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ABSTRACT

In this thesis, a class of discrete Linear Multistep Methods for Direct Solution

of third order initial value problems of Ordinary dinerential Equations is developed

using Taylor series expansion technique.

The method is motivated by the variety of application areas of third order

Ordinary Differential equations, which include Engineering, Science, Management

and Technology. The analysis of the basic properties or the methods were carried out

using Boundary Locus method. The result shows that the methods are Consistent,

Zero-Stable, and Convergent.

The methods are programmed in Fortran Programming Language and used to

solve some sample third order initial value problems in Ordinary differential

equations to demonstrate the practical feasibility and accuracy of the methods.
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CHAPTER ONE

INTRODUCTION

1.1 PREAMBLE

Differential Equations playa major role in the analysis of problems arising from

sciences, Engineering, Medicine and Management. Many of the basic laws governing

these problems are sometime defined in mathematical equations that contain unknown

functions and their derivatives of 3rd orders. Any equation involving an unknown

function, its derivatives of 15t
, 2nd and 3rd order is called a 3rd order differential. equation.

Third order equations are often expressed in form

y'" = F {x, y, y' ,y") y (xo) = Yo,y'(xo)= y'o, y"(xo) = y"o (1.1)

Differential equations are of two types namely, Ordinary Differential Equations

(ODES) and Partial Differential Equations ( PDES) respectively. It is ordinary if the

function depends on one independent variable x and partial if it depends on two or more

variables.

Third order differential equation can be classified into Linear and Non-linear

equations. A third order differential equation is said to be Linear if no product of the
y

dependent variable y(x) with itself or any of its derivatives occurs. While it is non-Linear

otherwise.
....

The subject of third order differential equations constitutes a large and very

important branch of Mathematics. Its study is a wide field in both Pure and applied

Mathematics. Pure Mathematicians study the types and properties of third order

differential equations to know whether or not the solutions exist, and should they exist,

whether they are unique. Applied Mathematicians, Physicists and Engineers are usually

1



more interested in how to compute solutions to them. These solutions are then used to

t

simulate real life problems in Engineering, Sciences and Management. . Very often, these

equations do not have closed form solutions and they are solved usmg Numerical

methods.

One of the conditions that such equations must satisfy in order to ensure the

existence and uniqueness of solution is contained in the theorem postulated by

Coddington and Levingson (1965)

Definition 1: A 'Solution of an ordinary differential equation of order three isa function
.I

that possesses at least three derivatives in some interval I and satisfies the equation and

associated initial conditions.

Basically, there are two main methods of solution of 3rd order ordinary differential

equation. They are Analytical and numerical methods respectively.

Analytical method consists of expressing the unknown variable y in terms of the

independent variable x or as a linear combination of elementary functions such as Bessel

functions, exponential, functions and trigonometric functions respectively.

However, there are many problems of this kind, which do not possess a closed
l .

form solution. In these situations, an approximate solution using numerical methods

becomes an important -approach:

Numerical Method is an approximate method to get a solution to a particular

problem at some discrete points in the interval of definition of the problem. The advent

of digital computer has influenced: the use and the development of Numerical methods.

This helps to find solution to differential equations at the desired points. It also helps in

2



the creation of new methods, modification of existing methods to make them more

effective and give room for theoretical/practical analysis of algorithms for the standard
.I

computational process and pointing out those algorithms which are satisfactory in various

situations. There are. several algorithms, amongst which are single-step algorithmand

linear multistep algorithms (method); which form the object of this work.

1.2 THE EXISTING NUMERICA~ METHODS

It has been observed in literature that the commonest method for solving a3rd order

ordinary differential equations of the form

y'" = F{x,'y, y', y") ........................................ (1.2)

is by reduction of the problem into a system of first order ordinary differential equations

of the form y'= f(x, y): y(xo) =}o ................................ (1.3)

And then adopts any appropriatenumerical method for solving the first order system of

ordinary differential equations. More information on this' can be obtained in

Fatunla(1988), Lambert(1973), Jain (1984), Jain et al (1984), Enright (1974), Jeltsch

(1976), Jacques and Judd (1987).

The methods had bee.: classified into:

(i) The expansion methods, where by, the theoretical solution y(x) is approximated by
I'

the first few terms of an expansion invol ving orthogonial functions Hj(x) in the form

k

Yk(X) = ~ Uj Hj (x) (1.4)

j = 1

where Uj can depend on k .

3



(ii) The discrete variable methods in which numerical approximations are obtained at

some specified points in the integration interval .lt seems to be more amenable to

computer implementation; hence it is more universally applicable.

The conventional method which involves the reduction or (1.3) to a system or first

order ordinary differential equation suffers some major setbacks. The setbacks include

computational burden and cost implication.

Furthermore: a more serious drawback to such technique or approach arises when

the given system of equations to be solved cannot be solved explicitly for the derivatives

of the highest order [Bun and Vsil'yer, (1992)]. The method then becomes inefficient

and uneconomical for a general - purpose application.

The existing methods can also be classified into Continuous and discrete methods.

Continuous method makes use of collocation and interpolation approach in the derivation

of the methods. Though, this method is acceptable and unique in terms or accuracy but

their method or derivation is complex and the implementation is diIficult. Discrete

methods based on Taylor series expansion method are less difficult to derive and apply.

In this work, a class of discrete linear multistep method or the form

k.: k:

)'Il+k = ~iYn+j +h
3

L~.iY'"n+j (1.5)
j=O j=O

is to be developed for direct solution of third order initial value problems or ordinary

differential equations of the form

"'- f ( '") ( ) - '()-'''() - " (I r-)y - x,y,y,y, y Xo - yo, Y Xo - Yo. y Xo - Y 0·················································.o

4



1.3 MOTIVATION

Third order ordinary differential equations have large areas of application such as

Engineering, Management and Sciences where they serve as model equationsfur analysis

of real Ii fe problems like electrical network. The adoption or these Numerical methods in

solving the real life problems which includes Controls and Population Dynamics in

Biology and Blasious equation influid dynamics), directly without reducing the modeled

equation to a system of first order equation motivated the research work.

The Existing Methods of reduction of higher order equations to lower order are

inadequate due to their inefficiency and heavy computations. The proposed method will

therefore reduce these inadequacies by reducing computational efforts andinefficiency

associated with the existing method.

1.4 RESEARCH OBJECTIVES

The objectives of this work are to: -

(i) develop a Discrete Computational forrnularor the form (1.5) 1'01' direct

solution of 3rd order Ordinary differential equations.

(i i) develop necessary predictors for determination of starting values.

(iii) analyze the basic properties of the methods which includes the order of

accuracy, error constants, consistency, zero-stability convergence and

check for A- stability

(iv) apply the method to solve some sample problems on computer with a view

of accessing its applicability and accuracy.

5



1.5 RESEARCH METHODOLOGY

To achieve the above objectives we adopt:

(i) Taylor series expansion of the variables Yn+k,Yn+jand fn+jabout point (xn"Yn)are

adopted and substituted into equation (1.5} and combine terms in equal power of h

with a view to determine the unknown coefficients of the methods .
.I'

(ii) the system of linear equations resulting from the above procedure were solved by

Gaussian elimination technique.~ ..• .

(iii) analysis of the basic properties of the methods were also carried out usmg

Boundary Locus method.

(iv) the formulas (or methods) were coded in Fortran programming language.

(v) the programme was implemented on a digital computer with sample 3rd order

initial value problems.

6



CHAPTER TWO

PRELIMINARY CONCEPTS AND PRINCIPLES

In this chapter, the basic concepts and principles that are relevant to the

development, analysis and implementation of the scheme are discussed.

2.1 PRELIMINARY CONCEPTS

The basic concepts of interest include step length or meshsize, explicit and

implicit method, characteristic polynomial. These are discussed in turns below .
.f

A. STEP LENGTH OR MESHSIZE.
. " -

Most numerical methods for the solution of(I.'l) are based on the principle of

discretization. Discretization is a process of dividing an interval into some small

subintervals; in which an approximationYn to the theoretical solution y(x) are sought on a

discrete points set xi, i= O(1)n defined by a= Xo < XI < X2 <x., = b in

the interval 1= [a,b] with h =Xi - Xi-I, i ~ [i(l)n-1] as shown in the figure below.

h

a= h
~
a= Xo

I
h hh h h

Xn = b

t'

The parameterh is called the step length or mesh size for the method while theXi's are

called mesh-sizes.

B. Implicit and Explicit method: A Linear multistep method

k

LUj yn+j

j=O

k

h llj fn+j (2.1)

j=O

for initial value problem (1.1) is said to be implicit if the value Pk:f 0 and explicit

otherwise.

7



C. Characteristic polynomial: A characteristic polynomial of a linear multistep

method of type (2.1) is defined byIlfr, 'h) = per) :- no(r) (2.2)

where
k

p (r) = Laj~
j=O

and

.r

k
o (r) = Lpj~

j=o

are called first and second characteristic polynomials respectively.

2.2 PRINCIPLES

2.2.1 Power series: In the derivation of numerical analysis, power series technique

such as Maclaurin's series and Taylor series expansion are used in the derivation

of the method. Taylor series is a one-step method, which can be'used to obtain an

approximation to the value of the solution of an initial value problem at specific

values ofx. Assuming that the functionY(Xn+h) is continuously differentiable in a

certain interval [a,b] then its Taylor expansion

• I

Y(Xn+h) = L ®L (2.3)
r =0 r!

For further information, see (John L. Van Iwaarden, 1985)

A Interpolation:' This is the process of finding a solution at a particular or some

specified points inside a given interval [a,b]

8
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B Predictor -Corrector procedure: This is a process in which an explicit method

is used in estimating me unknown: function in the given problem and this predicted value -

is used as starting value for the corrector method adopted. Suppose an implicit linear

k-step method of the form

~I ~I

Yn+k+ LUj Yn+j h3Pkf(xn+k,Yn+k)+ht Pj y"'n+j (2.4)
j=o j=O

is to be used to solve initial value problem, At each step Yn+kmust be calculated. The

initial guess or value Yn+k(0) will be required. This is done by using a separate explicit

t

method to estimate Yn+k,and taking this predicted value to be initial guess Yn+k(0) . The

explicit method is called the predictor, and the implicit method the corrector.

C Linear multistep method (LMM): A linear multistep method is a method that

tends to approximate Yn+kfrom a linear combination of the previous estimates Yn+j.

j = O(l)k-l .

It is of the form

k -1

Yn+k=hxj Yn--i-j

j"--O

k+lm" - .
h '-' Pj fn+j ,m = 1,2 (2.5)

j=O

Where Uj and Pj are constants and Uk-t 0, and that both Uoand Po are not both zero.(For

details see Lambert, 1973)

9



CHAPTER THREE

DERIVATION OF THE PROPOSED METHODS

The method discussed here is motivated by the linear multistep method

k k

LUjYn+j hLPjY'" n+j (3.1)
j=O j=O

Proposed by Adams (1883) for numerical solution of 151 order ordinary differential

equation (1.3)

In this work, formula (3.1) is redefined for the 3rd order ordinary differential

equations.

y"'= f (x,y,y',y") as

Yn+k

k.i

~j Yn+j
j=O

................... (3.2)

k.i

h3 ~rt '"+ iJl"j Y n+j
j=O

Where the parameters Ujand Pj are to be determined as to ensure that the resultants

methods are consistent, zero-stable and convergent. Like it is done for the Linear

multistep method (Lambert, 1973) Uk= 1 and Uoand Po are not both zero.

- Assuming that a truncation error Tn+k is defined as

k-t k-t

Tn+k = ~Uj'Y~+j h
3

#PjY'"n+J (3.3)

is made at each step of application of the method for solution of (1.1) Then the parameter

uj's and Pj's,j =O(1)k can be determined as to ensure that Tn+k is minimum.

To achieve this, we adopt the following steps.

10



3.1 PROCEDUI~ES

(i) Adorning Taylor series expansion 01 Y/ll b YJ;~j, and y"',: I-j .i = OCI) ~-I about point

Yn+k= Yn+ (kh) Y n(I) + (khi Yn(2)+ (kh}3 Yn(J) + (kh}4y/l)+

2! 3! 4!

+ ... (kh}P Yn( p) + (kh) p+I Yn P + I

P ! (p+ 1) !

-I- illup-l 2Yn p+2 +- 0 (hP+3)

(p+2) !

Yn+j Yn + Uh)Yn(l) + (jb}2 Yn (2) + (ilii Yn(3)+ (jb}4 Yn (4)

2! 3! 4!

+ +(ili..tYn (p) + (lh)Yn (1-1 I + (it))'! (1 +2+ O(hP+J)

r! (p-+ I)! (r+2)1

y"'ntj )'nJ + Uh)y/-'~ + .wliYn(5) + DldYn(6)+....... +
2! 3!

+ (jb}PYn (p) + (jb}Yn P +I + (jb}y/+2 + O(hP+3)

p! (r+ I)! (p+2)!

............... (3.4)

(ii) Inserting the above expansions into the error equation (3.3) and comhinc terms in

equal power of h to have,

+ [

k3
_

"I.-'.
k-I r;\3 allL .1

L: 3!
j=O

k-ILaj

Lp! .
K-I

L
;(P_21.13··lhP I P + 0'1 p~I.)JJ..--.-IJ )n (1

(p-Z )!
j=O

1 1

..................... (3.5)

r



Which is compactly written as

T - C Chi C 122 - --C IP--(' IP'II C IPIL ()(I·pI-3)nil - JO Yn + I Y n + 21 Y n t •••••••.•.•••••. I p1 , 'pi I 1 + pi 2 1 + 1

Where

k-I
Co = I - Laj Yn

j=O

k-I
C, = k- Ijaj hy',

j=O

k-I
I U)2

aj

j=O
I 2 2
1 Yn

Cp , kP _

p!

k -I . (p- 2) n:J IJJ

L (p-2)!
j=O ..................... (3.G)

k-ll'P Q'- J

Lp!
j=O

• Definition 1: The numerical method (3.1) and the local truncation error Tn+k are said tu

(iii) Imposing accuracy of order p on Tn+k we have

C,= 0, i=0 (I) p+2 (3.7)

Cp+3 = kP+~ k-I :ill') a._- _ l.:..- J __

(p+3)! L (p+3)!
j=O

k-I

L
i~()

~r3j
(p+ I)!

