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:\!!STRACT

in this thesis, a class of second derivative Linear Multistep methods for

integration of stiff initial value l'l,-'hkl1l ill ('[dint!'Y diifcII'flllai cquuuou-: !~

developed. The method is motivated bv the second derivative method by Enright

(1972). The basic properties of the method, such as the order, error term, consistency

and stability were investigated. The methods are found to beconsistent, stable and of

order k -12. The developed formula was computerised and implemented on a digital

computer to solve some sample initial value problems of Ordinary Differential

Equations. Numerical results show that the new method is accurate and compares

favourably with the existing second derivative method and Backward Difference

Formula respectively.
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CIIAPTEH. ONI~

INTH.O()UCTION

1.1 OI{I)INARY lllFFERENTJAL EQUATIONS

Some real life problems have to be trauslatcd fr0111 Physical problems to

corresponding Mathematical problems (l11odelillg) ill order to achieve a desired

solution. These Mathematical problems involve rateor change or one variable ill

relation to another. This rate or change is called a derivative.

;\ differential equation isa relation of the form,

(II )

y
'

0 ( 1 If (11-1 )--, x 0 y. y ,Y . - - - . y ) ( I. I )

" (I ( I) 11 I and the variable

X UpOI1 which it depends.

The integer u denotes the ordernr the equation. I r the dep('tidcnt var';;-,",k :r

(llld its derivauvc occurs 10 the !11~:1rlcju cc, then the differential equation is linear

pt her\\' isc it is n0I1-1 incn r.

The concept or ordinary differential equation IS of grent importance ill

Science, Technology. Engineering. Physics. Economics (111(\Mnuagement because

some of their Mathematical fnrrllllbtinn lr~lIJ~ t() (ll'(li!la,\ differeutinl equations.

For example:



-- -

(a) The rate of growth of acertain population p can be determined

from the mathematical equation.

op/at = ko - - ( 1.2)

where k, is a real constant and p is the population respectively.

This equation can help to determine the population growth of a

giving inhabitance (Malthus, 1798). .

(b) The flow of electric chargeq across a section of a conductor can

be described mathematically by equations

uq/ut = I, - - ( 1.3)

(c) Newton's proposition for the motion described the motion of a

particle of mass m falling under gravityill a medium in which the

resistance to motion is proportionalto the velocity (ds/dt) is describable

in mathematical Language as

mg - K elL -
dt

-(1.4)

Differential equations can be categorized into Ordinary

Differential Equations (ODEs) and Partial Differential Equations

(PDEs). Ordinary Differential Equations is a differential equation

involving derivatives of a differentiable function of one independent

variable while Partial Differential Equation is an equation involving a

function of two or more variables and its partialderivates.

2
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1.2 I~ITIAL VALLIE PROBLEMS IN ORDINARY DIFFERENTIAL

EQUATIONS

A solution or the differential equation (1.2) is a function y =-.0 (p (x ) that is

differentiable in u suitable number of times in some interval I= [a, bj containing

the independent variublc x andwhich has the property that

for all x c I.

The general solution or the nth order equation (1.1) contains n arbitrnry

constants. If' in order to determine the n constants, n initial conditions arc specified

.
at a single point, then they arc called Initial-conditions otherwise theyarc boundary

(')lldition.'),

l nitiul value problems (LvPs) is defined as the ordinary dilll'l"t'lltial

. 'I-I IIIequations together with the sets or initial conditions. HIS ;111 11 order illiti:d

.valuc problem orODEs is 01" the form

(11)' ( II 111,1 ')Y ::;: I (x , y, y , - - - -, y } (i.»
y (r) (x 0) = Y r (r), r = 0 (1) 11, 1

1.3 PROPERTIES OF TilE DIFFERI~NTIAL EQUATION

The properties or the differential equation (I.!) arc important factors ~o

consider cspcc inlly when its uumoricnl solutions [In' to he Iouru]. Since these

properties determine whether the problems can have any solution or not. For

.,

.1



example, if a function f becomes infinite or undefined at some pointsin

the domain of integration the partial derivatives of f do not exist or if they exist,

they may be unbounded. As (1 result, some problems are tobe modi fied in order

to suite numerical integration ora new method may be dcveroped to solve the

problems.

Consequently, according to Coddington and Levingson (1955) a

di fferential equation of typed(1. J .) has aunique solution, if the function f(x, y)

is real valued and continuous at all points (x, y) in the region D defined by

o = {(x, y) a :sx :s b, -00 < y < 00 }

where a and b are finite real number.

This means there existsa constant I, such that for every ,<8D, there exist

YI, Y2 such that (x,YI) and (x, Y2) are both inD and

I f(x, Yl) - f(x, Y2~:S LI Yi - Y21

Then the equation has a unique solution. The requirement (1.6) is known

(1.6)

as alipschitz condition and the constant L as a Iipschitz constant.

If the partial derivatives Df/Dy of f with respect toY are continuous and

bounded, then the lipschitz constant L of the system may be taken to be

L Sup
(x,y) £ D

(1.7)of (x, y)
fJy

where L> > 1

4



The system ofinitial value problems of ordinary equation's with this property is

called a stiff ordinary differential equations.

1.4 NATURE OF STIFF ORDINARY DIFFERENTIAL EQUATION

The early scientists and Mathematicians observed that the MathematicalI

formulation of physical situation in some field of applications such as chemical

engineering, control theory yields initial value problems involving systems of

ordinary differential equations whichexhibit" a phenomenon known as

"stiffness" ,

Stiffness is a concept describing the nature of certain subset of ordinary

differential equation whose solution contain component with fast and 'slow

responses. The fast responding components are referred to as transient while

the slow responding components are referred to assteady-state.

Stiffness may arise as a result of ill-conditioning of function f in0.1),

mixture of chemical species with different chemical reaction rates, motion of

masses controlled by spring of varying sti ffness (Cao et al 2002), TIle initial

value problem of ordinary di fferential equation possessing tncse properties are

said to be sti ff ordinary differential equations,

Stiffness is quite related to the structure of tile Jacobian matric J(x) of the

differential equations with elements defined by

J = (Jjj)

where Jjj = 8fi!3yj - (1.8)

5



IfAj, J = I( l)n are the eigen - value of J(x) with the property Re(Aj)<0, but large in

absol ute sense, the system is sti ff.

According to Ademiluyi (1987) a differential equation of the form

/ = f (x, y); y (xo) = n - - (1.9)

whose Jacobian J possesses eigen values

1. = u· + iv.:
l'j J J' j = 1 (1)11 - - - - - - c.1.10)

Satisfying

(a) Re (Aj)« 0, j = I (l)n

(b) (Max 1Re Ad) / (Min 1Re AjI)
1~:Sn 1:8:Sn

= S > > I

Where S is the stiffness ratio.

Condition (a) above shows that the system is stable while (b) indicates that the. .

system possesses some component which decays very rapidly. .

A linear system of equations

v' = Ay + ~ (x) - (1.11)

or a non-linear system

/ = f(x, y)

is said to be stiff in the interva1l of x if..

"': for xslthe eigen values A (x) of A(x) or of the Jacobian Of/ 8y satisfy a andb

for more 'details, consult Lambert(1980).

For clarity, consider the mxm in equation (l.11)

·f

6



where A is an mxm matrix with distinct eigen values Aj, J . 1 (l)m' and

corresponding eigen vectors Cj j -: 1 (1 )m, with a general solution of the form

y (x)
M

L KjeA;ix Cj + 'V (x)

j == 1

(l.i2)

assuming that ReAj <0, j - 1 (l)m then the transient part.

h1

L K·tAjx C·
J J

j ==1

----:c, •.•0 asx--.••.00

.•

while steady-state component'V (x) settle down slowly.

Let Aj= Uj +iv, be the eigen values of A such that

(1.13)

If the steady state solution 'I' (x) is to be found, the numerical solution (1.12)

has to be purseduntil the slo- lest decaying oxponemial in t.1I. transient solution r,Ajx

is negligible (Butcher, 2001). So, the smaller the Re (Aj) the larger the range of

integration because the eigen value ofA far out to the left in the complex plane will

force us to use excessive smaIl step-lengths' in order that h Aj~J = I (1)m will lie. .

within the region of absolute stability. The further out such eigen-values lie the

more severe the restriction on step-length. Thus the basic difficulty identifiable with

I •

approximation of stiff initial' value prob1em ill Ordinary differential equations is' the
e. , " •

. ,

~ problem of satisfaction of absolute of stability. It necessitates the adoptionof an.

7
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integration stepsize such that every one0 r the product hAj; .I -- I( 1)111 lies within

the region ofabsolute stnhility urthe IIIIIlIel ic;t1 intq.!l<Itm,

I.S TIJE EXISTIN(; NII/\H:lUCAI. I'tC!JlOI)~

Ordinary differ entinl equations call be solved by two basic methods namely
, . ,

analytical methods nnd numoricnl methods.

Analytical methods cow.ist or cxpressilJ!! the dependent variuble y as a

Iuuct inn or x or ill terms or clcmcutarv fuuctions 01 SOIlIC spcc ial Iuuctious such as

the Bessel function. For IIWIC details COllSUIt Fjniz.io and l.ndas (1970), However,

•
there are many differential equations that caunot be solved by the close.l form

method, This difficulty IIIoti\;loIcd scientists and 1II(lthCI1I(1ti,:ialls' to develop

computational formulae for the numerical, <1lil;:'oxilllCltioll of the solution of such

ordinary diIferential equations.
, .

This Iluille',ienl method Cali also be c~fekorized, ..
...

,

into one-step methods andmulti-step methods respectively. .

A one-step method is a numerical integration formula which requires one

point information for the next approximate value of the solution, !~xal1lples or one-

.
step methods are brier method. Taylor series method, Rungc-Kutta methodswhile. .
Adams methods (Bash forth, Moulton) and Backward differentiation methods are

-,
examples of multi-step methods.

