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ABSTRACT

In this thesis. a class of discrete [ingar Ev'TuEliﬂlrp Methods for Direet Solution
ol third order initial value problems of Ordinary dilferentinl Equations js developed
using Tavior series expansion technique.

he method is motivated by the variety of application areas of third order
thdinary DifTerential equations, which include Engmeering, Science, Management
and Technology. The analysis of the basic properties of the methods were carried oyl
using Boundary Locus method. The resull shows thai the methods are Consistent,
Zero-Stable, and Convergent,

The methods are programmed in Fortran Programming Language and used 1o
solve some sample thind order initial value problems in Ordinary dilTerential

cquations to demonsirate (he practical feasibility apd aceuracy of the methods



CHAPTER ONE A
INTRODUCTION
1.1 PREAMBLE :

Differential Equations play a major role in the analysis of problems ansing from
sciences, Engineering, Medicine and Management. Many of the basic laws governing
these problems are sometime defined in mathematical equations that contain unknown
functions and their derivatives of 3™ orders. Any equation involving an unknown
function, its derivativéa of 1", 2" and 3™ order is called a 3rd order differential equation.

Third order equations are often expressed in form 2

Yy =Fx,v.¥.¥") }i{xﬂ] = ¥o, o ] o 0 iy PRI S UG f 1

Differential equations are of two types namely, Ordinary Differential Equations
(ODES) and Partial Differeivial Bquations { PDES) respectively. It is ordinary if the
function depends on one independent variable x and partial if it depends on two or more
variables.

Third order dilferential equation ¢an be classified inlo Linear and Non-linear
equations. A third order differential equation is said to be Linear if no product of IJI1-e
dependeni variable y{x) with itself or any of its derivatives occurs. Whilrt: it 15 non-Linear

otherwise, )

The subject of third order differential cquations constitules a large and very
important branch of Mathematics, lis stm}}r. is a wide feld in both Pure and applied
Mathematics. Pure Mathematicians study the types and properties of third order

differential equations to know whether or not the solutions exist, and should they exist,

whether they are unigque., Applicd Mathematicians, Physicists and Engineers are usually



more interesied in how to eompule solutions to them. These solutions are then used to
simulate real life problems in Engineering. Sciences and Management. ;"-.-’:rg.f often, these
equations do not have closed form solutions and they are solved using Numerical
methods.

One of the conditions that such equations must satisfy in onder o ensure the
existence and wuniqueness of solution is contained in the theorem postulated by

Coddington and Levingson (1965)

Definition 1: A solution of an ordinary differential equation of order three is a function
that possesses al least three derivatives in some interval | and salisﬂe&l the equation and
associated initial condjtions.

Basically, there are two main methods of solution of 3™ order ordinary differential
equation. They are Analytical and numerical methods respectively.

Analytieal method consists of expressing the unknown variable y in terms of the
independent variable x or as a linear combination of elementary functions such as Bessel
functions, exponential functions awl trigonometric functions respectively.

However. there are many problems of this kind, which do not possess a closed
r
form solution. In these situations, an approximate solution using numerical methods
becomes an imporiant approach:
Numerical Method iz an appm:r.imé.tc method to get a solution o a particular
problem at some discrete points in the interval of definition of the problem. The advent

of digital computer has influenced: the use and the development of Numerical methods,

This helps to find solution to differential equations at the desired points. It also helps in



the creation of new methods, modification of existing methods to make them more
effective and give room for theoretical / practical analysis of algorithms for the standard
compulational process and pointing oul those algorithms which are sul'rsrfﬂclnr}r in various
situations. There are several algorithms, amongst which are single-step algorithm and

linear multistep algorithms {method); which form the object of this work.

1.2 THE EXISTING NUMERICAL METHODS

It has been observed in literature that the commonest method for solving a 3™ order

ordinary difTerential eguations of the form

"= iy }'".] ST T e R I
is by reduction of the problem into a system of first order ordinary differential equations
of the form y' = 112, ¥}, ¥(%0) =¥0 e (1.3)
And then adopts any appropriate numezrical method for solving the first order system of
ordinary differential equalions. More information on this can be obtained in
Fatunlal 1988), Lamberl(1973), Jain (1984}, Jain el al (1984), Enright (1974), leltsch
(1976}, Jacques and Judd [ 1987).

The methods had bee:. classified into:

(i) The expansion methods, where by, the theoretical solution y(x) is approximated by

¢
the first few terms of an expansion involving orthogonial functions Hj(x) in the form

k

yilx)= E ogr Hy (X)) iiiiiiiinaiini(l )
=
where o can depend on k .



{i1) The discrete variable methods in which numerical approximations are obbuned al
some specified points in the integration interval 11 seems 1o be more amenable 1o
compuier implementation; hence it is more universally applicable.

The conventional method which involves the reduction of (1.3 ) o a system ol first
order ordinary differemtial equation sulfers some major sethacks. The sethacks imclude
enmpultational burden and cost implication.

lurthermore, o more serious drawback 1o such echoigue or approach arises when
the given system of equiations o be solved cannotl be solved explicitly Tor the derivatives
ol the highest order [Bun and Vsil’yer, (1992)]. The method then becomes inelficient
and uneconomical for a general — purpose application,

The existing methods can also be classified into Continuous and discrete methods.
Continuous method makes use of collocation and interpolation approach in the derivation
ol the methods. Though, this method is acceptable and winigque in lerms ol sccuracy bul
thewr method of dervation is complex and the implementation iz difficult  Discrewe
methods based on Taylor series expansion method are less ditficult to derive and apply,

In thas waork, a elass of discrete linear multistep methaod of the form

k-1 k1
L "
Yk T El-l"”l‘_i +h Zﬁl}' “Ij PR ...11.5,
= =1

15 to be developed lor direct solution of third order initial valoe problems of ordinury
dilTerential equations of the form

¥ = Ryl v [y = v v ¥ 0 ¥ e = ¥ i s B



1.3 MOTIVATION

Third order ordinary difTerential equations have large areas of application such as
Engineering, Management and Sciences where they serve as model equations for analysis
ol real life problems like electrieal network. The adoption of these Numerical methods in
solving the real life problems which includes Controls and Population Dyvnamics in
Biology and Blasious equation in Muid dynamics), directly without reducing the modeled
equation 1o a system ol first order equation molivated the research work,

The Existing Methods ol reduction of higher order equations to lower order are
inadequate due to their inefliciency and heavy computations. The proposed method will
therefore reduce these inadequacies by reducing computational efforts and inelliciency

associaled with the existing method.

1.4 RESEARCH OBJECTIVES
I he ohjectives of this work are to; -

(1) develop a Discrete Computational formular of the form (1.5} for direct
solution of 3™ order Ordinary dilferentinl equations.

(i) develop necessary predictors for determimation of starting values,

(iti)  analyze the basic properties of the methods which includes the order ol
accuracy, error constants, consislency, zero-stability convergence amd
check for A- stability

(iv) apply the method to solve some sample problems on computer with a view

ol accessing its applicability and accuracy,

T



1.5 RESEARCH METHODOLOGY

To achieve the above objectives we adopl:
i) Taylor series expansion of the variables yu Yooy and £ about point (x,_y,) are

adopted and substituted into equation (1.5) and combine terms in equal power of h
with a view o determine the unknown coefTicients of the methods.

{ii)  the system of linear equations resulling from the above FfﬂEEdll:"E were solved by
Gaussian elimination technique.

(iii)  analysis of the basic properties of the methods were also carmied oul using
Boundary Locus method.

{iv)  the formulas (or methods) were coded in Fortran programming language.

(v)  the programme was implemented on a digital computer with sample 3" order

initial value problems.



CHAPTER TWO I/
PRELIMINARY CONCEPTS AND PRINCIPLES

In this chapter, the basic concepts and principles that are relevanl (o the
development, analysis and implementation of the scheme are discussed.
2.1 PRELIMINARY CONCEPTS

The basic concepls of interest include step length or meshsize, explicit and
implicit method, characteristic polynomial. These are discussed in Emn:a'bz:lﬂw.
A STEP LENGTH OR MESHSIZE.

Most numerical methods for the solution of (1.1) are based on the principle of
discretization. Discretization iz a process of dividing an interval into some small
subintervals; in which an approximation vy, to the theoretical solution y(x) are sought on a
discrete points set xi, i = (I defined by a8 =Xg < X)) <Xz covvimmnnannn <Xp = b In

the interval [ = [a,b] with h = x; - xi-, 1 = [i{1)n-1] as shown in the figure below.

h h | w | wn | mh | h |
Q;LJ il | | | |
4= M N X2 X3 X4 % =b

The parmmeter h is called the step length or mesh size for the method while the x;-, are

called mesh-sizes.

B.  Implicit and Explicit method: A Linear multistep method

k k
Eﬂ'-: Yntj = h E]j t_|1|+j R ¢ 1T 1y
j=0 =0

for initial value problem (1.1} is said to be implicit if the value ) # 0 and explicit

otherwire, f



. Characteristic polynomial: A characteristic polynomial of a linear mullistep -

method of type (2.1) is defined by I, ) = p(r) —holr) ... (2.2)
whiere
k
plo)= Xoyr
=0
and

k‘ i
a{t)= EP--,TJ
=0

are called first and second characteristic polynomials respectively.