(iv) Solving equation (3.7) for the unknown parameters ai'sand r.~j's by using Gaussian

elimination process

The parameters cj's and p,;'s are then chosen to ensure that one or more of the fol.owing

conditions are satisfied.

(a) Adequate high order of accuracy of the scheme

12



(b) Minimum bound or local truncation error

(c) Minimum storage requirement

(d) Maximum interval of absolute stability.

These will be done for the cases k=3, 4,5 and k=6.

THREE STEP SCHEME
Setting k = 3 in equation (3.2) we have a 3-step scheme of the form

-- + + + I 3 (f.l. "' + f.l. "' f.l. "' )Ynn - aOYn alYn+1 a2YII+2 1 I/OY II I'IY 11'1 + 1'2Y 11+2 ............... (3.8)

with local truncation error

TII1-3= (l-ao- al- (2) yn + (3 - al - 2a2 ) hy'; +(9/2 - al/2 -2(2) Ily} + (27/6-uI/6

- 8a2/6 - 00 - PI- 02) h3Yll3 + (81/24 - al!24 -16a2/24 - PI- 202) h4Yn4+ (2431120 - al

1120 -32a2 I 120 -13112 -202) h5Yn5 + (729/720 -all 720 - 64a2 1720 - 0116 -802/6 )

h6y,/' +(2187/5040~aI/504()-128a2/5040 -01124- 1602/24)h7y,/ ;. 0(h8)

.............................. (1.9)

Imposing accuracy of order 4 on(1111-3),we have the following systemof Linear equation

involving the coefficients ofthe method

••

3 - al - 2a2 = 0

9/21 - al/2 - 2(X2= 0

27/6-a1/6 - 8a2/6 -r:~0-r31-02=0

81/24 -a1/24 -16a21 24 - 01- 202 = 0

243/120-a,/120-32Ct2 I 120-r~1/2-2rh =0

729/720 -all 720 - 64a21720 - P116 -802/6 = 0

2187/5040 - all 5040 - 128a2/5040 -PII 24 - 16P21 24 = 0

r

........................... (3.1 0)

In matrix notations (3.9) modifies into

13



o o o ao

al 3

a2 <)/2-

00 27/6 ......... (3. I I)

fi I 81/24
I

02 2431129
./

o 2 o o o

o 1/2 4/2 o o o

o 116 8/6

o 1124 16/24· 0 1 2

o 11120 32/120 () 1/2 4/2

Solving (3.11) by Gaussian elimination technique, the value of the parameters are

obtained as

Substituting the values of these parameters into the expansion in0.8) above, the general

3-stcp linear multistep method is

Yn+3 =3Ynt-2 - 3YIIII + YII + hl rCl-l2 + Cl+d (3.1 3)
2

Definition 2:-!\ method is said to be of order p,if p is the largest positive integer lor

which

According to definition 2, method (3.12) is said to be of order P+3 =7 where P = 4 and
r

principal truncation error C7 = 11240

14
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FOUR - STEP SCHEME

Setting k= 4 in (3.2) we have a4-st~p scheme or the form

Yn+4 = aOYn + a IYn+ I + a2Yn+2 + a3Ynl-3 + hJ (Po y'''n + [)1y"'nl I + [)2y'''nl 2 + fhy"'n-l3 )

.................................. (3.14)

with local truncation error

T,,'4= (l-ao-aJ-a2 -a.1) .'I" +(4 -al- 2(Xl-3cx.1 ) hy',

+(16/2 --al/2 -4/2(12 -9/2(3) bly} + (64/6-aI/6 - 80.2/6 - 27a}/6. Po - [31- [3r (33)h'y,,' +
I' •

{256/24 -I 124[ al+ 16al +81 n-] + WI' 2f32 -I 3 f>.1)}h'ly,,~+

{ 1024/120- { I I 120 [al + 32a2 +243a}J-1121T 1+4[32+9[3.1]}h\,5 +

{40961720 - 1 1720[al+ 64a2 + 729(1',-1-1/6[[31+8(32+27/33 )h6y,/' +

{16384/5040 - 1/5040 [al + 128a2+2187a.1]-1124 [[31+ 16[3}+81 01]} h7y,,7 +

{65536/40320-1 /40320[ al +256a}+656I a1] -II 120[131+ 32[32+243 [33]h8y,,8 +_._.._._ + O(h'J) (3.1 ~

Imposing accuracy of order 5 onTn+4 we have

4 - al - 2a2 -3aJ = 0

16/2 - 0.1/2 -4/2rt.2 -9/2(X3 = 0

64/6-u/6 - 8a2/6 - 27a3 /6 - Bo - fll - fh - P3= 0 r

...................... (3.16)

which in matrix notation, becomes,

15



(
0 0 0 0 (X 0

0 2 3 0 0 0 0 <XI 4

0 1/2 4/2 9/2 0 0 0 0 <X2 16/2

0 1/6 8/6 27/6 <X) 64/6

0 1/24 16/24 81/24 0 2 3 Po z, 256/24

0 1/120 32/120 243/120 0 1/2 4/2 9/2 PI 1024/120

0 11720 641720 72.9/720 0 1/6 8/6 27/6 02 40'J61720
;'

0 1/5040 128/5040 2187/5040 0 1/24 16/24 81/24 fJJ 1 ,.lK·1/50~O

................................. (3.17)

Solving (3.17) with Gaussian elimination technique, we have

Substituting the val LIesof these parameters into the expansion in (3.14) above, we have

the general Explicit 4-step linear multistep methodor the form

Yn+4 = 4Yn+3 - 6Yn+2 + 4Yn+1 - Yn +h~[1;1+3 - ~I+d
2 ....................... (3.19)

FIVE -STEP SCHEME

Setting k =5 in(3.5) we have a 5-step scheme or the form

+13 "' +13 '" )3Y n+3 4Y n+4 ................................. (3.20)

with local truncation error

T,,'5 = (l-aO-oru2 -aJ)-a4)Y" +(5-al-2a2-3a3-4a~) hy',

+(25/2 - 0.1/2 -4120.2 -912aJ -16/20.4) h2y,,2 +

{ 125/6 -I /6( 0.1 - 80.2 - 270.3 - 640:4- 130- 131- 132- 133- (34)} h3y,,3 +

{625/24 ·-1/24 [ (11-1-16<X2 +81 0.3 +2560.4] - (131+ 2132+ 3133 +4f3.I)} h4y,,4+

{3125/I:O-I/120 [0.1+3:2.0.2 +2430.3 +!024a4]-1/2[f3,+4f32+<Jfh +16(3,d} h5y/i'+

{15625/720 - I /720[0.,+ 640.2 + 729aJ + 40960.4] -1/6[131+8(32+27133 +64(3.1) h6y"O -I-

16



(78125/5040 - I I 5040 la, + 1280'2+) 187a] -II 6384<X4]·1124 10,+ 16(32+81 (31124304]} h7y,,7 +

{390625/40320-1/40320[a, +256ai+656Ia) +65536a4] -1/120ff3,+ 32(32+243[3, +1024f34J hXy"K-I-

{1953 125/362880 - 1/362880 [a, + 512a2+ 19683a3 +262144a41-11720 [[3,+ 64 (32+729[3,

+4096(3,,]) h9y,,~+ {9756525/3628800-1 /3628800[al + 1024a2+S<)04a1 + 1048576a,1/ -1/5040101+

128[32+2 187[3J +16384[34] + hlOYlllO+ O(h") (3.21)

Imposing accuracy of order 6 on Tn+5, we have the following system of linear equations

involving the unknown coefficients of the method

25/2 - al/2 -4/2az -9/2a) -16/2a3= 0

{125/6- 1/6 [al + 8ai + 27a) + 64a4 - [30- 01 - [32- [33 - [34= 0
/

{78 125/5040 - 1/ 5040 [al + 128a2+2187a) + 16384a4]
-1/24 [[31+ 16[32+81fh +256[3,tJ} = 0

{39062S/40320·· 1140320ral +256a2+6561 a) +65536a4] -11120[[31+ 32[32+243[33
+I024P,,] = 0 1

{J 953125/362880-1/362880 [al +512arl- 19683aJ +262144a4]

............ (3.22)

• In matrix notation, equation, (3.22) modifies into the matrix equation

r
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r:
co 0 0 0 c

-, +- '>' -I I..) 0\ IJ
0\ C 0 IJ IJ +-
IJ lJJ +- C 0
co I )
co C
C

, >, IJ a- '~J co +- IJ'>' IJ +- IJ 0\
1-> 0 co 0\ IJ

--.J 1->
',J +- '.I, 1-'> 1-'> +-
0\ 0 0 0 0
1-> lJJ +-
00 IJ 0
00 0
0

0\ 1-> ~J 1-> co 1-> -D ',J
-D v, IJ +- -..J <,

0\ 0\ co '2 '~J IJ
co -:--J 1-' 0\
I,J

--.J +-.j..,.
'JI IJ IJ

lJJ 0 0 0 0
0\ lJJ .j..,.

IJ IJ 0
00 0
00
0

1-> 0\ +- 1-' 0\ +-
0\ v. 0\ 0 0 l.I. +- ?:'IJ v, lJJ -D IJ 9' c\lJ' 00 '2' :!::: 1-'>
+- 0\ .j..,. IJ
:!::- '<, <, ~I +-.t>- v. Iv 1-'>
lJ' 0 0 0 0
0\ lJ' +-
1_) 1-> 0
00 c
00
0

0 c 0 0 0 0 0 0 0

0 0 000
--.J IJ a- IJ
IJ I,) ~-
0 0

0\ lJJ 00 +- 1-> 0 0 0+- 1-' 0\
0\ I,)

--.J IJ
I J 1-' .i.,

0 0

-.1 IJ co IJ -c '" co co 0
1-' +- ~J I..>.o '~J

1-' c:
-I +-
1 J 1-'
0 0

+- IJ 0- +- c- o a
0 0 '.I, +- 0\
-0 1-> C\

0- J-,

'" +-
1-)

--.J +-
1-' 1-->

\...0 a
-~

r- -\
= = = = = Q Q Q Q Q\...+- lJJ 1-'> a +- I,J 1-'> 0.-/

~ ""\

lJJ --.J --.J lJ' a- 1-> '.I,-D -D 00 '>' 1 J 1-' IJ,v, co 0\ 1-> ,>, '/0
1->lJJ 0\ IJ 1-> '.I.

IJ ~, ~)
IJ o-

1-'> IJ. +-
'::" .•.... v. -..J 1->

.t>- o 1-'> 0
lJJ co .j..,.

0
0\ lJJ 0
Iv 1-->
00 a
00

\...0

~
••

,~)

I..)

'JJ~



Solving (3.23) with Gaussian elimination technique, we have

u()=··L ai'=-5, <X2=IO, <1.3=-10 a4=-5 a5=-I, 0o~0,f3'='/2;!' f32=-'/2,

03= - '/2,04 = '/2. f3s = 0 (3.24)

Using these values in equation (3.20) we have the generalf fth step method of the form

Yn+S=5Yn+4-1OYn+3+ 10 Yn+r 5 Yn+' + Yn+113[~1+4-t;11-3- 1;1+2+ C,+d
2

..................... (3.25)

SIX - STEP SCHEME

Setting k= 6 in (3.5) we have a o-stcp scheme of the form

+A '" +A '" +A '", )p3Y n+3 J-'4Y' n+4 J-'5Y n+S ................................ (3.26)

with local truncation error

Tn+6= (l-aO-a,-a2 -a3-a4 -as)Yn +(6-a,- 2a2-3a3-4u., -5(5) hY'1I

+{3612 - 1/2 [a, + 4~2 + 9aJ + 16a4 + 25as) h2y/ +

{2 16/6 -1/6(a, + 8a2 + 27a3 + 64a4 + 125 as - 00 - 0, - 02 - flJ - 04 - 05 )] h3Yn3 +

{1296/24 -lI24[ a,+ 16 a2 +R 1 a3 +256 a4 + 625 a5 ] - (0, + 202 +303 .+4f5., +505)} h"Ynl +

{77761J20-lII20[a, +32a2 +243a3 +1024a4 +3125as ]-1/2rf3,+402+9fI3 +1604 +160sl} h5YnS +

{466561720-lI720[a,+ 64U2-1'729a3 +4096a4 + 15625a5J-1I6[p,+802+27P3 +64f~4 +125Ps)h6y

{279936/5040- lI5040 [a, + 128a2+2187a3+16384a,,+78125as]

-I 124 [0,+ 1602 + 8103 +25604 +62505 ]}h7y/ +

{1679616/40320-1/40J20[a, +256a2+6561a3 +65536a" +390625asl

-lII20[p,+ 3202+24303 +102404 +31250s]h8Yn8 + +

{I 0077696/362880 - 1/362880 (a, + 512a2+1.96~3a3+262144a4 +1953125asl

-11720 [0,+ 6402+729fh +4096f3" +1 5625f\s]) h'lYII'>I-

{60466 176/3628800-1 136288001 (:x, + 1024a2+59049u3 + 1048576a,1 -19765625('.(s/

