamiltonian of the syvstem that depends on

the time 1t through the distribution function sefr.0, like

slF s Y PP Y D (2.111)
ar

where € is the excitation energy, f_.(P.f)is the interaction between two guasi-particle and

.. (P, 1) i5 the distribution function.

This assumption can be justified for systems with short-range forces. The Boltzmann

-

equation.

+ VM ¥ ~ N W Vo =10 ) (2.112)

where 7(m,,)is the collislon integral. This does however, involve the distribution #,, over all

mamentum space including where it miakes no sense. To resolve this apparent difficulty. we

linearize the equation by writing
Mo, Ll"..f]-: e +&f_pd.{r|r':| =1 g "'{ﬁ-.l,r[r-fj ‘_E.E i:il:'

where n" po and A" po are independent both of rand 1,

%e:‘n P -1 P g -1 (2.114)

The first term in equation (2.114) measures the departure from actual equilibrium, where the

secord term (called the diffusion term) measure departure from local equilisrium.

- T,
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The above result enables us to compute the current carried by the quasi-particle, In absence

of collisions, the current 1, is given by the cor-ervation eqguation,

@.,.d;.ﬁj:g (2:115)
cr

where the charge density fluctuation is

E;J:'Z Errﬂ (2.116)
T
sefting I[:’an,'i = {}in equation (2.114) we obtain
L9,y @, V5, =0 @117
Elr e T aon
whers
J= z LTI (2.118)
Inu.'
wie have
t-'.=ai=i (2.1 19}
' ap M*T

where V,, is the velocity of quasi-panicle, M* s the effective mass Py is the Fermi momentum and

£, is the excitation energy. Here J 2%y 1, 43 would have been expected by forming a wave

packet, but is given in terms of the departure from local eguilibrium. This can be interpreted

physically by rewritting equation (2.118) in the form
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J=% Jdi (2.120%
ng

where |, Is the current due-to the back flow of quasiparicles and p is the Fermi-energy or

chemical potential, and F_. (P 7'} is the interaction between two quasiparticles.

The tormation of wave packert fails to give the correct value for the current because a wave
packet created from a superposition of quasi-particle states does not represent a-single quasi-particle

but a collective excitation of the system.

There is an important sum rule that expresses this physical fact clearly for a translationally
invariant system, The sum rule establishes a relation between the effective mass M* appearing in
the detinition of the velocity of a quasi-particle (as obtained by forming a wave packet) and the

inferaction, f_. (P, P")between quasi-particles that gave rise to the backflow curfent in equation

{L121). In a translationally invariant svstem, and in abseénce of any periodic potential, the total
current is & constant of the motion and of the form in equation (2, 120) but with j,= pm, (This 15 a

censequence of Galilean invariance) By comparing this with equation (2.121) we find an identits

that takes the form (for an isotropic svsiem)

I | QF.
g
m m* BN

Z j:l [ (cost) cosfud{cos ) (2.122)

Equation {2,122} is useful in the determination of the interaction bepween two guasiparticle

and does not apply to a réal metal in which some periodic potential is present.

Most Macroscopic dynamical properties of the interacting electron gas, in particular, those
dependent on the response to external felds are conscquences of the transport equazion (2.111), if
the classical Hamiltonian in the later is generalized to include the potential energy due to the

external field. The most important consequences of the Fermi liquid theory, which is central in the
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theory of elementary excitations of the valence electron gas in a metal are concemed with the
spontaneous oscillations of the Fermi liquid in the absence of any extemal ficld, The driving loree

is provided by the fluctuations in the distribution function
& (v, t) ~ dn, expli(gr—wr)] (2.123)

Which creates a self-consistent field. This is anslozous to the plasma escillations arising from

density fluctuation, dp. In Bohm and Pines theory, by virtue of the relation (2.116) betwaen &g and

8fg, These Osclllations correspond 1o the elementary excitations of the Fermi liquid and have two
characters, namely, particle-like exciiations and collective modes,  The excitation energy hw is

determined from equation (2,114} and (2.123) by

gV 87, —wdn, =0 [2.124)
or
(1, =, )0m, +q ¥, 88, — )Y Lo AP FYn,, =0 (2.125)
e

where wy is the angular frequency. g is the charge and m,- is the distribution of' the quasi-particles.
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The particle-like excitations correspond to continuous spectrum, while the collective

excitations correspond to discrete spectrum in the solutions of thiz equation. The change-over from

one tvpe of excitations to another depends on the strength of the guasi-panticle interactions,

{Animalu, 1977).