•
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The general form ofLinear Multi-step method is

(1.14)

j= o j=o

Where Uj and Pj are real constants.

This formula (1.14) had been extensively studied and applied for numerical
. , •...

'" ,
solution of several ODEs problems and have been found effective alld··e!'~ci,Cl1t,

however a sub-class of it in the fonp.

k

2: 0jYn!j =hPk c.. (1.15)
J=O

called Backward difference method was proposed by Gear (1971) for

approximation of stiff ODES. This method was used for many years thatit 'almost

misled researchers to believe that there may be no need for further development ofil.l.~

method-for stiff equations. This popularity stel~ed from the code 'DIFSUB' and,

several variants of it amongst which are LISODEby Gear andHindmarsh (]974)

and EPISODE by Byrne and Ilindmarsl: ( I ()1:i 1. It W;IS later discovered that the

method could not perform satisfactory011 stifTOIJEs with eigen-value closes to the

imaginary axis. This class ofequations are called stiff oscillatory ODEs.

This motivated Enright (1972) to suggest another method with more
. .

analytical p'rbperties off and came up with second derivative formulas' (SDFf:)



k

Ynl-k = Ylll-k-1 + h L f3j yllI!j + h2 'Yk Y"n!:k ( 1.16)

j = 0

where PJ and 'Yk are real constants.This formula has better stability property than

BOFs codes but possess some difficulties which include the problems of solving

system of algebraic equations, Enright, Sedgwick and Hull.(1975) performed. '

" .

evaluation test on the method and indicated that there is onlysmall-difference in

efficiency when compared with BDF (Ademiluyi, 1987), This lack of advantage of

Enright method over Gears formula is one of the main motivations for this work.
~,.
,

1.6 MOTIVATION ..•.. ,... '.,,::.
• ~;: 0. •

As mentioned above, it has been found that the linear multi-step'. method

(1.15) and (1.16) are suitable for both stiff and non-sti ff equations but inadequate. ,

.
for equations whose stiffness are causedby .eigen-value that are closed' to' the..
imaginary axis, (that is stiff osciilatOl)/ initial value-problems 0(' ordinary

. . . .
\ ... .
. .

differential equations). The quest forbetter methodwhich can solve' such r~ass of. ,

equation is another motivation for the present research work. "
, ,: I ~, •

Consequently, the research workis directly at jmproving ih~ Enright
, .

formula (1,16) so that it can be made suitable and efficient for integration'of bath
.'

non-stiff, sti If and stiff oscillatory ODEs. This' modi ficatlon adopts more
t •

analytical properties of the differential equation by way of involving more of the

second derivatives of y into the numerical formula to obtain a new formula

10



1 A f· }2 II
Yn+k = Yn+k-l + 1 pk Y n+k + .1L 'Yj Y n+j

j=o

(1.17)

This method will have a better accuracy efficiency and stabilityproperties

than the Gear and Enright'smethods.

1.7 OBJECTIVES
,

The objectives of this research work areto: ." ' h

(i) Develop a new class of'~~~difaaerivaH~elhethods for integration of .

non-stiff, stiff and stiff oscillatory ODEs.

(ii) Determine its predictors

(iii) Analyse the basicproperties of the methods

(iv) Determine the interval of absolute stability of the method

(v) Develop computer programme to imp~ement the methods011 a digital

computer with sample problems.

(vi) Compare the accuracy of theresults' with those of Ademiluyi (1987)

and Gear (1971).

/'

••

11
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1.8 METHODOLOGY

To achieve the above objectives, the Taylor series expansion processIS

adopted to generate the basic para~eter o~ the method ..The stability properties .of

the formula were analysed using the standard Dahlquist scaJar test equation.

v' = Ay, y (xo) = Yo, a:S x :s b (l.18)

the non-linear equation

G (Yn+k) = 0- - - (1.19)

(s) J (5) 2 k-l n (s) 2 IT (5)
where G (Yn+k)= yn+k-l - h Pk y (Yn~k)- h L:Yj Y (Ynl-k)·-h 'Yk Y (Yn+k)

generated by theimplicitness of the method. were' solved by the Newto~ 's iterative

scheme
(s) (s Ii)

Wn+k On+k
. -,'(~)

G (YIlIk) -. (1.20)

! 5 }

where dn+k =
W(~l

(1) 1)
( 1.22)

Ynl-k - Yn+k
(I - h Bd _h2 'Yk .J2)

(s)
J = af I Oy (Yn+k )

..

where Wn+k is called Newton iteration matrix and, J IS the Jacobian of the

differential systems. The iteration was implemented 'on a digital computer using

.'

Fortran programming language.

12
, .



(,IIAPTERT\\"O

PI{l~LIMINARY CONCEPTS ANi> PRINCIPLES

2.1 PRELIMINARY CONCEPTS

These are concepts which are relevant to the understaudiug of the new

integration schemes. Some of the concepts are:

(n) Mesh poi nt
..

The first step in the nnmcrical soll1l inn'of ;"1Y (It dill~l1\', dilfcrcntiul equations

is to divide the illlq~r;l(i()" illfl'lY:l1 (;l.h) infnl1·-snh-:'llrn .•ils ofstep-length h,
where h =--= L<! '

N

,,' -, X(l I nh. Il:- 1. 2. 1--- - N

The sequence of points

n - x., <: XI <: X2 <: - -. - <: x., =-- h ate en lied mesh points

[ii] Explirit and Implirit 1\1ctrwd

t,

. . -

where f is a Iuuctiou and h isthe step size. S'illcc y,;,,' is not present Oil the right

IWl1d side of the equation (2. I). then the method is explicit.otherwise it is called

implicit methods. Equatiou (1.17) isall implicit method because in
~ '.,

f;", _ r (x'" r. Y,,"), ),,,!, appears ill f To use equation (I. I.G). we must pre-Iict or

estimate a value of),,,'1 ill advance .

..,

11



Ill. Predictor Method

A predictor is another method that provides starting values at each

step of the application of another method. This predictor must be of the same

order of accuracy as the method it wants to serve to avoid, data error and as well a
•

better approximation (for more details see Fox and Mayer, 1987). The predictors

..
used in the research work areRunze-Kutta methods of order three and four.

2.2 ITERATION SCHEME FOR IMPLICIT EQUATION.

The numerical solution of the non-linear'equation (1.17) generated by the

implicit method will be done iteratively by constructing recursive relation of the. ,

.-
form

(S+ 1)
; ,

~ -- () (1\l\l ('1 '1\, r •

, -.' ~~: • ; -.-,.
to)

The iteration isstarted with 811 apprnxuuatiou \'11,1>' which h3'S a better value

than Yo and the computation is then repeated until convergence. conditionIS

attained. . .
.,

2.3 BASIC PROPERTIES OF THE DIFFERENCE APPROXIMATIONS

TECHNJQUE •

The major concern of numerical computation is to make the gldba] errors as
" .. ,.

, 1-; • ,

small as possible. The difference between the numerical solutionYn+1 at step Xn+1

~ and the theoretical solution y(XIl! I) is called the global errors It is rlefinedas

14



---- - ----------

en I I = Yn I I - Y (x, I I) (2.1)

The error has to be made negligible by adjustiug the step size h. The following

definitions will make the concept clear.

Uefinition 2.1

I
The truncation error t,,11.;associated with equation (1.1/1) is the amount by

which the theoretical solution filils to satisfy the difference equation equivalent of

the init iitl value problems. '111"t is for system (1.2.) and method (1,14), the local

uuncntion error tn! I.; is as follows

k-I 1.;-1
tnl\.; =- y (xn·1.;) - 2.: C1.j Y (xnlj) - h Ilk v' (Xn!k) - h 2.: nj v' (xlI'i) - (7...1)

j n .i (]

by subtracting equation (1.1/\) Iron: equation (2-'1) and simpl: f)'ing

till k = I -- h r~k £If (1]) I y (x., . 1.;)- )'nl k 1
('ly

where I) e l Yn'l.;, y(xn,d I. J, ;;I/'(\(:y L lipsc hitz constant

scuing R

It. This makes the cquution becomes

() t:.)
\ -.)

I:'



'- '-'
-- - -- - - ------------- ------------ ----

This shows that the local truncal ion error is related to the global enol' pCI'

step. particulnrly when the derivation and computation of the local truncationerror

I is rigorous and well calculated.

Definition 2.2

;\ method of the f<')J"JlI (1.17) is said to be convergent if

Lim YI1 = Y (xn )

11 ---.,.. ."1')

numerical approximation to it.

Definition 2.3

The method of class (1.17) is said to he consistent with the differential

cqll:!I ion ( I. I ) j r il <; order p is nt least one. This I11C,1I1S that p ".

2.4 [nsta hilith-s of Nmllcri.':ll .c.;olutioll

equation is said tll he accurntc i r the runur t icn l t cSltll<; tin !!(li tl~',iate signific:lllrly

from the corrcspouding value or the exact solution otherwise it is in-accm nte.The

inaccuracy of solution can makethe solution unstable.

There are two basic types of instability namely inherent and induced

instability respectively. Inherent instnhility is due to error in mathematical



·. .'

transformation or the real situation into differential equation while tile induced

instability is a characteristic ofthe numerical methods.