-1I5040[p,+ 12802+218703 +163840q +7812505]+

h,oYn'o + O(h") (3.27)

t
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Imposing accuracy of order 7 on Tn+6, we have the following system of linear equation involving

r
the unknown coefficients of the method as:

l-aO-::a,-a2 -a3-('(4 -as =0

6 - al - 2a2 -3al -4cx" -5a5 = 0

36/2 - 112 [ al + 4a2 + 9a3 + 16a4 +25a5= 0

{216/6- 116[al + 8a2 + 27a3 + 64a4 + 125a5 - 130- 131- 132- 133- III - 135= 0

(7776/120-{ 1/120 [o , +32a2 +243al r 1024a.1 +3125a5]-1/2[131+4[32+9131 + 1613.1+25135]) = 0

{46656/720-1 1 720[al+ 64a2+729cxl +4096a4 + 15625a51

{279936/5040 - 1/5040 [al + I28(X2+21 87(Xl + t 6384a, +78125a51

{1679616/40320-1/40326 lal +256a2+6561 al +65536a., +390625a51

{I 0077696/362880-1 1362880ral +512a2+ 19683a3 +262144a4 + 1953 125a51

-1/720 [(31+64132+729[33 + 4096[34 + 15625[35] }=1= 0 (3.28)

In matrix notation, Equations (3.28) modifies into equation
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r- "\

a a a a a a 0 a a a

"," -- :;:: -- <; -- 0; I..)'-, '-, v. -> 'Jo- a- a a ,-> "-'J 'J Co ~ a
00 00 ,-' aco co a
a a
0

a v. G o. '-, 00 "- 'J<A '"J ~ ~ o. 0; ,'3,-' ~ o. 00 ~ iJ"- :;:: --C; c., v. ,-' ,-' s-:a, a, a a a a,-' '-, .c,,-' 00 ,-' a00
,~ a00

a
0

v.
a- 'J --J ,...• co ,-' CJ-0 -0

0 v. ,~ "- --J
l0- a- a, co .c ~ ,~ 0;0:; ~ ~ "-~ ~: :;:: v. ,) ,~c" '-. 0 0 0 0o, a- '-, ~,-' ,-'00 ,-' 0co a00 00
0 0c-

'J a- +- ,-' a, +-0 a- v. a, 0 a v, a; o.+- ,J
V. c" '-D ,-' g:00 ,-, 00 a, f:: ,-'v, "- o- f:: ::::; "-,-' f::g: :;:: v, ,-' 'J'-, 0 0 0 aCo o- '-, lO-o- ,-' ,-' 0,-' 00 000 00

00 a
0

-D ,-, -> ,-, a- '~ v,-> -o ,-' Voa- v, -D 00 v. ,~ v.a o. ,-' ~v. '-, a- ,~ ,-' ~ 0;o-:
'J ~ ~ ,~,~

"
c~. "-~ ~ :,:' v. -> ,-''-, '-, 0 ,-' ao- o- a ~ 0,-, 0'J ,-' ,->00 00 a00 00

a a
0

a 0 0 0 0 a 0 0 0 0

<; ~ :::: iJ 0; iJ 0 a av.
0 '"' ,~ .,.
"- ::0 0
0

~
'-,,-' a- 00 f:: ,-' 0 a a"- ~ o- 0;~ ::::; iJ ,-'

v. ,-' ,-'
"'"0 0 a

"'"0

,-' -> ,-' co ,-' '-D '-, 0 0 0,-' "'"'-D ~ -J iJ00 iJ 0;-> ::::;
"'"VI ,-' ,->

a a a.,.
a

+- ,-' a, "- 0 0 a
a- 0 0 v, .,. o-,-' o- 0; iJ'-, '-D f: iJC<O o.
f:: ::::; +>,-'v, ,->

0'0 0
L-

a
-> o- ,-' v. ::0 0 a
00 v. 'J , J v.a- ,-' OJ. ~.~ ,'''J,-' 'J :~~,"J
~ '!., +- a-
v. -> ,-'

"'-- 0 ,-' 0

./""-
a

0

r- "\

"Q "'J "" "0 "" Q ~ P Q Q Q"'-- "'- ,-,
'J 0 v, L- '-, , J 0 ./

r-
"--

"\

o. ,-' -> ,-' a-
0 a a- -> a- -> ,-' 00a- 0 -> -D o- -> -0 a-
a- -, -0 -o v, g: o- 0;

" a- '-, ~ t::Jo- g:-> -0 ?:
-J OJ "1-s ~ v, ,-' aa a

a, '-, a ~,-' a, ,-, a
00 ,-' 'J

"'--8 JO 0
00 ./co

~
v)
i0
\,Q
'--'



Solving (3.29) with Gaussian elimination technique, we have

0.0= -I, cx 1= 6, (X2 =.-15, <XJ= 20 U4= - 15, Us= 6 a ;> I, Po= 0, f11 = - 1/2,
\

........................... (3.30)

Substituting the values of these parameters into the expansion (3.26) we have the general

sixth step method of the form

Yni()= 6Yn+5-15 Ynl-4 + 20 Yn-13- 15 Yn+2 +6 Yn+1 - Yn+h
3 [[.1+5 - 2fn+4 +2rn-12 - I-~J+II
2
........................ (3.31)

The results of all these calculations arc displayed in table 1. below

TABLE 1 ;- Coefficients of the proposed k - Step Linear Multistep Methods (3 < k<6)

,-----,----------------------------------,------,--------,

Step
Nos

Coefficients of the Formula <Xj's and f1j's
- -

Order of
the Error

method Constant

(k)

ao al a2 a) al U5 a 00 111 [12 03 [3. [35 n p 'I'll'"

h 6
-- --- -----

-3 3 0 1/2 1/2 0 4 11240

-I 4 -6 4 0 0 1:, 0 5 11240
1/2-- --- --

0 6
-I -5 10 -10 5 0 1/2 -1/2 -1/2 II 11240

2-- --- -- ._-- ----- ---
-1/2

6 - I 6

~~
20 -15 6 0 0 -\ 1:, 0 7 112'\0

'----

In general, the order or the methods is p= k+ I

OEVELOPMI~NT·OF·pnl~DlcTORS

The characteristic of Linear Multistep Methods (3.2) shows that, they require two

or more starting values before they can function. Thus, to implement these methods, there

is need to have a helping method to compute these starting values and these helping

methods are called the predictors
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••

prUtDICTORS FOI{ TilE 3-STEP METIIOD r

To implement the scheme(3.12) for the solution of third order initial value

problem of type (1.1) there is need to develop the predictors for the evaluation of Yn12,

Yn+1and its derivatives y'n+2,y' n+1 in ordfl'to evaluate Cl+j= f(x Illj, Y Il+j,y' n+j )j = 1,2.

In order not to have initial data error in our computation, their is need for this predictors

to have the same order or accuracy as the main method. Consequently, Taylor series

expansion method is as the predictor that has the same order of accuracy as the main

methods. This yield

t (I) (h \,,-2 (2) fJ~\J3 (3) (h\,<4 (4) (h \J5 (5) 0(1 6)Ynt-I = Yn + lY n +'l.!.!L Yn +.I.2lL Yn + .I.2lL Yn + .I.2lL Yn + + 1

'2' 3' 4" 5'
............................ (3.32)

;'

YIl+2= Yn +2hy'l)n + (2h)2 Yn(2)+ (2h)3 Yn (3)+ (2h)4 Yn(4) + (2h)5 YIl(5)+ +0(h6)

2! 3' 4' 5'

.............................. (3.33)

Differentiating (3.31) and (3.32) once; yields

I - (I) I (2) (h \2 (3) (h \J3 (4) fJ~\,4. (5) 0(h6)Y n+I - Yn + 1Yn -/- l.ili Yn -! l.!.!L Yn -/- .I.2lLYll + ,.-/-

2' 3' 4'
I - (I) -21 (2) _ 1211~\ 2 (3) _ nil, \J3 (4) __121,1\'4. (5) __ _ 0(h6)Y n+2 - Yn -! 1Yn I- ~ Yn -! ~ Yn I ~ Yn I I-

2' 3' 4!

·············r······(3.34)

Equation (3.32,3.33,3.34) arc used for the evaluation OfYn+2 and y'nl '2 respectively in the

function Cl+1= f (Xnt-I:Yn+l, y'n+l) and t;I+2 = f (Xn+2, Yn+2,y'n+2) Predictors for higher step-

numbers will be adopting the lower stepschemes. For example, the-l-step method will

adopt the 3-step scheme as predictor for Yn+3appearing in its equation .

r
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CHAPTER FOUR

ANALYSIS OF THE BASIC PROPERTIES OF THE METHODS

A characteristic of Numerical Schemes for solution of ordinary differential

equations is that errors arc generated as a result of the process of derivation and

implementation. The magnitude of these errors determines the degree of accuracy,

consistency, zero-stability convergence and stability of the Schemes.

This is the reason why the analysis of these basic properties of the

Method is highly essential. The analysis forms the major objective of thi;s chapter.

4.1 TilE BASIC PROPERTIESOF 3-STEP METHOD

.t.l.1 ACCURACY OFTHE METHOD

Accuracy is determined by the magnitude of the error arising from the process of

derivation and implementation. lfthe magnitude is small, then the method is said to be

accurate and inaccurate if otherwise. Some of the major sources of these errors are:-

(i) Truncation error

(ii) Discretization error

(iii) Round off error

(iv) Error propagation

Truncation error can be detlned as the error that occurs because or the

replacement of infinite process bya finite one. While Discretization error can be

defined as the error introduced by thereplacement of continuous equation by itsfinite

difference equivalences.
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Round off error can be defined .as error that occurs as a result of the adoption of

number with infinite number of digits by a finite number of digits.
l

Error propagation can be defined as the error that occurs as a result of errors

(

inheritance from step to step.

The degree of accuracy of a method is measured from the order of accuracy and

error constant of the method. These concepts are examined below.

4.1.1 ORDER OF ACCURACY AND ERROR CONSTANT

As mentioned earlier, the local truncation error of the 3-step method is

3,

Tn+k j~ {aj y(x n+J)- h3 Pj y"'(x n+j)}

where <X3 = 1, 0,0 and 130are not both zero.

................ (4.1)

l

Adopting Taylor series expansiorrofytx.cq}, j = 0(1)3 about x= x., as in (3.5) and

combining terms in equal powers of h, we obtain

T - () \. 1() h2 2() }3 3( ) hP P 'hP+1 p+l11+3- coYx, +cj iy XIl +C2 Y x., +C31 Y x, + +Cp Y (xn)+Cp+l Y (xn)

+c hp+2 p+2 + 0 (h p+3)p+2 Y (xn)

Where

Co=l- aO- al- a2

C1 = 3 - a., - 2a2

C2 = 9/21 - al12 - 2a2

C3= 27/6-a1/6 - 8a2/6 - Po - Pl- P2

C4= 81/24-aI/24-16a2/24-PI-2P2 (4.2)

Cs= 243/120 - al1120 -32a2 I 120 -P112 -2P2

C6 = 729/720 -all 720 - 64a21720 - P116 -8P2/6

C7 = 2187/5040 - all 5040 - 128a2/5040 -P1/24 - 16P2124

25
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Using the results obtained in (3.11) and substitutes into (4.2) to have

Co = 1 - 3 + 3 - } = 0

CI = 3 - 6 + 3 = 0

C 811 31 481 II4 = 24 + 24- 24- 2 - 1 = 0 ................................. (4.3)

C - 2431 31 961 II5 - 120+ 120- 120- 4 - 1 = 0

C 7291 31 1921 81 II6 = 720+ 720- 720- 12 - 12 =0

C 21871 3/· 3841 II II
7 = 5040 + 5040 - 5040 - 48(-16- I) = 240

Jain (1979), Fatunla (1988), Awoyemi(2002), and Kayode(2004) it implies that

the order p of accuracy of the 3-step method is p+3 = 7.That is p = 4. Hence the method

is of order 4 and the principal error constant Tn+3 = 11240

4.1.2. CONSISTENCY

According to Lambert (1973), a linear multistep method is said to be consistent if and

only if its order of accuracy P 2: 1 and its characteristic polynomial functions per) and

<J(r) given by.ptr) = r3,_ 3r2 + 3r - I and <J(r) = r2+r satisfy the conditions:

k
(i) ~ aj~= 0 /

j=O

"
(ii). p (r) = p (r) = 0, for r ~ I _

III III

(iii). p (r) =3! <J(r),forr=li.e.p (1)=3! <J(I)
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Where p and (J are called first and second characteristic polynomials of the method

respectively. The three-step method is of order 4, and therefore satisfies the order

condition.

Consider the stability equation:

OCr,h) = per) - n(J(r) where per) and (J(r) are first and second characteristic polynomials

of the method respectively. They are given as

otr) = r2 +r

respectively

Now,
3

(i) Thj~= (ao+ at+ a2 + a3) = -1 + 3 -3 +1 = 0

j=O

and

(ii) p (r) = r3_3!2 + 3r-l _

= (r-l)3=0

That is, the roots of the first characteristic polynomial are r ~ 1,1,1

Also,

p' (r) = 3r2 - 6r +3

p" (r) = 6r - 6

=6(r-l)

p (1) = 6(1) - 6

'0:0

(iii) p (r) = r3- 3r2 + 3r - 1

p '(r) = 3r3 - 6r + 3

p" (r) = 6r .; 6

=6(r-l)

= 3!(r-l)
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p'" (r) = 6

= 3!

r(1)=Y2(1+1)

= Y2(2)

= 1

0(1) =1

Hence p '" (1) = 3!0 (1)

Therefore, since the conditions for Consistency are met, then the method is consistent.

4.1.3 STABILITY ANALYSIS

There are three types of stability; namely zero stability, absolute stability and p-

stability. They are discussed below.

4.1.3.1 ZERO STABILITY

Definition 3:- A Linear Multistep method for a given initial Value problem is said to be

zero stable if no root of the First Characteristic Polynomial per) has modulus greater than

one and if every root of modulus one is simple. The roots with modulus one are called

the principal roots and the other roots are called the spurious roots.