2.2 PRINCIPLES
2.2.1 Power series: In the derivation of numerical analysis, power series technique
such as Maclaurin's series and Taylor series expansion are used in the derivation
of the method, Tavlor series is a one-step method, which can be used to obtain an
approximation 1o the value of the solution of an initial value problem at specific
values of x. Assuming thal the function ¥(x.4) is continuously differentiable in a
certain interval [a,b] then its Taylor expansion
0 e, REa o
vixe)= ¥ (WY P ETTRE P TE B Rt 1.2 § |
r=0 r!
For further information. see (John L. Van Iwaarden, 1985)

A Interpolation: This is the process of finding a solution at a particular or some

specified points inside a given interval |ab] /



r

B Predictor —Corrector procedure: This is a process in which an explicit method
is used in estimating the unknown function in the given problem and this predicted value =
i5 used as starling value for the correclor method adopted. Suppose an implicit linear

k-step method of the form

k- k.o
'nik "'Eﬂ_i Yotj = h"l.’-hﬁ:xmt. ¥rag) + hE i }'"'n+j ______________ {2.4)
= j=Ib

is 1o be used to solve initial value problem, At each step ya. must be calculated, The
initial guess or value you ™ will be required. This is done by using a separate explicil
method (o estimate v, and taking this predicted value 1o be initial gu&:r.t: Yook ' . The
explicit method is called the prediclor, and the implicit method the corrector.

C Linear multistep method (LMM): A linear multistep method is a method that
tends to approximate vy from a linear combination of the previous estimates yy
J=0(10k-1 .

It 15 of the form

k-1 k+1

m
}'n+h=zljl"'n+j - h Zﬁjfn'fj.mﬂLI.....................................{2.5:1

JF0 =0 ]
Where oy and 3 are constants and oy # 0, and that both oy and fo are not both zero(For

details see Lambert, 1973)



CHAPTER THREE
DERIVATION OF THE PROPOSED METHODS

The method discussed here is motivated by the linear multisiep method
k k

Zaj YnH = hEﬂj_‘r’"'mj Erri R
=

=i
Proposed by Adams (1883) for numerical solution of 1% order ordinary differential

equation (1.3)

In this work, formula (3.1) is redefined for the 3rd order ordinary differential
equationrs, ’
y'= F(x.y.y.y") a8

k-1 k-1
E|
Yok = J0i¥nti t B DB oo (3.2)
=

1=l

Where the parameters o and [ are to be determined as to ensure that the resultants
methods are consistent, zero-stable and convergent. Like it is done lor the Linear
multistep method {I.nl:!ll:lert, 1973) oy =1 and eqand [ig are not both zero.

Assuming that a truncalion error Ty 158 defined as

ki k-1
. ] 3 .
Tk ™ Zﬂ;j Yndj - h Zﬂ_l}' n I (2.2
]
15 made al each step of application of the method for solution of (1.1) Then the parameter

apsand s j =0{1)k can be determined as to ensure that Ty i8 minimum.

To achieve this, we adopt the following steps.

10



11 FROCEDURES

(1) Adonting Taylor series expansion ol yuipe ¥eojoond ¥ 1= 000 k-1 abeoat pain

{Xps¥n) to have;

Yark = :‘,-"1 -“'lh] y rl.“ i ﬂ"ilf },ni.-'.':l =" [ﬂj\ :r'||."” | @'Iyut-lr f

21 i1 41
T iia @P}'nllrl | {E]ﬂp' I }'u.“. Yo !ﬂlpl !!"'IlrII ¥4 “{hln !..J
! (ptiy! {(pt2)!
(3.}
Yarg = Yot Gy G0y Gy e Gy,
21 k} 4!
b Hil ™+ Gy, ™ Gy O
! (pt I (pr2) r

Yaig = Yo' Gy ¢ 0Py 4 Y
2 3

b Py ™+ Gy, " Gy O
p! (priy (pt2)l

(1) Inserting the above expunsions into the ervor equation (3.3} and combine leoms in

equal power of b to have,

T = . k<l TR kT P
| Lajlyat| k- E joj| by, ¢ Wyt
j=0 j=o
P._‘ kel {j_'ll;"ul k- E k-l {j_ﬂu, k-l
: 3 b3 B Wy +]| 41 3 41 2ani (h'yt 4+
e ;n“_J” rla %u‘“i, 'y
Py K ke ok JTURE | WE O™
pt  22p! 2 (p2)
=l e - o1 e N (3.5}



Which is compactly writlen as

It = Coyy+ Cih :,-',1 4 {"_-hlf,, om—— | oyl L'I,..h”" I{__’II_!h""I ¢ O
Where
k-1
Co= 1- Zaj yq
il
k-1
Cr=k- Zjaj hy',
=0
= K k-l
2 - LiYe by,
)
Op- &7 k-1ifey k-l ("R bRy 4000
P! Elﬂ E- (-2
=0 =0 e e )

Definition]: The numerical method (3.1) and the local truncation ervor Ty, are said o
beoforder pif Co= €= Cy=Cpope Cpazll bt Uy # 0

(i) Imposing accuracy of order poon T, we have
Co=00=00)pt2 oo 3T
Coa= K0 helj™ey ket U

(pr3y 2 (p3) X (pily

=0 =0

{iv) Solving equation (3.7) for the unkiovm parmclers o s and [3)'s by using Gaossim
elimination process
The parameters a;'s and f"s are then chosen to ensure that one or more of the following
conditions are satished.

(@) Adequate high order of accuracy of the scheme



(b} Minimum bound of local truncation error
{c) Minimum storage regquirement
(i} Muximwm interval of ahsolute stability,

Thet will be done for the cases k=3, 4, § and k=6,

THREEL STEP SCHEME
Seiting k=3 in equation (3.2) we lave a 3-step scheme of the form
Yais = Clg¥n + 0¥t 00N ez rhltl‘-.,y‘".. e TR R o8 & 7 e e O (1.8)
with local truncation error
Tans=-mg-a-ez) yn + (3 -0 - 20 ) hy'y HYZ2 -2 -2a3) bWy, + (276-/6
- o6 - Pu-Py- P bl B9 - 024 b aad 24 - Pr- 2P0 b (2430120 - @,
120 <320 { 120 -1/ 2 2P ) W'y,® 1 (729720 - ay/ T20 - ey T20 - 3/ 6 -8B/ )
" + (ZIBT/S040 - ey 5040 - 1280/5040 <[4/ 24 - 1603/ 24) Wy, ¢ O ih*)

Imposing accuracy ol order 4 on (1,50, we have the following systém of Linear equation
involving the coelficients of the method

[= oy = oty @a =1}

3-wy-2ay =0

W2 - f2- X =10

2Wo-afh - Baa /b - lg- [N -Pa=0

B1/24 - aif24 1haa/ 24 - 1, - 2By =0 SSUUUOURERURNN 18 11
2430120 - o, (120 =320y 7 120 -4/ 2 -.315;' 0 ’

T29T20 - oyf T20 - bdatz/ 720 - 3/ 6 -Bfy6 =0

21875040 - oy 040 - 1 2802/5040 B/ 24 - 16}y 24 =0

In matrix notations (3.9) modilies into



| | | 0 L i ity I
0] | 2z (1 i i iy ;
i 112 2 i i ) (8 1
i /6 L | | I o == | 26 | v (311}
0 124 16024 -0 | 2 b 81/24 |
1 1120 32120 0 12 412 %2 243124
4 L LS S

Solving (3.1 1) by Goussian elimination technigue, the value of the parnmeters are
oblained as

wo = ==3, =3, o~ O =Y the ¥ =0 (3.12)
Substituting the values of these parameters into the expansion in (3.8} above, the general
J-step loear multistep-method is

TS T . Tt SR IR B8 |l [/ U Y [OOSR : 3 | §
2

Definition 2:- A method is said 10 be of order p, if pis the lirgest positive integer lin
which

Com O 070 i O = 0 bl gy 2 [.]

