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LRETRACT

i this thesis. a class of second denvative Linear Multistep methods for
integration of suff matinl wnfoe proddem o orddinpry  differengl  couaons |
developed.  The method is motivated by the second derivative method bv Enright
(19721 The hasie properties of the method, such as the order, error ferm, consistency
and stability were investigated  The methods are found to be consistent, stable and of
aider k17 The developed formula was computensed and implemented on a digital
computer 1o solve some sample imtial value problems of Ordigary Differential
Equations, Numerical results show that the new method 15 accurate and compares
favourably with the existing second denvative method and Tackward Dhifference

Formula respectively
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CIHAPTER ONE

INTRODUCTION
1.1 ORDINARY DIFFERENTIAL EQUATIONS

Some real lile problems have to be trapskated from Physical problems to
comesponding Mathematical problems (redeling) inonder 1o achieve a desued
solution, These Mathematicnl problems involve rate of climpe of one vanable m
relntion to another. This rate of change is enlled a derivative.

A differentinl equation 150 relation of the Toom,
v ™ = iy, vy ooy ™) . - (11

Between the fietion vooes divisgti oo o7 Wyl o 1 and the variable
x upon which o depends

The mteper n denotes the order of the equation, T the dependent vansle 5
ad 1% derivative oconrs (o the st deprec, then the dillTerentigl L'l'||||'||‘il;'|'ll 15 hinenr
olherwise i s non-lmea

The concept of ordinmy dilfgrentinl equation is ol great importznce i
Science, Technolopy, Enpinecving, Physics, Feonomies and MManagement hecause

some of their Mathematioal foomolanon leails tes orelinesy il lerentinl eruations,

Forexmmple:



(a) The rate of growth of a certain population p can be determined

()

(c)

from the mathematical equation

aplot = kp - : . e {13

where k, is a real constant and p s the population respectively.
This equation can help to determine the population growth of a
piving whalbitance { Malthus, 1798), %
e flow of elecirie charge q across a s-itniinn of a conductor can
be described mathematically by equations

ot = L-- - -~ {13

Mewlon's proposition Tor the motion described the motion of a

particle of mass m falling under pravity m a mediom i which the

resistance to motion 15 proporiional to the velocity (ds/dt) 1s describable

in mathematical Language as

L}

ﬂlﬂﬁﬁ_ = mg-K ds - - - - -{1.4)
dt” il

Differential equations can  be categorized into  Ordinary

Differential Equations (ODEs) and  Partial Differential  Equations

(PDEs). Ordinary Differential Equations is a differential equation

mvolving dervatives of a differentiable function of one independent

variable while Partial Differential Equation is an equation involving a

function of two or more variables and its partial derivates,



1.2 INITIAL VALUE PROBLEMS IN ORDINARY DIFFERENTIAL

EQUATIHONS

A solution of the ditTerential equation (1.2) is a lunction y = § (x) that ix
dillerentiable in u suitable number of times in some interval I = [a, b containing
the independent variable x and which has the property that

ey d(x) ') === 4™ x))= 0

forall s« E

The general solution of the o™ order equation (11} containg narbitrary

constants. 1 in order o determine the n constards, nnitial conditions are specificd
al a single point, then they are called Initinl-conditions otherwise they are boundary
crneditions,
il value problens (LV.P8) s defined as the ordinary diflerential
' . i T ; B 1 ..| = hi " ...1
cquations toeether with the sets of initial conditions,  Thus an n A8 (G (TR E RN

Astlue problem of Qs 15 of the lorm

= sy e w3 |

Yy xe) = " =0 (1}n-1 J
1.3 PROPERTIES OF THE DIFFERENTIAL EQUATION
The properties of the differential equation (1.1} are important Bctors o

contider cspecinlly when s nemerical solutions are to be found. Since these

properties determine whether the problems can have any solution or nol.  For



example, if a function [ becomes infinite or undefined at some points in
the domain of integration the partial denvatives of T do not exast or if they exist,
they may be unbounded. As a resuli. some problems are to be modified i order
o suite numerical integeation or o new method may be developed o solve the
problems.

Consequently, according 1o Coddington and  Levingson (1955) a
difTerentinl equation of typed (1.1 ) has a unigque solution, if the function f(x. v)
s real valoed and comtinuons at all points (x, y) in the region [ defined by

D =lxylazx<h -m<y=< m’

where a and b are finite real number,

This memns there exists o constant L soch that for every <0, there exist
¥1. ¥ such that (x, y) and (x, yv3) are both m 13 and

- - - - (1.6)

Fix, yi)—f(x, }’11 = L‘ ¥~
Then the equation has a unique solution. The requirement (1.6) is known
as a lipschitz condition and the constant L as a hpschitz constant.
If the partial derivatives ofioy of £ with I"l;::EFEEt to v are continuous and
bounded, then the lipschitz constant L of the system may be taken to be

of (x.%)
iy

L. = Sup - = 5 = = L7}

(xy)ED

where L>> 1]



The system of initial value problems of ordinary equations with this property is
called a st ordinary difTerential equations,
1.4 NATURE OF STIFF ORDINARY DIFFERENTIAL EQUATION

The early scientists and Mathematicians observed that the Mathematical
formulation of physical situation in some field of applications such as chemical
engineering, control theory yields mihal value problems mvolving systems of
ordinary differential equations which exhibit* a phenomenon known as
“stiftness”.

Stiffness is a concept describing the natnre of certain subset of ordinary
differential equation whose solution contain component with fast and slow
responses.  The fast responding components are referred (o as transient while
the slow responding components are referred to as steady-state. ‘

Stiffness may arise as a result of ill-conditioning of function fin (].1),
mixture of chemical species with different chemical reaction rates, motion of
masses controlled by spring of varying «tiffoess (Cao et al 2002), The imtial
value problem of ordinary ditferential equation possessing tnese properties are
said to be stff ordinary differential equations.

StilTness is gquite related to the structure of the Jacobian matric J{x) of the
dhfferential equations with elements defined by -

) = {J:)

where J; = 2865y, - - - - - - - - {1.8)



IF4i, i = N1 are the eigen - value of J(x) with the property Re(dj)< 0, but large in
absolute sense, the system is sl

According to Ademiluyi (1987) a differential equation of the form

y = finy)y yxo)=n- - - - - - - (1.9)

whose Jacobian J possesses eigen values

o= w + vy j=1{m- - = = = = = = == - £1.10)

Satislying

(a) Re(d)==10, =1t
(b) (Max |Red;|) / (Min |Re 3 ) § = |
1<p=n I<j=n

Where 5 is the stiffness ratio.
Condition (a) above shows that the sy:f:lcm is stah!e while (b) indicates that the
system possesses some component which decays very rapidly. -
A linear system of equations
y' = Ay + (x) - - 2 - - - -t - {1
or a non-linear system
y' = f(xy)
is said to be stff in the interval | of x 1f. *
for x €1 the eigen values A (x) of A () or of the J ac:r;-hinu ;Eii' [ oy sau';i'y aand b
for more details, consult Lambert { 1980),

For clarity, consider the mxm in equation (1.1 I

i



where A is an mxm matrix with distinct eigen values 4, j = | (I)m and
corresponding eigen vectors C; § = 1 (1)m, with a general solution of the form
y(x) = L K™ C + w(x) - - (1.12)
i=1
assuming that Red; <0, j = 1 (1)m then the transient part
EK;["’“ C; — > Dasx— w
i= ;
while steady-state component y (x) settle down slowly.
Let & = u; +iv; be the eigen values {If.;"‘h such that
Re(h)| =[w|zfmy)|=|Vi| - - = = (L3
If the steady state solution w (x) is to be found, the numerical solution (1.12)
has to be pursed until the slowest decaymp "*;[1ul1-r.'.TlEiﬁ| in l;IE' transient solution 9%
i5 negligible (Butcher, 2001). So, the smaller the Re (4;) the larger the range of
integration because the eigen value of A far out o the lefi in the complex plane will
force us 1o use excessive small .t;l:cp—lnll:gljtﬁ in nrdm' that h J., 1 = L{I)m will he
within the region of absolute stability. The II:'urlhr:;r out sulth eigen-values lie the
more severe the restriction on step-length. Thus the basic di[ﬁc’ulfj' identifiable with
approximation of stiff’ initial value |1rﬂl:l-_~ml i (}rdinalrf;f tljffcrctltiﬁl ﬁ-qll;'lliﬂllts i!;'ﬂ'bt.'.'