These-concepts could be more understood by considering the scalur initiu] value

problem (1.1 S). Tlwt is cquution

with the Rc (I\.) < () over a closed interval a :s x :s b

tile theoretical solution or the equation (1.18)

y (x ) = )'lle ;,\ (2,6 )

if the initiul condition III (1.18) IS slightly modified by c >0, the initial value

becomes y (xo) = y" -I- c- (2.7)

the gcncrnl solution of( 1.18) together with equation (2,7) resulted to

y(x) = y"c)'\ + I:e)"\

h Ilor r > 0, 110 matter lioxv :';111,111, the second term IT \\ill eventual \. gr()\\

h '11: \".l ' \\'1."

become unstable. This illstahility could be cured by rcformulnting the problem to

reduce the spurious pur: or the solution

,\t times, tile di lfcrcntiul equation 1118)' be stable yet the numerical method

llWY produce unstable solution. This kind or instability is called induced

iustubi lity. This !llll)' be as ;i result or ndopting finite illst-..';Hj or infinite iteration
,.
process III computer uuplcmcnttuion and truncation enol' or tile scheme. The

17
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iustahilitv show lip ill tho Spill iOlls c'<pollcllfi;tI ;l~ sllhjcckd to scalar test may he

miuinuzcd hy decreasing the step size.

Definition 2.4

!\ numerical method of the classor formula (1.17) is said to be stableif the

difference en~--=Y(xn)-- Yn between the numcricul solution and thc theoretical solution

(can be made as5111<111 as possible) is bounded. "l11[It is. ifthere exists eo Stich that

Ien I:s k Icnl where k is a real constant.

Definition 2.5

The numerical method (1.17) is said to he nbsolutclv stable iffN a !li ':(,11 hA

(2.9)

that islrlj. where I, arc the loots of n (r. tl) r- O. III equation (2.9) 1'(1) :111<10(1)

,lIC first nne! second cluu cleteric;f i : IHdYIlOlllicl1 of the method.

Definition 2.6

10"
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Rc(hA)

Figure 1- A-stability region for K-stcp method

Dalhquist ( 1YGJ) explained ill his proposed theorem that ir nil ;\-stnble method is

applied to H stiff systenr.jro matter how large the maxIRe (Xj)li = i (1)11

110 stability restriction 011 h can result



CIL\PTI~R TIIREE

DI~RI VATION OF TII F j\ I ETIIOI)

III order to CI1~;urChigh order olaccuracy for the proposed mcthot] (1.17), the

unknown coefficients [3" andYi' J = 0 (I) k are determined as to ensure that the

rcsul Ian t 111ct h ad s n rc:

(i) Accurate

(ii) ('t1nsistcllt

(i i i) /,CrD-st,lhlc

(iv) Cunvcrgcnt and

C()IlSL'qUL'lltly, the methods arc developed Ior theG1SC k = 1,2,3, -4,5 and

6. If TII I I.. denotes the locul truncal ion error associated with the method, we dcfir.c

'I
i'l \' I' '1 . i ~II ' i \ - (3.1 )

.1 -. ()

where Y (\11'1,) arc theoretical solution 0[' the equation at x -:-: :\11

0(1) k about x., we have

y (\11 I ~) 'I' 11'11]" \,(p)\..\ _ _ ('II)

)'..': pi

p=o (3.2)

2()
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en
- k l) 1 ) I' (p)'\' ((. -. _I Y {xn ]

L.J

pI
I' ,- (l

Cfl
- lkJ)P (pi ')

YI ) = I - -. l_y (:<11)
(XII I k ,

p.
P"'o (3A)

'1(1

"( )-"f;tl-''Ip<pI2)( )y x, Ij - L.i U!!J. Y x., -
!',11

( 3.5)

On substituting equations (3.2) ._-(3.5) into equation (3.1) andananging terms ill

equal rower of h. the equations I>CCtHlIC

coefficients C's arc:

C4 =

ill. C5 =

•
i

C,'

o

I .-rh =()

k
~_~~(k2_(k--1)2_2k Pk-(2)(I) L yj) =0

, .. n

k

'/~ I (k' . (k - 1)1 . - .1k 2 Ilk ._-(3 )(2) I .i yj) - 0
-()

I:

\ .i':) : i ) ()

I .'

"i J ()
I.

lip' (k' (k ..- ,)1' -. pk'~' rk- P (p -1)
l:

1y-:
i - ()

_ c:- 0
YJ ~

21
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.i
_ (\Ill (3.6)

j ~ (1

Definition

According to Lambert ( 1973), a computational method such as(J .17) with

truncation error Tnlk is said to beor order P ifin equation (3.G)

Co = C I = C1 = Cp = 0, but CPI I :f- O

then the Iormula (1.17) isor order P and Tn+k = Cp+I' bpt
Iypll(\n) is called the

"

"

principal truncation error or the method. It can be seen from (3.G)"that the Cjs

depends 011 the parameter R" Yj, the values or these parameters aredetermined by

imposing arbitrary order Por accuracy on Till\.; leading to the set.or linear

equal ions.

c = 0, j = 0 (I) P (3.7)

..
These equations (3.7) were solved for the parameters by Gaussian

elimination method and the results are as shown in the tale below

•
•

22
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-'--

Ii

TABLE 1: Coefficient 01" the proposed SDFs for 1< k .'5 ~

SICp Order or Coefficient
accuracy

- -
K P Yo YI Y-:. Y'J Y·I

---- -_ .._-_.. ---- -- -
J 3 -1/6 -1 13

------- -----
2 4 1/2"1 -I 14 -7124

-- ---- -- ---
3 5 -1/45 13/120 -19/60 -97/360

-
4 (i 7/480 -29/360 47/240 -3/8 -367/1440

- --- ..--- f-- -
5 7 -140tl/ll] 666201 7()2<)7 72271 -18719

- - -- ..-
GO·1S0 453 W 151~() 1512(l I :2ow;

Error
constant-----r-------,-----,------ r----+~:..:..~-c:..:.. ..---

i -yr,
I

I

---~--+-----~----·+---~------:~-~~l
___ ---1 1 1- t---_7_/4_8~

10111 0080 I

-1-------1------------ -------1
-1231 1477~()1 I

_ __ __ _ I S()-1~-1 ... _ ~0~_~('~()_(1 .j!
770') 10(,21 -17151 I -1(J:~5' -:2~5-1<) -7571R-11

L_4(-_)3_2(~__ -;-02-~- L__·_·4__0-_:;_20_--_L0;~ 120%0 25-101GOO I
- -----1-------- -- ...--
6 8 <)95 -1200

120%0 20160
'---- ---..._-----------'---

EellY5

1100Vl'vcr , we i llustrutc these wi th the cases k=l ,2,3.

~.1 OIH>~(l'P I\'Idhod

I By scltillg. k -- J ill equation (3.1) the equation becomes one-step method

(3.8)

A one-step application or the method for solution of (3. I) will JC:1C1 to ;1 truncation

error '1'1111 defined as

By adopting Taylor SCI'ICS expansion of II !Y (.'1I'1) anc

substituting into the equation (3. I), collecting terms in equalpower ()r 11, we have

••

"



TI1+1 = (I-I)yn + (1-(I--I)-f11)lty' (XIl) -I- ('12 ([2-(I-I)2_2(1)13d-2(2-1)
1
L yj ) h2y"(xn) + (1/6(13-(1-li-3(l)2~d-3(2)

11 = 1
L .i yj)hlll(xn) 1 ---I-I/p!(II'-(I-I)" -p(I)P-lr11--p(p-l) L j"-2 Y.i)h"Y(\ll)

J =0 1=0

(3.10)

imposing accuracy of order 3 onTn t- 1 we have

Co ()

CI 1-(1-1)---01 -- 0
1

II: (12 II 1\7.
L . 0

C2 -- 2 (I ) ~1-- 2 (2-1 ) YI (3.11 )2 -~ -Ij J c--= ()

1

C3 116(13 _(1_1)3_3 (12)~1-3(2) L J YJ 0

J -- 0

Solving the equations, we get

HI

(3.12)YI - 1/6

Y2 -1/3

substituting the parameters (:-;.12) into equation (3.8) the one-step method is o lIhc

is generated and its01 .lcr is ~.

3.2 Two-step method

iii By setting k = 2 in equation (3_1) the gcncrnl 2-stcpIllcth'.Jd is o lthc form:

•
In. I 1 7. (" II II

• )'11+2 = YII+I -I- 1 F2Y 11+2 +- ) Yc>)' II -I- YIY 11-11 -I- Y2Y 1112 - (3.) 3)

24



the steps adopted for the case kc-. J ale followed systcmaticnlly. By adopting the

Ct' 1 . " I II II I .ay or SCl"ICS 0 Y (X"'I), Y(X"'})' Y (x",.,L Y (X",,), (Y (.nI7) anc • _ (3.14)

substituting into (3.13) and collecting terms.in equalpowers of h, we have

1 2

(2-1)(Lyj)h2yl'L,)+1/6(2~-(2-1)~'3(22)Pr3(2)L hj) h1y"l(~I1) +1/24(24- (2_1)4

I (I/PI (J1'.(7.-IJ" uti 11,···p )p-I)

2
L jl"z Yj) h" v" (XII) - -

J = 0

. .

imposing accuracy of order 4011 T, 12 we obtain

Co o

= 1 - (1- J ) - pz = 0

Yd22- (2-1)2-2(2)Pr-2(2-1) 2t/j = 0

3.15
?

C.1
'\' ..

