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ABSTRACT

The development of linear multistep methods for initial value

problems of ordinary differential equations (ODEs) has been the

subject of investigation for some time. In this work, a class of hybrid

backward differentiation methods with step numbers k= 1,2, 3 and 4

for initial value problems of first order ordinary differential equations

were presented.

The schemes have been tested and found to be consistent and

zero stable. Numerical examples are given to demonstrate the

efficiency of the new methods over the existing methods.

/
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CHAPTER ONE

INTRODUCTION

1.1 ORDINARY DIFFERENTIAL EQUATIONS

A large variety of scientific problems arise in which one tries to

determine something from its rate of change. There are lot of

scientific problems that result into determination of unknown function

from the prescribed information expressed in the form of an equation

involving at least one of the derivatives of the unknown functions.

These eCl-- tions are ca.leddifferential equations. Differential

equations originate whenever a universal law is expressed by means of

variables and their derivatives.

Differential equations are classified into two main headings,

Ordinary and Partial, depending on whether the unknown is a

function of just one variable or two or more variables. Their study

forms one of the most challenging branches of Mathematics .

Ordinary differential equation is an equation containing one

independent and one dependent variable and at least one of its

derivatives with respect to the independent variable.

The order of a differential equation is the order of the highest

order derivative of the unknown function appearing in the equation.

...

1.2 LINEAR AND NON-LINEAR DIFFERENTIAL EQUATION'

A differential equation is said to be linear if it can be expressed

as a summation of unknown function and its derivative with only
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known functions of independent variable as coefficient. Otherwise, it

If an equation is linear, then the independent variable y(x) may

appear to be a first order or higher order degree or may involve the

product of the dependent variable and its derivatives.

1.3 INITIAL VALUE PROBLEMS OF ORDINARY DIFFERENTIAL
EQUATIONS

A first order differential equationy' = f(x,y) has in general a

function of the formf(x, y, c) = 0 where c is an arbitrary constant in

the solution. The integral curves form a one-parameter family, where

a special curve corresponds to a special choice of the constant c.

Usually, we pick out any particular solution by prescribing an initial

condition y(xo) = Yo. Then the integration can begin at this point.

We say that the differential equation together with an initial condition

constitutes an initial value problem.

y' = f(x, y), y(xo) = Yo -------------------------------------------------- (1.1)

In this work, we shall be concerned with the initial value

problems in ordinary differential equations(0.D.Es) of the form (1.1).

We seek solution in the intervala ~ x ~b, a and b are finite real

numbers.

1.4 CONDITIONS FOR UNIQUE SOLUTION OF INITIAL VALUE
PROBLEM

The conditions onf(x,y) which guarantee the existence of a

unique solution of initial value problem (1.1) were stated by the
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followingtheorem:

Theorem 1.1: Letf(x,y) be defined and continuous for all points (x,

y) in the region D defined by a< x :::;b, - 00 < y < 00 , a and b finite,

and let there exist a constant L such that, for every x, y,s' such that

(x,y), and (x, y*)are both in D

I f(x, y) - f(x, y) I :::;LI y - y * I --------------------------------------------- (1.2)

Then if Yois any given number, there exists a unique solution y(x) of

the initial value problem (1.1), where y(x) is continuous and

differentiable for all (x,y) in D.

The requirement (1.2) is known as Lipschitz condition, and the

constant L as a Lipschitz constant.

1.5 BASIC CONCEPTS AND PRINCIPLE

It is important at this point to explain the basic concepts and

principle used in this work.

Steplength or Meshsize

Most Numerical methods for the solution of problem (1.1) are

based on the principle of discretization in which an approximation to

an unknown function y= cp(x)are sought on a certain discrete points

Xi, i = 0, 1, ... of set x. Consider the sequence of points{xn} in the

int"ervalI = [a,b] defined by,.

a = Xo < Xl < X2 < ... < Xn = b

~ = Xi+l-Xi i = 0(1)n-1



The parameter "'-i is called the steplength or meshsize of the

method. The pointsXi, i = 0(1)n-1 are called the grid points: The points

~+u where i < u < i + 1 is called the off grid point. Each grid point is

given III terms of the previous point by the relation

~+1

A linear multistep method (M) for problem (1.1) is a

computational method for determining{Yn} which takes the form of a

linear relationship betweenYn+ j and fn+ j, j = O(l)k in the form

k:

= h" LPjfn+j' j=O, 1, 2, ...,k. ---------------------- (1.3)
j=O

where aj and Pj are constants, n represents the order of the ordinary

differential equation. We assumean "#- 0 and that not bothao and Po

are zero. The parameter h is called the steplength of the method and k is

the step number of the method.

Several researches had carried out a lot of research on these

methods. These include Gear(1971), Lambert (1973), Oladele (1991),

Awoyemi (1992), /Butcher (1997), Onumanyi, et. al. (1994)., Kayode

(2004).

1.6 EXISTING METHODS

Before the advent of computer SCIence, ordinary differential

equation of type(1.1) is studied by integration process pioneered by

Pioncare (1881). However, because of the problems which include the

analytical evaluation of indefinite integrals, this method was
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abandoned. With the arrival of computer, various scientists picked on

the problem using numerical approaches which simplify the problem.

A great number .of scholars-have placed attention on methods of

solving (1.1). Among them were Liel and Norsette (1989), Ademiluyi

(1987), Fatula (1988), Awoyemi (1992), etc. With the work of Adeniyi

(1991), some methods have been found where continuous solution can

be obtained through collocation of a perturbed form of (1.1) based on

canonical polynomials.

Gear (1971) worked on backward differentiation method for

solving (1.1). Lambert (1973) improved on the work of Gear (1971)

using the last grid point as collocation point and proposed the

schemes

k:

La jYn+ j = hfJkfn+k -------------------------------------------------- (1.4)
j=O

for kth order, where k is the step number k= 1, 2, ... , 6.

The method produced mono-function scheme which is expected

to save computer time and human efforts.

1.7 HYBRID COLLOCATION METHODS

The evaluation of function at off grid points as proposed by

Gregg and Stetter (1964), Butcher (1965) and Gear (1965) to improve

accuracy were classified as hybrid methods.

The hybrid methods share with Runge-Kutta methods the

property of utilizing data at points other than the grid points

(Xn+j, j = 0,1, ...). A k-step hybrid differential method is of the form

'.
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k
= h LPjfn+ j + hJ3rfn+r ----------------------------------- (1.5)

)=0

whereak = 1 and ao and Po are not both zero,v ~ {a, 1, ... , k} .

. 1.8 CONVERGENCE OF LINEAR MULTISTEP METHOD

Convergence expresses the property that by using a sufficiently

small step, an accurate computation of the numerical solution can be

made arbitrarily close to the true solution y,

A linear multistep method (1.3) or (1.5) is said to converge if for

Definition (1.1)

all initial value problems (1.1) subject to the condition of existence

and uniqueness of solution, we have that:

nh = x-a

holds for all /x E [a, b] and for all solution {Yn} of the differential

equation (1.3) or (1.5) satisfying the starting conditiony(xo) = Yo.