problem of satisfaction of absolite of stability. 1t necessitates the adoplion of an



mtegration stepsize such that every one ol the product bk, § = K1) lies within
the region ol absolute stabilite of the mpmerical inteprator
LS THE EXISTING NUMERICAL MIEYHODS

Owelimary dilTerentinl equations can be solved by two linsic methods namely
mnlytical methods and aomerieal methods

Amalytical methods concist of expressmyg the dependemt vannlile v as o
Dot o % or m terms ol elewmentary 1'|1r|r'1i-:.~11';: o sonne specil lunctions such as
the Bessel tunction. For mure detmls consul I:illl;r.in el Toncdas 1 1970). However,

there are many dilferentinl equations that catmaot be solved by the closed form

method,  Tius dilliculiy wobvsded serentists amd mathematiginns " 1o develop

computational formulae for the vomerical, approximation of the solutien ¢f such

L L]

ordinary dilferentinl equations 'I'hi.r:‘nm'uq'r wal method

can also be coteporized

o one-step methods and moli-step methods respectively.
A one-step method 15 a numerical integration Tonmula which requires one

wind information for the next approximate vahie of the solution. Uxamples of oie-
i W I

L] -
-

step methods are Foler method, Taylor series method, Runge-EKotla methods while

Adams methods (Bashforth, Monlton) and Backward différentiation niethods are

"

examples of multi-step methods.

rd



The general form of Linear Multi-step methed is

k

]
Loayey = hEpG; - - = (L14)
j=n '

-
Where u; and [} are real constants.

This formula (1.14) had been extensively studied and applied for namerical

LT
solution of several ODEs problems amd have been found effective and elTicient,

however a sub-class of it in the form

k i
Loty =hh G - - « - - (1.15)
i :
called Backward dilference method was proposed by Gear (1971) [or

approximation of stiff ODES. This method was used for many vears that it alimost
misled researchers to believe that there may be no need for further development of 1
method: for sulf equations.  This populanty stemed from the code "DIFSUR and

several variants of it amongst which are LISODE by Gear and Hindmarsh (1974)

and EPISODE by Byine and [hindmoesh (190755 T was Ioter discovered that the

method could not perform satisfactory on stitl O1Es with eigen-value closes to the

L]

imaginary axis. This class ol equations are called stlT oscillatory ODIEs.

This motivated Enright (1972} to suggest another method with more

LS

e & . w L L] '
analytical properties of [ and came up with second derivative formulas (SDFs)

.'._'.'i"? !

} Tig



k .
Yok = Yoot F W EHyag + Wny'an - - (1.16)
| =i
where [} and ¥, are real constants. This Tormula has better stability property than

BDFs codes but possess some difficulties which include the problems of snllving
system of algebraic equations. Enright, Sedgwick anl;.i Hull (1975) performed
evaluation test on the method and indicated that there is only small H}[Tﬂenné in
efficiency when compared with BDF (Ademiluyi, 1987). This lack urnd*!.f.':mlnge of

Enright method over Gears formula is one of the main motivations for this work.

1.6 MOTIVATION _ [

: F E : i . :
As mentioned above, it has been fouhd that the linear multi-step. method

¥

(1.15) and (1.16) are suitable Tor both still and non-stiff equations but ir:mlﬁqume

L

for equations whose stifiness are caused by eigen-value that are closed to the

L

imaginary axis, (that is stiff oscillatory initial walue .problems of ordinary
4 - 4 i

differential equations). The guest for belter method which can solve such 'ass of

equation is another motivation for the present research work,

Consequently, the research work is dliveetly al improving the Enright
i . o

formula (1.16) so that it can be made suitable and efficient fbr integration of hoth

non-still, sl and sifl oscillatory ODEs,  This® modification adopts more

1
analytical properties of the dilferential equation by way of involving more of the

sccond derivatives of y into the numerical formula ter oblain a new formula

L]

[ - ~



Vork = Yot + B P ¥ + WEq vy - " (1.17)

| = o

This method will have a better accuracy efficiency and stability properties

than the Gear and Enright's metlmd.s.

1.7 OBIECTIVES

The objectives of this research work are to:

(i)

(i}
(iii)
(iv)
(v)

{vi)

Develop a new class of w;%h:f derivative methods for integration of
non-stiff, stiff and stiff oscillatory ODEs,

Determmine s predictons

Analyse the basic properties ol the methods

Determine the interval of absolute stability of the method

Develop computer programme to implement the methods on a digital
computer with sample problems.

Compare the acewracy of the results’ with those of Ademiluyi (1987)

and Gear (1971).



1.8 METHODOLOGY

To achieve the above objectives, the Taylor series expansion process is
adopled to generate the basic parameter of the method. The stability properties of
the formula were analysed using the standard Dahlguist scalar test equation.

Yy =hy, yo) =y asx=b - - - - - (11§
the non-linear equation

g (O (| SRR e -

k-1 (] ]
where G (Yon)= Yokt = Pe ¥ (k) - W2y ¥ (v = 12 1 ¥ (¥t

=9

generated by the implicitness of the method weresolved by the Newton's iterative

scheme :
1) %Lk Ied B L
Wk O = O (V) . - & .Y (120)
where dhek = Veh =¥mk - - - - =+ = e (121)
WSl = (1=hfI-h w1 E = x = {1.22%
(5] Co

] =atléy [ yas )
where w15 called Newton iteration matrix and, J is the Jacobian of the
differential systems. The iteration was implemented ‘on a digital cemputer using

Fortran programming lanpuage. ' :



CITATTER TWI1)
PRELIMINARY CONCEPTS AND PRINCIPFLES -
2.1 PRELIMINARY CONCEPTS
Ihese are concepls which are relevant to the understanding of the new
ilegration schemes. Some of the concepls are: .
in)  Nlesh poini

'y

The first step in the mmercal salation ol oy ondiansadifferentind egquations
ig tey dhivide the intepation iterenl o Do mto iesube ceevals o step-length h,

where h b a
M
P (%0 %), mud 1_
% —Xo toh m—= 1,2,3----N z )

The sequence of pomits
.'I

i Mo T M S Ny e e SN b ome called mesh pomts

(i) Explicit and bmplicit Metfod

The general Torm ol one-atep metlesds aee o e Lger
&+

L]
Yot oI | 1R G T £
-
" -

where Uis o himcthion amd s the step cse. Sance v, 15 nol present ai (e right
hand side of the equation (2.1). then the method s explicit, otherwize it is called

vmphicit methods. Eguation (1173 s an aophicat method becanse in
5 ) .
[ 3 Ll

for - i%nr Yoo Yoop appenrs in £ To use equation (1,16), we mmst presdict or

extimmte a valoe of v, . m advinee -

| B :



iii.  Predictor Method

A predictor i1s another method that provides starting values at each
step of the application of another method.  This predictor must be of the same
order of accuracy as the method it wants to serve to avoid data error and as well a
better approximation (for more details see Fox and Mayer, 1987). The predictors
used in the research work are Runge-Kutta methods of ordér three and four.
2.2  ITERATION SCHEME FOR IMPLICIT EQUJ'&TIIDN f .

