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ABSTRACT

In this thesis, a class of semi-implicit Rational runge-Kutta

schemes were developed, analyzed and computerized for solving

deferential equations with derivative discontinuities. The method is

motivated by variety of application areas of this class of ordinary

differential equations; which include electrical transmission

networks, nuclear reactions, delay problems and computer aided

designs, economy affected by inflation as well as perturbation

problems or dynamic processes in industries and technological fields

and the need to cater for the deficiencies identified in the adoption

of the existing methods of solving this class of differential

equations.

The development of the schemes, its analysis and

.~. .
implementation on a microcomputer adopt the power series (Taylor

and Binomial) expansion and Pade's approximation techniques and

Fortran programming respectively. The consistency, convergence

and stability properties were investigated, it was discovered that

these' schemes converge and were stable. Numerical results of the

adoption of the schemes on some sample problems shows that it is

effective and efficient ..

IJ
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CHAPTER ONE

INTRODUCTION

An equation connecting the derivatives of a differentiable function

of one independent variable with respect to itself is known asOrdinary

Differelftial Equation (ODE).

The general form of an n"order ordinary differential equation is

F {x, y, v', v" y(I1)} = 0 ( 1. 1)

Where x is the independent variable and, y is the dependent variable.

with yl, v" .y "!' Y (n) as its differential coefficients.

Often, equation (1.1) is expressed in the canonical form

(n) =f { I II (11·1)Y - X,y,y ,y -------- y } .
I

(i)
were y (xo) = T]

( 1.2)

i=O(l)n-l . (1.3 )

This class of equation form a major model of real life problems arising

-frorn the field of Sciences, Management and Technology. It can be classified

according to its structure or behaviour.

A Differential Equatio n is linear when it does not contain a product

of the idependent variable or its derivative, and, it isof'h ighest order 1;

otherwise it is non-linear.

The Order of a Differential Equation IS the order' of the highest

derivative contained in the equation, while itsdegree is the exponent or

power to which the highest order derivatives in the equation is raised after

rationalization.



The Differential equation (1.1) with the initial condition (l~3) as stated

above is called Initial Value Problem (IVP).

Any nth order differential equation of the form(l.2) and (1.3) can be

reduced to a first order vector equation of;

y' = f(x,y), y(xo)=Y]
(1.4 )........................

where

f = (f f f ----_ f)T
" 2' 3 n

y = (y"Y2'Y3 ---- Yn.,F

bv sett i I (II) (n-I)y setting YI= y, Y2= y 'Y3=y ------- Y
n
= Y

To solve the given initial value problem (1.4) its structure plays an

important role, because its solution must be seen to satisfy the associated

initial conditions.

However, the situations that can arise in connection with the given

initial value problem (1.4) are that:

(i) f(x,y) is continuous and real valued.

(ii) f{x,y) contains Discon~inuities in the form of finite jumps in

the components of f itself in the region D of (x,y) - plane

defined by:

D = {(x,y) such that aSx Sb, - co<y< co }

Or discontinuities of low, order in some derivatives of the function f.

(iii) f(x,y) is non linear

(iv) Eigen value A of the Jacobean J =df/dy of f is large, that is,

stiffproblem.

(v) There exist low, order discontinuities in the solution.

Differential equations constitute a large and important branch of

, mathematics with various applications in nearly all fields of human

endeavours. Several researchers had contributed to its study and solution



both analytically and numerically.

Apostate (1965) worked on analytical solution of differential

equation whose f(x,y) is continuous and satisfy Lipschitz condition. Lambert

(1965,1973), Fatunla (1982), Ademiluyi (1987), Okunbor (1985) and many

others worked on the numerical solution of this kind of differential

equations.

However, when f(x,y) contains discontinuities in the form of finite

jumps in the component of f or the solution; few researchers are known

to have worked in this area, they include Feldstein and Neves (1984)

Okosun (2003). Okosun proposed a k" - order inverse polynomial methods

for its numerical integration. The limitation to his work is the complexity

of the determination of the k parameters of the methods, which increases

with the stage K of the scheme.

We say that the differential equation has a low order Discontinuous

derivatives when f(x,y) isundefined or unbounded and the partial derivatives

f
x
' fy are large and unbounded at the point(x,y). Few literature exist in this

area, however the concern of the thesis is to describe the development, analysis and

implementation of some semi implicit Rational Runge-Kutta schemes for the

integration of Ordinary Differential Equations whose derivatives are

discontinuous.

The feature of this differential equation (1.4) that r equrr e

consideration in this work is the phenomenon ofDerivative

Discontin uities.

this class of Ordinary Differential Equations artscs in variety of

application areas such as:

(i) Electrical transmission network,

(ii) Nuclear reactions,

(iii) Delay problems and computer aided designs

(iv) Economy affected by inflati on, as well as perturbation

problems or dynamical processes in industries and

technological fields ..



Next, we consider the nature of differential equation with derivative

discontin ui ties.