1.9 RESEARCH OBJECTIVES

The main purpose of this study is to develop class of collocation

hybrid linear multistep methods with continuous coefficients for

numerical solution of first order equations. Specifically, the objectives

of the study are to:

(1) derive a class of orderp = i, i= 2, 3, 4, 5methods with step

number k= 1, 2, 3,4 by interpolating the differential system at
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the selected grid points and the additional off grid point with

collocation at the last point.

(2) determine the zero stability, order and error term of the

methods.

(3) determine the interval of absolute stability of the method.

(4) develop computer programs for the method

(5) apply the methods to solve numerical examples.

1.10 RESEARCH METHODOLOGY

For this study, interpolation of approximate solutions and

collocation of the differential system were adopted. The interpolations

of the approximate solutions were taken at various grid and off grid

points of the step numbers considered except the last grid point where

collocation is taken.

To estimate the order of the schemes obtained, Taylor series

expansion was adopted. Boundary Locus method was adopted to

determine the region of absolute stability.

1.11 COLLOCATION METHODS

Collocation method is one of the procedures used for

determining a numerical solution to a given problem. It involves the

determination of an approximate solution in a suitable set of functions

called the basis functions. In this work, the basis function is taken to

be power series in x of degree n. The approximate solution is required

to satisfy the differential equation (1.1) and its supplementary

conditions at certain points often referred to as collocation points.
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Various researchers had adopted collocation methods for the

solution of differential equations. They include Frazer et. al. (1938),

Collatz (1960), Oladele (1991), and Awoyemi (1992),

In all these collocation methods, polynomial approximations

were adopted as the basis functions, except in Awoyemi (1992) where

canonical polynomial was adopted.

1.12 EXPECTED CONTRIBUTION TO KNOWLEDGE

Backward differentiation method was proposed in literature by

Gear (1971), Lambert (1973) using only the grid points. The

introduction of off-grid points in this work has produced schemes of

improved order and accuracy.

/
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CHAPTER TWO

DERIVATION OF THE METHODS

2.1 INTRODUCTION

The backward differentiation method for solving the initial value

problems makes use of linear multistep method with a step number

k ~ 1 to obtain a polynomialy(x) of the form:

k+l . .
y(x) = La jX) ------------------------------------------------------- (2.1)

j=O

where the real parameters aj are to be determined. The first

derivative of(2.1) is given as:

k+l
Y'(x) = L ja jXj-1 --------------------------------------------------- (2.2)

j=o

where k = 1, 2, 3, 4, ... respectively. For this work, we consider four

cares of interpolation and collocation. An off-grid pointxn+u where

k -1< u < k is introduced.

Case 1: k = 1. Interpolating the approximate solution(2.1) at xn

and Xn+u and collocating thedifferential system (2.2) at

x = Xn+l'

Case 2: k = 2. Interpolating the approximate solution(2.1) at

x = Xn+j , j= 0, 1,u and collocating the differential system

(2.2) at x = xn+2'
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Case3: k = 3. Interpolating the approximate solution (2.1) at

x = xn+ i- j = 0, 1, 2,u and collocating the differential system

(2.2) at x = xn+3 .

Case4: k = 4. Interpolating the approximate solution (2.1) at

x = xn+ l : j = 0, 1, 2, 3, u and collocating the differential

system (2.2) atx = xn+4 .

Interpolation of (2.1) atx = Xn+i- j = O(I)k and at x = xn+u and

collocationof (2.2) atx = xn+k give the following system of equations:

2 k+l
ao +alxn +a2Xn +"'+ak+lxn =Yn

2 k+l
ao + alxn+l + a2xn+l + ... + ak+lxn+l = Yn+l

(2.3)

Equation (2.3) are solved for ~s and after some manipulations, we

haveour method in the form:

k

LajYn+j + auYn+u = hPkin+k ------------------------------------------ (2.4)
j~O

2.2 DERIVATION OF I-STEP METHOD

Adopting (2.3), we interpolate atXn, xn+u and collocate atxn+l to

obtain.
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2
ao + alxn + a2xn = Yn

ao + alxn+u + a2xn+u2 = Yn+u ------------------------------------- (2.5)

al + 2a2Xn+l = fn+ l

where fn+l = f(Xn+l' Yn+l) and Xn+j = Xn + jh

Solving the system of equations in (2.5) to obtain the real

parameters ai S as

1 1
a2 = (2-u)h fn+l- (2-u)uh2 (Yn+u -Yn)

_ - (2xn + uh) f' 2(xn + h) 2(xn + h)
al - (2-u)h In+l + (2-u)uh2 Yn+u - (2-u)uh2 Yn (2.6)

2 hx 2 2 ()uh2_ xn +u n f' xn +2hxn xn -2hxn + 2-u
GO- (2 _ u)h In+l - (2 _ u)uh2 Yn+u - (2 _ u)uh2 Yn

substituting the values ofGjs in the approximate solution (2.1), we

obtain

[
(x - Xnf - 2h(x - xn) + (2 - U)uh2]y (2.7)

(2 _ u)uh2 n

where (2.7) is evaluated atx = xn+l we have the scheme

1 (u - 1)2 (1- u)h
Yn+l - (2 ) Yn+u + (2 ) Yn = 2 fn+ l ----------------- (2.8)

u -u u -u -u

1
Since 0< u < 1, let u = 2' we have a discrete hybrid method (2.4)

obtained as

Yn+l - ~ Yn+~ + ~ Yn = ~ fn+ l--------------------------------------- (2.9)

:·.l~ )
! \.1- J

.. fJ..'

~-}
~

H\

-l :; ,J
/~

I "
.! I
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2.3 DERIVATION OF 2-STEP METHOD

From equation (2.3) in section (2.1), we obtain the system of

equation:

2 3
aO+ alxn + a2Xn + a3xn = Yn

2 3«o +alxn+l +a2Xn+l +a3Xn+l =Yn+l

2 3
aO+ alxn+u + a2xn+u + a3xn+u = Yn+u

al + 2a2Xn+2+ 3a3X~+2= fn+2

------------------------- (2.10)

Solving the system of equation (2.10) to obtain the real parameters

~s as:

3 [1 1 4-u u-3 ]
a3 = -fn+2 - Yn+u + + Yn

h(8 - u) 3h uh3(u + 1) 3h2(u -1) 3uh2
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(2.11)

Substituting the values ofais in the approximate solution (2.1), we

obtain:

+

(2.12)

Evaluating (2.12) atx = xn+2 we have the scheme

4 4(u - 2)2
Yn+2 - u(u -lX8 - 3u) Yn+u + (u -lX8 _ 3u) Yn+l

(u-2)2 h
- u(8 - 3u)Yn = 8 - 3u fn+2

(2.13)

Put u = ~ in (2.13), we obtain the method (2.4) as

/
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Yn+2 - ~~Yn+y, + tYn+1 - il Yn = ";'fn+2 ---------------------------------- (2.14)

2.4 DERIVATIONOF 3-STEP METHOD

When k = 3, the system of equation (2.3) becomes:

234
ao + alxn + a2xn + a3Xn + a4Xn = Yn

234
ao + alXn+l + a2Xn+l + a3Xn+l + a4Xn+l = Yn+l

234
ao + alXn+2 + a2Xn+2+ a3Xn+2 + a4Xn+2 = Yn+2

234
ao + al xn+u + a2xn+u + a3xn+u + a4Xn+u = Yn+u

2 3
al + 2a2Xn+3+ 3a3Xn+3+ 4a4Xn+3 = fn+3

(2.15)

Solving the system of equation (2.15) to obtain the real parameterais as

=
1 11

-----3-fn+3 - 4 Yn+u
(39 -llu)h u(u -IXu - 2X39-11u)h

+
21-5u 15 - 4u

4 Yn+2 - 4 Yn
2(u - 2X39-11u)h (u-IX39 -11u)h

11-3u
+ 4 Yn

2u(39 -llu)h

= (
4xn + (u + 3)h)t. ( 44xn + 72h )

- (39-11u)h3 n+3+ u(u-lXu-2X39-11u)h4 Yn+u



(90 - 24u)xn2 - (12u2 + 24u - 252)hxn

- (23u2 - 54u -108)h2
___ ....l....- --L- Yn+l

(u -lX39 -11u)h4

15

[
66Xn

2 + 216hxn + 139h2]

- U(U-lXu - 2X39 -11u)h4 Yn+u

+

+

(66 -18u)xn
2 - (9u2 + 27u - 216) hx.,

- (20u2 - 33u -139) h2
----~-----~-----Yn

2u(39 -llu)h 4

(84 - 20u)xn
3 - (15u2 + 15u - 306)hxn2

- (52u2 -162u -162)h2xn - (21u2 - 81U)h3

2(u - 2X39 -11u)h4
Yn+2
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+

(60 - 16u)xn
3 - (12u2 + 24u - 2S2)hxn

2

- (46u2 -108u - 216)h2xn - fuou2 -108u)h3

(U -lX39 -11u)h4
Yn+l

(44-12u)xn
3 -(9u2 +27U-216)hxn

2

_-->(4_0_U_26_6_U_-_2_7_8-L)_h_2_X:....:..n_-_(>-39_u_2_-_1_1_7_U_-_7_8----<)_h_
3

Yn

2u(39 -llu)h 4

+

(21- Su)xn
4 + (SU2 + Su -102)hxn

3

-(26u2 -81U-81)h2xn
2 -(21u2 -81U)h3xn

2(u - 2X39-11u)h4
Yn+2

(15 - 4u)xn
4 - (4n

2 + 8u - 84) hx.;3

- ~3U2 - 54u -108)h2Xn
2 - (30u2 -108U)h3Xn

(u -1)(39 -llu)h 4 Yn+l

/

+

(11- 3u) xn4 - (3u2 + 9u -72) hx.;3

- (20u2 - 33u -139) h2xn 2

-(39u2 -117U-78)h3xn(78u-22u2) h4

Yn

Substituting the values ofais in the approximate solution (2.1), we

have



17

y(x)

+

+

fn+3

Yn+u

11(x - Xn)4 -72h(x - Xn)3 + 139h2(x - Xn)2

-78h3(x - xn)

(21- SuXx - xn)4 + (Su2 + Su -102)h(x - xn)3

- (26u2 - 81u - 81)h2(x - xn)2

+ (21u2 - 81U)h2(x - xn)
Yn+2

(IS - 4uXx - xn)4 + (4u2 + 8u - 84)h(x - xn?
- (23u2 - S4u -108)h2(x - xn)2

+ (30u2 -108u)h3(x - xn)
Yn+l

(11- 3uXx - xn)4 - (3u2 + 9u -72)h(x - xn)3

- (20u2 - 33u -139)h2(x - xn)2

+ (39u2 -lllu -78)h3(x - xn) + (78u - 22u2 )h4
Yn

2u(39 -llu) h4

(2.17)

Evaluating (2.17) atx = xn+3, we have the scheme
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Yn+3 = ((18 - 6U))t. ( 36 J
39 -llu n+3 + u(u -IXu - 2X39-11u) Yn+u

[
18(u - 3)2 J [9( u - 3)2 J

(U - 2X39-llu) Yn+2 + (U -IX39 - llu) Yn+l

[
2(u - 3)2 J

- u(39-11u) Yn

(2.18)

Let u = ~ to obtain the discrete scheme

(2.19)

2.5 DERIVATION OF 4-STEP METHOD

For k=4, the system of equation (2.3) becomes

2 3 4 S
ao + alxn + a2xn + a3xn + a4xn + aSXn = Yn

2 3 4 S
ao + alxn+l + a2Xn+l + a3Xn+l + a4Xn+l + aSxn+l = Yn+l

2 3 4 S
ao + a1xn+2 + a2xn+2 + a3xn+2 + a4xn+2 + aSxn+2 = Yn+2

2 3 4 S
ao + alxn+3 + a2xn+3 + a3xn+3 + a4xn+3 + aSxn+3 = Yn+3

2 3 4 S
ao + alxn+u + a2xn+u + a3xn+u + a4xn+u + asxn+u = Yn+u

2 3 4 F
a1 + 2a2Xn+4 + 3a3Xn+4 + 4a4Xn+4 + 5aSxn+4 = J n+4

(2.20)

Solving the system of equation (2.20) to obtain the real parameters

=
/ 1 25

-~----4 fn+4 - SYn+u
2(112 - 25u)h u(u -lXu - 2Xu - 3X112- 25u)h

(64-13u) 88-19u

6(u - 3Xl12 - 25u) Yn+3 - 4{u _ 2X112_25u)hS Yn+2
+
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32-7u (50-11u)
5 Yn+l - ) 5 Yn

2(u -lXl12 - 25u)h 12u(112 - 25u h

a4 = _[5xn+(u+6)hlfn+4
2(112 - 25u)h4 .J

[
125xn + 262h ]

+ Yn+u
u(u -lXu - 2Xu - 3X112 - 25u)hS

[
5(64 -13u)xn + (496 - 39u -13U)h]

- 6(u - 3Xl12 _ 25u)hS Yn+3

[
5(88 -19u)xn + (752 -76u -19u2 )h]

+ 5 Yn+2
4(u - 2X112 - 25u)h

_ [5(32 - 7u)xn + (304 - 35u - 7u
2

)h]

. 2(u -lXl12 - 25u)h5 Yn+l

+ [5(50 -11u)xn + (524 - 66u -11U
2
)h] Y

12u(112 _ 25u)hS n

[
250xn 2 + 108hxn + 947h2 ]

- Yn+u
U(U-lXu - 2Xu - 3X112 - 25u)h3

+

10(64 -13u)xn
2 + 4(496 - 39u -13u2 )hxn

+ (1040 + 278u -103u2 )h2
Yn+2
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10(50 -llu)xn
2 + 4(524 - 66u -11u2 )hxn