The numerical solution of the non-linear ‘equation (1 17) generated by the

# u '
implicit method will be done iteratively by constructing recursive relation of the
i s :
form .
!:’. i3 |5y ARRE R TR N i _ £

The tteration 15 stavted with o approsomation s o wineh has 2 better value

Ll

than v, mnd the computation 15 then repeated unhl convergence. condition s

altained. -

23 BASIC PROPERTIES OF THE D[]‘.'FEREI’:IEE APPROXIMATIONS

TECHMNIQUE : :
The major concern of munencal computation 15 to make the gldbal errors as
small as possible. The difference hetwéen the numerical solution Vel 81 SIEP Xy

and the theoretical solution v (x,.) 15 called the global errons 1 s (defined as



i) = Yoy - }I'!ﬂ‘.} - - - LE i {;" .t}
The error hias to be made neghgible by adjusting the step size b The following
definitions will make the concept clem
Definition 2,1
. - . : A ;
The truncation ervor G,y associated witl equation (114} 45 the amonnt by
which the theoretical solution fails o satisly the difference equation equivalent of
the anitind vadue problems. Tt as Tor systen (0200 and method (1149, the local
trimeption coron 1, 15 a8 follows
kol L
: i :

ok = ¥ i%ead = E o ¥ (xpd =D oy (aad= b E v e -0
i | M

by sublracting equation (1 11} from equation (2.4) and simplily g

Lok | lh ”1 r-:l-il]\ I vl ) Motk 1
iy
where e [ vou, ¥ixand ] 1 #0day — 1 lipsehitz consiant

(e

| r1[1L|.| | Csmid v

selfting 1 I
(L 1)

Phis makes the cquation becomes

¥ ) =y [= R ey - - - . - £3 5)



Fhiz shows that the local truncation crvor is related 1o the global ervon pes
step. particnlanly when e devivation and computation ol the local trumcation crrm
15 rigorous and well calculaed,
Definition 2.2

A method of the Torm (1 17) 15 said to be convergent if

Limt ¥ = ¥
—F =
where y(x, ) 15 the thearetien] sobtion of probdem (8 Trat s o, o g, 15 the

nueneical approscmation 1o 1
Dedinition 2.3
The method of class (1171 45 said 1o be consistent with the differentinl

coppation £ e ite onder pois o least one: This means that p - |

LA Instabilities of Nomerical solotion

A numerieal solution ta o il saloe prabdem ae ondmany differentn!
egrartion is said to be accurate 30 e pmpeneal resnlis dooned deviste sipmilicantly
fronn the coresponding value of the exact soluion siberwice i s in-scemate The
inaceuracy of solution can make the solution unstahle.

There are two basie tvpes of instnbility namely inheremt and  induced

-

instability respectively,  Ioherent instability is due to error m mathematical



transformation ol the veal situation mto dilferentiol coguation while the induced
matability s a characteristic of the muomerical methods,
Tese concepts could be more understood by considering the scalar initial value
problem ( TTR). That is cquation
y =g wind=
with the 12e (2) < 0 over g closed intervala <x < h
the theoretien] solution ol the cquation (1.15)
yix) = ¥ " - - - - - - - (2.6}
il the initinl condition in 11.18) is shightly modilicd by £ >0, the initial value
becomesy (xo) = y, F g~ - - - - (2.7
the gencral solution of (1.18) together with equation (2.7) resulted 1o
y (x) = yie’ ™ 4 pe™ - : e : . (2.8)
for & = 0. no matter how small, the  second term o™ will evenmmlly grom
eaponentially, as the compuiation procecds Thus il Be () - Ly ix) ye - will
hecome unstable, Thiz instability could be cured by relomulating the prablem o
reddue the sporions et of the selution
A i, e differentia] equation may be stable vet the momerical method
may produce wnstable solution.  This kind of instability s called indueed
mstahikity. This may beas g result ol adopting Tinie instezd of anbinite iteration

. .
process in computer implementation and tmeation error of the scheme. The

kT



mstahility show o in the sponions exponential as sobyected (o sealar test may be
nunimized by decreasing the step i
Delinition 2.4

A numerical method of the elass of fommula €1.171 12 saud (o be siable 1l the

- i & i
difference e, = Y - Yo Detween the mmerical solution amd the thearetical solution

fean be made ns smiall as possible) is bounded  That is, 1f there exists eq such thim

!E,. | = Rl{*,,| where k 15 a real constant,
Delinition 2.5
e mmerical method (1171 13 sl 10 be phaolutely stalile 37 for g picen hi
all the roots r, of the stalalay ey ponials
nir, ) = plrd- o) - - . - - (2.9}

£ | where v, e the rootz of ® (. 1)) 0, Tooeguatiwon (2.9 plod ond Hir)

that 1s}r.
e fest mwl secomd chmactensie: polynonnad ol the method
efinition 2.0

A& omommerica] paetbesd g A stadilie w8 w0 pewirean ool fibimedvare spmlalans vermiarns fhe
whole of the lefi-hand of the complex b plime Be(hd )y - 0

I peperen b slosaay o 01l Dreopnes Tapeliany



ITHATES!

.__.-?‘-;--_TT o [te HI-ILJ

Fignre 1= A-stability repion for K-step method

Dalhguist ( 1963) explained m his proposed theorem that il an A-stable method 15
apphied tooa 0l system, no matter how large the max |HE I:‘{ijfi i (1

no stalvility restriction on b can resuli



I

CHATTER THREL \®
DERIVATION OF THE AMETHOD
I order o ensuare high order ol aceuracy for the proposed method (1 T7), the
unknewn cocllicients [k and v 1 = 0(1) k are determined ns Lo ensure that the
resultant methods are:
(i} Accuwrate
(i) Clonsisient
(i) Zero-siable
{ivl  Convergent and
(v A-stable
Comsegquently, the methods are developed for thecase b = 1,2, 3, 4,3 anel

G, 10T, denotes the Tocal traneation erros ascocinled with the method, we deline

I.|||| ils
[}
aga 1 T | -
I||'|. :"I II"|| I _'".11"-||| |:| !:Hl_l‘l LB .:".l|'|' h : T i TRU & N [ I}
I L
whete v oy itre theorelical solution of the cquirtion at s o

. st - ' - I | i .
by taking the Tavlor series expansion of ¥ e ¥ oo ¥ e el ' g IO

011k about x, we have

Y tum b k) g
5 m
- =0 - S - {3.2)

M



]

] [l L
¥ ofenih-li -:'1 "1'1‘ I”.] ¥ pemy

R = i 3 (%1
i APt
3'" omk) =& —{':%!'LF tan)
P=o - - - {3.1)
Ty () = YT ) (15)

pro
On substiluting equations (31.2) - (3.5) mto equation (3. 1) and avcanging terms in
cqual power of h, the equations bhecome

Tose = Coyiay + COebylisg & "Gl i * oo 0 Coh"y" oy whete the

coellicients (s are:

'F'
{"u — I!
| [ - h=0
k
g = gkt (k=1 2k =1} E i) =0
k
(" : WU k- MM - (3D Lorar) ==
1 1
]
Cp, = ik gen k' e b I
Gy = FLLN T S A1 R R TR T 5 e gy M
¢ ~ el t k" I I"'l I
= Upltk" - k=1 -k e =pip-1 ?; LG =T



k
T = G v am - - - - - (3.0)

'~ 8
Definttion

According to Lambert (1973), a computational method such as (1.17) with
truneation ervor Ty is said to be of order P illin equation (3.6)

g = €y =83 - - - - - = [p = b, but Cpy) 20
then the formula (1.17) is of order P and Ty = Cpop W58y i5 called the

principal truncation ervor of the method. 1t can be seen from {l-ﬁ}'fil-'ll the Cs
depeils on the parameter 13, g, the values of these paranjeters are determined by
imposing arbiteary order P ool aceuracy on Ty leading o the sel of linear
equaltions.

Ci=10, j=0(PF - - - - - - (3.7)

These equations (3.7) were solved for the phgameters by Gaussion

elimination method and the results wre as shown in the tle below ;



TABLE 1: Coellicient of the proposed SDFs for | <k =

L

By setting k

'I'Im*—."-llvp Mletvend

Yorr = Sth Pt + Wy ) -

However , we illusteate these with the eases k=123,

I egpuation (3.1 the equation becomes one-step method

(3.5)

A one-step application of the methaod for solution of (3,0 swill Jead 1o runcation

error Uy delined as

Tasi =¥ =y 0 =H i wri= 0 O ik ey i = 139

By adopting Taylor series expansion of

:l'l {Hrl'l}'l :l"l :?"'th-l}-.

s

) arid

substituting into the equation (3.1), collecting terms i equal power of b, we have

Ted
“and

Onder of o CoetTcient Lrrar
aecurncy | 2 — constant
P Y 1l T2 1 14 Ts T Fep f
O T f Y (Y- F
4 | 124 | - | | | 1043
3 -1/45 13120 | 1960 -H?.flﬁ[! TR0
0 T80 | 29360 | 4772407 378 | 36771440 = 103/ 10080
T3 [ -taaany | ek | 76297 | 72271 | -18719 | <1230 14??':41?1"!
GO0 d530i1 'I-il_“n FS120 _I‘er'_r; | St OBRO400 :
% gos | <1200 | 7703 | 10621 17151 | 19a5e | AR50 | 75784 |
120060 | 20160 | 4020 | 20240 | 40320 | 4032 | 120960 | 25401600