~P), J Yi
1 - 0

- -- ()

I

1/24 (2' - (2-1)' .- 4 (2') 132 - ,1(3) ~ j".2 'fj =0)
J = 0



Solving the equations

Yo Jn4l
¥I -1/4 3.16

-1

7/24 J¥2

02

Substituting the parameter in (3.16) into equation (3.13) thetwo-st 'P method is()r

the form

is generated and its order is 4

3.3 Three-Step Method

By setting k = 3 in equation (3.1) the general three-step method is or theIor n

(3.17)

the steps adopted for the case K= 1 arc followed systematically as well. B"

adopting the Taylor series ory (XI\ 1-2), Y (XI1 1-3). yl (XI1+3), v'' (xn I 3) and substituting

into the equation (J.l)

expanding and collecting in equal powers of h, we have
...,
-)

TI1+3 = (1-1) y (XI1) + (I - (1-1) - P3) hy' (xn) + (1/2 (32 -- (3-1/ - 3 (3) Ih - 2 (2-I)Dj h2l

3 3 i=-o
(xn) + (1/6(JL-(3-1)3-3 (3)2p3-3 (2)L; jYj)hJyill(xn) + (1/24 (34 -(3-1)"\-4(3)"'13_,--4

3 j=o j=o
(3) ~://2 Yj) h'l ylV (XI1) + (11120 (35 - (3- J)5 - 5(3)'1 Pl - 5 (4) //6 YI) h\.\'(xl1)

J = 0

(3 I g)

..

2G
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Imposing accuracy of order 5on Till 1, we get

Co =

C, =

C2 =

(:3 ---

o

I .- ( I - I ) .- Ih =, 0

~~ Y.i
j =0' ()

",

j 1() (1" - (3 - I ) \- J n2) [:h - - 3 (2) 3
L' .I

I = o

3
1124 (3'1 - (3-1 )~-- 4 (3.1) [\3 "-' 4 (3) 2.: /12Yi

I =.-0 ()

=

.,
.)

11120 (35 - (3-1)5 - 5 (3'1) Ih - 5 (4)2.: i11(, 'y!

I -r- 0

Solving the equations, we get

'Yo -1/45

'Y1 131120

'Y2 -19/60

'Y3 -97!JGO

P3

I.

•

27
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-, 0 (3.19)

-- ()
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(3.20)
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By substituting the parameters in (3...20) into equation (3.17), the three-step method

of the form

is generated and its order is 5
-,

From the above calculations, itcun he seen th<}t the orderur uccuracv olf.hc

methods are k+2, where k is the step number.

'.

••

•
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CHAPTER FOUR

BASIC PROPERTIES OF TIlE NEW SCHEME

The basic properties of the new scheme are important aspect to consider in
~

order to be sure that such methods are capableor solving non-stiff, stiff and stiff

oscillatory ordinary differential equations for which it is intended. Some of the

properties to be considered are: order of accuracy, consistency, zero-stability,

convergence and A-stability.

ACCURACY

In numerical solution or ordiuury dilfcrcutial cqu<lll<111S it is necessary and

important to estimate errors such that if the magnitude of the estimate is greater

than some error tolerance then it can be known that the method is not accurate and

the stepsize may be reduced for the iteration scheme to converge.

The errors can be as a result of the numerical approximation techniques or as

a result ofarithmetic operation adopted. They include truncation, discretization and

round-off errors which arisefrom numerical approximation techniques and other

computers devices.
•

Truncation error IS defined as the amountby which the solution or the

differential equation fails to satisfy the difference equationor the scheme. The

•

.truncation error Tn+kassociated with the method is defined in equation (3" I)
k

Tn+~ = Y (Xn+k) - Y (x., + k-I) - h 13ky' (Xn+k) - h2 ~ Yi v'' (Xnlj)
J = 0

29
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By adopting the Taylor series expansion ofy(xn -I- k), yl (XIl -I- kj. y" (X)) -I- j) . .I = 0 (l)k

about XII' Substituting these into error equation 3.1, the result obtained

, I p I I J'I I I "'I'll i k ( p' I 1 Y (x 11); ) :> L

where P is the order of accuracy of the scheme.

While discretization errors arc introduced,1S a res rlt or the replacement or

differential equation by its difference equivalence. The discretization error

associated with the method(1.6.1) can be expresses as follows:

(4.1 )

where the exact solution is y (xn) and the numerical approximation isYn at .

point x.,

Round-off error is introduced as a result of arithmetic operations involving

the computing devices. The magnitude of these errors depends011 the way and

manners machine operates or performed on the storage and manipulation or

numbers. This is defined Mathematically by rl1+k

[11+k = YI1+k - PII+k - (4.2)

where Yn+k is the exact solution, Pn+k is the value produced by the computer at

the point x = Xn+k

..
•
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4.1 ORDER OF ACCURACY OF THE METHOD AND ERROR

CONSTANT

The order of accuracy of the method as explainedin equation (3.7) is k-I- 2.

The error constant of the method is determined by considering the first or the non-

vanishing coefficient Cps of Tn+k• The Cp+1 has absolute significance in the sense

that its magnitude determines the degree of accuracy of the method. The smaller

the magnitude of Cp+1 the more accurate is the method. The error constant is often

called the principal truncation error. The principal error is oftheIorrn
k

Cp~1 = IIp+ I! (kJl~1 - (k-I )1'11 -- (p-I-l) r~k - p (1'11)2: /-1 Yi - ( L")
I --- (1

The errol: constant for the k-stcp method Ior k --- 1(I) () arc shovn in table I.

4.2 - CONSISTENCY

According to Gear (1972) and Lambert (1973) a linear multi-step method ::'i.i~has

(l.17) is said to be consistent ifit has order P~I. Since the order P of accuracy or

this method is

P = k+2> I for all k 1SkSG

then the method is consistent.

•

"
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I.

4.J ZEHO-STA HILIT\'

III the spirit of L:II110ert (1991), the characteristics polynomial of the proposed

method is

k
1t ('Fl, r) = rk -l-I -I}u·k

- L Yjfi

J - 0

.•.
where the first characteristic polynomial p( r) or the method (1.17) is

k k-Iper) = r - r

while the second characteristic of the methodotr) is defined as
k

a(r) = Pkrk - L yjl.i

J = 0

(4.'5)

Definition

The method (1.17) is said to be zero stable if110 root of the first

characteristic polynomial p (I') has modulus greater than one and if every root with

modulus one is simple. To investigate this for the method (1.17)

k \;-1
P (r) = r - r

The roots of p(I') = a can be obtained [rom

r"-I(r-I) =0

which simplifies into 1'-1= a or .':' ::-= a that is r = I or O.

Since all the roots orP (I)' () j, iw,idc :1 ,,"il circle then the method is zero-stable

(Lamberj, 1973).

32



4.4 CONVERGENCE

In Lambert (1973), anecessaryand sufficient condition for aI .inear multi-

'step methods to be convergent ,m' II1<1t it 111l!~!h' (,()I1~islcl1t ;lIHI In() stable. Since

the method is consistent and zero-stable asproved above, then the method is

convergent.

4.5 ;\BSOLl]Tl~ STABILITY

liven though Fatunla (1988),Fox and Mayers(i 987) said that stability is a

necessary ,\lI<J sufficient condition for the numerical solution to converge to the

analytical solution, but if error is introduced at any stage or thecornputation it can

produce unstable numerical results which call make the'q11)i'(l:.:il1late solution

deviate significantly from the true solution. Thi~ makes till: unalysi» or the J\-

stability of the new method necessary. Hence the A-stabilityor the proposed

formula is assessed by adopting the method to solve the scalar test, equation (1.1 X).

Consequently, adopting (\.17) to solve (1.18), we have

k
Yn+k = YlIlk-1 ·1 h Pk A- Yn11.; -I- h2,\~ '\ 2

c: /I., Yj Yn lj

J = ()

1\.-1

Y + 112'\ 2 L Y,J'Ynl.in 1 1.;-1 f\,

J = 0

Yn+k (I - h A Pk - 112 A-2 YI.; ) (4,G)

By setting

2 2 k-J
g (Yn+k-I) = Yn~k-I + h A L yj Yn+j

II

• J = 0
-cquanon (4.6) becomes.
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(4.7)

Yn+k = (1 - h '" Bk - h2", 2 Yk)

by setting 1\ = hA the klh order difference equation (4.7) has a stable solution ifthe

stability function

/l (n) = 1 - h Bk - n 2 Yk -

Satisfies the inequality equation

(4.8)

-] <

1 -- h 1\ - h2 yk

Simplifying we get

'n E ( - (f), 0)

provided vk i- O. That is, the method isA - stable (Lambert (1973 )

<I

(4.5.4)

•
•
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CHAPTEIt FivE

IMPLEMENTATION AND NUMERICAL RESU1,TS

_5.1 IMI)LEMENTATION

The non-linear equations

(5.1 )

generated by the application of (1.t 7) to solve eq, (1.1) will be solved at each step

. (s) ,

by an iterative scheme of the form(1.20). The iteration matrix wn'lk, the coefficient

Db 'Yk varies from iteration to iteration dueto, change ill 'step size .h. Different
, .
~ (s)

iteration schemes results from differentchoices of Wn1k• The cost of the linear. .
algebra that will be associated with lame;,y~:t('l~':, is hiuh ~l!"': (,~Il be reduced ir ;;e

use the iteration scheme which adopt~ the\;dllC of Ih(' .J;H'. ,i'i"!! or G approximated

at the previous iteratives, that is
(S+I) (S)

Wll~ k = G I (Yn Ik)' S = 0 (1 ) III

where III is the number of iterations.

5.1.J COlV1PUTER IlROGRAM

The program that implements this iteraction IS. written in fortran

programming language and implemented011 a digital computer as discussed below.