- (1894 + 103u -116u2 )h2

12u(112 - 25u)h5

Yn+l

Yn

10(64 -13u)xn 3 + 6(496 - 39u -13u2 )hxn
2

+ 3(1040 + 278u -103u2 )h2xn

+ (608 + 912u'- 218u2 )h3

+

10(88 -19u)xn 3 + 6(752 -76u -19u2 )hxn
2

+ 3(1864 + 343u -164u2 )h2xn

+ (1200 + 1600u - 409u2 )h3

Yn+3 •

Yn+2
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r10(32 -7u)xn
3 + 6(304 - 35u -7u2 )hxn2

" +3(912+102U-67u2)h2xn

+ (864 + 720u - 202u2 )h3
Yn+l

+

10(50 -llu)xn 3 + 6(524 - 66u -11u2 )hxn
2

+ 3(1894+ 103u -116u2 )h2
Xn

+ (276 + 1278u - 421u2 )h3
Yn

12u(112 - 25u)h5

5xn
4 +4(u+6)hxn

3 +3(11+6u)h2xn
2

+ 2(6 + 11u)h3xn + 6uh4
fn+4

2(112 - 25u)h 4

125xn
4 + 1048hxn

3 + 2841h2xn 2

+ 2764 h3xn + 672 h4
Yn+u

+

5(64 - 13u)xn
4 + 4(496 - 39u -13u2 )hx~3

+ 3(1040+ 278u -103u2 )h2 xn 2

+ 2(608 + 912u - 218u2 )h3xn + (608u -128u2 )h4

6(u - 3X112 - 25u)h5 Yn+3



5(88 -19u) + 4(752 -76u -19u2 )hxn 3

+ 3(1864 + 343u -164u2 )h2 xn 2

+ 2(1200 + 1600u - 409u2 )h3xn

+ (1200u + 264u2)h4
Yn+2

5(32 -7u)xn 4 + 4(304 - 35u -7u2 )hxn 3

+ 3(912 + 102u - 67u2 )h2xn

+ 2(864 + 720u - 202u2 )h 3 xn + (864U - 192u2 )11.4

2(u -IX112 - 25u)h5+

5(50 -11u)xn
4 + 4(524 - 66u -11u2 )hxn 3

+ 3(1894 + 103u -116u2 )h2xn

+ 2(2764 + 1278u - 421u2)h 3Xn

+ (1344+ 2464u - 616u2 )h4

12u(112 - 25u)h5

Xn5 + (U + 6) hx.; 4 + (11+ 6u) h2xn 3

+ (6 + 11u)h3xn
2 + 6uh4xn

2(112 - 25u)h4
fn+4

Yn

Yn+l



(2.21)

23

+

25xn
5 + 262 hx.;4 + 947 h2xn 3

+ 1382h3xn2 + 672h4xn

2{112 - 25u)h4
Yn+u

(64 -13u)x~ + (496 - 39u -13u2 ~X~

+ (912+ 102u - 67u2 )h2X~

+ (864+ 720u - 202u2 )h3x~

+ (864u -192u2 )114 xn

Substituting (2.21) in the approximate solution (2.1), we have

y(x) =

(x - xn)5 - (u + 6)h(x - xn)4 + (11+ 6u)h2(x - xn)3

- (6 + 11u)h3(x - xnf + 64h4(x - xn)

2(112 - 25u)h 4 fn+4

Yn+u

25(x - Xn)5 - 262h(x - Xn)4 + 947h2(x - Xnf
-1382h3(x - Xn)2 + 672(x - Xn)

1



(88-19uXx- xn)5 - (752-76u -19u2 )h(X - xn)4

+ (1864 + 343u -164u2 )h2(X - Xn)3

_ (1200 + 1600u - 409u2 )h3(X - Xn)2

+ (1200U - 264u2 )h4(X - Xn)___ ~ .--L-~-~------ Yn+?

4(u - 2Xl12 - 25u)h
5

24

(64 - 3uXx - Xn)5 - (496 - 39u -13u2 )h(X - Xn)4

+ (1040 + 278u -103u2 )h2(X - Xn)3

_ (608 + 912u - 218u2 )h3(x - xnf

+ (790U -128u2 )h4(x - Xn) .
+

(32 -7uXx - xn)5 - (304 - 35u -7u
2

)h(X - xn)4

+ (912 + 44u - 67u2 )h2(X - xn)3

+ (864 + 282u - 202u2 )h 3(X - Xn)2

+ (484U -192u2 )h4(X - Xn)
+

Yn+3

Yn+l
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(50 -lluXx - XI',J5 - (254- 66u -11u2 )h(x -- xn)4

+ ~894 + 103u-116u2 )h2(x - xn)3

- (2764+ 1278u - 421u2 )h3(X - xn)2

+ (1344+ 2464u - 616u2 4(x - xn)

- 1344u + 300u2 h5

Yn12u (112 - 25u)

(2.22)

Evaluating (2.22) atx = xn+4' we obtain the scheme

288
Yn+4 = ( X X X ) Yn+uu u -1 u - 2 u - 3 112 - 25u

48(u - 4)2
+ (u - 3Xl12 - 25u) Yn+3

36(u - 4)2 . 16(u - 4)2
- (u - 2Xl12 - 25u) Yn+2 + (u -lXl12 - 25u) Yn+l

3(u - 4)2 (48-12u)h
- u(112 - 25u) Yn = 112 _25u fn+4

(2.23)

Put u = 7 to obtain a discrete scheme
2

(2.24)

It should be noted thatU E (k-I, k] is arbitrary. Thus, any value of u

chosen in this interval will produce an independent scheme. In other

words, an infinite number of schemes can be obtained for eachk.
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CHAPTER THREE

ArlALYSIS OF BASIC PROPERTIES OF THE METHODS

a.r ANALYSIS OF BASIC PROPERTIES OF THE METHODS
(2.9) : K=l

(1) ORDER AND ERROR TERM

Here we shall estimate the order and the error term of our

method k= 1. Let us define a linear operator L associated with (2.4) as

k

L[y(x), h] = La jYn+ j + auYn+u -hf3kfn+k ----------------- (3.1.1)
j=O

Adopting the Taylor series expansion ofy(xn+ j l j = O(i)k about

x = xn. Using the result of Ademiluyi and Kayode(2001), reproduced

as:

q (kht y(r)(x .)
Y(Xn+k) = L n ------------------------------------- (3.1.2)

r=O rl

I q (kht-lyr(xn)
Y (Xn+k) = L ( ). ------------------------------------ (3.1.3)

r=l r -1.

In (2.4), for k = 1 and combining terms of equal powers of h, we obtain

(3.1.4)

where



(Ui)
1 1

Lja) =0(1)+-(-4)+1(3)=1
. 0 2J=

27

Thus,

1 .
C3 = - - -------------------------------- (3.1.5)

36

[See Lambert (1973, 1991), Fatunla (1988)]

Definition (3.1): A linear multistep method (2.4) for first order "

equation is of order p and the principal error constant isCp+l if

co: C1 = C2 = ... = Cp = 0 and Cp+l :t:- o.

Hence, the scheme(2.9) is of order p = 2 and the principal error

1
constant Cp+1 = --.

36

(2) CONSISTENCY AND ZERO STABILITY

Definition (3.2): A linear multistep method is consistent if

(i)

(ii)

'... '.', .