9
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ii.

CONCEPT OF ELEMENTARY EXCITATIONS

There are two ideas behind the ¢concept of elementary excitations.

The wdea that the total binding energy of the ground state is not a very important physical
quantity, and does not have much to do with the behaviour of a physical system. What is
important physically is the behaviour of the lowsr excited state relative to the ground
state which are likely to be excited at relatively low temperature or by weak external
fields. Here, we think immediately of o metal or semiconductor in which all the
behaviour is determined by the low excited state which we speak of as having a few
moving charge carriers, or of the elastic or thermal properties of a solid determined by
the presence of a small pumber of Lattice waves, which is call phonans. Thus our
interest is offen focused on the sét of low-lving excited states of a system as the
physically most fundamental property of it. (Anderson, 2000),

The low-lying states are of a particular simple character. and can be treated with much
areater mathematical rigor #and physical understanding than other states. Because, in
gpite of the minimizing effects the manv-body corrections to the wave function and
energy of the true ground state w, are very great in particular the energy of the true
ground state and the single particle approximation wyr have little or nothing to do with

each other becauss the energy of the true ground state differs in the coordinates of each

of the N particles.
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To know about the group properties of the ground state in an insulator for instance, the

electronic wave function has the fall symmetry of the translation group. Ty, = w,

For simplicity. consider the excited srates of the system with precisely one added particle in
Hartree-fock approximation, the lowest such state of & given erystal rnomentum k would be the

state in which the extea electron is in the lowest empty band in the state of mementum k.
W =Y W (2.126)

This‘is of course nothing llke an eizenstate. We can however compare the lowest eigeénstate
wy of momentum k and one extra electron to the true ground eigenstate yg, There will be an
pperator g, which represents the relationship between these two states:

¥ =, (2.127)

-,

The most important thing abour the operator q°y is that it inevitably represents only a very
small displacement of the entire system. |n these simple ¢ase, we see that out of the N=10"
electrons only those of momentum kare disturbed to @ finite amount. In more complicated cases, it

may be that every electron is displaced as in 4 plasma oscillation but only by an inhinitesimal

emount.

Thus, as far as almost all the electron are concerned the lowest eigenstate i 15 the same

nearly as the energy of the true ground state w,. For example, consider a wave packet made up

from momentums near a central value ks,

E=k
¥ e Koy = }_ exp = tk.r. —%[T] ek {2.128)
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The resulting disturbance in the wave function will be localized to the region near r, of size

‘ax. TFthe wave function were truly Hartree-Fock. this would necessarily be so.

y ] ik (=5 e 'k
- HE= Xp—iR.r exp —— i
(Womcnesteir= | eXp—Ikr, ew| 1_ i

1 %
k=k V
jﬂr[f;—_‘-'“”-ﬂ Eﬂp['-‘];[ :”r"_ = I| -‘“Ik J!!-':‘I.'ll'lwﬁl".
- 4

2.129)

= {j d’_‘.i":,wmh-lﬁ" '“..}Wﬂ.t

where

] s 1 -I':'I"- : . TR -
.irm.,l,ir} oLg cx]{-[TJ Lir=r.] ] (21307

In the mare general case, the Farmation of a packet will result in a disturbance of the true

ground state i, which is localized. The operator

i = k=N | :
Gt i k) = j. dkexp!—ak.n, _EI' _'_U:-} ]q,.: (2.131)

is an operation which creates only a localized disturbance.

Farming a wave function which has two of these wave packets present (Anderson, 2000}

Wik, vk ) =g U, n )" (K, (2.132)

where k #& '.r, =7 we can expect that the two packets will not interfere with each other very
much, for most of the possible values of ryand r,', thus if the excited state yy has excitation energy

Ey = My yy-Ep, we can expect that the excited state mnmin'r[g twio such excitations has the sum
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of the two energies, 10 order I/N (that being the order of the actual overlap of the two wuve

fanctions)
Bk b y=E,+E,, +ﬂ{-;|!:;i (2.133)

This 15 the fundamental thought behind the concept of elementary excitations: that.in a very
large system two such excitations will net interfere, whether they be simple quasiparticles such as
phanons, excitations, or something even more complicated, Thus, when the number of excitations
present is sufticiently small, the properties ol the syvstem and particularly the energy, will be a linear
superpositions of the properiies of noninteracting elementary excitations, Another conséquence in
this case is that two operators gy, which are npot interacting will have the true fermion
anticommutation rules. It is mot easy to show but it is true thar we can always take the operators as

L) " - - ™
having fermion commutation rules in general. (Anderson, 2000).