According o delinition 2, method {3.12) is said 1o be of onder P43 =7 “-!-,E.L. " = 4 ad

principal truncation error Cy= 17240



FOUR - STEP SCHEMIE

Setting K = 4 in{3.2) we have o 4-step scheme of the form

Yued = Go¥a® i¥uin + ¥z +oa¥aes 0 (Bay"s + By + Py + v e )
B i T N

with local truncation eror

Taoae (l1p- =y —ctgy ¥ + (0 =0y = 20-3c, ) hy',

HIB2 - 02 20, -920) By + (600006 - B l6 - 2Ta0 00 [hy - Py- - P by, +
25602 — 1/24] ay H 16 o +81 a4 20030800 Wy, ! ‘
FLOZA/N20-{ LAV20 (o +3 20t +20Fce |- VL0900 1) By,

[A096/720 - | £ 72000+ 6ees 4 T2 |- 16[ [ 8{R+2 710 ) 10" +
FI63B4/S040 - 1/ 5040 Joy + 128042187y )1 £ 24 5+ 168N ] Wv,”
| 655 36/40320-1/40320 00y + 25600, 4656 e ] =101 2000+ I2R 4 2430 W' oo O (3

lmposing scewrney of onder 5 on Ty we have
=ty = =ty =5 <= il
d ey 2eaa-3cy = U

1602 « 2 420y N2, =00

606 - B /6 - 2Ty /6 Pu- - Pa-Pa=10 '

[256/24 ~124[ar+ 16y 481 aa] + (5 + 2P 43000} =0 i (3.16)
1mzmzu-:1f131:|m-T33+1-_. V24 30 ] L2 By H a9, | = 0

10DGT20 - 1/ 72000+ Gdues + 290 | - LO[FARP 2T | ) =10

{163B4/5040 - 1/ 5040 ety + 12800 218Taa]-1 /24 [P+ 16[A81]) =0

POSSIGA0320- 10320 [t + 25602 H656 Ly | - 1/120[8, 1 3203:+243[1,] = O

which in - matrix notation, hecomes,



>~ 7

/T_— [ | [ U 1 i i Ty |
0 i 2 ] U i i ih g 1
i 12 42 LD ] ] L 1] iLs a2
i I/ K6 2T | i | | iy Hdih
1 [ 20 P24 B2 il I . } [h 250/
Ll 17120 327124 24312 1 12 g2 012 [} Juni i
1 i R L T295020 1 I/ By 17 L 1T
LI 15040 12875040 IR S0 1 24 124 B2 [44 1 L 8L
o = Aok N
FRERLEERNRIPI 1y, 1k 2 )
Solving (3.17) with Craussian elimination technigue, we have
=<1, =4, @r=-6, a1=4, Po=0Pi="a Fr=0,Fi="0Pa=0 ... i(3.1%)

Substituting the values ol these parameters into the expansion in (3,14 above, we have

the general Expliuii 4-step lmear multistep method of the [orm

Yard = 4:Fltlll- ¥ 6}"4”1 | 4}'nll — ¥a *I'|JI IruIJ- o T II
2 e A(3.19)

FIVE -STEP SCHEME

Sefting k =5 in (3.5) we laven S-step scheme ol the lorm

Vet & = 0¥ O Yot 1V 02¥ g e ¥ a F e e th (B ¥ iy ™ e 1 Pay ™

H " gt ey ™ neal T Sy e e TRt B 7 € |

with local truncation emor

Tois = {1-tg-04- 13 <00y -}y + 5= 0 - Dog-Fog Ay ) by,

H2SE - /2 Ai2ay 2oy -1602m) Wy A

12506 -1t - Bag - 270y~ B0y -l - Pie Pr- Pa- Bk Wy, +

J625/24 —124] 16 ey 80 @y #2560 ] - (P + 2P 30, +4[80) Wiy,
E3I2SZ0-00120 Jex, #3200, +2430 10290 - V2[P 4R 16! W'y

(156250720 - | £ 7200t + 6ita + 129z, + 40%6ees]—16[Py = BFHF2TH1 +04[h 'y

I




[TRIZI/S040 - 17 5040 oy + 1284 21870, 4 1638401 £ 24 [0 16f5, 151 ]), L2 By
(390625/40320-103200cy + 256061656 ety 165536ax] — 111 20{]3, 4 I2PH243 0 02, | Wt 4
[V953125/362880 - 1/362880 [ax; + 512ce. + 196830, 4262 1440, |-1/720 [[i, 1 Gl 1 7290,
09611 Wy, (97565257362 8800-1/3628800(cx, FHOZ Aoyt 39040t + 10485 T6eay] — 150414, +
I2BA+2 1870, ¢ 1638400+ W™ 4.l 0 AT L H e £ 11 by

Imposing accuracy of order 6 on Ty wWe g the following system of linear equations

mvolving the unknown coeflicients of the method

Ity = fty- o = ea-ceq = 1)
3-uy = M- ~day =0

52 = a2 -4 20 -9y 1620, =)

[125/6- 16 [y + Boa + 27y ¢ 64y - iy - fr=fa-fa-fly=0

(625724 ~124] ay t16.02 481 ey +2560a4] - (3 + 2080 135, #4P)) = 0
(FTSA20- 117120 g #3200 424303 + 1024y |-V2Y 3 1 4B 9(5, 1168, 13 = 0
HIS625/720 - 1/ 7200ey+ bebeas + T2ty 4+ 0960y | —1/6[fhy 182+ 27f3 +640 | ) = 0

[TBI25/5040 - 17 5040 [ey + 12806+ 21870ty +16384ex, |
L E24 [Pk 160 81Ps +256f,]) =0

[ 39062 5/40320-1/40320 [, 256064636 Loty 1655360, V2005, ¢ 3205 +243p,
O[] =0 -

L1953 1257362880 1/362880 o) +51 20+ P68 3ay +262 1440,

—HT200 [+ 6424 72908 + 4096[3,] £0 e 3.22)

I matrix notation, equation, (3.22) modifics into the matrix Lyuation
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Solving (3.23) with Gaussian elimination technigue, we have

me=l. @=-8 @a=10, g3=- M ag=-5 as=-1, Po=0,Fi="r" Py=-ts, ;
==t B =0 i (338

Using these values in equation (3.20) we have the general (ifth step method of the form

Yois= S¥usa 10 Yurr + 10 Y2 5 Yt + Y -!1;-‘_|r.....v i3 = Gy fu)

s

e 12t o)
SIX - STEP SCHEME

Setting k =6 in {3.5) we have a 6-step secheme of the form
¥ert ™ ¥ TO0 Y 0 PO Y ot O Y ] LR TR RS Ty hi {l:!'ll- _'r'l"u I [5 |}'m||1 i1 [-:".':l"."mi

Hay" Pay nes Hsy s ) et E R e LR P o i) |

4 k

with luenl truncation errar

Taw= (l-ttg- -ty =0y -cty -5 ) yu + (6 0y - 20 -3y -y -5as) hy',

$436/2 12 | g + das + Yoy + 160y + 250 ) by,

1216/6 -1/6lay + Bax + 270+ oty + 125 oy - Po= Py Pa-Pa- Pa- Ped bl +
(1296/24 — 124 ooyt 100z +8] g +256 g + 625 aas | = () + 22 3]s sy +50s) Wy, '
[T776/120-1/120 |y #32as +24300, + 10240 +31250g |- 2[00 9% 160 +160s]) Wy, +
[46636/720 - 1/ 720{crt 64 + 729a; + 409, + 15625as] - 1/6][, H8[+T T +64fh +1250ks | b
[279936/5040 - 1/ 5040 fory + 1280+ 21870y + 163840y + 7812501

24 [Pyt L6P + 1P, 425608, 16250 |3 Wy, 4

llﬁ?‘-}lﬁIfﬁdﬂ}lﬁ—l-’du.’t&u[::. P2 500 Hh S0 1o 1655360, FIO0G2 5014 |

L2008+ 3222430 10240, +31250:) hiy.E o J

{HOOTT690/362880 - 1362880 [oy + 51 24gt 1968 300 4 262 14 ey + 1953125y

HT20 [t B4R T2OH, H0D6[, 1 156250]) W'y, |

| 604661 T6/3628B00-1/3628800](xy ¢ 10240e+ SO0y 1+ 10485760, | 9765625005

~1/SO40[B) + 128042187, +16384f, +TRI2S[] +

B ™ s O e 39N

19 . |



lmposing 2ecuracy of order 7 on T, . we hive the following system of linear equation mvolving

he unknown coeflicients of the method gs:

l-ttp=ty- 2 = ca5-0ty -5 =0

b -y - 20y -Jiny Aoy Sy =0

INZ - 12 [ o)+ Ao + Beey + 16y +250,=0

121676 146 [0y + Boas + 270y + Gidbeey + 1250, ~Po-Pi-Pa-Pa-By -Ps=0

PT296A24 — 124 it 16 oy +B1 oy 4256 +625 as| = (P #2004 30+dfly 45800 =0
[TIT6120-0 14120 [eay +32a, 4243, 1 10240, P30 250 |- L2405 O, 1608, +2504,03 = 0
[46656/T20 < |/ T20{at 6oz + 729, + 0y + 156250
VB[ + 8P 2705 +64, +1253, | 1 =0

[2T9936/5040 - 1/ 5040 [y 4 1280yt 21 8y + 163840, T8 250,

<LE24 ([ 1BRAB I 12560, + 625, 1) =0 '
(1690 1 /403204 1440320 oy, 125601656 111, PHA5360, 1 19062 50|
~MI20{[3+ 32P,42430, 4 102403, +31250%] | =0

(NN 7690/ 362880-1/ 362880 [a; #5012+ 19685, P262 1 ey +1933 1250,

L0 [+ G5, T290, + 4096[, + BSeEIF =0 canensnamis, (3.28)

In matrix notation, Fquations {3.28) modifies into eojution
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Solving (3.29) with Gaussian elimination technigue, we have
ap=-l. =6, wz2=-15 ws=Wai=-135 as=6 as=|, fo=th[h= -112,
Ba=1, Ps=0ps=-1,, fs=1/2 P =0 (3.30)

Substituiing the valucs ol these parameters into the expansion (3.26) we have the general

sixth step method of the form

i .
Yuso™ O%es— 13 Yooa + 20 Yot 15 Ya2 0 Your = Yo thE [Frs = 2h0a 2002 - K]

2

R b .||..|||.||--ll1’3'-3|j
Phe results of all these caleulutions are displayved in table 1. below
TABLE 1 :- Coeflicients of the proposed k - Step Linear Multistep Methods (3 < k< 6)