In order to achieve the above objcctivc,wc adopt the following steps:

1. re- write the formula in algorithm form

••
translate algorithm into a flow chart

35



----

111. translate thenow chart into computer C()(Jc

IV. implement the code wit]: s:l1llplc problems Oil a digit:.! nUlIpulcr

5. J.2 ALGOHITLIM

;\11 algoritlun is dcfincrl :1:; ,:1 ~)t('p hy ~fcp procedure l;d~(,11 10 obtain solution

Step J:

2:

3:

4:

5:

G:

7:

8:

9:

10:

•

Start

Declare all necessary variables

Initialise variables (x =0, )' =I,h = 0.1, n = 0)

Compute /

Compute k , k2' k:1, using Rungc-Kutta method of order three

Compute )'111' =)'11 -I- l!Jk,+JkJ)

(n t- 1) (II) 4 (n)

Compute )'1l1' =Ynl' -l1Ynl')nl
r' ( )

(n) Yn f'
Compute f(Yn! I)

(n-l )

Compute Ynl'
(n)

Test if(Yn,,) > 0.0001 then go tostep G otherwise II

11: Display results
(II-I) (n)

12: Increment x,, 1= X + h assign >'n +1 to Ynl-l

13: Test if x -: 1n 111'.-11 f',!' l(' (I,'p -1 ('1:;(' H



- ,,~. .~ ~ ~- ..--~-~.-- ~-------

ILL Stl)P

IS: Flld.

5.1.3 I~LO'V CIIART

I\. Flow chart is adiagram that shows the sequencesor cv cuts ill a proguun .

••The flow chart for the above algorithm is shown ill figure 2 below .

•
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-f~-Vru iahlc
Ikela"IIion •

lnitiulisc \ III inblcs J
:-<~).O.v= 10
h =O.I,n "'0.

,------ ~-

-Z~111IHlte ~~_ • _ 1
,._---_ .•._-_.._-----

( '11"11"11(' "1 k: J: \
,,"j,ll' 1< 11111'" I 1111:\

11 I' 11.1·.1 •\ I 1\1,11'1

l

11 J
C{11l11"lle \,,-1

--------F==--=--=----~
[---C"'III'Uk n,::' ••-~-::=J_'--JJlll

Compute :.,,'I

-------v--

/~~"
<,".I'(\,"'il' .> ::'

" () ()llf 10 I •
",

<, ,//

•

-----LfJ-· .L Ui'I'I:l\ :
l<c~\11t

._-- -

:-<=~I{).IJ
n ' !

Yo' 1"')'0':

Yes

•
•

Fig: 2 Flow Chart of lmplementation
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The criteria for stopping Ih!.' iteration is the closeness between the current

and previous iterates.
( ),,)
I .

adonts the m'" iterate
J

One of the methods discussed illi Iall and Watt (1Y'iG)

~) , .

'Ynld as more accurate than:Ytl;~(rn-I) the "amount of

correction

(Ill) (III-I) • d '. f tl J I . (m-I): 'f'j' . ;
)'n Ik - Y n Ik IS use as estimate 0' t ic oca error In Yn+k . te iteration IS

stopped if the magnitude of the error is smaller than the error threshold, that is

I (III) (11I-1)1"" '1' I
Yn1k - )'nlk ~o- (5.1 )

',') •• (111·1) • • I I I (111) • d Irc current iteration )'nl"- IS CO!!S!( ('1'('( nC('!I1:1Ip :1111 YIII\.. IS regar er to

as the best approximations to Ill!' <":~~lcl:~I!lI:I;()1I Yn1k (d equation (1.1). It is

considered to adopt an iteration slopping criterion that takeseffects of errors in the

1" "

derivatives into account. The reason is because the formula suitable for stiff

systems always involve past <l11l1.,;rescl1tvalues of the dcri'vatives and the errors

nssociatcd with thesepast values may affect the stability of the computed solution

(Ademiluyi, 1987). To see this, consider the derivative errory' (Ylllk(rll~}_ / (YII~k)'

By the mean value theorem.we have

'" '"! (v (Ill) ,!, ) -- 1 ( ,(",)Y jn1k ) .._) (}'n!k . " :11") ()" •• )

.~

~"'\, ) (5.2)

,. is the Jacobianof the differential systemor equation all the l.il1€between Ynlk(In) and
,..

~' Yn+k'

•
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tile accuracy in the derivative values was ignored ill "most early codes for

,stiff ordinary differential cquntious where the closenessor ),,,,,/111) to tile exact

,solution Yn-~k was only considered andneglected the closeness ofy' (y;,I'k (Ill» to tlie -"',
"'. . .',

* t
y' (YI1+k). the closeness ofYn Ik(rn) to )'n Ik does Hot indicate the closeness oftheir

, ,,'

J: derivatives. This assumption may affect, the stability- of the computed solution111

stiff ODEs. Since the eigcn values ofJ is expected to have l.ugc modulus and the

small IYn I k(lll) -- Yn I kltoes not impl ies sma J I

I I (m ) I ( *) IY ),,, Ik - Y Yn Ik

The residua I error test as proposed by Shampine(1975), takes care of this

type of error estimate, The approach is independent of the formor iteration used

and it involves the cut rent iterate and the norm or the residual error r(l11) is defined

as

I (Ill) I I (m), n 1 ( (111)) I 7 1 ( ) (m·l Ir =Y,,'k - 'l'kY V,,'k '-'lYkV V,,'I: (1Jily--g - - (5 3)

where g denotes thefunction that combines bothpast values of y and yI_

If 1'(111) is sufficiently small, the current iterate can be accepted as the most accurate

(rn)"
For clarity pur pnse. let en 'k be theapproximation to the exact solution (1,17).

difference between the mostaccui nit' :lIld th,' (' ::H'( ':1)1", in" tlt:ll)<:,'

(111 )
(111) :\:

,. en 'k -- Yn I k - Yn ' k

'"1f~"Yn I k is a solution of (J .l7) and satisfies

~.,

.'
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I[I I ( (III») I! '( (IIIl) I ( (III) ()y,,'k- IJkY y,,'k - l)'k. Yllik - Y Yllik )-g=- (5.5 )

by subtracting (5.5) from (5.4)we have

1 ( *)-Y Yolk - (5.6 )

*where J = DfHJy (y,,'k
,

by applying the mean value theorem toequarion (5.G)

(III) (III) I [3 J (111) I 2 J2 (m)f"'k = en'k - 1 k enlk - 1 Yk e,,!k

(m) _ (I I II J I 2 ,~) (III )-f,,'k _. - 1 'k .- I Yk. C"lk (5.7)

where I is an III by 111 idclltit)l maui ..

For a stiffsystem ofordinru y difrclcllti:d equation. J (Y~!k ) is expected to have at

least one eigen-value with large modulus. That is

1(1--.h[l" .1-h"y" f~?:::::1 (5 ..8)

l lcncc

I
(m)1 I (mil

1'", I: I -; en' k . III +: l . 2. (. .9)

expected to be brgcr than tlH..' IPlIlII (lr ihr l'11 III \ '~'Im, I rIll . IJi'I III or the residual

is Ion IId to be sIIIal 1 t1];l \l c I ror f I.) h :HIe c t1)('11 ell ()rill the l' \" I ell t if era te i s ~11n II

Since the test iu vo lvcs hoth till ' ('l!lI'Cllt iterate :111<1 (he cou cspondiug values. the

residual errol test can serveHS the error estimate.

,II

t "
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5.3 Step-SizeCOil (Tot

Step Size h call he seen as a catalyst for improviug Ill(' efficiency or the

scheme. Sostep size adjustment wi ll play all important role ill the integration or

ODEs. Step size control involves the step by step'. computation of the local

truncation error identified with the integrations scheme. 'I'll ~manner in which the'

integration formula is represented dictates the form of enol' estimates to use.

There are 111:111)' f()II11S of error estimate. 1\\1 these estimates are based011 the idea

that the current integration scheme call be represented by incorporating .nore

analytical property or the equation into the formula will provide a better result

(See Sedgwick (1973) [or more detail).

One error estimate considered ndc\lIl:lh; I'm stiff equation explain 11l this

I " " "'"y ('\", d y" " - (1 (\ ". \' ("" 1 I ,( 1( 1 i

whct c pis the order ,111<1 ~Il Ii; the uurucricul approximation toy at -".flll·

13) ;lpplyiflU the J11111l()<;t'd scheme \\jll1 another step sizeh/2 and compute all
,~

:IP1'1 ox imation YIl' 1 (0) (:",,'1) \\i(11 the S[lIlIC local assumptioncan be defined as

(ei 10)

..
SlIl'tl:1Clitlg CQIl:ltil)l1 (-' I (I) ("(lill (sq). \\C h:l\L'

*Yil" -- Yo' I ::: (I' (:';". y (.\,,) ) 1/ 1 (
1 • r I \ (~. 11 )



Thus, by ndoptillg thc Ricluu dsons cxtrnpolution we cumputc two estimates

over two steps using step size11/2 nnd uuothcr IIsillg stcp size h. The difference

between the two approximations multiplied by(2pll-Ir l gives +lre error estimate

for the scheme. This form of error estimate involves a considerable amount of

computational efforts.

The numerical approximation to the solutionfrom step x, to step Xn'! IS

acceptable if the nOIIII of the error estimate en' I is less than the error tolerance.

(5.12)

The estimate can now be used to compute the next integration step size.

.."
The Ways of Varying The Step Size

Although, there nre mauy waysor \'illyillg thc step size, one of themethod is

described as follows. ,111 inili;,1 step ~:I/7(' It •.:.lliel! is haseJ Oil .hc-characteristic

,"
hehaviour of the function f is determined, since th~ ftlllctioll changes veryrapiJly , ,. .~

for stiff ordinary differential equations the value ofIt to be chosen must beill such

a way tluu the product h1;'!/i')l slurl l lic w il luu tile stab ility legion of the method or

ensure the value olh i<-:

h:=: 1l1111j.j

I

I ~ri I
<,vi

1 •.1 .! ( I )111 (5.13 )

If1hc st:1t'til1g step size II is <ul ficicut lv large. the past ,'plncs are rchablcand

the past values aregCllclntcd witlt 1I11111111Ull1 error.
. . .

If-the method fails to start, it

'.
4.1



·,-----. -- - ---- - _.-

, I, ,,,

(L" ;

scheme will automatically adjust. II thtough the [oimuln.