The first characteristic polynomial equation of method (3.12) is

p (r) = r3 -3 r2 + 3r- I

Which simplifies into (r-l) 3 = O?

and its roots are r ~ (1,1,1)

Since the roots condition is satisfied, hence the 3-step method is zero stable.

4.1.3.2 INTERV AL OF ABSOLUTE STABILITY.

To determine the interval or region of absolute stability of the methods, we adopts

the Boundary Locus Method as reported in [Lambert, (1973, 1991) and Fatunla, (1988)] .
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A Linear Multistep method is said to. be absolutely stable in a region C of the complex

plane C = {11111€ n (r, 11)= O}, if far all 11€e, all roots (r.) of the stability Polynornial n

(r, 11) associated with the method satisfyI r, 1< 1, s= 1,2 k I rs I < I n ] s = 2,3 k

That is, all the roots r.of the stability polynomialslie within a unit circle.

Definition 4:- A numerical method is said to.be A-stable if its region of absolute
.I

stability contains the whale of the left-hand half-plane RehA<O. An interval (a,~) of the

real line is said to.be an intervalof absolute stability if the method is absolutely stable far -

all hE(a,~).

Definition 5:- p - STABILITY

A Numerical method is said to. be P-stable if its region of absolute stability

contains the whale of the right - hand side of the complex half plane. That is the entire

positive half part of the complex plane. (0, CIJ)

Definition 6: - A linear multistep method is said to.be stable if it is consistent, zero stable

and convergent.

Definition 7:- A linear multistep method is said to. be convergent if it is consistent and

zero. stable. [Lambert, 1973].

Since the three-step method is consistent and zero. stable; then the method is

convergent.

Hence Lim Yn = y(xn)
n~CIJ

From the stability equation

11(r,h)= per) -- n(J(r) = 0

we have

11(r) =p(r}

<J(r). .............................................. (4.4)
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Substituting the values of p (r) and(J (r) as in (4.4) we have

11 (r) = 2[r3- 3r2 + 3r - 1]

r2+r : (4.5)

Using the transformation r= ei9
.• 0 S8 Sn, which by Euler is given as

ei9= cos 8 + isin 8

Therefore,

r = cos 8 + isin 8. · (4.6)

Substituting this into (4.6), we get

11 (8) = 2 {(cos38 - 3cos28 + 3cos8 -1) +i Csin38 - 3sin28+ 3sin811
{(Cos28 + cos8) +i (sin28 + sin8)}

Rationalizing and simplifying (4.7) to get
'" (4.7)

11 (8) = x(8) + iy(8)

Where

x (8) = 0
And

y (8) = 2 [6sin28 - 3sin38]

2+2cos8
........................... :..(4.8)

Evaluation of x(8) and y(8), 0S 8 S1800 at intervals of 300 gives the following results as

shown in the table 2 below:
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TABLE 2: REGION OF ABSOLUTE STABILITY OF 3-STEP METHOD

8 0 30 60 90 ' 120 150 180

X (8) 0 0 0 0 0 0 0

y (8) 0 2.1339 2.5980 -3.0000 -15.5880 -49.9700 00

The result from the table above shows that the three-step method has no interval of

absolute stability that implies that it is neither A-stable nor P-stable.

4.2.5 THE BASIC PROPERTIES OF THE OF FOUR -STEP METHOD

4.2.5.1 ORDER OF ACCURACY AND ERROR CONSTANT

Recalling equation(3.17) we have

Yn+4= 4Yn+3- 6Yn+2+ 4Yn+' - Yn +h ' [fn+3- fn+,]
2

with the local truncation error

hp+2 p+2 0 (1 p+3)+Cp+2 y (xn) + t

Where

C2 =16/2 - a,/2 -4/2a2 -9/2a3

C3 = 64/6-a,/6 - 8a2/6 - 27a3 /6 - Po - p, - P2- P3

...................... (4.9)
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The results obtained in (3.16) is substituted back into (4.9) to have~ .. .

Co = 1 - 4 + 6 - 4 + 1= 0

CI =4-12+ 12-4=0

f

C2 = 8 - 18 + 12 - 2 = 0

64/ 108/ 48/ 4/ 1/ 1/
C3 = 6 - 6 + 6 - 6 - 2 + 2 = 0 (4.10)

256; 324/' 96/ 4/ 3/ 1/'
C4 = 24 - 24+ 24 - 24 - 2+ 2 == 0

1024/ 972/ 4/ 9/ /C, > 120- 120- 120+192/120- 4+14=0
I'

4096/ 2916/ 384/ 4/ 27/ 1/
C6 = 720 - . 720+. .720 - 720 - 12+ J 2 = 0

16384/ 8748/ 768/ I 4/ 81/ 1/
C7 = 5040 - 5040+ 5040 - 5040 - 48+ 48 = 0

65536/ 26244/ 1536/ 4/ 243/ 1/ 1/
Cg = 40320 - 40320+ 40320 - 40320 - 240+ 240 = 240

truncation error constant of the method isCp+3 = 1/240 and

cp+3 =8

That is, the orderp of accuracy of the method is 5

4.2.5.2 CONSISTENCY

Adopting steps (i) to (iii) as in 3-step scheme the order of the method is 5 which is

greater than1.

4
(i) Lujz-i

j=O

= (uo + UI + U2+ U3 + U4)
, ,

I'

Substituting the values ofoj's as in table 1 we have
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2:aj~ I'

j=o

=-1+4-6+4-1
=0 (

(ii) p (r) = r4 - 4r3 + 6r2 - 4r + 1

which simplifies into p (r) = (r-l )"

and its roots are r = (1,1,1,1)

p'(r) = 4r3 - 12r2 + 12r - 4

,o"(r) = 12r2-24r+ 12
.I'

p"(1) = 12 - 24 + 12

=0

as expected

(iii) p (r) = 'r4- 4r3 + 6r2-_ 4r + 1

p'(r) = 4r3 - 12r2+ 12r - 4

p"(r) = 12r2-24r+ 12

p"l(r) == 24r - 24

(J(l) = 24(r - 1)
.I'

=4!(r-l)

= 24 (1 - 1)

=0

G (r) = ~ (r3 - r)

~ r(r2-1)

G(1) =~(l3-1)

= 0

Which implies that p'll(1) = 4! G(1)

t
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4.2.5.3 ZERO STABILITY

The first characteristic polynomial equation of the Four -step scheme is

4 3 2P (r) = r - 4r + 6r - 4r + 1= 0

(r_l)4 = 0

Solving, we have that r= (1,1,1,1).

Since the roots of theIst characteristic polynomial is simple and lie within a unit

circle, then the method is zero stable. Since the method is consistent and zero -stable,-

then it is Convergent.

4.2.5.4 REGION OF ABSOLUTE STABILITY

11 (r) =Q(U
(J(r). . (4.11)

p (r) = [4 - 4r3 + 6r2 - 4r + I

Substituting these into. (4.11) we have

n (r) = 2[r4
- 4[3 + 6[2 - 4[+ 1J

r3
- r ~ (4.12)

Using the transformation r= ei9~0 :S8 :S1t which by Euler is given as

ei9= cos 8 + isin 8

That is,

r = cos 8 + isin 8.

On substitution (4.12) becomes

11 (8) = [(cos48 - 4cos38 + 6cos28 - 4cos8+ 1) +i (sin48 - 4sin38 + 6sin28 - 4sin8)]
.{(cos38 -_cos8) +i (sin38 + sin8)} (4.13)
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4.2.5.3 ZERO STABILITY
"-

The first characteristic polynomial equation of the Four -step scheme is

p (r) = r4 - 4r3 + 6r2 - 4r + 1= 0

4(r-l) =0

Solving, we have that r= (1,1,1,1).

Since the roots of the1st characteristic polynomial is simple and lie within a unit

circle, then the method is zero stable. Since the method is consistent and zero -stable,

then it is Convergent.

4.2.5.4 H.EGION OF ABSOLUTE STABILITY .I'

11 (r) =Q(r}
cr(r) . ................................... (4.11)~ . -.

p (r) = r4 - 4r3 + 6(2 - 4r + 1

Substituting these into (4.11) we have

11 (r) = 2[r4_ 4r3 + 6r2 - 4r+ 1]
r3-r (4.12)

Using the transformation r= eiS
.• 0 :s9 :s1t which by Euler is given as

iO 9" 9E' = COS + Ism

That is,

r = cos 9 + isin 9.

On substitution (4.12) becomes

11 (9) = [(cos49 - 4cos39 + 6cos29 - 4cos9 + 1) +i (sin49 - 4sin39 + 6sin29 - 4sin9)]
{(cos39 - cos9) +i (sin39 + sin9)} (4.13)
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Rationalizing and simplifying we have

11(8) = x (8) + iy (8)

Where

x(8) = 2 [cos 8 - cos281
2+2cos28 ....................... (4.14)

and

y (8) = 2 [1Osin8 + 8sin281
2+2cos28 ................................... (4.15)

Evaluating x(8) and y(8), 0:s8 :s 1800

The result is given in the table below

TABLE 3 :REGION OF ABSOLUTE STABILITYOF 4-STEP METHOD

8 0 30 - 60 90 120 150 180 -
X (8) 0 0.2440 2.000 00 0 0.91067 -1

Y (8) 0 ' 7.9520 31.1769 00 3.4642 1.2855 0

The result from the table above shows that the 4th step method have.interval of absolute

Stability of (- I, (0). Hence the method is weakly p-stable. The graph is shown below
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FIG 4.2 REGION OF ABSOLUTE STABILITY OF 4-STEP METHOD
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••

4.2.6. THE BASIC I>I{OPERTIES OF FIVI~ -STEP METHOD

4.2.6.1 ORDER OF ACCURACY AND ERROR CONSTANT

Recall that the: fifth step scheme is

Yllt5= 5Yn+4-10Yn+3 + 10 Yn+2-- 5 Yn+1 + Yn +h3 [~1+4-j;I+3- ~H2 + ~l+d (4.16)
2

with local truncation e-rror

T - () - I 1( ) 'I 2 2(, ) I 3 3( ) I P P I p+1 P +111+5- coY XII I-CI1Y x, +C21 Y x, +C31 Y x, + +cp 1 Y (XII)+c p+, 1 Y (xru

"Ip-t-2 p+2 0 I p+l)+Cp+21 Y (XII)+ ( 1

where

C, = 5 - u, - 2U2 -3U3 AU4

C2 = 25/2 - uI/2 -4/2u2 -9/2C1.-3-1612uJ
t

C7= {78125/5040 - 1/50401"0.1 + 128u2+2187uJ +16384u41-1 124 [~,+ 16~2+81~3
+256~4]}

Cg= {390625/40320-1140320 [UI +256u2+656IuJ +65536u41-11120[~I+ 32~2+243~3
+1024P4]

c; =-= {I 95312Sn62g8ll-! 1]62880 rex, +S 12ex21· 19683u31262144ad

............... (4.17)
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The results obtained in (3.21 ) iss.rbstitutcd hack into (4.17 ) to have
•..

Co = 1 - 1 -5 -10 + 10 - 5= 0

CI = 5 + 5 -20 +30 -20 = 0

C2 = 25/2-[5+ 20-90+ 40] = 0

C3 = {125/6 -116[-5+ 80 -270 +320]
1

-[112-112-112+ 112= 0

C4 ={ 625/24 -1/24[-5+ 160-8](hI280] -[1I2-1-3/2+ 2]} = 0

C5 = 3125/120_ 1/120 [- 5+320-2430+5120] -[ 1/4 -1-9/4+ 4 J = 0

C6 = 15625/720 - 1/720 [-5 -I- 640-7290+ 16384]-1/6[ Ih -4-27/2+ 32] == 0

C7 == 7812515040 - 1/5040 [-5+ 1280 -21870+81920]- 1124[ 112-8-81/2+ 1281 = 0

C8 = 390625/.10320 -, 1/40320 [-5+2560- 65610+327680]

-1/120[1/2.16-243/2+ 512] = = 0

C9 = 195JI25/3628W - 1/3(,2880 [-5+5120- 196830+ 13) 0720]
j

.................... (4. I 8)

-11720[ 112-32-729/2/2+ 2048] = 1/240

Cp+3 = 9

p +3= 9

p = 9-3

p==6

Thus the fifth stage scheme is of order 6, and the principal error constant is1/240

-1.2.6.2 CONSISTENCY

Applying the same: procedure as in 3-step method above, the order or the methodj"

6, which is greater thanI; and the polynomial equations satisfy thefollowing;
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(i)
5

Laj = «(Xu + a, + r.t2I- aJ + all + CC,)
j

Substituting the values or aj's as in table I, we have

5

Laj = -I -: 5+10-10+5 +1
j=o

=0

Also, the first characteristic polynomial p (I') of the scheme is

Which simplilies into (1'-1/' = 0

with roots I' = (I, 1,1, 1,1)

(ii) p'(r) = 5r4 -- 20r3 +20r2 - 201'+5

p" (r) = 20r3- 60r2 + 60r - 20

p"( I) =20 -- 6(1 1-60- 20

=0

(iii) p (r) = r5
- 5r4 + 1Or3 - 10 r2 + 5r _I

p'(r) = 5r4 -= 20r3 +20/ - 20r+5

p'' (r) = 20r3 - 60r2 + 60r - 20

p"'(r) = 601'2 - 120r ··100

=60(1'2_21'-11)

p( I) = 60-120+60

=0

(J (I) = Y:! (1- 1-1-1-1-1)

=0
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-l.2.6.3 ZERO STABI LlTY

The first characteristic polynomial equationor the Fi nh step scheme is

Solving we have that r= (I, I, I, I, I).

I Icnce the method is zero stable. Since all the conditions arc satisfied.