? (~) ,-"
.t."

. ,
( " ; '.-the order p ~ 1

(

k k

(iii) Ljaj = LPj
)=0 j=o

[See Lambert (1973), Awoyemi (1992]

Now for the scheme(2.9), we have

/'),J p = 2 > 1

(ii)
1

L ja) = 1- 4 + 3-= 0
)=0
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1

(iv) Lj/3j = 131 = 1
j=o

1 1

Hence, Ljaj = Ljf3j = 1
j=o j=O

Thus, the conditions for consistency are satisfied. Hence,the

meLhod (2.9) is consistent.

Definition (3.3): A linear multistep method is zero stable if no root of

IJ1(' first characteristics polynomial p has modulus greater than one.

For the method (2.9), the first characteristics equation is

3r - 4r~ + 1 = 0 -------------------------------------------------- (3.1.6)

or 9r - lOr + 1= 0

r = 1 or 0.11

Since r ~ 1, the method is zero stable.

Theorem (Dahlquist (1963))

The necessary and sufficient conditions for a linear multistep

method to be convergent are for it to be consistent and zero stable.

Since the method (2.9) is consistent and zero stable, the method

converges.

To determine the region of absolute stability of the method (2.9),

we adopt the boundary locus method (Lambert (1973), Fatula (1988))

'-() p(r)
h r = a(r)

where p is the first characteristic polynomial anda is the second

characteristics polynomial. For the method (2.9), we have

r-
'J



ex(e) = 3 - 4cos- + cos e'
2
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3r - 4r~ + 1
h(r) = ----------------------------------------------- (3.1.7)

r

Let r = eiB , 0 ~e ~ 7'[ where eiB = cose + i sin e. Hence,

3(cose + i sin e) - 4(COS ~ + i sin ~)+ 1
or h(e) = . .. --------------- (3.1.8)

cose+ t sin e

Rationalizing and simplifying (3.1.8) by multiplying the numerator and

denominator by the conjugate of cose + i sin e yields:

h(O) = x(O) + iy(e) ------------------------------------------------- (3.1.9)

y(e) = 4 sin e - sine
2

;;\"cuuating x(e), y(e), 0 ~ e ~ 180 at intervals of 300 gives the

following result as shown in the table below:

Table 1:
_.

e 0 30 60 90 120 'ISO 180

x(e) 0 0.002322 0.0359 0.1716 0.5 1.0987 2.000

y(e) 0 -0.4302 1.1340 1.8284 2.598 3.3637 4.000

The results shown in the above table can be used to plot the

curve of the region of absolute stability of (2.9). The interval of
- .

absolute stability along the real axis is (0, 2) which is contained in the

positive x-axis of the complex plane.
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3.2 ANALYSIS OF BASIC PROPERTIES OF THE METHODS
(2.14):k=2

In this section, the basic properties of method (2.14) were

examined by adopting similar approach as in section (3.1\.

(1) ORDER AND ERROR TERM

The linear operator L associated with (2.14) as defined by

equation (3.1.4) for k= 2. Adopting Taylor series expansion

(3..1.4)

where

32 4 1
C =1--+---=0

o 21 7 21

32(3) 4 2C1= 2 = - - + - (1)- - (1)= 0
21 2 7 7

32(9) 4(1) 2C2 = 2 - 2i 8 + 7 2 - 7 (2)= 0

C3 = 8 _ 32 (27) + 4 (!)_~(2)= 0
6 21 48 7 6 7

C = 16 _ 32 ( 81 )+ 4 (~) _ 2 (~) = 0 25
4 41 21 16(41) 7 41 7 31 .

Thus,

Hence, the scheme (2.14) is of order p= 3, and the principal error

constant Cp+l = 0.25 .

(.2) CONSISTENCY AND ZERO STABILITY

For the method (2.14)

(i) p > 1

r-



( ii)
1 32 4 1

La) =1--+---=0
)=0 21 7 21

[iii] 1. (1) (4) 3 (32) 2L Ja) = 0 - - + 1 - - - - + 2(1)= -
)=0 21 7 2 21 7

(iv]
1 2

" /3' = /32 =-L.. J 7
)=0

212
Hence, Lja)=L/3)=-

. 0 . 0 7J= J=

'['11 U s, the method(2.14) is also consistent as stated in definition(3.1).

For the method(2.14), the first characteristic equation is:

2 32 ~s 4 1
I' --[, - +-[-- = a

21 7 21

or 21r2 - 32r%+ 12r -1 = 0

or 441r4 - 520r3 + 102r2 - 24r + 1= 0

r = 1 or r < 1

Hence, the method(2.14) is also zero stable.

Like the method (2.9), method (2.14) is consistent and zero

stable, hence it also converges.

(3) REGION OF ABSOLUTE STABILITY

Here, the same line of argument used for method(2.9) in section

(3.1) above will be used to discuss the region of absolute stability for

method (2.14). The stability polynomial for the method(2.14) is:

r2 _ 3~ r% ~ 4 r _ ~

h(r) = 21 7 21 ------------------------------------ (3.1.6)
2
--r
7
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We put r = eiB, 0 sO S 7T, where eiB = cosO + i sinO. Hence we

have

(cos20 + i sin20) - ~~ (cos~0 + i sin ~0) + 4 (cos0 + i sin 0) - ~
h(e) = 21 7 21

2 (cos20+isin20) .
7

(3.1.7)

Rationalizing the denominator by multiplying both the

n umerator and denominator by the conjugate of the denominator, we

have

h(O) = x(O) + iy(O) ------------------------------------------------- (3.1.8)

where

32 0 4 1
1- - cos - + - cos0 - - cos20

x(O) = 21 2 7 21
2

7

32 . 0 4 . 0 1 . 20-sm-+-sm +-sm
y(O) = 21 2 7 21

2

7

Evaluating x(O) and y(O), 0 s 0 s 180 we have

Tahle 2

.--
I~ 0 30 60 90 120 150 180..

·(8) 0 0.00289 0.03547 -0.10457-0.0833 0.30425 1.333
-- --
7(8) 0 2.5347 4.543 5.7712 6.2965 6.0073 5.333

The above table could be used for pl?tting the graph of region of

stability of (x, y). Also, the interval of absolute stability is (0, 1.333)

which is also contained in the positive x-axis of the complex plane.
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3.3 ANALYSIS OF BASIC PROPERTIES OF THE METHOD (2.19) :
k=3

Here,we shall examine the basic properties of the method (2.19)

followingsimilar procedure as in section (3.1).

(1) ORDER AND ERROR TERM

Here, we look into the estimation of the order and error term of

the method k= 3. Wedefinea linear operator Lassociated with (2.19)

as defined by the equation (3.1.4) for k= 3. AdoptingTaylor series

expansion y(xn+ j) and y'(xn+ j lj =1,2,3 about x = xn and

combiningthe terms ofequal powersofh, we obtain:

where
/

192 18 3 2C =1--+---+-=0
o 115 23 23 115

192(5) 18 3 6Cl =3-- - +-(2)----(1)=0
115 2 23 23 23

9 192(25) 18 3 6C2 =--- - +-(2)----(3)=0
2 115 8 23 23 23

C = 9 _192(125)+~(8)_~(.!.)_~(9)=0
3 2 115 48 23 6 23 2 23 2

C = 27 _192(625)+~(~)_~(_1 )_~(27)=0
4 8· 115 384 23 24 23 24 23 6 .