, .
indicates thn! the error tolerance is too small nndtheprogram implehlbjHio!:) tile

h l1ew"" ~~I'S 11 '1'; 1
Ln'k

The step size will be allowed to increase onlyif'
(5.14)

(5.15)

As SOO1l as the plUgl :1111 :11'1" ouches the: end poiut of the integration interval

the stcp sizc will be chosen so that the 1:1Stpoint coincides with the end point.

5.4 N (1M ERI CA L EXA 1\1P I,1i~S

III order (0 ass ,ssthe s!litnhililv ;lllrl ~'CCI1l':lcy or the IllctlH.ld we adopl Ii!..:.

following one-step (JIIIHtla,

and t we-step formula

, I -! I 2; (ll (; u 'y,,12 = y,,11 .'. Y"l) -- 1 ),,)' ,,-)y II"
11

·7y "'2) .

to solve the sample problems

Example I

,
y =v xLv y (0) :::: I .

exact solution
. ,

Example 2

I
Y = -IOOy,

~
y (0) == I

exact solution ·I(ll)~-. e- y (x)
'/ -, .
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Example 3·

exact solution: y(x) = tan (x:t 1t/,i)

"

Tak ing from Fatunla (19R8), Lambert (]973) and Okosun (2002):. The

results are as shownill the tables 1 - 7
,
.,

DISCUSSION OF ruu HES{lLT~

It can be seenfrom the results iil table 1-7 that the local error en of the ,I

methods are small. The comparison of the proposed method with' the existing ,'. ":~ .'.
'':'> .•• t :

, method and thegraphical representation show that the proposedmethod gives :,!: .
, " j

, ' 'better results. All the resultsproved 111<.11 the new method has a high order of

accuracy,

:

, I

•.. :. .
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Table 2: Performance of One-step second derivative forttiuta on problem "

"
Theoretical ' Numerical Error
solution solution

,
'-.

n Xn Y(xn) Yn en'

0 0.00 1.0000000000 1.0000000000 0,0000000000

f--- -,--------- - -,--_. ----------- ,- .., ... •.. ------- .-- - ------ ------- -- ---' p. - -~.-

1 .10 1.1 10]<119281) 1.1103321051 .00000Y8238

f---

2 .20 1.2428055257 1.2427840078 .0000215179

-- .__. -- - .-
] .30 1.3997177556 1.3996819598 .0000357958

-- -----.------- ,----------- - ---------
4 .40 1.583649"789 1.5835968564 .0000526224

_ .. - --- - .... , - .-. - ..'._- - .._..- ". --- .--. '.- -.--.---~ ----,.. - - - - ._-----_._ .._--------
5 .50 1.7974424288 1.7973699616 .0000724671

6 .60 2.0442377552 2.0441413453 .0000964099

._.. .-,--~

7 .70 2.3275053725 2.3273813093 .00012"0632.
1---- --------- ------------ _ .. ._----_.- --- .__ ._----"- - ---
8 .80 2,65 1082 18()tI 2.650925110] .0001570702

--..-.----- - .--- - -- .- . . -- - .. - .-. - --

9 .90 3.0 Ic)2065tl()2 ,~() 19() II,~ 1.1'7 .()(J() , ().'))(l).')

,---"--._-. . - . .. . .._-- --_._-
]0 1.00 3.436S(dJ!18(i l],:\J(,32 l.:(;I:; L()(lO]Y; )g7 2

._. ----- .. -.-. --- ..-.- ------- -.--

...

• •

•
la'

I'

" \

, \1



Peformance of One-step second derivative formula on problem 1

4 r-

3

n

3.5 +- r,

r nL _

r,

2.5+1--------------------------------------------------------------
n

c>- 2-I-- n

n

1.5 1 .n

n

n

0.5-1------------------------------------------------------------

0-1-- I I

2 3 5 6

Xn

8 9 111074

46 b

- Theretical solution

Numerical Solution



Table 3: Performance of2-step SDF011 Problem 1

-_. .__._----.._-_._- -----_._-- ---_._-- . - ~----~,
Theoretical Numerical Error
solution solution ._. ---- ---.----- ..--•...•~- ..,-- ........ - - P_, •••• ·_ ,M'O, •• _ .•• -.--- .. '._.._-_._,---_.'--

n XII Y (xn) .. )'Il en

-
0 0.00 1.0000000000 1.0000000000 0.00000000"00

---_._--- f----.-----

1 .10 l.11 034 19289 1.11034 16685 .0000002604

2 .20 1.2428055257 1.2428047805 .0000007452
) ,

.-. -.- ---' ----~
3 .30 1.3997177556 . 1.3997161940 .0000015616

4 .40 1.5836494789 t .5836471538 ,000002325 t

----..--- -_.------ .-----. --.-------~-------.-- ------- ..--.--.:...-.-,.;.-----~ .

5 .50 1.7974424288 1.7974393222 .000003 1066
,

--_.-
6 .60 ·2.0442377552 2.0442332224 .0000045328

-----------, .- 0- _. ______ • _______ ------------ .-

7 .70 2.3275053725 2.3J7t19<J()719 .0000057006

. --- -_._- --'-- - --- .
8 .80 2.6510821804 1.i,·si (j7~5130"- .0000076674

•_ .. --,--------- .-
9 .90 3.0192065462 3.0191970064 .0000095399

.--- .-
)0 1.00 3.43656'13'186 3.4365522583 .0000 t 20903

.._-- ~.---.-..- -----------_ ..

I •

. '" ..

,
.....

I

.'

.'



Performance of second-step second derivative formula on problem 1

4

/
/.>

/
~

3.5

3

2.5

e>- 2

1.5

0.5

o
o 0.6

Xn

0.80.2 0.4

47 b

-+- Theoretical solution

- Numerical solution

1.2



Table 4: Performance or one-step Second Derivative Formula and Backward

Difl 'erence Formula 011 problem I

r-------- __ · . ·0·._· ·__.·__··.·.···_··· -.-.-._. - ..' - - - -------.- .-.._- "'- _. - - - .•~.- '-'--"0", ,.

, Theoretical BDF solution SDF solution SDFerror nDF error
solution

f---.- r-.-------- ----.----.- -. ----- - --- _-----

XII y(xlI) yBn ySn eSn eBn

.20 1.2428055257 1.255924564'3 1.2427840078 .0000215179

r---- -----.~~-----------
0.00 1.0000000000 1.0000000000 1.0000000000 0.000000000 Q.OOOOOOOOO

-' ------.--------.-_.-. .---------- -----------------1
.J O. 1.1103419289 1.1222222247 1.1) 03321 051 .0000098238 .0118802958

. ;. \ ...~
----- ._ .._---------------_ ..._-- -_._._._-------_ .. -----------.--------- .. ' ---- -- ~"-.-' --'

.013t190387

.30 1.3997177556 1.41LI2()'145(,X .OO()0357958 .0144867012
';.

, I~--I-------j

..40 1.5836494789 -T.5<J9(,4GG:272· 1.58359()85()tl .()()(j()52622~r-.O 159971483
, .

.60 2.0442377552 2.0637L\440G9 2.0441413453 .0000964099

----_._._-_.- ._._-_._-_._------ --_ .._--_ ..__ .'- - -_. _ __ .- _ ..

2'() 7 ,-I~()R ITn :2 .(,50<)2'1 ! 103 .000 I 570702 I .0217859528
I

.80 2.6510821804

1----- .-...-----------...- -...-- .. - . .. . -...

.90 1.0 1920G54()2 ~U)/-I.S'17Li()() i .U) Il)O I 1~'1i 7 ,()OO: WiJ025 ,026265813B

1-----1------------.- -----.--.-..... -. -.-..----- -.-.-.-..--.---.- ..----- ----

1.00 3.4365(}43486 1.465:S()817P-.h 3.'U()]2,13615 .00023S)()872 .0290038299

. ", ,

.•

..



Performamnce of one-step second derivative formula and backward difference formula on
problem 1

4

/
-:

/.>
->:

~

3.5

3

2.5

e>- 2

1.5

0.5

o
o 0.2 0.4 0.6

Xn

0.8

4R b

-+- Theoretical solution

_ BDF solution

SDF solution

1.2
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Table 5: .

/

Xn i Theoretical solution BDF solution SDF solution :.. :..; .• I SDF error BDF ~or I
I" . I I

Xn I ;(Xn)
,

yBn . ySn. I eSn I eB.n I,, !
, .

0,00 ; t ,0000006000 1.0000000000 1.0000000000 i 0.000000000 I 0.000000000-
Ii - .~ ~"'- ; _.. '- " •. ~- I I

!

.10 ; I,! 103.+19289 ] .11034J6685 ' '.' " I )J.]1 031 J66~? '. i .0000002605 I .0000002604

I! ~. j <.
r~~~. :~:~~]~<~.'~~:l.~i~;~f;.~3~~.~.~.: ::t:'.'~

,
.,. " ~.' .;'= --... :,.' . i

.20 ' : 1.2428055257 1.1433452424 1.2428047805 . I .0000007452 I .000539716~· I; . I
" I

I -
1.30 '. 1.3997177556 1.40·10854668 J .3997161940 . I .00000156: 6 l.0013677112 I

-, !. . .. ..
I-, ~ i- ".- I

.40 i .5836494789 1.5862632484 1.5836471538 i .0000023251 . I .0026137695 i
\1.

i iI

I .50 , 1.79/'+'+24288 11.8019060028 1.7974393222 I .0000031066 i .0044635740 . ;

1
I i . ,
I

! 2.04'+2377552 j2.051.+203D91 2.0442332224 1.00000453.28
;I .60 1.0071825538 I

!
I

)
; i I

1.70 : 2.3275053725 - ··r- 2.3386578'3:15 , 2.32749967:19 '. 1.0000057006 i .011 1524590 ,I

I
i .J' '•. ,

" " i.t:r '-.~
' {:.•. ",

.: : - i
.80 : 2.6510821804 12.667999:29~8 2.65.107-45130 1.0000076674 1.0169171493

I
..

i ,
I :

.90 I .3,0192065462 3.0-+-1-463'+547 3.0191970064 I .0000095399 I OY7-6008" I. -)-) / ~ I
i I i i

1.00 13.43656.+3486 ; 3.-+73849763.5 3.4365522583 1.0000120903 I .0372854149 I
\ Ir \

/
." \ I..