4.2.6.4
HEGION OF ABSOLUTE STABILITY

Using boundary locus method as considered in other cases, the stability equation is given

by

'11 (r) = Illi2

O'(r). .. (4.19)

where p (r) = r5 - 5 r4 + 101'3 - 10 r2 + 5r-1

substituting these into ( 4.19) we have

1'1 (I') = 2[1'5_ 5r4 -/- 101') - 101'2 +5r-1 J
. 4 3 3
r - r - r -/-r (4.20)

Using the transformation I' = ciO
, ():s O:s 1t which by Euler is given as

eiO= cos 0 -/-isin 0

That is,

I' = cos 0 -/- isin O.

On substitution into (4.20) becomes

'/1 (8) =--~ [(cos56 -5cos48 + 1OcosJ\) -I Ocos2e -scose -I) +i (sinSO - Ssin4e + 1Osin3B _I Osin2G ~5sin(W

{(cos40 - cos If) -cos2G -t cose) +i (sin4e - sin3e - sin2e+- sinO)} (4.21)

where
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xf O) == ?[(2cosO - 2cos20 - IcosJO+ 2cos40) I
... [(4 --3cosO -3 cos20 12cosO)] (4.22)

y(O) = 2[( IIsinO - ?sin20 -IIsin30 + sin40)]

[(4 -3cosO -3 cos20+2cosO)] (4.2])

Evaluating x(O) and y(O), 0s0 S 1800 as for other cases we have

TABLE 4: REGION OF ABSOLUTE STABILITY OF 5-STEP METHOD

r·----.-------- --------r-------
!50

--
0 0 30 60 90 120

---- ------- 1------- ----
X (0) 0 -0.2035 1.6000 1.1429 -0.6667 -3.3262

y (0) co -2.5831 4.5034 6.8571 3.1754 -5.1088
--

The result in the table above shows that theIiIth step method hasan interval of absolute

stability of (-3.3262,4). The graph is shown below.

41



.I

FI~. 4.3 REGION OF ABSOLUTE STABILITY OF 5-STEP METHOD
•..

4.0000

~
~
- 2.0000

i
c
z
c( 0.0000
X
::r
;:J
a:

ס.4- ס 00

~.OOOO

DEGREE

I

42



...

;

4.2.7 THE BASIC PROPERTIES OF SIX -STEP METHOD

4.2.7.1 ORDER OF ACCURACY ANI) ERROR CONSTANT

Recall that the sixth-step method is of the form

3
Yn+6=6Yn+5-15 Yn+4+ 20 Yn+3- 15 Yn+2+6 Yn+1- Yn+~ [fn+5 - 2fl1+4+2fl1+2- fn+d

2 (4.24)
with local truncation error TI1+6 defined as

where
.I

Co= l-uo-a,-a2 -a3-a4 -a5

C 1 = 6 - u, - 2U2-3U3 -4U4 -5U5

C2 = 36/2 - 1/2 [u, + 4U2 + 9uJ + 16u4 +25u5 ......................... (4.25)

C6 ={46656/720 - I1720[u,+ 64u2 + 729u3 + 4096u4 + 15625u5]

C7 = {279936/5040 - 1/5040 [u, + I28u2+2 I87u) +16384u4 +78125u5]

-1/24 [13,+ 16132+81133+25613~+ 62513sJ}

Cg = {1679616/40320-1J40320 [ur+256u2+656Iu3 +65536u.4 +390625u5]

-11120[13,+ 32132+243133+1024134 +3125135] }

C9 ={ 10077696/362880-1 1362880 [u, +512u2+ 19683u3 +262144u4 + 1953125u5]

-1/720 [13,+64132+729133+ 4096134+ 15625135]}

CIO {60466176/3628800-1I3628800[ a, + 1024a2+59049u3 + 1048576a4 +9765625us]

-115040[Pt+ 128P2+2187P3 + 16384P4 +78125ps] (4.26)

The values of the parameters cq's and Pj's as in table 1 are substituted back into cj's. We

have
l
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Co= l-{-! +6-15 +20-15 +6} = 0
r

CI = 6 -{6-30+60~60+30}= 0

C2 =18-[6-60+270-240+]50~ = 0

C3 = {216/6 -1/6[6-]20+540-960+750] -[1I2+ 1-1+ 1/2J= = 0

C4 ={ 12%h4 -1/24[6-240+ 1620-3840+ 3750]-[1I2+ 2_4_5/2]} = 0

C5 = 7776/120_ 1/120 [-6-480+4860-15360+18750]- [-30+240 -960+750]= 0

C6 = 46656/720 - 1/720[6 -960+ 14580-61440+93750]-[-60 +960-7680+ 7500] = 0

C7 = 279936/5040 -1/5040 [6-1920+ 43740-245760+ 468750]

-J/24[-lh+16-256+625/2] = 0

C8 = 16779616/40320 - 1/40320[6-3840+ 13]220 - 983040+2343750]

-11120[-1/2+ 32-1024+ 3125/2] = 0 .......................... (4.27)

C9 = 10077696/362880 - 1/362880r6-7680+393660-1171872]

-11720[-112+ 64-4096+ 15625/2] = 0

C _60466176 II 6 0 80 0 8)
10 - 13628800 - 3628800 [ -1536 +1] 98 -15728640+5 593750.

-1/5040[112+ 128-16384+ 78125/2] = 11240

Cp+3 =" 10

P +3= 10

P =10 - 3

p= 7

r

Thus the sixth -step scheme is of order 7, and the principal error constant is1/2,10
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4.2.7.2 CONSISTI~NCY

•..
Applying the same procedure as used in other schemes, the orderdT the method is7

which is greater than I; and the characteristic polynomial equations satisfy the

following

6

(i) Laj = (ao + al + a2+ a) + a4 + as I- (X.I»

j=O

6

Laj = 1-6+15-20+15-6+1
j=O = 32-32

= 0'

While the first characteristic polynomial equation

Simpli fics into (1'-1{,= 0

With roots 1'= (I, I, I, I, I, I, I)

II ) 8 2p" (r) = 301' - 120c +1.Or + 120r+ 30

p"( I) =30- 12(H 80 - 120 +30

= 240 - 240

= 0

Also,

4 3 ')
p" (r) = 30r - 1201' + 1801'--1-1201'+ 30

p"(I) =30 - 120 +80 - 120 +30

pl"(r)= 1201'3-- 3601'2_1 360r-12010rr='(I,I,I,I,I,I)

= 120(1'3- 301'21 301'-I)
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] ?
= 5! (r - 30r + 3Or -1 )

....

p(I)='120-360+360 -120

=0

(J (1) = ~ (1- 2+2 -1)

=0

Which implies that p"l( I) = 5! (J (I )

4.2.7.3 ZERO STABILITY

from the stability equation above, the root of the first characteristic polynomial

equatior, p(r) = 1'6 - 6r5 + 15r4 --20 r] + 15r] -6r + 1, (r_I)6 = 0 of the sixth-step scheme are

r = (1,1, 1,1,1,1) I.C. r ~ 1. Since the method is consistent and zero stable, thenit IS

convergent.

4.2.7.4 REGION OF ABSOLUTE STAHILITY

Using boundary locus method as considered in other cases, the stability equation is given
by

11 (r) =Q(d

0(r). . (4.28)

Substituting these into(4.2l:-:)we have

'/1(r) = 2fr6 - 6[5 + 151'4-)0 r3+ 15r3 -61'-I-I]

11'5- 2r4 +2 r2 - I' ] (4.20)
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Using the transformation I' -= eiO,O:s O:S rr which by Euler gives
••..

eiO= cos 0 + isin 0

Therefore.

r = cos 0+ isin O.

On substitution, (4.29) becomes

'fl(O )=2 I!cos60 -6co~.21l...!1~~\'!i1il:2()~!'i301..L~Cl>s20 +6cosO-lJ.:!i(sin60-6siIl5iL I L:~~i!l·IO·2(biinli! IIS~inf!l!.fl.~i!l!lJJ

(cas50 -2cos4012cos20 -cosO) +i (sin50 - 2sin48+ 2sinO- siIlO)} (4.30)
where

x(O) = 2[(2cosO - 4cos20 - ')4cos30 + 16cos40 2cos50 -12)]

[(2 -8cos8 -8cos20-1 8cos30 -2cos40)1 . (4.31 )

y(8) = 6[( -30sinO + 7sin')8 - 13sin30}J

[(2 -8cosO -8cos20+8cos30 -2cos40)YI (4.32)
;'

Evaluating x(O) and y(O), 0:s 0 :s 180" as for other cases wc have

TABLE 5: REGION OF ABSOLUTE STABILTY OF 6-STEP METHOD

-~~- 60 90 ]-20 1. I 50 180_I
' -2.4000 2.0000 -.4.4200 -8.5908 -6

-123.9022 -12.7500 6.2900 -2_~1]27 0

,-------

0 0 30

X (0) 0 4.6759

y (0) 0 -16.6024

from the table above, the sixth -step scheme has an interval of absolute stabilityor

(-8.5908, 4.6759) which shows that the method is weakly stable. The graph is shown

below
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FIG. 4.3 REGION OF ABSOLUTE STABILITY FOR SIX STEP METHOD
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CHAPTER FIVE

APPLICATION AND NUMERICAL HESlJLTS

In order to demonstrate the applicability and access the performanceor the new

schemes, there is need to apply the method for solution of some sample initial value

problems inordinary differential equations. To achieve this, there isneed to implement

the method on a digital computer. This will require adopting the following steps;namely:

(i) Re-write the formula in an algorithmic form.

(ii) Translate the algorithm intoa computer flowchart.

(iii) Translate the llowchart into computercode.

(iv) Implement the code with sample problems ona digital computer.

5.1 COMPUTATIONAL ALGORITHM

A set of steps taken to obtain the solution of a gillen problem is defined as tile

algorithm of that problem. The numerical algorithm far implementing the methods

derived is given below

In this section, we develop the numerical algorithmfor implementing themethods

derived in Chapter three. The algorithm is given below:-

STEP 1:-

STEP 2:-

Declaration or variable

Define functions

DIM Y, DIM X, DIM Yp, Ypp, ERROR

STEP :5:- Selection of input values

Yo, v: VI, V2, h

Initialise variables by settingSTEP 4:-

fo = 0
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x = Xo

....
y = Yo

X (i+i) = Xli) + h

STEP 5:- Compute the predictors

. Y (i) =' y (I + I) = Y (0) + (i+ 1) * h * YP1)(O)p p p

1-(((i+ 1) * h) **2) * f~0)/2

Yp(2) = Yp(i+ I) '= (((i+ I) * h)**3) * fp(O)/6+ (((i+ I )*h)**4)*fpp(O)/24

STEP 6 Compute the approximate values of

Y (i +1) d Y (i+2)
1 an 7

STEP 7 Print Y (i+ 1), Y(i+2)

STEP 8 Calculate Yn using

Do 20j = 0(1) 300

. Yk(j+3) = 3 *y(j + 2) - 3 * yU +1) + yO)

v (j + 3) = yU + 3) ...

STEP 9 Compute YE, YC, ERR

ER(k) = V de) - V(k)

IfER(k) <0, THEN

ER(k) = - ER(k)

CONTINUE

ENU
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S.2 PROGRAM FLOWCIIART

A computer flowchart is a diagrammatic representation of the algorithm or the

plan of solution or aproblem ft indicates the process of solution, the relevant operation

and computations, the point0.1'decision and other information at a point olso lution.

Flowcharts are of particular interest because or its documenting feature. They are

constructed by using special geometrical symbols, such as squares, rectang+-s, diamonds

shapes cr circles.

Each symbol represent some activities which could be input/output of data, taking a

decision, terminating the solution process and soon.

The symbols arc joined hy directed lines segments to indicate direction of flow.

The flowchart of the above algorithms is given in the fig (5.1) below
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Fig s.t FLOWCIIAnT OF TilE IMPLEMENTATION OF TilE SCIIEME
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5.3 PROGRAMMING IMPLl~MENTATION

This section considers the computer implementation of the above algorithm. The _

implementation is done in a fixed step size order method.

The program starts by declaring the value of variables in double precision mode

in order to reduce round off error. After this, the program chooses initial estimatefor the

variables; and the function subprogram to evaluate f(x, y).

After this, the approximate solutionYn+1 to y(xn) at X, II was generated and used

to estimate the values of the error (LTE) associated with the computation.

On the receipt of the error estimate from the subroutines, the solution was now tested lor

convergence by comparing the magnitude of the error with allowable error tolerance. As -

soon as the condition LTE< TOL is met the program will ask whether the upper point is

being reached, if yes, it will output result. Otherwise, it will go to the next step to

generate the next round of approximation to the solution. The process will be repeated

and continued until the upper end point is reached. When the program reached the end

point (Xlasl) it will stop the process .

••
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5.4 NUMERICAL COI'/IPUTATIONS AND JU~SULTS

To demonstrate theapplicobility ofthe schemes developed, thefollowing sample

problems were solved using the developed methods.

Problem I:

y'''= x - 4y' y(O) = y'(O) = 0, y"(O) = 1

')

whose exact solution is y(x) = (3/16)(I-cos2x) +(1/8).'\-

The step size used is 0.0025

Pruhlcm 2

y'" = - y' y (0) = 0, y'(O) = I, y''(O) = 2

whose exact solution is y (x ) = 2( I-cosx ) ·1 sin x

The step size used is 0.0025

Problem 3

y'" = - y y" y (0) = 0, y'(O) =: 0, y"(O) = I

This is a Blasius equation influid dynamics.

The computer results and the graphs of problems 1,2 and 3 adop~jng the 3-stcp

and 4-step methods with a fixed step size (h= 0.0025) is shown in Table6,7,8,9 and 10

below.

5.5 COMPAI{ATIVE ANALYSIS

The methods were used to solve some sample problems on third order initial

value problems of ordinary differential equation and the comparative analysis of the

proposed 3-step method and that of cont inuous J-step method of A woyerni was

r
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undertaking by using them to solve the same problem. Thecomparison shows that the

new method is competitive. The result and the graph are shown respectively in table II

and figure below.