CocHlicients ol the Formuby o mml [5- ; Opier ol
i ihie i
TTE P (ot
k) e
[
L] iy iy L iy LFiY L8 .I1|| |!|| |!|: Hj “4, |1-. ﬂ * T“H_
L] u
| -3 3 I i i (e 1 | 17240
i S E I b |- i % i 5 |7230
—— — —— IJT - - -
il B
i A ) | =] 5 | 1 142 =12 | =12 I/ 1244
a
— a7 ——
-1 [} 15 26 [-15 [ 6 | { i (b -1 |4 i 7 124k

In general, the order of the methods is p=k+1

DEVELOPMENT OF PREDICTORS

The characteristic of Lincar Muldstep Methods (1,2) shows that, they requine two

or more starting values before they can function. Thus, 10 implement these methods, there
is need o have o helping method o compute these starting vialues and these helping

methods are called the prediciors




PREDICTORS FOR CTHE 3-STEP METIHOD ¢

To implemem the schome (3.12) Tor the solution of third order initial value
problem of type (1. 1) there is need 1o develop the predictors Tor the evaluation of y,»
Yor ) il its derivatives ¥z, ¥ e in order o evaluate Foti =X ap ¥ i Vo )] = 1.2
I order not to have initial data eeror in owr computation, their is need for this predictors
1o have the same order of sceurcy as the main method. Consequently, Taylor serics
expansion method is as the predictor that has the same order of aceurney as the main
methods. This yield
¥orl = ¥a "LE'}'”:IH ' !l|_lf !I"nllll:I . mﬂ ¥n By {.I_".If }"uw F ".I_"}j :""uﬁh e HOUR®)

21 3! ! 5!
............................ (3.32)
Yeir =¥ F2hy L+ 120Y .0+ Oy, P 20 v Y P e HOUL®)
21 i1 4! 5!
............................. [3.33)

Difterentiating (3.31 ) and (3.32) once; yields

}Illlll = }r"ill_i_h}.u”f L] thl.'!'"u ;._}_ ""n 4 ;_L 1’|.. --~+ ---------- H Hhh.]
24 3 41

:F.I'UI! ax _1"||‘”+1h:r|“|1i I [Ehll}l'"l“ § i3|l]3 j"“ b 4 {ghjd _.lr'"‘s. R T I":'['I_I\'.l]
21 H 41

-3.34)

Eyuation (3.32,3.33,3.34) are used for the evaluation of yu, oz and a0 respeetively in the
function £y = F (i1, Yorr, ¥aer) ond Bz = 1 (%002, Yooz, ¥'ae2) Prediciors for higher step
numbers will be adopting the lower step schiemes. For example, the 4-step method will

adhopl the 3-step scheme ps prediclor for y,.3 appearing in ils equation

-
=]



CHAPTER FOUR

ANALYSIS OF THE BASIC PROPERTIES OF THE METHODS

A charactenstic of Mumerical Schemes lor solution of ordinary differential
cguations s that errors are penerated a5 o resull ol the process of dervation and
implementation,  The magnitude ol these crrors determines the degree ol acéuracy,
consistency, zero-stability convergence and stability of the Schemes,

This is the reason why the analysis of these basic properties ol the

Methiod is highly essentml, The analysis forms the major objective ol this chapter

4.1 THE BASIC PROPERTIES OF 3-STEP METHOD
4.1.1 ACCURACY OF THE METHOD

Accurney 15 determined by the magnitude of the error arising from the process o
derivation and implementation. I the magnitude is small, then the method is said 1 be
accurate and inaccurate I otherwise. Some ol the major sources of these errors are:-

(1) Truncation error
{i1) Discretization errus
(i) Round off eoror
(v} Ermor propagation

Troncation error can be defined a8 the error that oceurs because of the

replacement of infinite process by a lfinite one. While Discretization error can be

defined as the error introduced by the replacement of continuous cquation by its finite

difference equivalences.



Round ofl error can be defined as error that occurs as a result of the adoption of

number with mfinite number of digits by a finite number of digils.

¥

Error propagation can be defined as the error that occurs as a result of errors
inheritance from step Lo step.
The degree of accuracy of a method is measured from the order ol accuracy and
error constant of the method. These concepts are examined below,
4.1.1  ORDER OF ACCURACY AND ERROR CONSTANT
As mentioned earlier, the local truncation error of the 3-step method is

3
e =E (oY) =1 By Gemgd b e (421)
i=u

¥
where oy = 1, ag and [i are not both zero.,

Adopting Taylor series expansion of y(x, .j], j=0(1)3 about x = %, s in (3.5) and

combining terms in equal powers of h, we obtain
Tas1 = Co¥(Xn) +erhy ' (xa) +eoh?y (xa) tesh'y (Ra) b 40 hPY e e ”,:,,,,
l“i:rr-ll'lwll'_‘r' Flllr|:n¢-n] + O (h ".H:I

Where
Co=I- op- oy~ 22
1=3-o- 23
Ca= NN -2 - 202
Cy=27/6-04/6 - Beea/6 - Po-Pu- Pz
Ci= B1/24 - 24 16 iz / 24 - Py - 22 e (4.2)
Cs=243120 - oy 120 =323 £ 120 P/ 2 -2
Ce= T29720 - o)/ T20 - 6y / 720 - B/ 6 -Bf26
Cy=2187/5040 - o/ 53040 - 128a/5040 -f/ 24 - 160/ 24

25



Using the resulis obtained in (3.11) and substitutes into (4.2} to have
Ca=1-343-1=0

Ci=3-6+3=10
Ci="f—6+ =0
Ci= -0+ -"—"h=0
ConPhanh-Ma=Thedwd | Giisissasissieg (4.3)
Cs =30+ Yz —Phza—"h—1=0
Cs="a0+ 30— Hpge — 12=1112=0
O IO e W b e 1B =i
Since Co=C=Cy=Cy=Cs= Cs=Cs= 0 bul C; =0 then, by Lambert (1973, 1991),
Jain (1979, Fatunla { 1988), Awoyemi(2002), and Kayode(2004) it implies that
the order p of accuracy of the 3-step method is p+3 = 7.That is p = 4. Hence the method

is of order 4 and the principal error constanl T = 11240

4.1.2. CONSISTENCY
According to Lambert (1973), a linear multistep method is said lo be consistent if and

only if its order of accuracy P> | and its characteristic polynomial functions p(r) and

o () given by p{r) =" — 3" + 3r— 1 and o{r) = +r satisfy the conditions:
k

(i) 3 aif =0 v
!
@ pH=p =0 r=1.

i o i) =31 oA s =1 Lecp (1§=38 o )

26



Where p and o are called first and second characteristic polynomials of the method
respectively. The three-step method s of order 4, and therefore satisfies the order
condition.

Considzr the stability equation: ;
[ir, h) = p{r) — hoir) where pir) and ofr) are first and second characteristic polynomials
of the method re.‘tpl::c:ti;.-'elj-'. They are given as
piry= @~ 374+ 30— 1
alr) = r+r
respectively

Mowy,

3 : :
(i) 2ajd = (apt oyt o + o) =-1 #3341 =0

j=0 ;
and
(i) p(=r -3r+3r1
=(r-1)" = 0
That is, the roots of the first characteristic polynomial are r = 1,11
Also,
p'(r) =3 —6r 43
p'(t)=6r-6
= 6(r-1)
p{l)=6(1)-6
=)
(i) pi=r' -3 +3r—] k
pU=3r —6r+3
p'(r)=6r-6
=6(r-1)
= 3l(r-1)

27



prir =6

= i
a(n="Y%[r +r1)
e{1l)y=W(l+1)

= ¥2(2)

=]
g (l) =1
Hence p™({1)=3la(l)

Therefore, since the conditions for Consistency are met, then the method is consistent.

4.1.3 STABILITY ANALYSIS

I here are three types of stability; namely zero stability, absolute stability and p-

stability. They are discussed below.

4.1.3.1 ZERO STABILITY

Definition 3:- A Linear Multistep method for a given initial Value problem is said 1o be
#ero stable iTno rool of the First Characteristic Polynomial p(r) has modulus greater than
one and il every root of modulus one is simple. The roots with modulus one are called

the principal roots and the other roots are ealled the spurious roots.

The first characteristic polynomial equation of method (3.12) is

plr=r -3r" + 3
Which simplifies into  (r-1)"= 07
and its roots are r= (1,1,1)
Since the roots condition is salisfied hence the 3-step method 1s zero stable,

4.1.3.2 INTERVAL OF ABSOLUTE STABILITY,

To determine the interval or region of absoluie stability of the methods, we adopts

the Boundary Locus Method as reported in [Lambert, (1973, 1991} and Fatunla, {1988)] .

28



A Linear Multistep method is said to be absolutely stable in a region C of the complex
plane C = [B| R € = (r, i) = 0}, if for all REC, all roots (r,) of the stability Polynomial x
(r, T} associated with the method satisfy || <1, 5= 12........k || =|nl5=23..k
That iz, all the roots r; of the stability polynomials lie within a unit circle.
Definition 4:- A numerical method is said to be A-stable ilits region of absolute

’

stability contains the whole of the lefi-hand hall-plane Rehd< (). An interval (o[} of the
real line is said (o be an interval of absolute stability if the method is absolutely stable for -
all he{w,).
Definition 5:- I'-STABILITY

A Numerical method is said to be P-stable il its region of absolule stability
contains the whole of the right — hand side of the complex half plane. That is the enlire
positive half part n.l'ﬂ'm complex plane. (0, =)
Definition 6: - A linear multistep method is said to be stable if it is consjstent, zero stable
and convergent.
Definition 7:- A lincar mu]lislép method is said to be convergent il it is consistent and
zero stable. [Lamber, 1973).