A preliminary definition we can make of an elementary excitation is that. an elementary
excitation of momentum k is that operutor which creates the lowest excited staie of a particular type
of momentum k from the ground state. From the above reasening, we expect these excitations 1o
interact only weakly in order [N, so that the system can contain refatively large number of them,
and thus be in a state of very high degree of excitation in terms of absolute number n of excitations,
and still we can treat the excitations as an approximately noninteracting gas of indépendent
particles. |t is important 1o realize that the above idea of packer formation is not confined 1o the
particular type of excited state discussed, but may be applied to lowest eigenstates chosen in such a

way as to represent single phonons, Spin waves, e1e.



Another way of saying it is that the concept of elementary excitations is a way of linearizing

te equations of the system about the true ground state rather than about some independent particle

approximation,

The ‘approximate independence gives o commaon approsch to the caleulation and the
anderstanding of thermal and transport properties, Treating the elementary excitations as 10 a
reroth approximation, a gas of none intéracting Bose or Fermi particles as the case my be, and then
he statistical mechanics and transport thears Is not mare difficult than they are for a perfect none

ntéracting gas. (Anderson. 2000),
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CHAPTER THREE

RESEARCH METHODOLOGY
In this chapter, a deseription of how the resenreh was carried out is explained,
4.1  ELECTRON-ELECTRON INTERACTION

In-metals, there are three basic screened coulomb interactions. These are (7) the effective

interaction between two external “t2st” charges (i) the interaction between an electron and a test

charge {iii) the effective interaction between two electrons.

Consider an electron-electron interaction.  The interaction potential between the two

eleclrons is

.
d e

:"il_?':l = 3 |:.3-t.|
L

A a result of the sereening; the electrons avoid each other due to the Pauli principle and due
g P P

to their mutual coulombs repulsion. Thisinteraction can be written as

U, = Y@ ;

where E{q) is dielectric constant, The dielectric constant is expressed as
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A

5(‘5’1':1‘*—; 1.3
o {3.4)

where A; is the inverse Thomas Fermi sereening length.

42
k] 3
Ula)= ¢ Hq—;

4m’
Ul ——s (3.4)
g A
Fourier transforming we have
I E o
i, m_hT}‘ _[: V() explife)dk (3.3)
) | 4’ _
il ) = ————expi ik efk
=gyl & AT PR
Uadr) = exp (=2.r) (3:6)
"

The effective interaction between an electron on the Fermi surface (/K. =Kp) and a t1ed

tharge is given as (Kukkonen and Wilkin, 1979}

Ui = ZiRe)MKg,r}Uin (1) (3.7)
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where Z(Kr) is the vertex function Z{Ks) is the quasiparticle renormalization factor.

since the two electrons exchenge with the sereening electrons independently, each electran

acquires a vertex correction and the approximated effective interaction between electrons with

opposite spins is

U =[Z(K MK @0, (1) 5.8

since Thomas Fermi interactions is used in this work. both Z{K¢) and)A(Ke.g) are considered to be
unity.

The compressibility is the derivative of the total energy with respect 1o volume

i E-" E .
i T ] (3.9)

The ratto of the compressibility of a system ol non-interacting  electrons to the

compressibility of the electron gas K is given by kukkonen and Wilkins (197%) as

- £, : + 2 V]
A Rt e (310
e 2 3 (l+ry

im the fow wavelength limit (small q) the effective interaction is determined by the compressibility

4
e =
e o

(3.11)

where Aqp is Thomas Fermi screening parameter,
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32 THERMAL RESISTIVITY MODEL

The thermal resistivity of memals is-given by

3 277
[ o= 312
[t‘_‘rl“j}[ﬁ:r J %12

where Cv is the specific heat capacity, ¥y 15 the Fermi velocity. ¢, and k are related to angular
averages of the scatiering rate. Thé relaxation time for quasiparticle a: the Fermi surface is lr“-"::

where 1/r, is proportional to ‘an angular average of the scattering raté (Kukkonen and Wilkins.
1979,