Taer = {1 =1Ysm 4 {1 = (1 =1) i'l.}h:." {%n) + {4 :El_“.nj-g(;”}]j 2(2<1)

;I;y;n# ¥ )+ (G = (-1 =3 P - 3D
Il'.r .'r fiah ™ gy 0 = LY S Y™y = pip-1) 1[ L W L
] =0 . [ =g
= = = ' (3.10)
Imposing accuracy ol order 3 on 'l . | we have \
Co = 0
Cy = 1<{1)=p =0
Lo )
Cy = (P01 -2(0p-202-1) ?'.—1?; = (3113
C; = WG - =301y p -302) % Jz'rj' =10
?I Selving the equations, we pel )
B = I
i o= -1/6 (3.12)
¥ = -1/3
substituting the parometers (3123 into equation (3.8) the one-step method is of the
.
I
Vil = ¥y h }'I,,|| |'hh" {_".'“u I :}III it
18 generated and s order s 3, . .
3.2 Two-step methol a
® By setting k = 2 in egpuation (30 the general 2-ziep methowl is of the form:
, Jua = Yart + By wer + BT ™ + iy et + 423 g - ' (3.13)

. 2



the steps adopted for the case k1 me followed systematically. By adopting the

g - . .r . L]
Paylor series o v (%.o), vz, v'ig, v Eea), (8" Gews) ond . 3. 14)
e,

substiluting into {3.13) and collecting terms in equal powers of . we have
.rll':r = (11} ¥re * =11}~ ﬂ-‘”r :'fllfflﬂ ! {I"."”J‘z'”!_llz}ll-"' 2
? %
(Z-DE D WY L G2 3 @) P HD E fyp Wy w1242 - 2!
A2 R-4 Pt ey o @2 s o1y

2 =
L) Wy g - - : : : ' ‘ ksl
j =0 .

imposing accuracy ol order 4 on 1,2 we obtain

Cu - 0
{:_‘I = i—“-”-lh" ]
C; = b (20- (2-0) - 2(2) P 2(2-1) :
Ly =0
i
A5
)
o Hegr -0t rehpe o ant oy
| = <
£
Oy = 124 (2" (21 -4 2 - VD E Ty =0
j=mo



solving Lhe equations

b’

i 1524 .
T L
12 = =7/24

[l I
Substituting the parameter in (3. 16) inlo equation (3. I'H] the two-step method 15 ol
the form

Yora = Yoy I'l}'.ur.-‘ 1 I'll-'rz"'[!"'“ h:.'" i .:'r.'f'“nl:lf
is penerated and its order s 4
33 Three-Step Method
By setting k = 3 in equation (3.1) the general three-step method is uFIIi.u form

Yies = Yoz = 0 ey (taad + 07 (royn +yy" wi by ar y wn) (3207)

the sleps adopted for the case K = | are followed systematically as well. 130
adopling the Taylor series of v (a8 2), v (xni30 ¥ (an 303" (xn03) and substituting

into the equation (3.1)

expanding and collecting in equal powers of h, we have
3
Tas = (LD y o) + (0= (1-1) - o) by’ () + (12 (3% — (3097 = 3 (30 Py — 2 2-1) sy oy
3 . i 1 7 @
(xn) + (16 (8= (3-17 =3¢ B3 = 3Dz v Y oy + (1424 (3 31y —dml" -4
R SRS il T 1
MEF2 )N ¥ fxmd + 2005 =317 =53 B - 500 Y6 wah'y (e
i=a ‘
RRES

i



Imposing accuracy of order 5 on 1, we gl

o =
g = |- (1-D)=y =0
L
[y = LR s L B - X L ) i
. =t
¢, MY (317 =309 B3 3 3 i (3.19)
e
Ir = >
] ] 1 1 :I .
Ca = V2400 (30 - (3 -4 v it i}
i i
1
O = 12008 =3P -SON L -SEE My, =0 e
j =o J
Solving the equations, we get
W= -l 3
¥ . 13120
o= 10 N (3.20
¥i 070360
ih = |
A
-
27



By substituting the parmmeters in (3.20) into equation (3.17), the three-step method
ol the form

| 1 i et E i i
Ywil Yiay | li ¥ i — It I'.”il“'[“]r' a3 gy |'1'!" e ”-"I,‘rI b}

5 generated and its order is 5
From the above caleulations, it con be scen that the order ol aeetiiacy ol 1he

methods are k+2, where k is the step number.



CHAPTER FOUR
BASIC PROPERTIES OF THE NEW SCHEME

The basic properties of the new scheme are impr.'rrl;nm‘ aspect to consider in
order to be sure that such methods are capable n‘!' solving non-stff, stiff and sull
oscillatory ordinary differential equations Tor which it is i=|1lcnd4.‘:d. Some of the
properties 1o be considered are: order of accuracy, consistency, zero-stability,
convergence and A-stability.

ACCURACY ‘

In numerical solution of ordinary differentinl equeations it is necessary and
imporiant to estimate errors such that if the magnitude of the estimate is greater
than some error tolerance then it can be known that the method is not accurale and
the stepsize may be reduced for the iteration scheme to converge,

I'he errors can be as a result of the numerical approximation technigues or as
aresult ol arthmete operation adopled, They 'Itller!.!L'frlII'll:.'iHi:ﬂll. discretization and
round-oll corors which arise From numerical approximation echnigues and other
computers devices,

.

Truncation crror is delined as the amoont by which the solution of the
differential equation fails to satisfy the difference equation of the scheme. The

.tmncatiun error T, associated with the method is defined in equation (3.1)
k

Taila = Y {?‘llik}_}'{_xu PR h |1'kfl"| (Enek) — EIJ:E i !I"” l:':1|||l
i = o
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By adopting the Taylor series expansion of y (sn + k) ' (xn 4 k) y" (0 443 § = O (1K

¥

about X, Substituting these into crror equation 3.1, the result obtained
B ™ Conp WM™ Gy o> 3
where Cy ¢y = : 2 . Cy =0

where 1" is the order af aceuracy of the scheme.,

While discretization errors are introduced as a result ol the replacement of
differential equation by its difference equivadence.  The discretization  error
associated with the method (1.6.1) can be expresses as follows

e = ¥(Xa) = ¥u 2 = = = o = : (1)

where the exact solution is y (x,) and the numerical approximation is v, at
point X, .

Round-olT error is introduced as a result of arithmetic operations involving
the computing devices. The magnitude of these errors depends on the way and
manners machine operates or performed on the storage and manipulation of
numbers. This is defined Mathematically by .,

Fnek ™ ¥nsk = Ptk - - = : . : (4.2)

where v, is the exact solution, p,. is the value produced by the computer at

the P‘ﬂi"t X = Nk

in



4.1 ORDER OF ACCURACY OF THE METHOD AND ERROR
CONSTANT

The order ol accuracy of the method as explained in equation (3.7) 15 k + 2.

The error constant of the method is determined by considering the first of the non-

vanishing coefficient Cs of T, The C,yy has absolute signiﬁmuuc n the sense

that its magnitude determines the degree of accuracy ol the method. The smaller

the magnitude of C,,; the more accurate is the method. The error constant is often

called the principal truncation ervor. The principal error 15 ol the Torm

K
/ =1 ) Sl =l
Covi= UL = (-1 g P -1 T g - I4.%)
F =g
The error constant for the k-step methaod Tor K (1) 6 are shosvn m table 1,

4.2 CONSISTENCY
According 1o Gear (1972) and Lambert {1973} a linear multi-step method such as
(T b= sand 1o be consistent il bos order P=1. Since the order PP of accuracy ol
this method is

P=kt2=1 forall k  1<k=6

then the method 15 consistent



4.3 FERO-STARILITY
e the spot of Lambert (1991), the charsetenstics polynomial of the proposed

el Dol 1y

k
a{h.r) = - r“—ﬂmlt E 0 - E = - thA)
.'| = LT

where the hiest characienstic polyntmmal piey of the method (117795
p{r]l=|'1‘ !
while the second characteristic of the method o(r) is defined ns
W= - B - = 2 2 = 49
Definition
The method (1.17) is smid to be zero stable if no root of the (st
chavacteristic polynomial p (r) has modulus greater than one and il every root with
moilnlus one is siople. To mveshigate this for the method (1.17)
pli = LR
The roots of p(r) = 0 can be obtained from
M 1 =10
which simplilies into r-1= 0 or e =0 thatisr = T ard