Since the three-step method is consistent and zero stable; then the method is
convergent.

Hence Lim vy = y{Xa)
L S

From the stability equation

1I{r,h) = plr) — Tol(r) = 0 y
we have
B(r) =p(z) 2 ’ :

29



Substituting the values of p(r) and o (r) as in {4.4) we have

Bir) =2[- 32 + 3¢ - 1]
4 Ferrsess e sesses s cns {4.5)

Using the transformation r = ¢, 0 <8 < z. which by Euler is given as
e"=rcos 0 4 isin O
Therefore,

r=cos@+igin 0. Siaeesisieein(406)

Substituting this into (4.6), we pet

B (8) =2 {(cos36 - 300520 + 3eash - 1) +i (sin30 - 3sin2f + Isind)}
1(Cos20 + cosh) +i (sin26 + sing))

PINSUTIRRRPAL (57
Rationalizing and simplifying (4.7) 1o pel

T (8) = x(0) + iy(®)

Where
¥
x@)=0
And
¥ (M) = 2 [6sin20 - 3gin30] S SO0 ( 1)

2+2cosh

Evaluation of x(8) and ¥(0), 0 <0 < 180" at intervals of 30° gives the following results as

shown in the table 2 below:

30



TABLE 2: REGION OF ABSOLUTE STABILITY OF 3-STEP METHOD g

| @ 0 30 60 90 120 150 | 180
51l I 2 0 9 L 8
y@ | 0 21339 | 2.5980 | -3.0000 | -15.5880 | -49.9700 |

The result from the table above shows that the three-step method has no interval of

absolute stability that implies that it is neither A-stable nor P-stable,

4.2.5 THE BASIC PROPERTIES OF THE OF FOUR -STEF METHOD

4.2.5.1 ORDER OF ACCURACY AND ERROR CONSTANT
Recalling equation {3.17) we have
Yora = A¥miz — O¥pez + A¥pe1 — ¥ +h_] [Eyas — frer]

2
with the local truncation error

Tosa = ca¥(Xa) +erhy' (x0) Heah’y (x0) Hesh™y (K)o Hph "y amy +‘-:|'rl|hll‘|:|"r L
Heps Ihlnz ¥ K El[J-:nr FO PH]

Where P
Co= l-mg- gy~ 3 - oxy
Cp =4 -0y - 2oy 3oy . i
Ca=162 - w2 -412a; -920;
Cy= 64/6-00/6 - Bara /6 - 2703 /6. o~ Py- Pa- Pa

Cy= {256/24 —1/24] oy +1600 481 aiz] + (Py + 2P +3Pa)} S
Cs= {1024/120-{1/120 [ory +320 +2430s]-12[P+4P+9B4 )
Ce= {4096/720 - | / T20[o+ 6doip + 72%a;3] -1/6[B+80:+27h, ] |
Cy= {16384/5040 - 1/ 5040 [er) + 12802+218703)-1 £ 24 [y 16P2+81 1]}
/

Cp= [65536/40320-1/40320 [o) 42560, +6561as] ~1/120[f+ 32Ba+243p4]

3l



The results obtained i:g (3.16) is substituted back into (4.9 1o have

Co=1-4+6-4+1=0
Ci=4-12+12-4=0

Ca=8-18+12-2m=0

Co ="~ "M+ s -Ys o+ Yy =g cerreereneenee o410}
Co=D - My 4%, Y Yyt Voo

Cs= "a0- 20 - Y120 + 192120 - %, + 1/ =0
Co=""% s - P10 4 M0 - o - Ty + Yi2=0 -
=" =" e+ "B - Ysosn - ag + ig =0

Co=""" %0320 = /10320 + s Yoz = sy + Yoo ="t

Thus CO=C=Cy=C=C,= Cs=Ca= Cr=0but Cy= 11240 + 0. Thus the principal local

truncation error constant of the method is Cper = 17240 and
eptl=4§

That is, the order p of aceuracy of the method is 5

42,52 : CONSISTENCY

Adopting steps (i) to (iii) as in 3-step scheme the order of the method is 5 which is

greater than 1.

4
M Do
=0
= (o + oy + ot o+ oy)

Substituting the values of oj’s as in table 1 we have

32 :



t otjr!

I

A+4-GE4o]
0

(i) piy=r"—ar'+ 6 —dr 4
which simplifies into p(ry=(r-1)"
and its roots are =R
P =dr’ - 1238 + 12— 4
P =120 - 24r + 12
(1) =12 -24 +]2

=) |
as expected
i) pl=r" -4 + 65— dr + |
P =4r - 1282+ 12r— 4
pe(r) =121 - 24r + 12
PU(r) = 24r — 24
(1) =24(r- 1)

=4l(r-1)
=24(1-1)
=0
o (r) =% (' -1
Y r{r-1)
o(l) =%(1°-1)
=

Which implies that p"f[l} =4l g(l)
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4253 LZERO STABILITY

The first characteristic polynomial equation of the Four -step scheme is

pir)=r -4 4+ 66 —4r+ 1=0

(-1)' =0

Solving, we have that r = (1,1.1,1), .

Since the roots of the 1™ characteristic polynomial is simple and lie within a unif
circle, then the method is zero stable. Since the method is consistent and zero -stable,

then it is Convergent.

4.2.54 REGION OF ABSOLUTE STABILITY

F (r) =plr}

{5 RSOSSN (- 1 § §
p=r'—dr’ + 6" —dr+ |
a(r) =%(' -1
Substituting these into.(4.11) we have
hin) =20'-4c + 6r° —4r+1]

r-r (4.12)
Using the transformation r =", 0 < F.l o wh]ch hy Eull:r is given as

e =cos P+ isin O
That is,
r=cos  + isin 0.
On spbstitution (4.12) becomes y

Ti(8)=__[(cos40 - 4cos30 + Geos20 - 4cos0 + 1) +i (3ind0 - 45in30 + 65in20 - 45in0)]
{(cos3D - cosl) +i (sin30 + sinB)) SN e | (]
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4.2.5.3 ZERO STABILITY

The first characteristic polynomial equation of the Four -step schemé is

pi=r'-4f+ 6 -4r+1=0

(-1 =0

Solving, we have thatr=(1,1,1.1).

Since the roots of the 1™ characteristic polynomial is simple and lie within a unit
citele, then the method is zero stable. Since the method is consistent and zero -stable,

then it is Convergent.

4.2.5.4 REGION OF ABSOLUTE STABILITY .
i (r) =plr)
1 T, r— conss (11}
piry=r'—4r + 6" —dr+ 1
alr) =%(r -1
Substituting these into (4.11) we have
Rir) =2[r'-4r + 66 —4r+1)
et T —— (4.12)
Using the transformation r = e", (1 < 6 < & which by Euler is given as
= cos B+ isin O f

That is,
r=cos 0+ isin B,
On substitution (4.12) becomes

T (0)=_ [(cos48 - 400530 + Geos2B - deosh + 1) +i (sindd - 45in30 + 65in28 - 45inf)]
[{cos30 - cost) +i (sin30 +sinB)} ... (401 3)
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Rationalizing and simplifying we have

CR(0) = % (0) + iy (0)

Where

and

x(6) = 2 [cos B - cos26 ]
M4 2cos20

y (0} = 2| 10sinf + Bsin26]

22004820

Evaluating x(8) and y(8), 0 <8 < 180"

The resull is given in the table below

TABLE 3 : REGION OF ARBSOLUTE STABILITYOF 4-STEP METHOD

avarnvennsselie b )

r

f 0 30 .60 o) 120 150 180 _
Xi@ | O 0.2440 | 2.000 s 0 0.91067 A
Y@y | O 79520 | 31.1769 o 14642 | 1.2855 0

The result from the table above shows that the 4™ step method have interval of absolute

Stability of {-1. =0). Hence the method is weakly p-stable. The graph is shown below
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4.2,6, THE BASIC PROPERTIES OF FIVE -STEP METHOD

4.2.6.1 ORDER OF ACCURACY AND ERROR CONSTANT

Recall that the fifth step scheme is

Yots= 5}'.|1—|“3’ou + 10 Yuarr j‘}'lql! ¥ Yn ”_:'_I !J;||.1—I-"._|—I-",3 t |;.||| ----------------
7

with local runcation error
P . R el . ) Lo 4
Inli - '-I.'-]'{ HI}} H—Ih} {HIL' 'H-Eh W) '-3!1 ¥ I::xll.:l Taciions 1 ‘-‘|lhp:"'rll'v:m ”—'n' II:II I I:l'" in;-.m
-l-cl-hlhjlrzj" II“Ir-!lh:ul + 0 [hulj]

where

Co=l-ty - @y~ ity -3 - ey

Ci= 5 - o= 2o -Joty <4y

{‘3— 252 w4y AW 2 - 1620

Cy= {125/6- 16 [y + Bog + 270 + 6dqg = o= Py - Pa- b5 - Pa

Cy= (625724 124 ayt 16 op FR] gy +250ay) - (Y + 2 3] 4P

Cs={3125/120-01/120 Jory +320t; 243005 4 10240 |- 12| 3+t 90 + 16[y |}

Co= [15625/T720 - 1/ 720000 ¢ Oy + T2%x; + 409641, L6+ 8+ 2T70, +64[ ] |

Cr= {7BI25/5040 - 1/ 5040 [ty + 128004021870y +163840]-1 7 24 [[54+ 1604815

F250f])