Lo M Kol i gk <) (3.13)

r 8x'h"
k depends weakly on another average of the scattering rate. The scattering rate is the rate [or the
scattering of two quasiparticle from the state K| and K- both on the Fermi surface to states K4

and Ka-g, also on the Fermi surface,

The total scattering rate 15 related to the centre of mass seattering and s given {Kukkonen

and Wilkins, 1979} as

IFH:I‘K ,kl +q.k1 ~fia g l,- :ﬂﬂ:'-]l:u'iﬂ'].}

Y |k # 5 {3.14)

—

where p is reduced mass, his normalized planck’s constant o (@) is the centre of mass scattering

gle.
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Hence

1 Ak, am*.m\ -
= 3 =, / '
where (Kukkenen and Smith, 1973)
aif' o) "E“_I afE E (£} G.16)
I " _"I'I'EE.'_S- -,.- g .
Cos -6 B 82 ;JI
and
I{£}="~ + 2% oy +J( |0z TI.‘;J'FT:'!':.T."F.H.‘;__- cos(d, —d, } (L8 g

2 32 (2B

Kukkonen and Smith {1973) used a screened coulomb potential and caleulated the searterin g
phase shifts for { =0, | and 2 1o get the Scattering ¢ross section, T Rey used the exact solution of the

Boltzmann  transpors equation to derive the following interpolation formula for the thermal

resisitivty as {lwamoro, 1999}

5t
Wzl.lﬂxlﬂ"[r' AN}L?E':J:KHI' (3.18)

where r, is electron gas parameter and

A

A e
foR

(3. 19)
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b is Ferml wave vector and T is absolute temperature, Hence

w i p_-'“y S
7 L10x10 [ "f,,,h}[_mi,.ff

A

{320}

FOTRAN 90 COMputer programme was developed 10 calculate the Thomas Fermi

SCECning parameter, the electron-electron interaction parameter and thermal resistivity of 44

elemental metals based on the equations given above,



CHAPTER FOUR

RESULTS AND DISCUSSION

In this chapter the result obuained feom the model and equations given in chapter three are
ablained. The parameters were calculated based on the FORTRAN 90 computer programme
devzioped based on the aquations given in chapter three.

41  SCREENED INTERACTION POTENTIAL
Figures 4.1, 4.2, 4.3, 4.3 and 4.5 shows the variation of screened interaction potential with

distance for alkaline, earth-alkaline, group three and transition metals. As shown in the figures the
- oy -
interaction for r = 1 4, the screened interaction potential is nearly the same for all the metals in 5

eroup. But for ¢ <] .u-l:I the serezned internction potential is different for different metals in a group.
For group one, bwo and three metals. at sany point, the sérisened interaction potential inorzase down
the group. This suggests that the higher the electron density concentration the higher the screened
electron interaction potential. Figures 4.1, 4.2 and 4.3 reveals that the alkaline metuls have the
highest screeped interaction potential showing that the higher the electranic concentration, the
higher the screened internction potential. The screened interaction potential ol transition metals
shown in figures 4.4 and 4.5 do not follow any particular trend just as their electron density

eoncentration do not follow a pamicufar trend.  OF all the metals investigated, caesium has the

highest s¢reened interaction potential of 29.932v atr= (1,3 A, These show that screened Intersction
potential depends on the density of valence electrons present in metals.

Figure 4.6 shows the warintion of electron-electron interaction with election density
parameter for different metals calculated wsing equation (3.11), figure 4.6 reveals that as r
increases, the electron-electron interaction increase.  There is an exponential increase in the

electron-electron interaction for 4 < r. = 5.5, In this density region, we have the alkaline metals,

Bl



The results obtained for the electron-electron interaction caliulated using the compressibility sum
rule 135 in perfect agreement with the screened interaction potential obtained in figure 4.1, the
electron-¢lectron intéraction potential caleulated using the compressibility sum rule for ceasium
(Cs) has negative value of the compressibility ratio which result from the divergence of the

compressibility at r, = 6.03 (Kukkenen and Wilkins, 1979).

4.1 COMPRESSIBILITY RATIO

Figure 4.7 shows the variation of compressibility ratio with electron gas pammameter for
different metals calculated using equation (3.10). Figure 4.7 reveals that the compressibility ratio
decreases with an increase In the electron gas parameter. As shown in figure 4.7, the
compressibility ratio decreases with an increase in the electron gas parameter. This seems
suggest that electrons o metals in the high density himit have lower pﬂlﬂljﬁ'l.bilii:r and higher
compressibility while electrons in mésals in the low-density limit have high polarizability and low
compressibility.