Since all the voots of p ooy 0 G dside oot corele then e method s zero-stable

{Lambert, 1973),

32



44 CONVERGENCE

In Lambert (1973), a necessary and sulficient condition For a inear multi-
step methods (o be convergent are it it st be consistent o sero stable. Simcee
the method is consistent and zero-stable as proved above, then the method s
converpent,
4.5  ABSOLUTE STABILITY

Lven though Fatunla (1988).Fox and Mayers (1987) said that stability is a
necessary and sullicient condition for the numerical solution 1o converge 1o the
analytical solutien, but i ervor is introduced at any stage of the computation il can
produce vnstable numerical resulis which epn make the pperoximate solution
deviate significantly from the true solution,  This mokes the oalysis of the A-
stability of the new method necessary.  Hence the A-stability ol the proposcd
formula is assessed by adopting the method to solve the scalar test, eguation (1,158).
Consequently, adopting (1.17) to solve (1.15), we have

k
. i s
Vet k Yot 4 W dvan + h | Ti Yo

) =0

k-1
VAT LI T R T S TR YIS [ S (4.0)

=&
By setting
: 1. K-
g1 ¥ooka) = }-"41|.|¢_| + KA E o e

=0

sequation (4.0) becomes



| & (-1} {4.7)
Yotk = T T

by setling 1 = hi the k™ order difference equation (4.7) has a stable solution il the
stability function

|

p(B) = 1-hp-1'n - . 2 : : ; (4.8}

Satisfies the inequality cguation

|
-1 = =4

|=hf-h'yk - - . . . . (4.5.4)
Simplilying we pet
he(-m 0)

provided  yk 7 (0 That is, the method is A — stable (Lambert (1973 )
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CHAPTER FIVE | g riﬁi
IMPLEMENTATION AND NUMERICAGRESULTS -+ ol
51 IMPLEMENTATION
The non-linear equations
G (ywn) = 0 RS R SR e S S S

generated by the application of (1.17) to solve eq. (1.1) will be solved at cech step
T . ,
by an iterative scheme of the form (1.20). The iteration matrix wy,,y, the coelficient
P, 1 varies from iteration to iteration due 1o change in-step size h,  LnfTerent
; - )
iteration schemes results from different choices of W, The cost of the linear
algebra that will be associated with lare syeten < is high ot eon be reduced 17 e
use the iteration scheme which adopis the codee of fhie Joe o of G approximated
at the previous iteratives, that is
{540 (5
Wek = G (o). 5 = 0(1)m
where m is the number of iterations.
501 COMPUTER PROGRAM
The program that implements this iteraction is. wrilten in forirar
programming language and implemented on a digital computer as discussed below
In order to achieve the above objeclive, we adapt the following steps:
i.  re- write the formrula in algorithm fornm

ii.  translate algorithm into a flow chart
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il translnte the Now charl inte compuer codde
v dimplement the code with sl probilens on a dipital computer
\ thiseuss the vesalis
50,2 ALGORITHN
A alporithim s delined v oostep by step procedure Ilen o obtain solution
ey o panhicolor proddean, The algarithan Gor asondgentioe il peglesd dogeribed i
chapter three eapecinlly Tl (3000 G2 s ot
Step | I FTT :
2 I2eclare all nrc:}nmny vininhley
3 Initinlise variables (x =0, y =1, h=0. 1, n=0)

& Compute y'

B 1
v

Compute ki, ko, ks, vsing Runge-Kutta method of order three

fy: Compute v =y, (ko 3ky)

{ut 1) Am 4 T
T {'mlqml_c Yarl =¥ — H}'u. r_L.

o ) {¥na1)
& Compute f{y,n)
In-11
9: Compute v,
fmk

o Testil(Y,) = 0.0001 then go to step 6 otherwise 11

1l:  Display results
(R ini
12:  Increment X, =x + hassipn v, 410 Yoo

13: Testif x = 10l o tevetopy 4 plae |4



L Kiop
15 Fond

5013 FLOW CHART

A Flow elant is a dingram that shows the sequences of events in a progiam

The flow chart for the above algorithm is shown in ligure 2 below.
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5.2 The steps adopted for terminating the flerafion scheme
The criteria For stoppimge the fleration is the closeness between the carrent

and previous ilerates,  One of the methods discussed in 1lall and Wait (1976)
II.'||'| i . I
adopts the m™ iterate  [y,u) ns more accurate than -y, the ‘amount of

correction

{m-1} - -1}

Yo = ¥ ™" is used as estimate of the local error in v, ™" The iteration is

stopped il the magnitude of the ervor is smaller than the ervor threshold, that is
R T 4 1 . 11

The cuvrent ileration Yark tm N e considersd acemmie sl _h',,.;“"' is reparded to
as lhe best approximations to e eomed cnletion :.,.,.h ol eqguation (11), It i1s
considered to adopt an iteration stopping criterion that takes efTects of error: in the
derivatives into account. The reason is beeanse the formula suiinble for st
systems always invalve past :'|lr*.l.|-1|=:.=:1:n1 virlues of the derivatives and the errors
nssociated with these past values may affect the stability of the computed solution
(Ademiluyi, 1987). To see this, consider the derivative error ¥' (v,,,"™) y' {_'!l".“.:”.
By the mean value theorem, we have

1 1 "'

MYt Evaia) ==F iy O™ ey (5.2)

I

¥ A Yuin
E 5 Fl Bl

where }'r (Y™ and ' (¥ ave the devitatives of y and ) (v50,)

is the Jacobian of the differential system of equation on the ling between y,.,.'™ and

*
York-



The accuracy in the derivative values was ipnored in most early codes Tor

stilt ordinary dilTerential cquations wheie the closeness of y,.™ 1o the exact

(nip

solution v, was only considered and neglected the closeness of ¥' (v, 2™ to the

* * ]
v (vl the closeness of vu ™ to Vi does not indicate the closeness of their
derivatives. This assumption may affect, the stability of the computed solution in
stilT ODEs. Since the eigen values of 1 s cxpected (o have lorge modulus and the

% ; ;
small |],.*,, e Yuik i.iur_u:s not inplies small

| *
“M'_}" “"nll.'!l

!
I!lI fi'u 1k
The residual ervor test as proposed by Shampine (1975), takes care of this

ivpe of ervor estimate.  The approach i mdependent of the form of ileration used

and it invelves the current iterate and the norm ol the residoad error ™ ig defined

ELE
|||m|i |:'|.-'Flml A I-| ||.| '||" |"l,'II |Ju11 ts -'rl '-u'l LTI "ltﬁ"l‘l]'l.' ] !!l - - - r_‘i -1]'
where g denoles the Timction that combines both past values of v and '
= [m) s e M
I e s sulhicently small, the carrent terte can be accepted as the most accurate

o ; . . [
approximation to the exact solution (1171 For elarity purpose, let e, be the

difference between the most accmate amd the eonepabotienn that ge
LY ;

iy ¥
ik f‘-"u 1k b :'|"|t ik

E
[Ewy, o 15 0 solution of (1 17) and satishes

Yoo ey () = Wrk 3 {vead ¥ (yen) - 70 (5.4)
Al

A0h



likewise y "' satishics
Yerl _h“. :'.1 '.}Iﬂ*l'lm.l" I.." i J['I-'ull.lmhl' L ?':| I..,"n“'-l'_ H_” {l;l."_}

by subtracting (5.5) lrom (5.4) we have

™ = ™ eyt < Bty ™ =2 vhi) b 1y dvead™)

..:'.1 {}'-It )= (5,00

where I = Oty [?..T-. }

by applying the mean value theorem to equation (5.0)
twen ™) = ol -h P dena™ = Wi Fea™
iml s - im |
Fati (T-hh J-h e . : . (5.7)

where 1 is oo by moadentity mintne
~ * ge ] s a B "
For a sull system ol ordinary diffcrentml equation, F v ) is expected to have at

least one erpen-value with larpe miodulus. That s

LRGSR Bl : : : 3 (5 R)
Hence
|l..-1rm] L L""I1- m= 1, z - : . (5.4
P sobving the iteratton eqrations C0 0 Lo onabvcopemn e s el e residupd is

expected o be Torper thon tee pmeem of the covon sector. T e norme ol the residoal
15 Formd 1o be simall than ermor 1o vnce thea ervor e the cinrent fermte is emnll
Smee the test involves both the ovrent vernte ol the conrespomdimg. values, the

restduak crror lest can serve as the oror eshinmie.