C - ~_192(3125)+~( 32 )_~(_1_)_~(~) - -0 75
5 - 40 115 3840 23 120 23 120 23 24 - .

Thus,

Hence, the scheme (2.19) is of order p= 4 and the principal error

constant isCp+1 = -0.75.



(2) CONSISTENCY AND ZERO STABILITY

For the method(2.19)

(i) P>1

(ii)
3 192 18 3 2
La· =1--+---+-=0
j=o J 115 23 23 115

(iii) 3. ( .2) (-3) (18) 5(-192) 6LJaj=O - +1- +2 - +- +3(1)=-
j=o 115 23 23 2 115 23

(iv)

3
Since Ljaj = Pj =~, then method(2.19)is also consistent.

j=O 23

The characteristic equation for method(2.19) is

r3_192r%+18r2_~r+~=0 ?(()
115 23 23· 115 )

or 115r3 -192r% +90r2 -15r + 2 = 0

or 13225r6 -16164r3 +4650r4 +2240r3 +585r2 - 60r +4 =0

r = 1or r-e 1

Hence, the method(2.19) is also zero stable. Since the method is

consistent and zero stable, it also converges.

(3) REGION OF ABSOLUTE STABILITY

J

""
As for the methods(2.9)and (2.14), the same procedure is used

to discuss the region of stability for method(2.19). The stability

polynomial for the method (2.19)is:
/



h(r) =

Let r = eiO, 0 sO Sst, whereeiO = cos0 + i sin0, we have

c 39" 39) 192( 59.. 59),COS +lsm -- COS-lSln-
115 2 2

+.!!(cos29 +isin29)- ~(cos9 +isin9)+ ~
h(9)= 23 23 115

~(COS39+isin39)
23

Rationalizing the denominator by multiplying both numerator and

denominator by the conjugate of the denominator, we have

h(O)= x(O)+ iy(O)

where

192 0 18 3 2
1- -cos- +-cosO - -cos20 +-cos30

x(O)= 115 2 23 23 115
6
23

192 . 0 18 . 0 3 . 20 2 . 30-sm-+-sm +-sm -sm
y(O)= 115 2 23 23 115

6
23

Evaluatingx(O) and y(O), 0 sO s 180, we have

Table 3:

\

9 0 30 60 90 120 150 180

x(9) 0 -0.000276 -0.0259 -0.145 -0.55 -0.6712 1.2667

y(9) 0 3.5228 6.2311 7.5922 7.7076 7.18726.400

From the table above, the interval of absolute stability is(0,

1.2667)which is also contained in the positive axis of the complex

plane.
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3.4 ANALYSIS OF BASIC PROPERTIES OF THE METHOD
(2.24) : k = 4

In this section, we shall examine the basic properties of the

method (2.23)followingthe same procedure as in section(3.1).

(1) ORDER AND ERROR TERM

We are looking at the estimation of the order and error term of

the method k= 4. We define a linear operator L associated with (2.24)

as defined by the equation (3.1.4) for k= 4. Adopting Taylor series

expansion,ytxn+ j) and y'txn+ j lj = 1, 2, 3, 4 about x = xn' and

combining the terms of equal powers of h, we obtain

(3.1.4)

where

\

c =1_9216+48_Q+~_~=0
o 5145 49 49 245 343

C = 4 - 92~6 (7) + 48 (3)- g(2)+ ~(1)+ Q(1) =0
1 5145 2 49 49 245 49

C =8_9216(49)+ 48(9)_Q(4)+~(!)+Q(4)=0
2 5145 8 49 2 49 2 245 6 49

C = 32 _ 9216(343)+ 48(27)_g(8)+~(!)+g(8)= 0
3 3 5145 48 49 6 49 6 245 6 49

C = 32 _ 9216(2401)+ 48(~)_g(~)+~(~)+Q(32)=0
4 3 5145 384 49 24 49 24 245 24 49 3

C = 128 _ 9216(16807)+ 48(~)_g(~)+~(_1_)+g(128)=0
5 15 5145 3840 49 40 49 15 245 120 49 15

C = 256 _11649 + 729 _~+ 1 _ 625 = -0.17
6 45 25725 735 735 11025 98

Thus,



37

Hence, the scheme(2.24) is of order p = 5 and the principal error

constant isCp+l = -0.17 .

(2) CONSISTENCY AND ZERO STABILITY

For the method(2.24),

(i) P>1

(ii)

(Hi)

4. (33) t( 16) (12)LJa'=O-- + - +2--
j=o J 343 245 49

+3(48) + 7 (- 9216) + 4(1)= 13.
49 2 5145 49

(iv) 12
P4 = 49

Since
4 . 12
LJaj = Pj = -," then the method (2.24) is also
j=o 49

constant.

The characteristic equation is

r4_ 9216r%+ 48r3_12r2+~r_~=0
5145 49 49 245 343

or 5145r4 -9216r:% +5040r3 + 1260r2 +336r-45 ='0

or
26471025r8 - 33073056r 7 + 12436200r6 - 9243360rS

+ 4511430rS" -1300320r3 + 226296r2 - 30240r + 2025 = 0

Solving the characteristic equation, we, obtainr s 1. Hence,
. ,

method (2.24) is also zero stable. Since it is consistent and zero

stable, it also converges like other methods(2.9), (2.14),and (2.19).

(3) REGION OF ABSOLUTE STABILITY
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As for the other methods (2.9), (2. 14), and (2.19), the same line

of argument will be used to discuss the region of absolute stability for

method (2.24). The stability polynomial is:

Expressing r = eiO, 0 s 8 ~n, where eiO = cos 8 + i sin 8 , we have

(cos40 + i sin 40) - 9216 (cos 70 + i sin 7 8)
5145 2 2

+ 48 (cos30 + i sin30)- g(cos28 +i sin 20)
49 49

16 ( 0 .. 8) 3+- cos +tsm --
h(O) = -=2~4=_5 3~4.:....::3'_____

g(cos48 + isin48)
49

Rationalizing the denominator by multiplying both numerator and

denominator by the conjugate of,the denominator, we have

h(8) = x(8) + iy(8)

where

9
5145-9216cos- + 5040cos9 -1260cos29 + 336cos39 - 45cos49

x(9) = 2
1260

9216sin~ + 5040sin9 + 1260sin29 + 336sin39 + 45sin49
y(9) = 2

1260

Evaluating x(O) and y(01o < 0 < 1800
, we have

Table 4:

9 0 30 60 90 120 150 180

x(9) 0 0.00023 -0.00167 -0.1244 -0.7893-1.7556 -1.2190

y(9) 0 4.9946 8.0182 8.9053 8.9015 8.4966 7.3143
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s

39

Here, the interval of absolute stability is (-1.219, 0) which is

contained in the negative axis of the complex plane.