The trend exhibited by the compressibility ratio suggests that the higher the number of
valence electrons the smaller is the compressibility ratio, The compressibility ratio obtained in this
work I5in perfect agreement with the thegretical prediction of Kukkonen and Wilkins, ( 1979).

4.3 SCREENING PARAMETER

The screening parameter is the distance within which the sereening effect can be folt. Figure
4.8 shows the variation of the screening parameter with electron density paramster for metals, As
tevealed in the figure, as the electron density parameter increase the scresning parameter (length)
increases with increase in electron density parameter. Figure 4.8 reveals that metals in the high-
density limit has low screening parameter, In the high-density limit, we have the transition and

oM. ®

o
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noble metals. The Alkaline metals in the low-density limit (0 = 44 ) have high screening I
parameters. This may be due to the high number of valence ¢lectrons in these metals.

Figure 4.9 show the compressibility ratio as a function of screening parameter. As revealed
by figure 4.9, the compressibility ratio decreases with increass in the screening parameter. This
suggests that metals with high screening parameters like the alkaline metals has small
compressibility ratio. Also, this seems (o sugges: that screening has an inverse effect on the
compressibility ratio.

4.4 THERMAL RESISTIVITY

The variation of thermal resistivity with electron density parameter r, is shown in figure
4.10. As revealed by figure 4.10, for the transition metals and inner transition metals in the high-
density limit, r; £2.75 au the caléulated thermal resistivity of metals in the region is small and does
nol increase 5o much a5 we move from one metal to another, But for 3 < r, < 3.8 a.u the thermal
resistivity of metals in this density region increase as we move from one metal to another and they
have relatively high values compared to metals in the high-density region, This may be due to the
large number of valence electrons tound in metals in the low-density region, Futhermore, the
results show in figure 4.10 indicates that the thermal resistivity of metals is highly affected by the
valence electrons in the metals. Thus thermal resistivity of metals arises or has o great contribution
from the valence electrons in the metals,

Figure 4.11 shows the variation of thermal resistivity with screening parameter for metals,

Figure 4,11 exhibits the same trend as fgure 4.10. Figure 4.11 shows that the thermal resistivity
increases-slowly with screening parameter till when the screening parameter is 0.33 A But when

the screening parameter is above 0.37 A . the thermal resistivity increases exponentially with the

screening parameter. Figure 4.11 seems to suggest that the screening between the electrons affects
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the thermal resistivity of the metals as metals with small screening parameter have small thermal
resistivity and metals with high screening parameter has high thermal resistivity.

Figures .12, 4,13, 4.14 and 4.15 respectively shows the variation of thermal resistivity with
temperature for alkaline; alkaline-earth, group three metals and wansition metals respectively. The
figures shows that thermal resistivity of the metals increases with an increase in temperature. This
may be due to the fact that increase in temperature causes an increase in electron-electron
interaction which causes an increase in the thermal resitivity of the metals. Comparing figures 4,12
4.13 pnd 4.14 one can observed that st any given emperature, the thermal resistivity of alkaline
metals is the highest followed by the alkaline-earth metals and least is the group three metals, This
trend may be due to the high electronic concentration of the metals as the electronic concentration
of the metals exhibits Th'i_: same trend. Figures 4.12, 4,13 and 4,14 reveals that for a group of metals,
the thermal resistivity increases dewn the group. just as the number of electrons in metals increases
down the group,

In figure 4.15, the thermal resistivities of transition metals does not exhibit any trend unlike
what iz observed in figures 4,12, 4,13 and 4. 14, this may be due o the fact that the transition metals

are not found in the same group and their electronic concentration varies as we move from one

metal 1o another.
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CHAPTER FIVE

CONCLUSION AND RECOMMENDATION
51  SUMMARY OF THE WORK

[n this work, a model for calculating screened electron-electron interaction potential for
metals was developed. Also, the compressibility ratio and electron-clectron interaction was
calculated, Also the free electron sereening parameter was calculated

The thermal resistivity of metals, its temperature variation and the effect of electron
screening on thermal -zsistivity of alkaline, earth-alkaline transition and inner-transition metals
were investigated. Also the effect of screening on the compressibility ratio was studied,

521 CONCLUSION

Thermal resistivity of metals can be explained based en free electrons as the thermal
resistivity of metals depends directly on the number of free electrons in & metal.