Cy= {390625/40320-1/40320 [oe) +25606:+656 Lery +655360) —1/120[+ 32Pr+243;

'f!ﬂz-lﬂq]
L= V19531 2530T080- 1/ 3628E0 ooy +51 200 196830, 12621440, |

FET20E 8 b b 7290 4 A0y i it (4.17)



The resulis obtained in (3.21 }is substituted back into (4.17 ¥t have
Co=1-1-5-10+10-5=0
Ci=5+5-20+30-20=10
C2=252-{5120-90+40] = 0
€ = 1% ~1/6[-5+80 —270 +320)
12172124 112= 0
Co={ ag— 124]-5+160-810+ 1280) [172-1-3/242]) =0
Gy o i I- 5+320-243045120) [ " -1-904+4 | =0
Co =" - Vg [-5+ 6A0-7290+ 163B4)- 1/6] '/; -4-27/2432] = )
= " i - Va5 +1280 —21870 B1920)- 1724]' -8-81/24128] =0
O =000 < Yomn |-5+2560- 65610432 7650)
~H12001/2-16-243/24512) =0
Co= """ seou0 - Yz |-545120- 196830+1300720] .. (418
~1/72001/2-32-729/2/2+2048] = 1/240
Thus Cy=C=Cr=Cy=C= Cs=Cs= Cr=0 (s = 0 bui Co & O that is
Cpti=9
p+3=9

p=93
p=46

Phus the fifth stage scheme is of order 6, and (e prmeipal error constant is 17240

1.2.6.2 CONSISTENCY
Applying the same procedire as in 3-step method ubove, the order ol thie methid i

6, which is greater than 1 and 1he polynomial equations satisfy the following:
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(i) En:j L (TR S v A R T A iy 4 qis)
i

Substituting the values of w5 in uble 1, we have

5
Zoj =<1 - 5¢10-1045 ¥
0

)

Also, the first charocteristic polynominl peryof the scheme is
pley=r —5" ¢ 10’ - 10 @ + 51 -1
Which simplifies ino (e-1)7= 1)
with moots r={1, 1.1.1,1)
(i pie) = 57" 200 22007 - 20065
P i) = 20" 60 + Gl - 20
P =20 60 v60- 20

=1

(i) piry=r" =5 107 = 107 - 5r 20
pir) =5 = 200" w200 - 20005
P ir) =200 60r* + 6br - 20
p(r) = 60" — 1200 160
=600 —2r 1)
LY = 601 2001160)
= ()

F} I
Wi - @ + r

{r)
a{ly =¥(i-1-1-141}

1)

4



4.2.6.3 LZERO STARILITY

Phe Tiest characienistic polymomial couation of the Filil step schemc is

L A+l A 11 T | Y
(r=1y=1
Dolving we have that e = (1,11, [, |},

Henee the method s wero stable: Since ull the conditions ane anlislied,

4.2.6.4 REGHON OF ABSOLUTE STABILITY

Using boundary locus method as considered in other cuses, the stability equation is given
by

hir) = pfr)

afr R Tl (A1)

wherep (rj=¢" =57 + 10" — 10 P + 5r -
andoir) =% —¢ - + r

substituting these oo 419 1 we have

hir =25 A 100 4 5r-1]
e s L BRI | L

. . . ] - i 2 .

Using the transformation r 1._.‘H=‘” < 0 = which by Fuler is given o
e = cos 0+ isin )

Phat 1s,

o= eng O+ igin ()

Chn substitution into (4.20) bécomes

BA0) =2 [leosst -Siosdt 11 Whcors - [ Ogps26) -Scost - 1)+ (3050 - Ssindl) + | (hsin3 = 1(ksin 0 1 Ssinlij)
fleosil « cus3i -oos2 4 onsi) iR - 5in 30 - shn2 g . 171 1L} | SR . Tl [}
where

41l



w0} 2[{2e0sl) - 2eos20 - 2e0s30 + 2eosdi)]
[t Feostt -3 cos200 2eos0)) .ol (4.22)

yily =21 2s0d) - 251020 - 2530 + sind(})]
({4 —3cost] -3 cas201 2c0s0)] ...ocvioooe

{4.23)

Evaluating x(0) and y(6), 0 < 0 < 180" as for other cases we have

TABLE 4: REGION OF ARSOLUTE STABILITY OF 5-5TEPF METHOD

T LSS il 120 [ )50 [ 180 |
X@| 0 [ 02035 | 16000 11429 [-06667 |-33062 | 4
| vy = -2.5831 | 4.5034 | 6.8571 31754 |-5.0088 | 0O

[he result in the table above shows that the fitth step method hos an interval of absoluie

stability of (-3.3262, 4}, The graph is shown below,
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4.2.7 THE BASIC PROPERTIES OF 81X -STEP METHOD
4.2.7.1 ORDER OF ACCURACY AND ERROR CONSTANT

Recall that the sixth-step method is of the form

Yars™ O¥nes=13 Yora + 20 ¥pi3— 13 ¥z 76 v - +h_3 [fass = 2Maq #2600 - Tonl]
B e L)

with local truncation error T, defined as
Tarn = €ay(a) Heihy' () teah’y () +eal’y b eghly i +epnb™'y" i
Fepah®' Py P + 0 (WP,
where
Co™ |-y~ oy~ ama -y = 0y = Ols
Cl=6-o- Jotp-Joy <day -505
C2=362-12] g I--i.u._. + ':h:l.,+. | 6oy #2501y R DS
C3 ={216/6- 1/6 [ty + Bexy + 2Teey + 6y + 1250ts - Pro= P - Pa= P - Py - s
C4 ={1296/24 —1/24] o)+ 160y +81 @y +256 g +625 ] - (P + 2P 4303, #40, +50) )
Cs ={7776/120-{1/120 [, +320; +2430, + 10240, +3125e, |- 12 B +4P8:A90, + 1603, +2505])
Co ={46656/720 - | / T20{ et 6oy + T2, + 40960, + 1562 505)
—16{RH8R 270 H6dy +1250% ] }

Cy= F279936/5040 - 1/ 5040 [or + 1 2Beeg# 21870y +16384a, +78125as)

’
-1 124 [Pt 16P+810; +256[% + 6250 |}

Cy = (167961 6/40320- 1740320 [y +2560+656 10y +65536a, +3906250;]

~1/120(f3,+ 32,2430, 41024, +31250,] }

Cy = { 100T7696/I628B0- | /362880 [cx, +512cs+ 196830, +262 1940, +1953 12504

—1/720 [Pyt 64729, + 4096[); + 156250,] )

Cio {604661T76/3628800-1/3678800[ 0y + 102400+ 590490 + 10485760y +97656250s]
~1/3040[f 1+ 128P+2 1878 +16384Bg +7B125Ps]  vooooevivnrennn (4.26)

The values of the parameters o;'sand [3;'s as in table | are substituted back into ¢'s. We

have
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Co=1-{-1 46-15 420-15 +6} =0

) =6 —[6-30460-604 301 ¢

Cr =1 8- [6-60270-2401 1501 = 0

| PE V6161204 540-9604750] [ 1724 1-1+1/2) - 1

Cy =t "%, —1124[6-240+ 1620-3840+37501-[ 1/242-4:572]3 =
Cs =" 130 "0 [-6-4B0+4860-15360+ | 8750 |- [-3014 240 9604 750] =0
Co =" rap "0 [6 9601 14580-61440 +937501-[-60 +960-76501 7500 =0
Cr = 2% s - Vg [6-1920443740-245760+ 468750

12414 16-25616252] = ) ;

Cy= T80 0 - Yaosan [6-3840+ 131220 - 98304042343 750
~U200-172432-1024+3125/2) =0 NS ) 2

Gy =TT im0 - Vieasss [6-T6804193660- 1171872]
“HT20[-172164-4096415625/2] =

Cro =" s onuun - Vsszssr [6-15360'+1180980- 15728640+ SB593750]

—]."jﬂulﬂ[lﬂ-l-liﬁ-l{:.’iml?3]2."?.-’2]= 1/240)

Thus Eﬂ=['| L.':=['_1={.$.|.= l::.'-=L.ﬁ" f_'j- =) Cg =Co=10 but Cm ¢ 0 that s

Unt3= H) ;
p+3= 10

p=10-3

p=7

Phus the sixth -step scheme is of order 7, and the principal error constant is /20



4.1.7.2 CONSISTENCY
Appiving the sime procedune as used in other schemes, the order aF the methad 5 7

which i preater than 1 pnd the characleristic polynomial equations sotisfy e

following
i
{1) 2oy = (b ooy ol ag by s o) .
=0
i
Tif = 1-6415-20415 611
=0 =323
=]
While the first chisnclenstic polynomial equation i

]

i) plrr =" —6r 1 157 20 ¢+ 1506 41
Simplities imo (r-1)" = 0
Withrootsr = (1, 1,1, 1L, 1L 1L 1)
pird o - 30t veor' — 60F° 13056
P ()= 3000 1200 1RO 12004 30
P 1) =30 - 120480 - 120 430
240 240
i
Adso,
Gl pte) = ot — 307 taie ot 1300 -6
P ey = 30" 1200 + 18007+ 1200t 30
P =30 - 120 480 - 120 +30
pUir) = 120" - 360 1+ 360 120 for e =(1.1.1,1,1,1)

= 1206r" - 3h2 + 30r-1)
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=5 r" - 307+ 30r—1)
pOly = 12013604360 2120
={)
a(r) =%[r- z_r" b2 - r |
a (1) =14 (1-242-1)
=)

Which implies that p"(1) = 51 a (1)

4.2.7.3 LERO STARBILITY
From the' stability eguation above, the root of the lirst characteristic polynomial
equation. @ (3= — 6" + 157 20 P+ 1576r +1, (r-1)"= 0 of the sixth—step scheme are

r={LLLLLD) ie. r<1, Since the method is consistent and zero stable, then it is

convergent.