1l



5.3  Step-Size Conirol

Step size b can be scen as oo catalyst for dmproving the efficiency ol the
scheme. 8o step size adjustment will play an impottant role in the megration of
O3, Step size conliol involves the step by stept computation of the focal
truneation error identilied with (he inteprations schome, The manner l'rl1 wlich the
imtegration  formula is represented dictates the Torm of enor estimales o use.
There sre many Torms of ereor estimate. All these estimates are based on the idea
11:1.“ the current intepration scheme can be represented by incorporatmg more
anqlytical property of the equation into the formula will provide a better resull

(See Sedpwick (1973) for more detail),

One error estimate considered adegquate for stlT equation explnin m this

work 18 based on the Richacedaoa e g tapedisi - paovens
The local erve C fin slenige Phesind s, 0k %, ¢ 0% sErbEeT e
W :‘ill |1 V!l 'l"'.. ol xl Iy I 'll' | 'F":I

where pis the onder wd v s the mmevieal approxinmtion oy al X,

1y appbyings the proposed seleme woih anather step siee b/2 amd compute an

I
appuosimation vy tooy b with the game local assumption ean be defined as

Fr .
Y r.:" ":l L peAr ll-,‘._ !"-. v ) Wil |.I|- el ”1-' / Iq. ||'I]
sl st tingr eaquantien (30000 Booen (5790 we herve

Wt —¥asr = BobEiaixsd VA L T (% 11

-



Fhus, by adoptog the Richacdson’s extrapoltnom we compute fwo estimiles
over two steps vsing step size W2 and another vaing step size b The dilTerence
between the two approximations multiplied by (27'-1)" pives {lre -:r.rm cstimale
for the scheme.  This Torm of crror estimate involves a Ul1lrﬂit1l:‘1il!|.;llf: amount of
computational efforts,

The mumerical approximation (o the solution from step x, to siep x,. 15
acceptable if the notn of the error estimate ¢, s less than the error tolerance.

e...'g BExs - - - - = = - (5.12)

The estimate can now be used 1o compute the next integration step size.
The Ways of Varying The Step Size

Although, there ore many wavs of vorving the step size, one of the method is
descnibed as Tollows, an mntwl slep wae bovloch 1z bascd on e characteristic

beliaviour of the function [ is determined, since the function changes very rapidly

for stifl ordinary dillerential equations the value ol h to be chosen must be in such

-“['-"-'_\| shall T w oo the stbnlity repion of the method or

away that the product h

ensore the value of hos

L

1= TN 1 i i = Itljm - F (5.13)
e starting step size b sulficiently Tarpe, the past values are reliable and

. g ]
the past values are pevecated with nonimin crvor. [f4he method fails to start, i

q5



indicates that the error tolerance is too simall and the program implementing the

scheme will automatically adp=t, botheough the Formmln

II il lY -

(S |"' ' - .
T = L= F Tlies Wl R
The step size will be allowed 1o werease only il

™

As soom as the progaane approaches the end poiot of the inlegration interval

<[] (5.15)

the step siee will b chosen co thal the last Pt cotncides with the end ||n|'r1|_

So0 0 NITMERIOAL EXAMPLES
I order o pssess the sembabity aond aconey ol the method we mlnp[ il
following onc-step lormnb
ail o l11.|..| - 1 ih? :1.'”.. o Qg il
and two-step Tormula
¥z = ¥Yun ! ‘r'lu-‘ 3 h'-'l.‘lh'"n r"_‘r'"-‘--l _-""|'"11-.1] 4

to solve the sample problems

Example | N

]

Yty ¥y =1

exact solution v (%) —'+11:‘-.1-1 . ' : o
Example 2 Yok

. T "
y' = 100y, yia) = |
-

LTy

expct zolufion ¥(x) = e



FExnmple 1
vy wioy =l
exact solution: vy {x) = tan (x + %))
Takmg lrom Fatunla (1988), I,nrluln:rl (1973) and Okosun (2002);  The
results are as shown in the tables 1 -7
DISCUSSHON OF THE RESULTS
I can be seen from the resolts i table 1-7 ihat the local error e, of the
methods are small.  The comparison ol the proposed method with the existing
.n'r:llmd and the graphical representation show that the proposed method gives

better results.  All the resulis proved that the new method has a high order of

HECUTACY,



Table 2: Performance of One-step second derivative formula on problem |

Theoretical
solution
n Xn ¥(X)
0 000 1 0000000000
1 |.10 11103 19289
2 |20 1. 2428055257
1 ].30 1.3997177556
A | 40 | SR36A94789
5 .50 17974424288
6 |.60 20442377552
7 1.70 23275053725
{& | .80 2651082 1804
9 |90 10192065167
10]1.00 TA36561 3180

MNumerical
solulion

¥n
10000000000

I 110332105]

Error
_c"_ e

0 0000000000

DODOOYRIIR

1 2427840078

| 5835968564
1. 7973699616
20441413453
2.3273813093
26509251103

Togal g

FAMEI )5

i

0000215179

- e

0000357958
0000526224
0000724671
| 0000964099
0001240632
001570702

IRULE R AT LR

0TI




Peformance of One-step second derivative formula on problem 1
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Fabhle 3:

Perfvrmance of 2-step SPF on Problem 1

Theoretical | Mumerieal | Frror

solution solution
n X ¥ (% ¥ Cn
0 000 | 1.0000000000 | 10000000000 | 00000000000
1 |[.10 1103419289 | 11103416685 | 0000002604
2 |.20 1. 2428055257 1.242R047805 ,DI][I[IUI]'HSE
3 | .30 1.3997177556 | 1.3997161940 | 0000015616
4 |40 1.5836494789 | 15836471538 | 0000023251
5 |.50 17974424288 | 1.7974393222 | 0000031066
6 |.60 2.0442377552 | 2.0442332224 | 0000045328
7 |.70 123275053725 | 2 1274996719 | 0000057006
8 | .80 26510821804 | 76510745130 | 0000076674
9 | 90 10192065462 3_{':-'|Li.=ifﬁ{iﬁﬁéi' 0000095399
10| 1.00 FAIS6AMB6 | 34365522583 | 0000120903 |

& i



Performance of second-step second derivative formula on problem 1
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Table 4: Performance ol one-step Second Derivative Formula and  Backward

Dilference Formula on prollen |

‘Theoretical | BDF solution | SDF soiution | SDF error B error
o |solution . '
X V{Xg) vB, ¥S, Bs, e},
0.00 | 1.0000000000 | 1.0000000000 | 1.0000000000 | 0.000000000 l;-ﬁ{}nuﬂﬂﬂﬂn
A0 | 11103419289 | 1.1222222247 | 11103321051 | 0000098238 | 0118802958
(20 | 12428055257 | 1.2559245643 | 1.2427840078 [ 0000215179 | 0131190387
T30 | 13997177556 | LAra0das6s |1 e 10508 | ononis7oss | 0144867012
A0 [ 1.5836494789 | 1.5996466272 | 15835068564 | 0000526224 | 0159971483
(50 | 1.7974424288 | 18151076234 | 1,7973699616 |.0000724671 | .0176651946
G0 | 20442377557 | 2.0637444060 | 3.0441413453 | 0000964099 | 0195066516
0 | 23275053725 | 23490459476 | 23273813093 | 0001240632 | 0215405752
B0 | 26510821804 LOTAROR1EE| 20509251103 | 0001570702 I.nzﬁiﬁcﬁia_
00 30192065462 | 30050700000 L0001 1337 Lo esin3s | 0262658138
LO0 | 34365643480 | 14655681780 | 11363203015 | 0002300872 ﬂzﬂfl_m@hﬂ_
&




Performamnce of one-step second derivative formula and backward difference formula on
problem 1
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Performance OF Two-Siep Second D._;._l.'iva_ti?r._‘ Formula And Backward Di
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i
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Table 3: lﬂ':r_l::hlffrﬂrmum On Problem 1.