,'-,

"

""



Performance of Two-step Second Derivative Formula and Backward Difference formula on
Problem one

4

_n------"..--- --,,--
n

3.5

3

2.5

c>- 2

~ Theoretical Solution
__ BDF solution

SDF solution

1.2

4R d

1.5

0.5

o
o 0.6

Xn

0.80.2 0.4



Table 6: Performance of one-step second derivative lormuln011 problem 2

rr--

Theoretical
--- -~-----...--.

Numerical
solution solution

Xn Y (xn) )'n

0.000625 0.939l112485 0.9394130
,

------~----- .. --.---.--
0.00125 0.882488/18 0.8824969

I

--~------
0.0025 0:·V7868852S----·· 0.7788007

.
------. -.-.------ .- - ----
0.005 0.605263158 0.6053065

-------"
0.01 0.357142857 0.6378794

--_. -- -. -- ---------.-

Error

----f---------

62 0.000000577

02 0.000008422

9 0.0012675501

-------
41 0.010736584



Table 7: Performance of one - step second derivative formula011 problem 3

~-.. ._-- ---

Theoretical Numerical Error
solution solution

.-

Xn Y (xn) Yn • en

0.10 1.0208480201 1.020408J628 0.Q004398573

. -
0.20 1.0414806419 r.0412371554 0.0002434864.
----, - .
0.30 1.065475709 1.0625045999 0.0000429710

0.40 ] .0840670855 1.0842290474 0.0001620320
11. (

0.50 1.] 060581556 1.1064300457 0.000371890 I,
0.60 ] .1285412225 I.] 291282059 0.0005869833

0.70 1.1515375604 1.1523452801 0.0008077198

0.80 1.1750697089 1.1761042410 0.0001034521

. ..

0.90 I . 1991614904 1.2004293688 0.0012678784

t------ --_.

1.00 .
1.2238381030 1.2253463537 0.0015082507

~-



Performance of one-step second derivative formula on problem 3

1.12 -

1.11 -

1.1

1.09

1.08

1.07
c::>-

1.06

1.05

1.04

1.03

1.02

1.01

0 0.1 0.2 0.3 0.4 0.5 O.P

Xn

SOb

.:

~ Theoretical solution

- Numerical solution
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CIIAPTI~R SIX

CONCLUSION

6.1 SUMMARY

!\ class of numerical method suitable for solving both stiff,non-stiff and

stifT oscillatory ordinary differential equatiuns 'is developed, The method is

motivated by the second derivative method by Emight (1972), The basic

properties of the method were investigated and found to be accurate, consistent,

zero-stable, convergent, stnhlc(ll1d of Cllckl L I 2, C'olllpllfn programme W(lS

developed and implcmcuted \\ifl! ~:llllJ1k III ohlcms. "he I (',liltS show that the

proposed method is accurate :llld compares favonrably with the existing meth.ul.

6.2 Limitation

The method developed IS (111 imp l ir il method so there is a need for predictor

has (1 better approximation The ~C"CIIl(: i'l\td'.f's linear (llgclll;l, which pt o vidc

••

•• , I , I

~I
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6.3 RECOMMENDATION

TI1e limitations of the method are overcomed with the appropriate use of the

competent predictor. Better accuracy can be achieved by the use of double precision

arithmetic to minimize the effects of round-off errors. If all thejpecessary precautions

are taken into consideration the methods are recommended for solving non-stiff, stiff

and stiff I.oscillatory initial value problems inordinary differential equations.

6.4 Contribution to knowledge

TIle new schemes will be adequate for solution of non-stiff, stiff and stiff oscillatory

equations .

••

,
••
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APPENDIX 1

double precision kl, k2, r:3, y, l\

double precision yprir1C,)'!!!"":;i, fi'ri;:""/I'I!'J'i:::"~',(!:,':'"

doub.le p r eci si on c i cc ,CC", ~/I i r u-: ..J)',';
double precision ynpr .mr

• ''1''
• J

OPE:N (UNIT"'3, FJ 1,8=' IU;SULTI. 0/'.'[' I, ST/\TUS= I ~IF.:\·I')

OPE~J (UNIT=-'1, FI1,!:;= I RESULT. Dr,T' , STl\T:jS'~ I !-lEi') ')

WRJTI:: (3,12)

12 FOI~['F\T (l.x, 'X', 8:{, I Ex.rc t Sol. I, 9z, I [·Jutnprical Sol', l Ox , I "'r.o:cr' \

\'1I\lT!:: (3,13)
! J FO£\H!\T (1 Ox )

\oIJIUTC· (3,13)

X'~O . ()

y=l . (1

h=O. J
kk-l

k ,' = ( ::! (1 . 0/3 . ,)' !J )! i f- ( 1 . 0/.: . C . \J I ! ! ) )

k 3-~ ( x ~ i:;: . 0:' .3. 0 ' i J) + y.; ~;, , 0/3 . 0 ' 11 + k 2) )

k== 1

Ynp Lu s Iv y+h z d , 0* (kl'13' k3)

15 dpl-illley=Ynplusl+(x+O.l)
dprmprmy=dprimey+l
ynprime==l+(x+y)
c~'Ynl'lusl'-y
ce'" (0.1 * (dp ri.rne y ) ;

cc~, (( (h~h) /6.0) « ('1Il['r.irrlC» +?' (d[',nnprr..y) ) )

f y=c+c c+c c c

cNeh'y"ynplusl- (fy/[prjll1ey)
rnnr=>; I 0.1 J I

if (!y.,)t.O.00001) then
Ynp 1.1;S1-" r riewy
qo t.o l:i
end if

• writc (4,11IYnplusl,y,ciprimey,ynprime,dprmprmy
11 for Ina t (f 1·1. 10, 2X, fl 4 . 10, 2X, fl4 . 10I 2X, fl 4 . 10, 2X, f] 4 . ] a I

10 £o~mat(f4.2,5x,f14.10,5x,f14.10,5x,f14.101

.~'. -, ,. , .", ,", .,'f •• ,/' ,.
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write (3,lO) x+O.l,g, rn'.:l\· ly,g-rnel-lY

WRITE
vlRITE

(3,13)
(3,13)

, '

x"'x+O.1
y=rncwy

Program of OI1C- step second derivative Iormuln \lJ1 pt(l11lctll 1

•

.4'.

,".

if (x.It.I.O) then
k k=k k+I

gata 5
end if

stop
end
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APPENDIX '2

double precision kl.k:;',kJ,'./,it
double prec is ion vpr Lme, ynpl us 1, f p r i :h" \', dpr .i rne ,,', ell> r fill' t :ny

d'Juhle Pl/~cj :,1(111 c:, c .: , ere,! y,! :"\t"-J',',

drJlil>lc-, pr ec ini o n vnp ri mo

double. precision sec I pr Lmey

double precision seefy
doubJe precision seernewy

Ol'E:N (UNIT=-J, ~'.LLI:;"'" I<E~SULT Lb. 0.'\'1" , r;'[[,'j'!w'" NlZltl' )

OPEN(UNIT=4,FILE= 'RESULTb.DnT',STATUS='NEW' )

WRITE (3,12)
12 "FORtvlAT (2x,'X',8x,'Exaet Sol.',10x,'BDf",l5x,'Pl:oposed Sol',8;~,

1 'Proposed El:ror', JX, 'BDF Error')

WRITE (: ',13 )
]3 format(2x)

vJRl TE: (3,13)

x=O.O
y=l.O
h=O.1.

k k= J

'. I

fprimey=O.9033J3JJJJJ
seciprimey=O.9
ypri me=x+y

I.

5

kl=x+y
k2=(x+(1.O/3.0·h)+y+(1.O/3.0*h*kl))
k3=(x+(2.0/3.0*h)+y+(2.0/3.0*h*k2))

k=1

Ynplus1=y+h/4.0+(kl+3*k3)

15 dprimey=Ynplusl+(x+O.l)
dprmprmy=dprimey+l
ynprime=l+(x+y)
c=Ynplusl-y
cc=(O.l*(oprimey))

~ecfy""c-cc

fy=c-cc+ccc

spcrnewy=ynplusl-(seefy/seefprimey)

rNe~y=ynptusl-(fy/fprimcy)
:1I:n'"x ,·0 . .1
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Program of one -step Second derivative formula and Backward differenceformula on problem 1

•

if (fy.(Jt.O.00001) then

Ynplusl"-'rnewy
gate 15
end jf

write(4,11).Ynplusl,y,dprimey,ynprime,dprmprmy
llformat(f14.10,2X,f14.10,2X,f14.10,2X,f14.10,2X,f14.10)

10 format 1£4.2, 5x, f14 .10,5x, f}il. 10, 5x, f14. 10, 5x, f14 .10, 5x, f14. 10)
wrjr.e(3,lO) x+O.1,g,$ecrnewy,rnewy,g-rnewy,secrnewy-g

\;1RITE (3,13)
to/RITE (3,13)

x=x+Ov I
y~rnewy

if (x.lt.l.OO) then
k k=k k +I

goto 5
end if

stop
end
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APPENDIX 3
double rn,,'i~;ioll kl,k?;k3,~;'I,'J,1J

doul,) ',' P r o c i s .i or i Yr' r _;n-o , '/n!' 1.\.!" ) , "•.rrr r , fp r i ''l'''Y, dr-,r iJlIf'j-" , d;H III!.)! I:;Y

doub l r- p re c i s i o n c,c.:,ccC,f'i,rll(-~'dY"J,ynptirne
clc'lIb 1 P ! '1 r~r::i. s i ('Ii ::

~1()lI]-,j" ~JI(_~('jsL(JII~l{!i':lI\!'~I!Iy-

du\Il·!,' p r o c is i on )-:['r(>v,Y!)J(''!