4.2.7.4 REGION OF ABSOLUTE STABILITY

Using boundary locus method as considered in other cases, the stability equation is given
by

B (r) =plr)
N coroms v S (4.28) .
Wheeep ¢ed <" 6 V1S 2000 0 080w 0
Wl a(r) = ¥ - 27t a3y |

Substituting these into (4.28) we have

Rlr) =201 -6 + 15 20 il I TR
P2 405 ] e (4.24)

iy



Using the transformation r - ¢, 0 <0 < x which by Luler gives
Y =cos )+ isin 0

Therelore,

F=eos 04 isin ().

O substitation, (4,29 becomes

V=2 [rcasnd) B 1§ Sgoebl 000300 § Seo oot | 10 (ndD-ansi + 1 Ssinll 20500 D SamBih sni]
(s 30 = Foasdil § 2ean 30 costh) o) (sendEh - 2500 Zsenth sonldd) L L4, 1

where

a(lhy = 2|{2cosl - deos20 - 24eosI @ Theasdl 2eos50-12))
[{2 Bcosh -Beas20+Beos30 -200840)] ..ooiviiiiiairiniian (4.31)

yit) © O[L-305d) + THin20 - | 3sin30)]
[(2 —Bcosh) -Beos20+8cos30 -2eosdpy] oo, (52}

Evaluating x(0) and y(Oy, 0 =0 < 180" a5 for other chses we have

TABLE 5: REGION OF ABSOLUTE STABILTY OF 6-STEP METHOD

S IR o O o N T
X 0 [46759 124000 [ 20000 | -4.4200 | -K.3908 b
Ty | 0 | 166024 [2309022 [-12.7500 | 62900 | -213127 i

Fromn the twble ubove, the sixth —step scheme has an interval of absolute stability of
{-B. 3908, 4.6739) which shows that the method is weakly stable. The praph s shown

Pedow
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CHAPTER FIVE [% %
APPLICATION AND NUMERICAL RESULTS
In order o demonstmte the applicability and pecess the performance of the new

schemes, there 15 need to apply the method Tor solution of some sample mitel value

probilers i ordinary differential equations. To achieve this, there is need w implement

the method on a digial computer. This will require adapting the following steps; nanely:

(i) Re-write the Tormula in an alporithmic fonm

(i} Translate the algorithm into a computer owehar.

tiii) Translate the Nowelart into compiier code.

(v Implement the code with sample problems on a digital computer,

Al COMPUTATIONAL ALGORITHM
A sel of steps laken 1o obtain the solution ol a given problem is defined as tie
algerithim of that problem,  The numerical algorithm Tor implementing the methods
derived is given below
In this section, we develop the numerical algorithm for implementing the methuls
derived in Chapter three, The alpgorithm s given below:-
STEP 1:- Decluration ol variable
STEP 2:- Define functions
DIM Y, DIM X, DIM Yp, Ypp, ERROR
s TEP 3:- selection of inpud values
Yo Vo Vi, ¥a h
STEP 4:- Initialise variables by setting

fo =10
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X=Xy
Y. = o
X = X+ h
STEP 5:- Compuie the prediciors
Yo' = Y = iy e e v, O
FUGE+TE* h) **2) * ROp2 ,
Y™ = WG 1) () * )23 * i (0L h)**4)* fpp(0)/24
aTEP 6 Eumpu.lu the approximute values of -
Y'Y gnd
STEP 7 Print Y (i+1), Y{i+2)
STEP 8 Caleulate v, using
[30 20§ - 0{1) 300
YKGE3)=3 4y + 2) -3 # (i +1) + y(i)
Vi{j + 3) = yj +3)...
sTEP Y Compute YL, ”‘l"ll.', ERR
ERk) = VO = Vik)
IFER(K) <0, THEN
ER(k) = - ER(k)
CONTINUIE

(1N

al



5.1 PROGRAM FLOWOHART

A computer Nowehan is 3 dingrammatic representution af il algorithm or ile
Pl ol solution of 4 problem. 1t indicates the process of solution, the relevant aperation
wnd computitivons, e point of decision and other mifrmation i g poinl ol solulion.

Floweharts are of padicular interes because of it documenting feaire. ) hey e

constructed by using special peomerrical symbaols, such us squares, rectang 'y, dinmonds
shiapes or circles,
Each symbol represent some activitics which could b mnpulfoutput ol dats, tlaking a
decision, terminating the solution privcess and soon,

The symbols are joincd by directed lines segments e indicate direction of Qow.

e Nowchart of the aboyve alporithms is given in the N i5.1) below

3]



Fig 5.1 FLOWCHART OF THE IMPLEMENTATION OF THE SCHEME
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5.3 PROGRAMMING IMPLEMENTATION

This section cansiders the computer implementation of the above algorithm. The
unplenentation is donean o lixed step size onder method,

The program starts by declaring the value of varables in double precision mode
m order 10 reduce round ofUerror. Adler this, the program chooses initinl estimate for the
varinbles; and the function sabprogram (o eviluate [x, ). .

Adter this, the approx imale solution v W0 yiXa) ol X500 wis penerated and used
W estimate the values of the crror (L TE) associated with the computation.

|

O the receipt of the ervor estimale from the subroutines, the solution wis now 1esicd G
convergence by comparing the magnitude of the ervor with allowable ceror olérmmnee, As
soon as the comdition 1T < TOL is met the progrom will ask whether the upper point is
being reached, if yes, it will owtpot result: Otherwise, 1t will goto the nest step o
generate the next round of approximation fo the solution. The process will be repeated
and conlinued until the upper end point is reached. When the program reschied the cod

peint { Xpe) it will stop the process.

N
-t



5.4 MUMEBERICAL COMPUTATIONS AND RESULTS
Fo demonstrne the applicability of the schemes developed, the lollowing sample
problems were solved using the developed methods.
Problem 1:
Y= K=y i) =y(0) =0, y'{0) = |

whose exoel solution is ¥ (x) = (3163 1-cos2x) +{ /8

The st siee e by 00023

Problbem 2

YU =o'y (0) =0, y(0) = 1, y0) « 2

whose exact solution is y (x) = 2( L-cosx) Isin x
The slep siee wsed s 00025

Proldem 3

}IHI = }_ :.:'" -I'.. {I].I 5 ”. _'I'I“” = ”_ :r"“” I

Phis is o Blasius equation in luid dynamics.

The computer results and the graphs of problems 1.2 and 3 adopting the 3-step
e d-step methods with a lixed step size (h= 0.0025) is shown in Table 6.7.8.9 and 10

bl

5.5 COMPARATIVE ANALYSIS
The methods were used 1o solve some sample problems on third order initial
vitlue problems of ordinary differential equation and the comparative analysis of the

proposed 3-step method and that of continuous 3-51ep method of Awoyemi was
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undurtaking by using them o solve the same problem, The conpirison shows tal the
new metbad is compentitive. The resultand the graph are shown respectively in bl 11

aned Figure below,

5.0 DISCUSSION OF RESULTS

From the results b tbles 6, 78,9, 10,11, it can be seen that the numerienl solidion
¥o itid the BExact solution yi,) are relatively close to cach other, This shows that e
schemes are aceurmte and converpent, The results in table 11 show that the Y-step scheme

compured favorahly with the Contintious method ol Awoyemi, (2002),
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Using the 3- step method with mesh sl e = 2300000 F-1H)3
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COMPARISON OF EXACT AND NUMERICAL SOLUTIONS

R

Fig. 5. 4: Graphs of Numerical and Exact Solutions of
Problem 1 using the Continuous three-step Method and
the proposed three step method
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CHAITER SIX
CONCLUSHON
.1 SUMMARY

In this work, the design, analysis and implementinion of a class of Explien L owar
Multistep Methods for direet solution of 3rd order initial vilue problem of ordinary
Differential equations are discussed. The derivation, analysis amd implementation adopt Tayha
series techniques, Boundary Locos method, The nesulls show tha the metheds are Consistent,
zero- stable and Convergence.  The formulas s rewritten i compuiter idgorithm and implemented
using Fortran programiming language to solve some sample problems of third onder differential

equation, The result is securste nod compare lovourably with existing methods.