/

~e

v

n

I:
I
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/ CHAPTER FOUR

NUMERIC EXPERIMENT

Problem 1:

y' = 5y, y(O) = 1, 0sx ~0.5

The theoretical solution isy(x) = e5x, using the method (2.9)

Table 5: Results for Problem 1, h= 0.1

X
EXACT NUMERICAL ERROR

SOLUTION SOLUTION

0.0 1.000000000 1.000000 0.0000000

0.1 1.648721271 1.652777778 4.0565071 x 10-3

0.2 2.2718281828 2.2720196759 1.19149308 x 10-3

0.3 4.481689070 4.476990500 4.6985707 x 10-3

0.4 7.389056099 7.368380197 2.0675042 x 10-2

0.5 12.18249396 12.12712574 5.3368219 x 10-2

Table 6: Results for Problem 1, h= 0.05

X
EXACT NUMERICAL ERROR

SOLUTION SOLUTION

0.0 1.000000000 1.0000000 0.00000000

0.1 1.648721271 1.649117364 3.960931237 x 10-4

0.2 2.2718281828 2.718209677 7.215126716 x 10-5

0.3 4.481689070 4.480374782 1.314288493 x 10-3

0.4 7.389056099 7.384918961 4.137137662 x 10-3

0.5 12.18249396 12.17242546 1.006850079 x 10-2

/



Table 7: Results for Problem1, h = 0.025

X
EXACT NUMERICAL

ERROR
SOLUTION SOLUTION

,0.0 1.000000000 1.00000000 0.00000000

0.1 1.648721271 1.648759226 3.79557929x 10-5

0.2 2.2718281828 2.718244304 3.752490774 x 10-5

0.3 4.481689070 4.481462166 2.2269046915x 10-5

0.4 7.389056099 7.388409907 6.461918878 x 10-4

0.5 12.18249396 12.180979999 1.513973201x 10-3

Problem 2:

y' = x + y, y(O) = 1, 0sx s1

The theoretical solution isy(x) = 2ex - x -1. With our method(2.9),

we have

Table 8: Results for Problem 2, h= 0.1

X
EXACT NUMERICAL

ERROR
SOLUTION SOLUTION

0.0 1.0000000 1.000000000 0.000000

0.1 1.110341836 1.110400000 5.8638487x 10-5

0.2 1.242805516 1.242860400 5.488367966x 10-5

0.3 1.399717615 1.399767885 5.027024799x 10-5

0.4 1.583649395 1.583693475 4.40~939869x 10-5

0.5 1.797442541 1.797478572 3.603036829x 10-5

0.6 2.044237601 2.044263402 2.580078518x 10-5

0.7 2.327505415 2.327518436 1.302102329x 10-5

0.8 2.65108157 2.651079125 2.732171782x 10-5

0.9 3.019206222 3.019184279 2.194287456x 10-5

1.0 3.436563657 0.3436518493 4.516409105x 10-5

r

1

)

I
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Table 9: Results for Problem 2, h= 0.05

•

X
EXACT NUMERICAL

ERROR
SOLUTION SOLUTION

0.0 1.0000000 1.00000000 0.00000000

0.1 1.110341836 1.110348761 6.924424515 x 10-6

0.2 1.242805516 1.242811947 6.430220900 x 10-6

0.3 1.399717615 1.399723371 5.755475747 x 10-6

0.4 1.583649395 1.583654263 4.867680034 x 10-6

0.5 1.797442541 1.797446271 3.72948369 x 10-6

0.6 2.044237601 2.044239899 2.298036938 x 10-6

0.7 2.327505415 2.2327505939 5.242465182 x 10-7

0.8 2.65108157 2.651080209 1.648063529 x 10-6

'0.9 3.019206222 3.019201939 4.283098675 x 10-6

1.0 3.436563657 3.436556203 7.45416149 x 10-6

. Table 10: Results for Problem 2, h= 0.025

X
EXACT NUMERICAL ERROR

SOLUTION SOLUTION

0.0 1.000000 1.0000000 0.0000000

0.1 1.110341836 1.110342678 8.413922674 x 10-7

0.2 1.242805516 1.242806290 7.7399323 x 10-7

0.3 1.399717615 1.399718298 6.831107939 x 10-7

0.4 1.583649395 1.583649960 5.645509114 x 10-7

0.5 1.797442541 1.797442955 4.134971023 x 10-7

0.6 2.044237601 2.044237825 2.244259218 x 10-7

0.7 2.327505415 2.327505406 8.988481515 x 10-9

0.8 2.65108157 2.651081563 2.939820409 x 10-7

0.9 3.019206222 3.019205583 6.388222253 x 10-7

1.0 3.436563657 3.436562604 1.052944995 x 10-6
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Table 11: Results for Problem 2, h= 0.0125

•

X
EXACT NUMERICAL

ERROR
SOLUTION S6LUTION

0.0 1.000000 1.0000000 0.000000

0.1 1.110341836 1.110341940 1.035809269x 10-7

0.2 1.242805516 1.242805611 9.479278962 x 10-8

0.3 1.399717615 1.39917698 8.301043941 x 10-8

0.4 1.583649395 1.583649463 6.770127193 x 10-8

0.5 1.797442541 1.797442590 4.825377253 x 10-8

0.6 2.044237601 2.044237625 2.396681564 x 10-8

0.7 2.327505415 2.327505409 5.962435878 x 10-9

0.8 2.65108157 2.651081815 4.245215601 x 10-8

0.9 3.019206222 3.019206136 8.655123995 x 10-8

1.0 3.436563657 3.436563517 1.394566476x 10-7

Problem 3:

y' = 2y2 + 4x2 , y(l) = -2

The theoretical solution is -2x~2x2 -1

Table 12: .Results for Problem 3, h= 0.1

X EXACT NUMERICAL
ERROR

SOLUTION SOLUTION
1.0 -2.0000000 -2.00000000 0.0000000
1.1 -2.621602563 -2.621846035 2.434713990 x 10-4

1.2 -3.290714208 -3.291269324 5.5551161287 x 10-4

1.3 -4.011084641 -4.011798112 7.134706411 x 10-4

1.4 -4.784642097 -4.785479878 8.377807207 x 10-4

1.5 -5.612486080 -5.613442175 9.56094811 x 10-4

1.6 -6.495290602 -6.496367498 1.076895984x 10-4

1.7 -7.43391777 -7.434694981 . 1.203203701x 10-3

1.8 -8.427383936 -8.428720155 1.336219444x 10-2

1.9 -9.477172574 -9.478649034 1.476459548x 10-2

2.0 -10.58300524 -10.58462940 1.624157342x 10-3
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Table 13: Results for Problem 3, h= 0.05