5.6 DISCUSSION OF RESULTS

from the results in tables 6, 7,8,9, I0,II, it can be seen that thenumerical solution

Ylland the Exact solution yell) arc relatively close to each other. This shows that the

schemes are accurate and convergent. The results in table I I show that the J-step scheme

compared favorably with the Continuous method orI\. woycmi, (2002).
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•.. TABLE 6: NlJI\H:I<ICAL SOI.l, ['to;\; ()J-' PI{OIU,E!\1 I

Iisill~ thc J-step IIICtllOd wilh lIIl'sh sizl' II - 2.S()()OOOI<-(lOJ

Mesh pt

SIN XII

o .00000000 D+OO

I .2S000000 1)-02

2 .SOOOl)()OO1)-02

3 .7500000(1)-02

-1 . I 000000(1)-0 I

5 .1250000(1)-0 I

6 . I 5000000 D-O I

7 . I 7SOOOOO1)-0 I

S .20000000D-() I

9 .22 500000 D-O I

10 .25000000D-0 I

II .27500000D-0 I

12 .300000(01)-0 I

IJ .32500000D-0 I
I... .3S000000 D-O I

IS .3750000(1)-0 I

16 AOOOOOOOD-O I

I 7 A 2500000 D-O I

IS A500000(1)-O I

19 A 7500000 1)-0 I

20 .50000000 D-O I

21 .525000IOD-01

22 .SSOOOOI 01>-01

D .5750001(1)-01

2-1 .600000 I II 1)-0 I

25 .625000 I ()I)-O I

26 .650()OO )() I)-() 1

27 .675000(01)-Oi

2S .700000()O 1)-0 I

29.72500000D-01

.10 .75000(001)-0 I

.,1 .77"'999901>-01

32 .799991)901>-0 I

33 .R2499990 1)-0 I
3... .S..•99999(1)-() I

Exad ,0111.

y(\)

.00000000 D+OO

.3 12S I R30D-05

.12501560 D-04

.2R 120 12(1)-0 ..•

.-t99950S0 1)-0-1

.n 1163-101>-0-1

.112-1916(1)-0.1

.153 I LBO 1)-03

.11)99H0201)-03

.2S30n2(1)-03
.312 ..•..•95(1)-03

.3 7H05 11)01>-03

.-t -19SIJI)SOI )-0.1

.5279H II (1)-03

.612JOHOO D-03

.702SHOOO1)-03

.79%7-19(1)-03

.90271-190 I)-OJ

.101 19HI)0 1>-112

.1 I 27-1H601>-02

.12-1n 17(1)-02

.IJ 7717101)-02

.151 1J5S0 1)-02

.165175S(1)-02

.171)HJHOOI)-02

.195121-10J)-02

.21102710D-02

.227 5S2S0 J)-02

.2-1-1(91)70 D-02

.262-16770 J)-02

.2HOH5-17(1)-02

.291)R() 170 D-02

.311)-1HHSOI)-07..

.3397 J3 70 1)-02

.360-)1)7601)-02

Niuu crica l xo l n ,

Y(II) ('()l\ill'liTFD

.OOOOOOOOIHOO
.312 ..•99S(1)-05

.12.:t999201>-0-1

.2S 124(iOO 1)-0-1

A 991)S7JO I)-O-t

.n 121 1)20J)-()-I

.112-1936(1)-03

.1 S3 I 1l2IHl-OJ

. I 991)HOOOI )-0.1

.25309JOO I)-113

.312 ..•5130 I )-0.'

..17X05.' 70 I )-0.\

.-t -II)W) I) 1(1) -0.\

.5271)H6201)-03

.61 D I.B()D-O.\

·702H791 0 I)-OJ

·79%H I SOJ)-OJ

.90271950 I )-IU

· 101 11)1)00D-O 2

.1127-1nOI)-02

. I 24nBOI)-0:2

.1l771 HOOD-O:2

.1511J60(1)-02

.16SI762UI)-02

· 179HJHJO I )-02

.1951220(1)-1I?

.2110270(1)-02

.2275530(1)-112

.2-1-169970 I )·02

.262 ..•66S0 1)··112

.2HOS5-WO I)-O?,

.299H()090 I )-02

.311)·~H7201)-02

.3.11)7.12SO1)-02

.3605%-10 I )-02

U{HOI{

( l'1I )

.000001100 IHOII
..11SHOI)()OI)-OX

.16361 X I 0 I )-OH

.-t-1HO171 0 I )-OH

.J()H527JOI)-OH

.-1-1I ()50601)-{l1'-,

.11)9361201)-OH

.72 7S9SHOD-I II

.1W) 17-19(1)-01)

.75()691)60 I)-I: ')

.1 H0-1-1370 I)-OH

. I H.DS"'I 0 I )-OH

.-107-153()0 1)-09

.500SS590 I)-OH

.5.155 I OSOD-OH

.H7J 11-1901>-09

.6S()H50-10 I )-OH

.-1S9H-1050D-OH

.1.V)69H-10 I)-O~

J)2H6-12 70 I)-OH

.5H2076WI)-OH

.SH-17S()"'O I )-OH

.1 R626-150 I)-OS

.-&5-10I 9S0J)-OH

.3026 7IJHOI )-IIH

.5H207()W I)-OX

.1 16-1I 530 I)-OX

.1629H I 50 I)-OX

.232S3060 1>-(4
)

.1)5-160560 I)-OS

.72 1775110I)-OH

.Ins1903(1)-OS

. I ()29X I SO1>-117

.12107190D-07

.11 175H70D-07



35 .874999800-01 .38208030 D-02 .38207860 I)-£)2 .16996640J)-07

36 .899999800-01 .40418090D-~)2 .404178600-02 .22817-l001)-Oi

37 .92499980D-O 1 .42689820 D-02 .426896000-02 .21886080D-07
38 .94999980D-Ol . .450233200-02 .450230300-02 .28871000 D-07

39 .97499970D-0! .474183900-02 .474181300-02 .2561137(1)-07

4H .~999:>97nD,·O1 .498751200-02 .498748400-02 .284053400-07
41 .10250000 D+OO .523934100-02 .523931100-02 .30267980D-07
42 .1050000(1)+00 .54973270D-02 .549729000-02 .36321580D-07
43 .10750000D+00. .576] 45600-02 .57614170D-02 .3958121 (1)-07

44 .110000000+00 .60317200 D-02 .603168500-02 .344589·tO D-07

45 .112500000+00 .63081270D-02 .630809000-02 .36787240 1~-07

46 .115000000+00 .659066800-02 .6590'62800-02 .405125300-07

47 .117500(0))+00 .68793320D-02 .687929100-02 .40046870 D-07

48 .120000000+00 .71741290D-02 .717407700-02 .52154060 D-07

49 .122500000+00 .74750250 D-02 .74749770D-02 .479631100-07

50 .124999900+00 .778204400-02 .778198800-02 .563450200-07

51 .127500000+00 .809515200-02 .80951020D-02 .493601000-C 7

52 .130000000+00 .84143710D-02 .84143160 D-02 .549480300-07
53 .132499900+00 .87396780 D-02 .87396220 D-02 .55879350 D-07
54 .134999900+00 .90710740 D-02 .90710150 D-02 .59604640D-07

55 .13749990D+00 .94085480 D-02 .94084870 D-02 .614672900-07

56 .13999990 D+OO .97520990D-02 .97520320 D-02 .6705523'00-07

57 .142499900+00 .10101720D-OI .101016400-01 .726431600-07

58 .144999900+00 .104573900-01 .104573200-01 .735744800-07

59 .147499900+00' .10819(20))-01 .10819040 D.,O1 .763684500-07
60 .149999900+00 .111869000-01 .111868100-0] .86613000 D-07

61 .152499900+0() .115(0720))-01 .1 1560630 ))-01 .894069700-07

62 .154999900+00 .1 1940570 ))-0 I .119404800-01 .91269610D-07

63 .157499900+00 .123264500-01 .12326350))-0 I .98720190D-07

64 .15999990 D+()O .127183500-01 .127182400-01 .108964700-06

65 .16249990D+00 .131162500-01 .131161500-01 .107102100-06

66 .164999900+00 .135201700-01 .135200600-01 .11175870D-06

67 .167499900+00 .139300800-01 .139299600-01 .118278000-06

68 .169999900+00 .143"59800-01 .143458600-01 .1238659(1)-06

69 .172499900+00, .147678700-01 .147677300-01 .13597310 D-06

70 .17499990n+OO .15195730D-Ol .151955900-01 .139698"00-06
71 .1'I7~9c)9HD+OO .156295400-01 .156294000-01 .141561001)-06

72 .1"i999990 D+OO .160693300-01 .16069180 D-OI .1527369()J)-06

73 .182499900+00 .165150600-01 .165149100-01 .15459(50))-06

74 .184999900+00 .169667300-01 .169665800-0 I .156462200-06

75 .18749990D+00· .17424330D-O 1 .174241800-01 .147149000-06

76 .18999990 D+OO .178878500-01 .178877100-01 .141561000-06

77 .192499900+00 .183573000-01 .18357160D-Ol .14342370D-06

78 .19499990 D+OO .18832660 D-O1 .188325] OD-Ol .149011600-06

79 .19749990D+OO .1931391 OD-OI .193137600-0 I .143"23700-06
80 .19999990 D+OO .19801 040D-O 1 .19800900 D-O1 .13969840 D-Or,
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Fig. 5.2:Graphs of Numerical and exact Solutions of Problem
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TABLE 7: NlIlVIERICAL SOl ,1ITIO!'J OF PIH)BLJ<:M I

y'''~-)\ - 4y' y(O) -- y'(() o. y"(O)

Using the 4 -stcp mcthod with Meshsize h := 2.500000F-003

SIN x"
EXA('T
YL,)

COMPllTEI)
(V,,)

I'~I{H()R
(c,,)

**
**************.****************************************************~****

'r

o .0()()()()()OOI)+00

I .250000001>-02
2 .50()OO()OOI>-02
3 .7 50()O()O()I)-02

4 . IO()()OO()OD-OI
5 .1250000(1)-0 I
6 .1 500()OOO1>-0I
7 .1 750000(1)-() I
8 .200()()()()0 1)-0I

9 .2250000(1)-0 I
10 .2500()()001)-() I
II .27500()()()D-() I
12 .3()()0()()0() ))-0I
13 .3250()0()0))-O I
14 .350()O()()() ))-0 I

15 .375000000-0 I
16 .4()OOO()OO))-0 I

17 A2500000D-O I
I8 A5000000 D-OI
19 A75()OOOOD-OI
20 .500()000() 1)-0I
21 .525000 I(1)-0 I
22 .55000() I0 ))-0 I
23 .5750()OI()))-O I
24 .6()()OOOI 0 D-O I
25 .625000 I01)-0 I
2(, .650000 IOI)-O I
27 .6750000(1)-0 I
28 .7000()OOO I)-()I
29 .72 5()()()00 1>-0I
30 .750()OOOOD-Ot
3 I .7749999(1)-0 I
32 .7999999() 1)-0I
.'B .82.J999901>-O I
3.J .8.J9999(01)-O I

35 .8749(980))-0 I

.00000000 ))+O()
.312H 183()1>-05
.12501560 ))-04

.28120120D-04

.4999505() ))-04

.78126340 ))-04

.11249160 ))-03

.153113300-03

.19998020 ))-03

.2530922(1)-03
.31244950D-O_~

.37805190D-03

.44(89950))-03

.52798110D-03

.612311800D-(U

.7028800(1)-03

.7996 7.J90 ))-03

.9027149(1)-03

.10 11989(1)-02

.112'7.J860D-02

.12.J9217(1)-02

.1377171 (1)-02

.151 1358(1)-02

.1651758(1)-()2

.1798380(1)-02

.195121.J(1)-02

.211027IOD-02

.227552800-02

.24.J69970D-02

.262467700-02

.28085470 D-02

.299861700-02

.31 'H8880J)-02

.33'>7 337(1)-02

.36059760 I)-02

.J8208030 I)-02

.0000000(1)+00

.3124995(1)-05

.I2499920D-O.J

.281246(0))-04

.49998740 ))-O.J

.78121940 I>-O.J

.1 I249370J)-03

.153113301>-03

.1999800(1)-()J

.253092901>-03
.3124510(1)-03

.378053201>-03

.44989810 D-03

.52798450 I)-03

.612310801}-03

.702875-WI)-03

.7996 766(1)-03

.902 712-W I)-03

.101 198101>-02

.1 I27.J80(1)-02

.12.J9208(1)-02

.1377161 (1)-02

.15 1133801)-02

.1651736(1)-02

.1798352(1)-02

.1951184(1)-112

.2110229(1)-112

.2275483(11)-02

.24469450 ))-112

.2624610(1)-02

.28(847701)-02

.2998543(1)-02

.3194805(1)-02

.339725901>·02

.360590-WI)-1I2

.J8207.'()O 1)-112

.00000000IHOO
.318800(10 I)-08
.1636181 (1)-08
A4819900 1)-08

.369618601>-08
A3946?HO I)-08
.2022716(1)-()8
A365575(1)-10
.189) 7.J9(1)-09

.66938810n-1I9
.I5425030J)-08

.t 2805690D-08

.139698401)-08

.33 76044() D-08

.2852175(1)-08
A5.JO 198(1)-08

.1688022(1)-08

.25(29290))-08

.S0326570 D-08

.58207(60))-OS

.'>3) 322601>-08

.%624720D-08

.20372680D-07

.21769670D-07

.27706850f)-07

.2968591 (1)-(17

.4 I91l952() 1)-117
A4 71l3-!81l1)-117
.523868911 1)-07
JI728806() I)-07
.6984919(1)-07
.745()58 I0 D-O7
.Ins )1)030 D-Il 7