Xn Theoretical sotution BDF solution SDF solution | SDF error BDF Bror
Xn SRGT vBn ¥in : g5n | =Bn '
0.00 [ AOOa0G0GHID 10000000000 1.DGO0D00000 | D_.Urﬂﬂﬂﬂﬂl.'llfi'li | 0000000000
-Iﬂ. L0341 9289 .'l_.l_]ﬂ'_':.'.ii'.llﬁ.ﬁﬂ.'j I.H{IG#]EIEFE | L0 ZG05 0000002604
20 2AIROISIET ].1143345.24.]!;1 1.i4EEﬂ4T3D5 JHHHHI 7422 | 003387168
30 AR ELTISE 1.4Diﬂ354ﬁl;'r{1 |.3‘5|"_5|T1ﬁ194ﬂ' L0000 5616 Do13sTTEL2
AD SEIn484789 1.5862632454 1.5836471538 : D000023235 0026137695
| 7974424288 | 1.80 9060028 179743932122 JH00E | Can Jde5 2740
.6d ~ 442377552 I 20514203091 20442332224 JHHHILZ 5238 .Ul}?lﬂfff.iﬂ
L 2337053725 233RGETRFS 232996719 - OO0 ET006 | 111324590
80 26510821804 | 2.6679993208 26510745130 L0007 6674 : .D]ﬁ?l?l-ﬂ-‘ig
B | 30192063462 3.{I-I—I—lﬁ3—1_:4? !3.1]]91'-‘!?01}64 0000095399 [ 02523690835
i.00 [ 3.4305643486 3AT3E497635 34363312583 0000120903 0372834140

-




Performance of Two-step Second Derivative Formula and Backward Difference formula on
Problem one

| -~ —#— Theoretical Solution
E 2| -0 —=- BDF solution
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Table 6: Performance ol one-step second derivative Tormula on problem 2

Theorelical . ‘Numerical Frror

solution solulion 1. .
| An ¥y (%) ¥ i Bn
0000625 | 0939412485 | 0939413062 | 0.000000577
0000125 | 08211888 0.882496902 | 0.000008422
0.0025 | 0778688525 | 0778800783 |0.000112258
0.005 0.605263158 060530659 | 00012675501
001 | 0357142857 637871 | 0010736584




Table 7: Performance of one - step second dertvative Tormldn on problem 3

Theoretical ‘Numerical Error

solution solution
Xn y (%) Yo * y
0.10 10208480201 | 10204081628 | 0.0004398573
020 | 1.0414806419 | 0412371554 | 0.0002434864
0,30 1065475709 | 10625045999 | 0.0000429710
040 | 10840670855 | 10842290474 | 0.0001620320
0.50 11060581556 | 1. 1064300457 | 0.00037 18901
l;'uml:'r 11285412225 | 1.1291282059 | 0.0005869833
0.70 1.1515375604 | 1,1523452801 | D.0008077198
0.80 | 11750697089 | 11761042410 | 0.0001034521
0.90 11991614904 | 1.2004293688 | 0.0012678784
100 °| 12238381030 | 1.2253463537 | 0,0015082507
— J |
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Performance of one-step second derivative formula on problem 3
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CHAPTER SIX

CONCLUSHON
6.1 SUMMARY

A class of numerical method suitable for solving both stilf. non-stilf and
sl oscillatbry ordinany differential equations s developed.  The method is
motivated by the second derivative method by Eoright (1972),  The basic
properties of the method were investipated and Tound 1o be accurate, consistent,
zero-stable. convergent, stable amd of ovder 102 Compinte PrOEImnme  was
developed and smplememted with sample proldems. The ooulis show that the
proposed method 15 acomamte and compares Brvourably with the existing methsd,
6.2 Limitation

The methed developed s anamplicit method so there is a need for predictor
o provide the starting ol o cacle <aep ol e application of method. The
predicton mst be ol the samc oo vty the on theed fov oo Dbt coven mind o swell
has o better approximation. The seheme mvolues linear alpelin, which provide
analy tieal Tacobin mates, ol these teqprements s esperamee i fepms ol mm-

how s b e storae Tacalitics



63 RECOMMENDATION

The limitations of the method are overcomed with the appropriate use of the
competent predictor. Better accuracy can be achieved by the use of double precision
arithmetic to minimize the effects of round-off errors, 11 all the necessary precautions
are taken into consideration the methods are recommended for solving non-stiff, stiff
and stlT L oscillatory initial value problems in ordinary differential equations,
6.4 Contribution to knowledge

The new schemes will be adequate for solution of non-stiff, stff and stiff oscillatory

cquations.
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APPENDIX 1

rdouble precision K1, k2. k1, v N

15

11

1o

deuble precieion Yorkoe, el tes Ly T g ey 4 s G oabpspeeg bl
doubilo precision o, 00, cooy Ly o orwy o
double piracliaion, yupr me

GPEN [UNTT=3, FILE~"RESULTL.OAT ", STATIE =" NEWH" )
OPEM{UNIT 4 ; FILE="RESULY . DAT °, BTAT!I5- " KEL" |

WRETE a4, 18
EDEMAT s Wi, Vet Sl o9, "Humerioal J5alt, L0 Friae' )

WolTe (3,13}
FLHEAT (L0x)
WRITE [3:13]

s={t.1
F-'i'l'l
Ll LI
k=1

Fpar Limiesy =00 003323 33333

|J|1-|| | i ::1?

BT =y

kd=fns [ 1o DF o ikl 0 3.0 ALY
d=ler (20020 0 ey e 4200/ D h k2T

k=1
Yoplugleyeh/d. 0% (K143 k3]
dpg dmey=Y¥oplusls (x40, 1}
dprmprmy=dprimay+l
yhprime=1+184y]

=Tl usi=-y
ce= 0, I dprimey )

ser {4 i h) FE.0) L (ynprEme 0 dprmprey) | )

[yre=orlgon

vy rynplusl={fyS furimoyk
et 0.1 !

ge=2roHp [XEd.LF- (2011

A (Iy.guo0oo008iy then
Yrplunlroewy

guta 15

and if

write(d, 11} ¥nplusl, vy, dprimey, yopo imo, dpom@omy
format (L14, 10, 2%, fI4.10, 2K, £14.10, 2, F14.10, 2%, [14.10]

formob {£4d .2, 5%, F14.10, 5%, F14.10, 5%, f14. 30}
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. e e . O L = 7
WELLa (3,10) K00.1,4, ey, g-tnavy TRl

L
_'l: ':‘
- 'r_h}“
==l i ey
P Y =
. _"_'l " L #
- a ‘ *
% -
; ' il i
4
L]

T £ i
"EI-'-JT"" 2 L]
R, J

= . _:._ - i
i o
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i ¥ L e il

K

LY ead 3

;- L]
=l Sk
I_i .:-I: il i
'

ﬂ..T b |
SiE ; o .

& i I :
e ) B L -
| .TI o | ng—— 3 - jl:r - L )
I.r{ e 1 .;;ﬁ 50

i | - " B "

e
i .
AN i‘
I.' # LN
I 4 _I - = aih
' . ER e 5 S 1
- i & '-"_l'l._'.'::l"




MAPPEMDIN 2

dounle precision kL, K&, Bl ¥ D
daouhle pracisLoan yoeime, yrploal, Cpe ey dpoe Dnstt, dpemtcmy

eyl le praci=sion wociieeeny s LTy,

elipiibile presision ynpr lne
double procision fdeciprimny
gouble precliion gecly
double pregisian aecornawy

OQFEH {UNLT=2, '3 Lk= FRESULT L. DAY | BTATHI - " HEW 3 |

i OPEN [UNIT=4, FILE="'RESULTL, DAT® , GTATUS="HEW']
%ﬁf e WRITE (3,12)
'-#:-; Al FORMAT (2x, "X', Bx, 'Exact S5k, ', 10%, "BDEY , 15%; ' Proposod Sol', Hx,
YRS 1 'roposed Ecror',5x, 'BOF Error')

WRITE (5,13}
13 farmat {2
WHITE §3,13)