._' ,Wi·:tJ (Ut<l ! T<1, F j Li> ' Ii !';,'; ~LT~ . DJd' , ,:;T,\;'\J:; 'ill\'}')

()L'FI'J(lJNr-;'~!l, Fl!_,F>'HrSI::',T.[11I.T' ,~jTlITlj'> 'Uni')

IVRJTI': (3,1 L I

i z F'ORM/\T (3x, 'X' .u i ». '[;-:d...:l Sol,', 11;-:, 'tJulw'rit';al :,r.J.', ] (I;.:, 'F: re'l")

1.1
ViR! '1'1: (3, 13)

FOF.f'lil'j' ( ?>: )
\~F 1 '1" (', 1 J)
x (1. \1

y = j . I)

h--O.l

k k=l

kl=x+y
k 2 = ( x + (] . 0/2 _0" h)· Y t ( J • 0/2 . t) • h'" k 1.) )
k3=()(~ (] .O/2.0+h! ~y+(l.0/2.0·!J'''k2))

k -1=: ( ;·:·1h) 1 y·1 (h'!-::~) ..

Y: IJ_d- l\:, 1 - Y 1 h / (j , O· (k 1 1-/ • !-: I' -\ 2 • J..: 11' k ~ )

r TlP 1'1','- Y II ~•Jus 1.
'r') •(! .:p ( .:+ 0 , 1 ) - ( ;.:"0 . 1 ) - l

1o r 01'111<1 l. ( r (i . 2, 5x , f 1 G. 1n , ,;x , r 1c. .I0, '.';-;, f ! (, . 1(' )
I'll.' j t (~(3, 1 0) X -I 0 . 1 , (; , r n e \.J Y, .: - !'I1f~ ',':y

~'J[UT I: (3. 1:3)
WRIT I·; (",] 3 )

x pr c v=x
yprev"'y

y""Yrll,lusl
>-:=X-I 0, ]

5 yprirne=x+y

kl=x+y
k2= (x \. ( 1., 0/2 .0' II) I Y+ ( I . 0.12 , 0 •1\" k l ) }
k -i'~ ( ;~+ (] . 0 / 2 . 0 • II )1 Y -I ( 1 . 0 /2 . 0 • II' l-:?) )

k'h(~('lh) ly+(h~k3)



c
c

ynn r ep r esen t jn!,! !lL;,'

~. r c-p r os-m t vnn l !Js:: pr ir»

15 dprimey=y+ (x)

drrmprmy=drrjmey~l
ynprime=l+(xprev+yprev)
c=ynn-y
s=ynn+x+O.1
pclpr:rnprmy=s+l
cc=(O. P (5))
c oc= ((11 "h) 12-1.0)' (ynprlmc-6* (rlprrnprrny) ~7", (pdpnnpnll,/) )

fy=c-cc-c:cc:

•.
()-",'4t,;,:p{:{·IO.l)-(x+O.1)-1

if (ly.(,lt. r,.O(lOOl) then

Y IIn' r n"~I 'ly
qo t.o 1~)
end if I

7.0
w r i L e ( <1 , 2 0 ) y n n

f o rrna t, (' yplus2=,', f16. 1 0)

J.

write(3,lO)x+0.1,g, rncwy,g-rnewy

WRITE (3,13)
VlfU T1:: ( 3, 13)

xprev=x
yprcv=y

x=x+O.l
y=rne\<ly

write(4,21) y
21 [orrnat( 'y=',f16.10 )

wr L Le (4,2;2) x

22 format ('x~',f16.10)

if (x , 1 t..J) tllf"T1

kk=kk+l
guLc S
elld i r
stop
end •

Program of two-step second derjv~tive formul~ of problem one

••



duul' lo : I':'i,,:''': i.' ~,,:i. .
' ..
:.! I ,!, I k i, '. , i'

doulLc- p i.e c i s i r-u VI" ~!!L, ~'r1!'}IJ~;l, ',:Pil, i!·rirpoy/dpri!'l.;\,.,(lprrnpr./~IY

double p r ec isi.on c , CC, ccc , f y , I n"'''!~', ".I, Yf!,-"i.!n<;

doulLo prec.isj0;1 b,bl'.bbb
double precision s
do ul . I (, I'roc i s i on ).~i! -r mp r my

doub J e pre cL s j "n St'" fp I.' imey
do ub 1c ~'~('It;i~; j or: Zt''::-(~~', yprr.'I
<inl!!'! (., pl"('>'-i~' i 'I, S('r-}"Il:l 1').; j

(l()III'! t » J'l i"" i.:..; i \~'~i !Ii)";('\t~y

"j('l~! 1(, I·l·"){:~~~i~~:': :~f·"'('+·i·
._ ..,_·{l~.)ut,·: (,'. !~l"r~ci "~i 0:) :,-:1.'\"'1 Il: ...•~·;J'

dnl.lb l.l' l't (:~cj ,'"~t.lll .s,·q"Y

dnui, I p r11. (~l".i S 'j un r;IYf"Jt t.lmp

OI:'UI (U1HT'~1, Fl 1.1:>' i,l-::;I) 'l'2H.I"J.I\T', :JT.l\Tl:;;." ' lll~';i' )

)l'F:11 (11111 T - 'i, I.'j ;,!-: . I I.;: ~.~'!iT::. Li':\T' ,::',';,:'1;:' 'ii; ~..', )

i-n' ! .~.. : r ~, ~"I )

1 2 t,'u IU i \T { ~:--:, 'X I I 1 ~ ~:, I L..:-> t ''.... L; () ! 1 1 x , t;; ~ 'i •

1x , ' I' r C' ~'C's ....d r. r r o r I r ') x , 'H: I r-: F r ["o ) ' )
.~" I P t I "

;'1nr T j.; (:~, l J )
13 f o '11111:(2):)

IvJUT!:.: (3,13)

. ',=0.0
y~l.O
h~O. I
k k·~1

fpr.lIl!C'Y=O, gOZ9] 6666
s e c Ij ir i III('Y~O. 93333333333

ypr j mo=x+y
k 1 '"0; I v
1;;),(:-:1 (1.O/2.0'll) '·y+(l.OI2,O'hkl-:l))

k'~ ,(:-: I ( 1 . n / 7. . () • ii ) 1 '/ 1 ~] • 0 /? .0 • h' k 2 ) )
f:;1 \ :,: 1II) 1v ] ,(11' k:3)

r.

Y11!\ L" s'! -v+ h / G . 0' (UI /: • 0 • k 2 + 2 . 0 • U I k Ii )

s e c ynp I\IS 1 ='ynpl u s 1

erE. 0I 0.xl' (>:, O. 1) - (x' n . 1 ) -1

10 f o rm-i t (f 6.2, :,x, fIG. 10, :"x, fI6. 10, 5x, flG. 10, 5};, r i b. 10, 5><, f16. 10)
wr 1to;" ( J, l\)) x+ u . 1 , ';1, S':lI:'y'llpl.llS 1 r l"II0WY, (j- rnewy, SE'cynpJ IlS J -'1

./
WHITE (3,13)
WR~,:I'r:: (3,13)
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xprev=x

yprev=y

.'

ycYnplusl
x=x+O.l

secy=ynplusl

5 yp r ime=x r '!

k l= x+y
k 2 '" (xf (] , 0 12 .0" It) f·Y I ( J • r),' .' . () , h • kl ) )

k3;':;(xl (J..t)/~~.O~h) tyl (1.0/:":.(i~11}L·~))

k'1'~(x!h) t-y+(h'k:'l)

ynn=yll1/6. CJ' (k1+2. O· k2+2. 0' kl·! k·1)

i:
)'illl r e p re s c n t vup Lu s ?
:i t (~Pt·t~SPllt y~-qllus2 rn i me

ell .r mp rm v=dp r i.mr- y t- J
yllpr LInf'= 1 + (:<1 .re Vi yp r ,'v )

c"'ynn-y
S" 'i II rl I x 10 . 1
f)dprmr~q !d·}··..,.~11.

Cc': (O. 1 ' (s) :

fy'-:c-cc-c('c

b~lfIYsc;cy

myo t ernp ~ 1/3.0' (mY50(;y-tj . G': l!Cj·-;->. (j':I'!;;

t s o c I'y=ynn+ rn·io:.r~!Ilf'

lNcwy=ynn-(fy/fprimey)

9 = 2 . 0' e x p (x+O . 1 ) - ( Xi 0 . 1 ) -]
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if (fy.yL.O.OC(JOl) t.h o n
Ynn= r newy

goto IS
end if

Iv r I r rv ( ,1 r ;> (l ) yn 11

20 I o i m.i t {'yp.lU:;;-'-',ll("i(·j

"

I'm I 'I']': (J, 13)

w [\1 T I,: (3, 1 3 )

xp r o v=x
),['1 '''J'''Y

x - x I (\. 1

Y '1 1l':I~)'

liI'ill'{'l,?]) Y
l' . ' r 11\. 1 t ( , }''' ' , I1.(j. j 0 )
'-.!lit,~~~,>, ..~) x
f ('! pI I! ( I ~: - I , f 1 () . 1 n)

i. f (x , 1t , J) t II'" I!

kk=kkll
goto :J
end if

stop
end

Program Or two-step second derivate formula and backward di Ifcrcncc Oil problem

, ,•.
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