X
EXACT NUMERICAL ERROR

SOLUTION SOLUTION
1.0 -2.0000000 -2.00000000 0.0000000
1.1 -2.621602563 -2.621653704 5.114046236 x 10-5

1.2 -3.290714208 -3.290784699 7.04908947 x 10-5

1.3 -4.011084641 -4.011169750 8.410903360 x 10-5

1.4 -4.784642097 -4.784738797 9.669963625 x 10-5

1.5 -5.612486080 -5.612595594 1.095138547 x 10-4

1.6 -6.495290602 -6.495413557 1.229557603 x 10-4

1.7 -7.43391777 -7.433628950 1.371733066 x 10-4

1.8 -8.427383936 -8.427536161 1.522251645 x 10-4

1.9 -9.477172574 -9.477340710 1.681355895 x 10-4

2.0 -10.58300524 -10.58319016 1.849146002 x 10-4

Table 14: Results for Problem 3, h= 0.025

X
EXACT NUMERICAL

ERROR
SOLUTION SOLUTION

1.0 -2.0000000 -2.00000000 0.0000000
1.1 -2.621602563 -2.621609436 6.872551613 x 10-6
1.2 -3.290714208 -3.260722836 8.627333923 x 10-6

1.3 -4.011084641 -4.011094712 1.149393995 x 10-5

1.4 -4.784642097 -4.784853591 1.149393995 x 10-5

1.5 -5.612486080 -5.612499060 1.297998086 x 10-5

1.6 -6.495290602 -6.495305156 1.455480311 x 10-5

1.7 -7.43391777 -7.433508005 1.622.794646 x 10-5

1.8 -8.427383936 -8.427401939 1.800300010 x 10-6

1.9 -9.477172574 -9.477192455 1.988128808 x 10-5

2.0 -10.58300524 -10.58302711 2.186322921 x 10-5
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Table 15: . Results for Problem 3, h= 0.0125

X
EXACT NUMERICAL

ERROR
SOLUTION SOLUTION

1.0 -2.0000000 -2.00000000 0.0000000
1.1 -2.621602563 -2.621603437 8.738211275 x 10-7

1.2 -3.290714208 -3.290715270 1.061735584 x 10-6

1.3 -4.011084641 -4.01185870 1.228418948 x 10-6

1.4 -4.784642097 -4.784643495 1.39777763 x 10-6

1.5 -5.612486080 -5.612487657 1.576508597 x 10-6

1.6 -6.495290602 -6.495292368 1.766773173 x 10-6

1.7 -7.43391777 -7.433493746 1.969320978 x 10-6

1.8 -8.427383936 -8.427388120 2.184411242 x 10-6

1.9 -9.477172574 -9.477174986 2.412121642 x 10-6

2.0 -10.58300524 -10.58300790 2.652461140 x 10-6

The first two examples used for this work are linear problems

while the last example is non-linear. It will be observed that the

method is suitable for both linear and non-linear problems.

From the tables, the numerical solutions have negligible errors.

It is observed from the tables that as the step length is reducing, the

solutions continue to improve, although the intervals of absolute

stability are also decreasing with increasing k.
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CHAPTER FIVE

CONCLUSION AND RECOMMENDATION

In this work, a new collocation hybrid backward differentiation

method for first order ordinary differential equation was proposed.

Four cases of k= 1, 2, 3, 4 of our method which give four different

independent schemes were considered. Each scheme obtained is one-

function evaluation per iteration. Hence, the computer time as well as

human efforts will not be wasted. Also the orders of the methods are

greater than the orders of the methods obtained by Lambert (1973) for

the same k. The methods were shown to be consistent, zero stable,

and hence convergent. It was observed that as the step number k

increases, the order of accuracy of the methods also increases with
/

small error constant. Numerical results of the implementation of the

schemes are very close to the' exact solutions. This confirmed the

suitability of the methods for general purpose use.

Finally, it is recommended that further work should be done to

produce better methods with the introduction of more than one off-

grid points since the introduction of an off-grid point in this work

produced more accurate, robust, and reliable methods than the

existing methods produced when only the grid points are used for

interpolation and collocation respectively.
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NAME OF FILE: AJILEYEI
SOLUTION OF FIRST ORDER 'INITIAL VALUE PROBLEMS Y'=F(X,Y)
BY A FAMILY OF ONE-STEP SYMMETRIC HYBRID METHODS
IMPLICIT DOUBLE ~RECISION(A-H,O-Z)
DIMENSION YNIC(BO,BO) ,YEX(BO,BO),ERC(80,80),TT(BO,80)
F(X,Y)=(2.DO*Y/X)+(4.DO*X/Y)
Y(X)=-2.DO*X*DSQRT(2.DO*X*X-l.DO)
OPEN(6,FILE='AJIl.OUT')
N=BO
NSTEP=BO
A=l.DO
H=O.0125DO
B=A+H
DX=H/FLOAT(N)
D=2.DO
XN=A
YN=-2.DO
U=O.5DO
XNl=XN+H
XNU=XN+O.5DO*U
WRITE(6,5)
FORMAT (8X, 'X', 12X, 'EXACT' ,20X, 'YC' ,20X, 'EC' ,22X, 'YD' ,22X, 'ED'/)
CALCULATE PREDICTOR
DO 1 I=l,N /
CALCULATE FP
FF=F(XN,YN)
DFX=-2.DO~YN/(XN*XN)+4.DO/YN
DFY=2.DO/XN-4.DO*XN/(YN*YN)
'FP=DFX+FF*DFY
DFXX=4.DO*YN/(XN**3)

,DFYY=B.DO*XN/(YN**3)
DFXY=-2.DO/(XN*XN)-4.DO/(YN*YN)
,FPP=DFXX+2.DO*FF*DFXY+FF*FF*DFYY+DFX*DFY+FF*DFY*DFY
;YNl=YN+H*FF+«H*H)/2.DO)*FP+«H**3)/6.DO)*FPP
'F1~F(XN1,YN1) ,
YNU=YN+U*H*FF+U*U*H*H*FP/2.DO+«U*H)**3)*FPP/6.DO
CALCULATE COEFFICIENTS OF CONTINUOUS METHOD
DO ,2 J=l,NSTEP
TT(I,J)=XN+DX*FLOAT(J)
X=TT(I,J)
,P=X-XN
A1=(P*P-U*H*P)/«2.DO-U)*H)
A2=(P*P-2.DO*H*P)/«2.DO-U)*U*H*H)
'A3=(P*P-2.DO*H*P+(2.DO-U)*U*H*H)/«2.DO-U)*U*H*H)
YN1C(I,J)=A1*F1-A2*YNU+A3*YN
YC=YNIC(I,J)
CADCULATE EXACT SOLUTION AND ERROR OF THE METHOD
'IF(X.GE.B) THEN
'YEX'(I,J)=Y(X) I

iYE=YEX(I,J)
'ERC(r,'J)=DABS(YNIC(I,J) -YEX(I,J))
iER:::!:ERC(I,J)
IWRITE(6,rO)X,YE,YC,ER

o FORMAT (lX,FB. 2,3X, 3D20 .10)
CHANGE! VARIABLES
XN=XN11
YN'=YN1,
XNl=XNl+H
E,LSE
GO TO 2



ENDIF
IF{B.GE.D} GO TO 1
B=B+H
GOTO 1

2 CONTINUE
1 CONTINUE

STOP
END

to

/
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