6.2 SUGGESTIONS FOR FURTHER STUDIES

Since the method 15 linear Multistep, there is need tor o predictor to detenming the
starting values which are not at that instant available.  The predictor should be of 1he

sumi order of accuracy as the main method.

6.3 THE ACHIEVEMENTS

The propesed method can be used 1o analyse problems on' Control and Population

dynamies in Brology.
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APPENDIX ONE

DIMENSION Y(300),yp(300),ypp(300),ypp ! (300),ypp2(300)
DIMENSION x(300),1(300),fp(300),yp1 (300),yp2(300),v 1 (300)
DIMENSION v2(300),v3(300),ER(300),Y 1{300),Y2{300),YK(300)
DIMENSION Yn(300), v(300), EE(300),{pp(300)
OPEN(2,FILE="adebi.OUT" STATUS=NEW")

DO 10§ = 0,80
Y(0)=0

v(0)=Y(0)
v(1)=.000003 124995
v(2)=.00001249992

x{0)=0)
ypll)=t

h=1.0:/40.0

x(i+1)=x(i)th
afi+2)=x(i + 1yth
WRITE(*,*)X(i+1).x(i+2)

{0)=0
ypp(0)=1.0

0=y pl0)*yppl ()
fpp(0)=-ypp(0)* {0)

ypp 1 (i+ 1=y pp(0Hi*h [{O)H(**2)5(h+*2)* [p(0):2
ypp2(i4 L F=(i* *3 ) (h**3)* Ippl 0)6
yppiit L =ypp (i 1) Hypp2iit 1)
ypl(i+1)=yplOp(it D *h*ypplOyH(((i+ ] YEh P *2)*1{0)/2
yp2(i+ 1 =00 D*¥h)* * 3y fp(0)e4+(((i+1)*h)**4)* fpp(0)/24
yplit y=ypl(i+ 1y yp2(it1)
{1+ 1 y=y(it 1) ypiat1)

PRINT f{1)

SLEEP
FpCitLy=-y{i 1 y*yplit1)

ypp LG+ 2)=ypplH(i- LDEh*E RO (i 1) * 2 (=2 * fp( ()2
ypp2(i+2)=((i+ 1 =31 h** 3 * fpp(0)/6

73



ypp(+2)=yppl (i+2)typp2(it2)

. {i+2)=-y(i+2)*ypli+2)
Y 1A+ =Y (0  h*yplO)y H(h** 2 ) yppi 0 )/2)
Y20 D= h* * 3 0V H h**4)* fp(0)y/24
YEDEY 1Y 2(i+ 1)

Y123 Y (001 25 h* y plO)H{(4*(h**2))* ypp(0)/2)
Y2314+ 25=((8*(h* 3 10 )6 )+ 16+ (h**4))* fp(0)/24
Y(iE2)=Y 121 Y2(112)

C  PRINT Y(i+ 1), Y(i12)

. 10 CONTINUE

v( 1 )=.000003 124995
v(2)=.00001249992
v(3)=.000028 124600
Y(i)=v(l)
Y{Z=v{2)
Y{(3)=v(3)

C  SLEEP

DO 20 j = 0,80
YRGH)=AY Y (143160 Y (1 2) 1R Y (1 1)-Y ()
Y HA (3RO 301 )02
Y=Y+ Y+ 4)
v(jt4)=Y(j+4)

20 CONTIMNUIL

C REM

C REM

WRITE(2, Y THIS IS THE NUMERICAL RESULT FOR:MESH S141
H ="h
WRITE(2,*)
WRITE(2,*)
WRITE(2,30)
C  HIXN=(H{OVY(0)**2y*(-X(0)Y{0))
C D015 K=080
C  WRITE(**)X({K)
C15 CONTINUE

T



~ 30 FORMAT(ZXNT, LOX X 8X,'Y COMPUTED)
WRITLE(Z,40)
40

FORMATIAX ettt s 25k hF0b @b bbb kb h k£ h e R Sk mh o ho b hon b e
*3
CEE S T8 f

| LES RN E B LR 1=|:|

WRITE(Z,*)

C PRINT #21," X% Y EXACT " Y COMPUTED": "
ERROR"
C REM
C  REM
¢ REM

DO 50 K =080
VIS5 1 -COSE2E KDV TH){x(K)**2 /8
WRITE* *x(k).vI{K)

¢ REM
" REM
: WRITE(* *wI{K)

ER(K )= v (K )-v(K)

CCIF ER(k) < 0 THEN
C 'ER(K)=-ER(k)

C 'ELSE

C GR(K) = ER(k)

¢ ENDIF

EE(K=ABS(ER(K )
WRITE(2,60)K % K Lvik)
60 FORMAT(X,03,4(1216.8,2X))

C OPRINT #21, K.x(K), v(K)

' REM

¢ REM

50 CONTINUE

¢ PRINT #21,"Ath=":h
END

7



APPENDIX TWO

DIMENSION Y(300),yp{300),ypp(300).ypp 1 (300),ypp2(300)

3

[ M 2

DIMENSION x(300),1{300),[p(300),yp1{300),yp2(300),v 1{300)
DIMENSION v2(300),v3(300), ER(300),Y 1{300),Y 2(300), Y k(300)
PIMENSION Yn(300), v(300), EE(300),fpp(300)

OPEN2 FHLE=PROIK4.0UT" STATUS="NEW')

DO 10§ = 0,80
Y(0)=0

Vi0)=Y(0)

vi 1 )=.000003 124995
v(2)=.00001249992

x(0)=0)
yp{O)=0

h=1.0/40.0

x(i+1)=x(ivrh
x{i+2}=x(i + 1 )+h
WRITE(® *yX(i+1).x(i42)

[(0)=0
ypplO)=1.0
Ipl0y=1-4 Fypp(i)
Ippl0)y=-4*f{0)

yppl (it =ypp(0) H*h* HOH*F*2)* (h**2)* (p(()/2
yYpp2it1)=(**3 )% (h** 3 * fpp(0)/6
ypplitL)=ypp (it Y ypp2(i+1)
YU D=yt L W ypp(O) G ER)**2 ) [ 0)/2
YP2OE DO T I 3 g0 Wo (0 1P T *4)* fpplo )24
vyl L =ypdad v L yp2(it 1)
Uit y=x(it 1 -4 *yplit )

PRINT f{i)

SLEEP

fplit L)=1-4*ypp(i+1)
yPp (it 2)=ypp(OrH (it DFh* f{OFH((H] P2 5 (h* *2)* [p(0)/2
ypp2(it2 (0L EE3) (h* * 3)* fpp(0)/6
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)

ypplit2) ¥ppl(i+2 yrypp2(i+2)
M2 (i t2) d¥ypp(it2)
YIGHD=Y(0) b yp(0)H(W**2) 4y pp(0)/2)
Y203 0)6 )4 (h**4)* [p(0)/24
Y+ 1Y i+ FY 201D

Yi(i+2=Y(0) 22 h*yp(O (A5 (h**2) ) Fypp(0)/2)
Y2(2)=((B*(h**3))* (O )6)H 16" (h**4))* [p(0)/24
YOr2FEY (42 Y2(i+2)

PRINT Y(i + 1), Y(i + 2

CONTINUE

vi | )=.000003 ] 24095
v 2 =.0000 ] 2499092
VI3 = 0000281 24600
Yily=vil)
Y(2)=w(2)
Yi3)-vid)

Sl.EEP

20 20§ = 0,80
YROH)=AY (1 3)-62Y(j42) 7Y (j+ | Y(j)
Y+ (b * 305 [ H-3)-1(+1)y2
Y=Ykt )+ Yn(i+4)
v(jH4)=Y(j+4)

CONTINUE

REM

REM

WRITE(Z,*YTHIS IS THE NUMERICAL RESULT FOR MESH SIZE

='h

WRITE(2,%)

WRITE(2,* :

WRITE(2,30)
FLEXN=(H(0) Y (0)** 2 /(- X(0)/Y(0))
DO 15 K=0.80
WRITE(*, * /XK )

v CONTINUE

™



30 FORMAT(2X,NT, 10X, K, 155,'Y EXACT RXY
COMPUTED, 10X ,'"ERROR")

WRITE(2,40)
40

FORMAT(AX B bt bk b b o ek S Bk b S 0ok R EE R 50 Rt d b Boh 44
EFE § Nk
I L -k AU HE SE R .u}

WRITE(2,%)

C  PRINT#21,"% "" Y EXACT " Y COMPUTED";
ERROR"

C  REM

¢ REM

C  REM

DO 50 K =0,80
VI(K)=(3*(1-COS(2*x(K )/ 16 H(x(K )** 2 /8
WRITE(* *)x(K),v 1 (K)
C  REM
C REM
C  WRITE(*,*)vI(K)

ER(K)= vI(K)-v(K)

C  IF ER(K) < 0 THEN
C  'ER(k)=-ER(i)

C 'ELSE

C  'FR(k) = ER(K)

C CENDIF

EE(K)=ABS(ER(K )
WRITEZ 60)K (K ) v 1K LK LER(K)
60 FORMAT(IXI3.4(1D16.8,2X))
L PRINT M21, KK, vI(K D, vk, BEE)
C  REM
¢ REM
S0 CONTINUE
C PRINT#21,"Ath="; h
END

b1l