.77(1)S2 70 1>-C7

.7 I.J790 III 1)-\)'7

.66589560 D-1l7



35 .87499980 D-O1 .38208030 D-02 .3820736(1)- 02 .66589560 D-07
36 .89999(801)-0 I .40418090 I>-02 .4041 7540D-02 .5494803(1)-07

•.. 37 .924999800-01 .426898201>-02 .42689S40 D-02 .2793(6801)-07

38 .94999980D-0 I .450233201>-02 .45(233401)-02 .139698400-08
39 .97499970D-OI .47418390D-02 .474189200-02 .530853(01)-07

40 .99999970D-OI .4987512(1)-02 .4987625(1)-02 .113 J5570D-06
41 .102500000+00 .523934 J01>-02 .523953200-02 .190921100-06
42 ·J05000000+00 ' .54973270D-02 .54976100D-02 .283587700-06

43 .10750000B-1 (10 .576145601)-02 .57618570D-02 .40046870 tj-06

44 .1J OOt){!O(; 1.)+00 .60317200H-02 .603226900-02 .5499.t6(WD-06

45 .1125000() O-HIO .630S J2700-02 .630884600-02 .71898 J00D-06

46 .115000001HOO .659066800-02 .659 J58500-02 .91642J40D-06
47 .11750000D+00 .687933201>-02 .68804820D-02 .11506.t90D-05

48 .12000000 D+OO .71741290D-02 .717553700-02 .14081600D-05
49 ·J22500()OO+OO .74750250D-02 .747674600-()2 .1721 08.tO1)-05

50 ·J2499990J)+00 .77820440 D-02 .778410800-02 .206381 J0 I)-OS

51 .12750000D+OO .809515200-02 .809761900-02 .246707.tO 1>-05

52 .130000000+00 .84 J4371 OD-02 .841727700-02 .2905726(1)-05

53 .13249990D+OO .8739678(1)-02 .874307800-02 .340025900-05
5.t · J349999(1)-1-00 .90710740D-02 .907502100-02 .39469450 I)-OS

55 . I374999()1)+()O .9.t085480 1)-02 .9413103(1)-02 .4554 I670J)-()S

56 •J 39999900+00 .975209900-02 .975731900-02 .522(06301)-O_~
•• 57 .14249990J)+OO .10 I0172(1)-0 I .10107670D-OI .595208300-05

58 .14499990 D+OO .104573900-01 .104641500-01 .675860800-05

59 . 14749990D-I-{)O .108191200-()' .I0826760D-01 .763684500-C5

60 .1~9999900+00 .111869000-0 I .11195490D-01 .858493 H)0-05

61 .152499900+00 .115607201>-01 .1 15703-toO-Ol .(62149401)-05

62 .154999900+00 .119405700-01 .11951310D-O) .10743740D-O.t

63 .157499900+00 - .123264500-01 .123384001>-0 ) .11949800D-04

64 .159999(01)+00 .12718350D-0 1.127316000-01 .1324713(1)-04

65 .16249990 D+OO .131162500-01 .13130910 D-O1 .146552900-0.t

66 .164999900+00 .13520 170D-0 1 .135363301>-01 .16160310 D-O.t

67 .167499900+00 .139300800-01 .13947850D-OI .177715000-04

68 .169999900+00 .14345980D-01 .143654800-0 J .1949631 (1)-04

69 .172499900+0() .147678700-01 .147892000-01 .213319400-04

70 .174999900+00 .151957300-01 .152190200-0 t .232979700-0-t

71 .177499900+00 .156295400-01 .156549401)-01 .25393.t40 D-04

72 .17999990D+OO . t 6069330D-Ol .160969400-0 I .27611850D-04

73 .18249990D+()0. .165150600-01 .16545040 D-OI .29977.t 10D-O.t

74 .1841)9990))+O() .169667300-01 .16999220D-0 1 .32486390 J)-O.t

75 ,187-!9t}9U!HIlH .174243300-01 .17459490D-Ol .35157 .tl0 D-O.t

76 .1b~){)99903>+00 .178878500-01 .17925840 D-O1 .3798306'{)D-O.t

77 .192.t99901>+00 .183573000-01 .183982701>-0 I A0967020 I)-O.t

78 .19.t999901>+OO .1883266(1)-01 .1887678(1)-0 I A.t 120-t80 I>-O-l

79 .1974999(1)+00 - .193139100-01 .193613700-01 .4746571)01)- ~.

80 .199999900+00 .198010400-01 .19852040 D-O1 .50997360 D-O-t
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Fig. 5.3:Craphs of Numerical and Exact Solutions of Problem I
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TABLE H: NlJl\'IEHICAL SOLlJTIOI OF PI~()BLEM 2

y"':= - y' y ((,) (), )'«() . :. ;,"((J)

Usillg th e 3- sfcp /IIclhod with Illcsh si/.c h = 2.500000E-003

Mesh pt. Exact xuln NUlIllTiral xulu.
SIN

.)'11 ( CII)

************************************~*~*~**********~********************
i,

0 .OOOOOOOO!)+OO.0000000(1)+00 .0000000(1)+00 .OOOIJOOOBI>+OOI .250000001>-02 .250(11)601>-02 .2506250(1)-02 .535510501>-072 .500000()OI>-02 .50250 13()D-02 .5024lJ79(1)-02 .3.11)1).1270D-07.1 .7500000(1)-()2 .75561 %()))-02 .755612-10 1>-02 .721775(0))-07.t .100000001 )-0 1 .1 0099H501>-0J .100996201>-0 I .2272.t2701>-O()5 .12S0()000D-0 1 .12655%OD-0 1 .12655.t 1OD-O I .5.t575500 0-06() .150000001 )-01 .IS22.t3S0D-0 1 .15223.t30 ))-01 .1)573<)%0 f)-O()
7 .17500000 ))-0 I . J78053501>-0 1 .Jn03()JOf)-01 .17.t71 ()10f)-OSH .20000000D-O I .203'JSh J 01>-0 I .23000 I 1)0/)-0 I .272H7750J)-05I) .225000001>-01 .2300cl3S0 /)-01 .23000190 D-O 1 .272877501>-0510 .250000001>-0 I .25622.t I0 D-O 1 .256 I6.t70D-O 1 .51)38 I 130f)-05



y'" "" - y y"

TABLli.: 9: NUMERI(,AL SOLUTION OF PIH)BLI':M J

y({))-(),y'({)) O,/'((}) I

•..

L'sillg the .1-~tcp ruethud with I\ll'sh Siz(,II = 2.5001l00E-!lOJ

SIN XII

o .000000000+00
1 .25000000 D-O 1
2 .500000000-01
3 .750000000-01
4 .I00000000+00
5 .12500(001)+00

6 . 150000000+00
7 .175000000+00
8 .200000000+00
9 .22500000D+00
10 .25000(001)+00
II .275000000+00
12 .300000000+00
13 .325000000+00
14 .350000 100+00
15 .375000100+00
16 .400000 IOO+()O
17 .425000 I00+00
I8 .450000 I00+00
19 .475000 I00+00
20 .50()OOOI()D+OO

21 .52500000D+OO
22 .55000000D+OO
23 .575000000+00
24 .60000000 n+oo
25 .62499990D+()()
26 .649999900+0()
27 .674999901>+00
28 .699990901>+00
29 .724999801>+00
3() .749999801>-1-00
31 .77499980D+O()
32 .799999801)+00
33 .8249997(1.)+ 00

(V,,) (,OMPllTFD

.OO()OOOOO0+00
.3 12..~9950 D-05
.124999200-04
.281252601)-04
.500022400-04
.781325700-04
.112518400-03
.153 J 62600-03
.200068100-03
.253238700-03
.3 J 2678500-03
.378392300-03
.450385000-03

.52866230 D-03

.61323030 D-03

.7040956(1)-03

.80126520D-03

.90474670D-03

. 10 145480 D-02

.1 130678(1)-02

.1L 3 1-t60 D-02

.13X 1961(1)-02

.1517(3301)-02

.1658673(1)-02

.1806SlJ20 D-02

.1960900(1)-02

.2121610(1)-02

.2288734(1)-02

.24622~U)0 f)-()2

.26422770D-02

.28287240D-02

.3(216390))-02

.J2210380D-02

.-'42693700-02.

Cl-I



34 .84999970D+00 .163935000-02
•.. 35 .87499~700+00 .38582950D-02 ;'

36 .899999700+00 .40837880D-02
37 .924999701)+00 .43158460D-02
38 .94999960 D+OO .45544870D-02
39 .974999600+00 .47997280D-02
40 .99999960D+00 .50515890D-02
41 .102500000+01 .531008800-02
42 .105000000+01 .55752460D-02

•• 43 .107500000+01 .584708200-02
44 .11000000D+Ol .612561700-02
45 .11250000D+Ol .64108730D-02
46 .11499990D+Ol .67028720D-02
47 .11749990D+Ol .70016360D-02
48 .11999990D+Ol .73071880D-02
49 .12249990D+0] .76! 9551 OD-02

r

50 .12499990D+Ol .79387490D-02
51 .12749990D1-:01 .82648060D-02
52 .12999990D+Ol .85977460 D-02
53 .132499900+01 .89375950D-02
54 .134999900+01 .92843790D-02
55 .13749990D+Ol .96381230D-02
56 .139999900+01 .99988550D-02
57 .14249990D+Ol .10366600D-Ol
58 .144999900+0 1 .10741390D-Ol
59 .14749990D+Ol .11123250D-Ol
60 .149999900+01 .11512210D-Ol
61 .15249990D+Ol .11908300D-Ol
62 .154 999~O1)+01 .12311540D-Ol ,

63 .15749990D+Ol .12721980D-OI
64 .159999900+01 .13139630D-Ol
65 .16249990D+Ol .13564530D-Ol
66 .164999900+0 I .139967200-0]
67 .16749990D+OI .1443621 OJ)-O1
68 .16999990D+OI .148830500-01
69 .17249990D+Ol .15337270D-OI
70 .174999900+0] .157989000-01
71 .177499900+01 .1626798(1)-0]
72 .179999900+01 .16744530D-O I
73 .1824999(1)+01 .172286000-01

GS



74 .184999901)+01 .177202200-01
... 75 .187499901)+01 .182194200-01

76 .18999990 D+OI .187262400-01
77 .192499900+01 .192407300-01
78 .19499990 D+O1 .197629100-01
79 .197499900+01 .2Q2928200-0 1
80 .199999900+01 .20830500 D-O1

j
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•..
TABLF 10: Ntl !JI<:I{I(,AL SOLUTION OF 1'1{()Bl.I·:i\1 ~

y(()j- (),y'l()j ().:"(lJ) I

SIN XII

llsin~ -l-step method with Mcsh Si/.c h = 2.:1000011J.:-OO.'

o .OOOOOO()()1)+00
1 .2500001}() 1)-01
2 .500000()0 1)-0I
3 .75000(001)-01
4 .100000000+00
5 .125000001>+00
6 .15000(001)+00
7 . 17500000 I)+O()
S .200000()OD+OO
9 .22500000D+00
10 .250()OOOOD+OO

II .27500000D+OO
12 .300000000+00
13 .32500000 D+OO
1-4 .35000010 D+OO
15 .375(00101)+00
I6 .400000 IOI)+O()
17 .425000101>+0()
1H .45()OOOI 0 I )+00

I0 A 7500010 D+OO
20 .500000 I(1)+00
21 .5250000(1)+00
22 .55000000D+00
23 .57500000D+00
24 .60000(001)+00
25 .6249999(1)+00
26 .64(999901)+0()
27 .67499990D+OO
28 .69999990 I)+00
29 .724999801)+00
.10 .7499998(1)+00

31 .77499980D+00
32 .79999980D+00
33 .82499(701)+00

(\'11) ('OM PllTFJ)

.0000000(1)+00
.J12-499501>-05
.12-49992(1)-04
.2812460(1)-0-4
.409995901>-0-4

.7H1259401>-04

.1 12505200-03

.1531393(1)-03

.200030801>-03

.253182801)-03
.312598600-03
.37828240D-03
.45023850 D-03
.528471901>-0.1

.61298800D-03

.703792701>-03

.H008921 0 D-03

.90-429310n-03

.1 ()140030 I )-()2

.ll.10()20()D-02

.1 2523H()01)-02

.138106401>-02

. 1516091 01)-02

.1657469(1)-02

.1H0520901>-02

.195932201>-02

.2119818(1)-02

.228670901>-02

.24600080 1)-02

.2(d972801)-02

.282588001)-02

.30184790D-02

.32175380D-02

.3-42307301)-02



34 .84999970D+00 .363509700-02
... 35 .87499970 D+OO .385362700-02

36 .8999997PO+00 .40786780D-02
37 .92499970n*00 .43102660D-02
38 .94999960 D+OO .45484090D-02
39 .97499960D+OO .47931220D-02 ;'

40 .99999960D+00 .50444250D-02
41 .10250000D+0 I .51023360D-02
42 .10500000 D+O1 .5::668720D-02
43 .107500000+01 .58380530D-02
44 .11000000D+Ol .61158980D-02 .
45 .112500001)+0 I .64004290D-02
46 .11499990D+0 1 .66916640D-02
47 .117499900+01 .69896250D-02
48 .11999990D+Ol .72943340D-02
49 .12249990D+Ol .76058120D-02
50 .12499990D+01 .79240830D-02
51 .12749990D+Ol .82491700D-02
52 .129999~}OD+Ol .85810990D-02
53 .13249990D+Ol .89198960D-02 t

54 .13499990D+01 .926558700-02
55 .13749990D+01 .96182000D-02
56 .13999990D+0 I .99777650D-02
57 .14249990D+Ol .10344310D-Ol
58 .14499990D+Ol .10717870D-Ol
59 .14749990D+0 I .II098470D-Ol
60 .14999990D+Ol .11486150D-01
61 .15249990D+01 .11880940 D-O1
62 .15499990D+01 .12282870D-Ol
63 .15749990D+01 .12691980D-Ol
64 .15999990D*01 .13108310D-Ol
65 .J 6249990D+OJ .13531890D-Ol
66 .J6499990D+01 .13962760D-Ol 1