Electron-electron interaction in metals is effective in small distances from the electron. The
electron-electron interaction is more pronounced in alkali metals because of the presence of high
valence electrons, Thermal resistivity is affected directly by screening parameter while there is
indirectly relationship betwean compressibility ratio and screening. Down groups one, two and
three in the periodic table; thermal resistivity increases while this trend is absent in transition

metals.
53  APPLICATION OF RESULTS

The results obtained in this study will be very useful to experimentalist as it will act as guide
in determining the thermal resistivity of metals. The results will also be very useful in the study of

transport properties of solids.
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The mﬂihﬁ very uselul in further development of theories or models for explaining thermal

resistivity and transport properties of solids.

ENDATION
Having investigated the effect of screening on thermal resistivity of metals, [ wish to make
the fallowing recormmendations
i ‘Ab initio method should be wsed to calculate the thermal resistivity of metals and the
result obtained compared with the ones abtained in this wark.
i The ¢ffect of thermal resistivity on other transport properties of metals should be
investigated.
s Thermal resistivity and compressibility of liguid metals should be caleulated and the

results obtained compared with the one obtained in this work



891} Condensed Matter Physics.Oxford University Press, New York. PP 46-65

-:'..'1"'“ Concepts in solids {Lectureés in the theoly of solids). World scientific

publishing co. pte. Singapore.

A0 E, (1977). Intermediate quantumn mechanics of erystalline solids. Eaglewood clil

it N.W and Mermin, D. N, (1976). Solid state Physics, Holt, Rinehart and Winston, New

York.

agl. 11 1976). Caleulation of Thermal Conductivity produced by the proximityveffect. Physical

Review, Tel Aviv University, [sreal,

awen, (. Sugivama, G. and Alder, B.J. (1994). Static dielectric response of the electeon gas,

Physical Review B, 50(20): 14838148440,

rkes, | and Brooker, G. A (1970). The transport coefTicients of a Fermi liquid, Oxford, England.

! i and Schade, H. (1976). Lectures on solld state physics. Zurich, Switzerland.

dmrrison, W, A {1980). Electronic structure and properties of solids. The physics of chemical

bands, W. H. Freeman and company, San Francisco, pp 250-3 14,

nksan, . C. (1984). Many-body theory of solids. Pienum press, New York, ppl-23,
g, M., (1999). Effects of screening on the thermal resistivity of metals due to electron-

electron scattering. Physical Review B, 39(15): 9687-9590,

Kittel,C. (1976). Introducdtion to Solid State Ph vsies, 5th edition, John Willey, New York,

Kahn, W. (1999). Mobel Lecture: Electronic structure of wave functions and density functional
Beviews of Modern Physics T1{3): 1253-1263.

, C. AL, and Smith, H. (1973). Validity of the Born approximation as applied te Electron-
Electron scattering in metals: Implications for thermal conductivity. Physical Review

B, B(10): 4601-4606.

=N 95 -



-

Kukkonen, C. A, and Wilkins, J. W (1979), Electron-electron scattering in simple metals, Physizal
Raview B, 19(12): 6073-6093,

Lundmark, L. (1990}, The Umkiapp scattering contribution to the electron-electron scattering part
of the thermal resistivity in alkali metals. Condense Matter 2:9309-9322,

Lundmark, L. (1998). The exchange and correlation contribution 1o the electro-electron scattéring
part of the thermal resistivity in alkali metals. Condense Matter 8:1021-1040.

MacDonald, A. H., and Geldert, D.J.W. (197%). Eleéctron-Electron scattering and the thermal
resistivity of simple metals. Metal phys. 10:677-692,

Mahan, G.D. (1990). Many Particle Physics 2nd edition, Plenum Press, New York.ppd 19483,

Peter, T., (2002). Fermi liquid theory, Physical Review B, ppl-11.

Pecheur P. and G. Toussaint, (1972). Thermal-Resistivity Anisotropy of Zinc and Cadmium.
Physical Review B, France.

Semat, H., and Albright, JR. (1972}, Introduction to atomic and nuclear physics. Norwich, Great
Britain.

Stanley, R, (1963}, The wave mechanics of electrons in metals, first adition. Amsterdam, North
Halland, pp270-274

Wilkes, P. (1973). Solid Swuate theocy in metallurgy. Cambridge University Press. pp233-231.

Ziman, 1. M. (1969). Principles of the theory of solids. Cambridge University Press, New York,

ppa0-110