. =H=0,0
y=1.0
h=0, 1
Eike=1

(primey=t.20331331133
saciprimsiy=0.9
5 yir bmamidir

kl=xdy
ki-!x+{1+ﬂ13.ﬁ‘h]ly*ﬂl.U334ﬂ'h‘h1}l
h3=ﬁx¥t2+ﬂf3.ﬂ*hlly+iE.ij.D*h*HE}:

X k=1
Ynplual=y+h/4.0° (k1+3*k3]
2 1%  dprimey=¥nplusl+|x+0.1)
i dprmprmy=dprimay+1
X yrpeima=1+{x+y)
L c=Ynplusl=y
. go= [0, 1* (oprimey))
R |
Tira[ih coot{{ (h*h) A6.0)* [ lynprimel ot fdprmpreyd 1)
: secfy=c-ec
5 fy=o—puedoea
L3
AT socrnowy=ynplual- (seafyfsoctprimey)
g Hnunr=grap Luod - (B (pr imoy )
= mmen b, b
L

g =2 B paed o] b=dgebl ol =l



-
R

AR H
il

1 [Ly.qgu 80, OQO015 Ll
Yrplusiermewy

gote 15

encd §f

write (4,11} V¥nplasl, ¥, dprimey, ynpeime, dpreproy
11 format{£14.10Q, 2%, F24. 10,25, C14.100,2%, 114.10;2K, E14.10)

10 format [E4.2, 5%, £24.10, 52, £349.10, 5%, £14, 10, 5%, £14.10, %5, £14.1M
writa|3,10) w01,y nocCanWy, Frawy, Q-rnewy, Secrnawy-g

WRITE (3,13)

WAITE {3,11)

w=Esl 1

= rnewy

it x.1t.1.00) then
kk=kk+]l
gqota b
end LE

stop
el

Progrm of one -step Second derivative formula and Backward difference formula on problem 1

L1



APFERDIX 3

double prociadon k1B k3 00 h

!II
Lil

13

dorulale pracision ypeimegyno luel ofmn, Fpeimoy el b sy diaomprmy

glirplal e preclalon o, 08, oo B rnewy, o, yopi ime
tleritlala proeisjon =

eleaiilad e g eees dom L orapehprs ang o ey

clevads Vo proeimion E5pT ey, yrrey

OPFERA O ETed, FILE=*WEEE Y RTINS R
QIPEH BT T=dy FILLE= "RESELTCINAT Y GTATIN - THEW" )

WRLLE (5, Ty

FORMAT [3%, %% Flee "Exaict Sol. ! DI Ml loael. Bo

WRITE (2,13
FOaRMmT [ )

W AN "
LA

-
LU LT
| et L |
k=]

III] 1T AT (L R R T T T

SprAmiEE L

K i by

K=ok 1.0/ 0%hi+ye 010420 h=k11 )
T Db 1, OF2 PR by e 1002 0Fhek2] |
bdsfnaihf4ys [heka)

k=l
Yo lusl =y i/t 05 [hlrd*k2vd* IR
rrcEey s Top luasd

e o e, Ty =i 1) -1

kg el r1'E|,2, LT o O L N L O
A bar (3, 100 2000 Vg, Fesy =ity

WRETE {3, 13)
WRITE (3, 173]

HphT T
YpEEV =Y

=y lusl

Keawd 0,1 -

yprimas=nty

K=y §
K lmt (1,042 0% iye (1052040 81 3
Kd=faa 03, 0205 hi Ay {10420 h* k21

kdgideh) et (h*k3L

= T Tt NE R



e T FLERR LY Rk ¥t B A

i yon fepresent il
o & ropipagegt yaplusd prin

gy g 0. 1
15 dpr bmay=ie {a )

dpemprmyr=dpr imey

ynpelmasl+{zproveypray)

CEYNN=Y

p=ynnasl. 1

pdprmprmy=s+1

eom (0, 1 {a))

coe= iR k] /24 .08 * {ynprime-6* (dprmormyl =7 (pprmpiey
{YeE=go=-gcr

Filvse=yrn= by dTprimey|

-
s =S e iR B k) = [l L1
P Dy ol L annal] then

Yon o r oy
Qoo 15
and 1{

wi'bbte (4, 201 yon
2 format ("yplnad=",116. 107

write (3, 101%+0.1 g, reewy, g-rnowy

WRITE (3,131
WRITE ([3,13)

M e

!r""l'l'll""d':'l"

H=xa0, 1
W TNy :

wrikte(d, 211 ¥

21 formac{'y=",E16.10)
write (4, 28] =

i [opmat { "y®' FI6.10]

b dxa el Elen
kk~=khka1

gqoti. b
w1

= e

a1l -

Program of two-step second derivative formula of problem one

-
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12

13

10

dhirg]s [ gy

el e preeries b
doubile precislon
doulile preciszion
doubyle precislon
donivle ool sl on
duulil e’ precision
dotibl o ‘procloion
EERTTI BRI o¥ T Es AN RG] 5
lonnifa e e prenatioo |
gt i Erin

praved mibg

vt
. .|L.r||_"|- i
clvwb Bar jrpezioivm
thergba L pyovoinleop

CHEEN [UH T T3, P LE
DEEN [T = TR
Wi I
Pl e gy,
I *Froposed Erent

TN
L L

WRITE (5.1

format { 6.2, 5%, (PO 0, Ge, £16.10, 5%, £16.10, 5%, {16, 10, 5x, f16.10)
WOETe 03, B ®mray iy, Aoy npLunl, EHigwy  g-rnmay aecynpel ngl-g

I_..

AFEEREES 4

W i - rn!-|=II-1, wHH I'r‘r Ir'-lfll_lil.||:'.r‘||||i:|l,'|J r_]p:mptm?

By, B0, T, b T hpr e
kv, dals, Bkl

]

r-i'il'i‘l"liflfﬂl!r'

o Fprimey

WP ERw, vmimEy

Bmocymn i

ATy

L8 oL L )
(Rl IIII.'I.\.'Ell

r.'i'-.-! uape

PRESULTE . BT AT Y HEN

U ST - Bl P v = RO

. i 1 e
LT R I R

e THDE Frenrt)

Formal | dx)

WIETTE {3, 13)

weld, i

et U

b=l

kk=1

fprimoy=0, 90291 6666

s fprinesy=0, 03333333333

LR R RS HRN

klpea v

el B |:I_I"||,’:'-!1|:'|F||;1,'r1[1 N LR
B Sl Sk I O BP0 £ e R TR RE S B - B TS et
b dna ) g A

K=

Y lond sy e G DY R S D B YR RA ]
socynpiugTmynplusd

oy T Tusd

ged. O exp (R0, L= [, 1) =]

WRITE §3, 13}
WRLTE (3,13)

0l



Epray=,

YPreyv=y
y=¥nplusl
LS 2 P
apcy=synplungl
YR imasyd
LR e
ke fd LT O f @0y L1087 0V HET )
3 T e L R TR O R il RS F AR
Ed =il ks (kA
yrvy A0 (RT#2 0% k242, 0834 k4|
s Tapranant ynplis.
i Feprasant oynpilasd e e
gl gt |

gt bmaiEg s fR]

dprmpemy =dp e oty el
yoprime=TE Laprosd ypeor ]

Py Secy = YREo T

i "‘.‘rln-‘,.'
s=opnmiE b ]
freljer g = )
ge={. L gl

= U S ST e b=y T Ui ety s

Fpmoson-oog

ba- s
myotamp o LFT I (mymiiyt= s D nae el g

Lipody=ynne inyat bnp

ARy ymn = (hnaof ¢l aee For Tmay)

1 Haey=ynri= | Dyd [primay]

L]
g=2. 0t ekpiuel. 1) = (e, 1) =1

o

LE

poapeny] )



¥y
hig
LU r gl 0L 00G0LY  than
Y= iy
goto 15
and if
witlfbe [d, 201 yan
Fd b format §*ypluaes Y 11|
Write |3, II'.T_:l:Ii;H!. oy Bt rpveri, £ = CTTA Y, B TRy =i
WiITE (3, 13§
WRITE '[3,13)
P TR
Y ey
5 FR A SR AT e T
- Lt U PR
O T
i ll.l""‘ir.l"|| Y
i Forpmt [0ty Tl ]
SRR P
2 (oI ety 116 1)
EE fdalEL]) then
kk=k11
goto b
and I
atop
and
Program of two-step second devivate formuda and hackward difference on problem |
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