67 .167499900+01 .144009600-01
68 .16999990D+Ol .14846530D-01
69 .17249990D+Ol .15299520D-Ol
70 .17499990D+01 ..15759960D-01
71 .17749990D+Ol .16227890D-Ol
72 .17999990D+Ol . 16703360D-Ol
73 .18249990 D+O1 .17186420D-01
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74 .18499990D+0 1 .176771100-01
.•. 75 .18749990D+0 1 .181754700-01

76 .189999900+01 .186815500-01
77 .192499900+01 .19195400D-01
78 .194999900+01 .19717050D-0 I
79 .19749990D+01 .202465500-01
80 .199999900+01 .207839600-01

,

r
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AWOYEMI
(Yn)

...
TABLE II: COMPARATIVE ANALYSIS OF run 3-ST ••.•'

METHODS ON y"'= x- 4y' y(O) = ),,(0)' 0, y"(O) _ I

\Vher! h = 2.5()()OOOE-002

SIN EXAf:T
, SOLUTION

(Yxn)

PROPOSED
METHOD

(Yn)
*************k**~*********~*************************** ***~***********

o .OOOOOOOOD+OO.OOOOOOOOD+OO
1 .25000000D-01 - .31244950D-03
2 .50000000D-OJ .124921700-02
3 .750000000-01 .280854700-02
4 .904644201)-02 .409187100-04
5 .12500000D+00 .778204600-02
6 .15000000D+00 .111869000-01
7 .175000000+00 .151957400-01
8 .20000000 D+OO .198010700-01
9 .22500000D+()0 .249943000-01
10 .250000000+00 .307657700-01

.000000000+00

.312499500-05

.124999200-04

.28]247700-04

.499995600-04

.781242700-04

.112498900-03

.153] 23500-03

.199997900-03

.253122300-03

.31249660D-03

70

0.0000000000 D+OO
0.3124511719D-03
0.12492189171>-02

0.2808547497D-02
0.49875156401>-02
O.7782()43843 D-02
O.1118690437D-O I
0.1519573531 D-OI
0.1980 I05449D-O I
0.24994280170-0 I
0.307657 -;I5 11>-0I



...

COMPARISON OF EXACT AND NUMERICAL SOLUTIONS

Flg~.6.4:Graplls of Numerl~.,1,Ild Ex.ct Solutio •.•• 9f
Proble~ 1 ush1g the ContIOl~~U"three-step Method ilnd

the proposed threQ _tep metnod .'

"

, 0 0.05 0.1 0.15 0.2 0.25 0.3

'-------------------------_._------------
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6.1

CHAPTEl~ SIX

CONCLUSION

SUMMARY

...

In this work, the design, analysis-and implementation of a class or Explicit Linear

Multistep Methods for direct solution of 3rd order initial value prohlem of ordinary

Differential equations are discussed. The derivation, analysis and implementation adopt Taylor

series techniques, Boundary Locus method, The results show that the methods are Consistent,

zero- stable and Convergence. The formulas is rewritten in computer algorithm and implemented

using Fortran programming language to solve some sample problems of third order differential

equation. The result is accurate and compareIavourably with existing methods.

6.2 SUGGgSTIONS FOR FURTHER STUDIf:S

Since the method is linear Multistep, there is needfor a predictor to determine the

starting values which arc not at that instant available. The predictor should be01" the

same order of accuracy as the main method.

6.3 THE ACHIEVEMENTS

The proposed method call be used to analyze problems onControl and Population

dynamics in Biology.
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APPENDIX ONE

••

•• . , j

Dl1\1ENSION Y(300),yp(300),ypp(300),ypp 1(300),ypp2(300)
DIMENSION x(300),f(300),fp(300),yp 1(300),yp2(300),v 1(300)
DIMENSION v2(300),v3(300),ER(300),Yl(300),Y2(300),Yk(300)
DIMENSION Yn(300), v(30u), EE(300),fpp(300)
OPEN(2,FILE='adebLOUT',STATUS='NEW')

DO 10 i = 0,80
Y(O)=O
v(O)=Y(O)
v(l )=.000003124995
v(2)=.0000 1249992

x(O)=O
yp(O)=O

h = 1.0/40.0
x(i+ 1)=x(i)+h .

C x(i+2)=x(i + I)+h
C WRITE(* ,*)X(i+ 1),x(i+2)

[(0)=0
ypp(O)=I.O
fp(O)=-yp(O)*ypp(O)
fpp(O)=-ypp(O)* I~O)

yppl (i+l )=ypp(O)+i*h* f(0)+(i**2)*(h**2)* fp(0)/2
ypp2(i+ 1)=(i * *3 )*(h **3)* fpp(0)/6
ypp(i+ 1)=ypp 1(i+ 1)+ypp2(i+ 1)
yp 1(i+ l)=yp(O)+(i+ 1)*h*ypp(O)+(((i+ 1)*h)**2)* f{0)/2
yp2(i+ 1)=(((i+ 1)* h)* *3)* fp(0)/6+(((i+ 1)*h)* *4)* fpp(0)/24
yp(i+ I)=yp I(i+ I )+yp2(i+ I)
f(i+ 1)=y(i+ I)*yp(i+ I)

C PRlNT f(i)
C SLEEP

j

fp(i+ 1)=-y(i+ I )*yp(i+ 1)
ypp 1(i+2)=ypp(0)+(i+ 1)*h*f(O)+((i+ 1)**2)*(h* *2)*fp(0)12
ypp2(i+2)=((i+ 1)**3)*(h**3)*fpp(0)/6
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...
ypp(i+2)=ypp I(i+2)+ypp2(i+2)
l{i+2)=-y(i+2)*'yp(i+2)
Y! (i+ 1)=Y(0)+h*yp(0)+((h**2)*ypp(0)/2)
Y2(i+ I)=((h* ~~3yf{0)/6)+(h* *4 )*fp(0)/24
Y(i+ 1)=Y 1(i+ 1)+Y2(i+ 1)

Y I(i+2)=Y(O)+2*h*yp(0)+(( 4*(h**2))*ypp(0)/2)
Y2(i+2)=((8*(h* *3)*1(0)/6)+( 16*(h* *4))* 11)(0)/24
Y(i+2)=Y I(i+2)+Y2(i+2)
PRINT Y(i + I), Y(i -+- 2)C

10 CONTINUE

v( 1)=.000003124995
v(2)=.0000 1249992
v(3)=.000028124600
Y(l )~v(l)
Y(L)=v(2)
Y(3)=v(3)

C SLEEP

DO 20 j = 0,80
Yk(j+4)=4*Y(j+3 )-6* Y(j+2)+4*Y(j+ 1)-Y(j)
Yn(j+4)=(h**3)*(f(j+3)-f(j+ 1))/2
Y(j+4)= Yk(j+4)+ Yn(j+4)
v(j+4)=Y(j+4)

20 CONTINUE
C REM
C REM

\iv'RITE(2,*)'THIS IS THE NUMERlCAL RESULT FORyMESH SIZE
H=' h,

WRlTE(2,*)
WRITE(2,*) .

WRlTE(2,30)
CHI XN=-(H(O)/Y(O)* *2 )*( -X(O)/Y(O))
C DO 15 K=0,80
C WRITE(*,*)X(K)
C 15 CONTINUE
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... 30 FORMAT(2X,'NT', IOX,'X',8X,'Y COMPUTED')
WRITE(2,40) ,

40

FOR MA.T( 4X,'* * * ** * * * ** * *** ** **** *** ** * * * * * * *** * * ;~** * * * * ** * ***
* * ** * >I.

1**************')

WRITE(2,*)
C PRINT #2 I, "X "; "
ERROR"
C REM
C REM

YEXACT'" ", Y COMPUTED"; "

C REM

DO 50 K =0,80
v I(K)=(3*( l-COS(2*x(K)))/ 16)+(x(K)**2)/8
Vv'P.ITE(-, *)x(K),v I (K)

C REM
C REM
C WRITE(*,*)vl(K)

ER(K)= vI (K)-v(K)
C 'IF ER(k) < 0 TI-IEl'-!
C 'ER(k) = -ER(k)
C 'ELSE
C 'ER(k) = ER(k)
C 'END IF

EE(K)=ABS(ER(K))
WRITE(2,60)K,x(K),v(K)

60 FORMAT( IX,I3,4(D16.8,2X))

C PRlNT #21 ,K,x(K), v(K)
C REM
C REM
50 CONTINUE
C PRINT #21 "At h = II. h, ,

END
••
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APPENDIX TWO
DIMENSION Y(300),yp(300),ypp(300),ypp 1(300),ypp2(300)

DIMENSION x(300),f(300),fp(300),yp 1(300),yp2(300), vi (300)
DIMENSION ~2(300),v3(300),ER(300),Y 1(300),Y2(300),Yk(300)
DIMENSION Yn(300), v(300), EE(300),fpp(300)
OPEN(2,Fl LE='PRO I K4.0UT',STA TUS='NEW')

DO 10 i = 0,80
Y(O)=O
v(O)=Y(O)
v( 1)=.000003124995
v(2)=.0000 1249992

x(O)=O
yp(O)=O

h = 1.0/40.0
x(i+ 1)=x(i)+h

C x(i+2)=x(i + I)+h
C WRITE(*, *)X(i+ 1),x(i+2)

f(O)=O
ypp(0)=1.0
fp(0)=1-4*ypp(0)
I1)p(0)=-4 * 1(0)

ypp 1(i+ 1)=ypp(O)+i *h*f(O)+(i **2)*(h**2)* fp(0)/2
ypp2(i+ 1)=(i * *3)*(11* *3)* fpp(0)/6
ypp(i+ 1)=ypp I(i+ I)+ypp2(i+ 1)
yp I (i+ I )=yp(O)+(i+ I )*h*ypp(O)+(((i+ 1 )*h)**2)* f{O)12
yp2( i+ 1)=-=(((i-I-I )* h )" *:3)* l"p( O)/()+((( i I 1)* h )" *4)* Illp( () )124
yp(i+ J )=yp I(i+ I )-I-yp2( i-I I)

f(i+ 1)=x(i+ 1)-4*yp(i+ I)
C PRJNT f(i)
C SLEEP

fp(i+ 1)= 1-4 *ypp(i+ 1)

ypp 1(i+2)=ypp(0)+(i+ 1)*h*f(O)+((i+ I)**2)*(h* *2)*fp(0)/2
ypp2(i+2)=((i+ I)**3)*(h* *3 )*fpp(0)/6

78



ypp(i+2)=ypp 1(i+2)+ypp2(i+2)
...f(i+2)=x(i+2) 4*ypp(i+2)

Y I(i+ 1)=Y(0)-.-h*yp(O)+((h**2)*ypp(O)l2)
Y2(i+ 1)=((h* *3)*f(O)/6)+(h* *4)*fp(0)/24
Y(i+ 1)=Y 1(i+ 1)+ Y2(i+ I)

Y 1(i+2)=Y(O)+2*h*yp(0 )+(( 4*(h* *2)*ypp(0)/2)
Y2(i+2)=((8*(h**3))* f(0)/6)+( 16*(h* *4 )* rp(0)/24
Y(i+2)=Y I(i+2)+ Y2(i+2)

C PRINT Y(i + ~), Y(i +,2)

r

10 CONTINUE

v( 1)=.000003124995
v(2)=.0000 1249992
v(3)=.000028 124600
Y( 1)=v( I)
Y(2)=v(2)
Y(J)=v(J )

C Sl.eEP

DO 20 j = 0,80

Yk(j+4)=4*Y(j+3)-6*Y(j+2)+4*Y(j+ 1)-Y(j)
Yn(j+4 )=(h * *3 )*( rCj+3)-f(j+ 1))/2
Y(j+4)=Yk(j+4)+ Yn(j+4)
v(j+4)=Y(j+4)

20 CONTINUE
C REM
C REM

WRITE(2,*)'TJ-IIS IS THE NUMERICAL RESULT POR MESH SIZE
H=' h,

WRITE(2,:i')

WRJTE(2,*)
WRITE(2,30)

C IIIXN=-(H(O)/Y(O)* *2)*( -X(O)/Y(O»)
C DC ]5 K=0,80
C WRITE(*,*)X(K)
CIS CONTINUE
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30 rORMAT(2X,'NT', I OX,'X', 15X,'Y EXACT,8X,'Y
COMPUTED',10X,'ERROR')

WRIl'E(2,40)
40

FORMAT(4X '* ** *** * * ** *** * ** *** *** ***** * * * *** ** * * * * ** ** ,~** ***, , .

******
I* * * ~,* * * ;~* ,~:1= * * * ')

WRITE(2,*)
C PRINT #2 I, "X ";"
ERROR"
C REM
C REM

Y EXACT";"

C REM

DO 50 K =0,80

v I(K)=(3 *(l-COS(2*x(K»)/16)+(x(K)* '1'2)/8
WRITE(*, *)x(K),v I (K)

C REM.
C REM

C \VR1TE(*,*)vl(K)
ER(K)= vI (K)-v(K)

C 'IF ER(k) < 0 THEN
C 'ER(k) = -ER(I()
C 'ELSE
C 'ER(k) = ER(k)
C 'END IF

EE(K)=AI3S(ER(K»

WRITE(2,60)K,x( K),v I (K), v(K),EE(K)
60 FORMAT( I X,J3,4(D 16,X,2X»
C PRINT if21, K,x(K), v I(K), v(K), EE(K)
C fU~M
C R[M
SO C01"rTINU E
C PRiNT #21 "At h= II. h, ,

END

80

Y COMPUTED"; "