1.1.1 NATURE OF DERIVATIVE DISCONTINUOUS ORDINARY
DIFFERENTIAL EQUATIONS

Derivative Discontinuities as it is used in the content of Ordinary

Differential Equation is the concept describing the nature of some subset

of ordinary differential equation whose derivatives contains discontinuities

in the form of finite jumps or and whose partial derivatives is unbounded.

At these points where there is low order derivative discontinuities, a

numerical method adopted for its solution may become either in accurate

or inefficient or both in this region of discontinuities.

For example; the first order differential equations.

Y 1 (X) ={ 3-y(x) if y(x) ::s2 with y(O) = 1 ( l.5)
5-y(x) if y(x) > 2

whose theoretical sol ution

y(x) = {3 _2e-
x

for 0 ~ x < In(2)

5 _6e-
x

for In(2)::S x < 00 ."' ~

* '- -" .
Clearly, yI(x) jumps when the solution y(x) passes throughtl~"..vlllu~ x = 2.

Another example is first order initial value problem.
I

y = -x/y y(xo) = Yo

whose theoretical solution is

---------------- (1.6)

y(x) = ..Jc - X2

represents a family of circles with centre (0,0). Clearly, the derivative / is

discontinuous at (±-/c,O), showing that the differential equation posses

derivative discontinuity at point (0.0). The discontinuity isState-dependent,

that is, it depends on the solution y (x).



1.1.2PROBLEM ASSOCIATED WITH SOLVING ORDINARY

DIFFERENTIAL EQUATIONS WITH DERIVATIVE

DISCONTINUITIES

Since the differential equationswe are considering does not satisfy

uniqueness and existence theorem, that is, f(x,y) and its partial derivatives

f,f are non continuous and unbounded in the region of integration;
x y

conventional algorithm (that are based on polynomial representation which

preassumes that the solution and its derivatives are sufficiently continuous

throughout the region of integration,) will be deficient in solving initial

value problem that violates this uniqueness theorem, because they give

rise to a solution whose solution "explodes" in the neighbourhood of this

discontinuity, Carver (1978).

1.1.3 EXISTING METHODS FOR SOLVING ORDINARY

DIFFERENTIAL EQUATION WITH DERIVATIVE

DISCONTINUITIES.

The existing methods designed for solving ordinary differential

equations with low order discontinuities evolved from researchers who

were motivated to work in this area after having discovered that the

accuracy and efficiency of the existing methods vary with the location of

points of discontinuities that is,State dep endent (Paul, (1999).

Such existing methods includes:

(i) Fraction step method by Fatunla & Evans (1975)

(ii) The switching function techniques by Fatunla and Evans (1975)

(iii) The inverse interpolation method by Hay et al (1974)

(iv) Use of discontinuity tracking equation proposed by Paul (1999)

(v) Use of Defect error control method proposed by Paul (1999)

(vi) The local error estimator techniques by Gear and Qsterly (1984)

The local error estimator technique entails locating and detecting of

discontinuities of the derivatives in theOrdinary Diffcrcntial Equations.

.s



Hind-Marsh (1974) incorporated this into an existing automatic codc called

GEAR. GEAR provided an efficient vehicle to restart the integration

beyond the point of discontinuity and the algorithm also provides estimates

of the magnitude and order of the discontinuity

The Detector

d = Tol 1

tn (p+1)
> 1 (1. 7)

where "tol" is the allowable error tolerance, "p" is the order of the method

and tll is the estimate of the local truncation error; this equation (1.7) is

the basis for identifying the presence of discontinuity in the derivative of

the ODE. The procedure for doing this, is by repeatedly halving the step

size h.

Lambert and Shaw (1966) proposed an algorithm in which the theoretical

solution to (1.4) is represented by the perturbed polynomial interpolant

F(x) = PJl1(x) + f/A+x/N
; N~{~, l-----------L} } (1.8)

t?/A+xlN log /A+xJ; ~{0,1------ L}

with P (x) being a polynomial of degree 111 defined as
Jl1

111
P (x) = L

Jl1 1'=0
................... ( 1.9)

and the second term on the right hand side is the perturbed term. A andN

are the discontinuity parameters. "A" controls the location of the

discontinuities while "N" determines its nature. The shortcoming of this

scheme is that, it is efficient only for initial value problems whose

discontinuities are restricted to those of(1.8),[ BO, H-L (1983)]

An alternative procedure include the Rational functions approximation

technique of the form.

f(x) = P (x)
Jl1

(P being a polynomial of degree m.)
111

b+x ......................... (1.10)

Suggested by Lambert and Shaw (1965). However, its limitation includes



the need to classify the nature of the singularity invo lve.d in the ordinary

differential equations.

However, Luke et al (1975) extended (1.10) to a more general

Rational polynomial functions of the form.

R(x) = P (x)
1I

..................... (1.11)

where Pu and Q are polynomilas of degree u and v respectively
y -

His suggestion, perhaps must have been motivated by satisfactory

performance of the formula (1.10) despite its limitations. Formula (l.ll)

eliminates the need to characterize the nature of singularities; the

singularities are specified by the zeros of the Qy(x). Also, because of the

complexity in the derivation of the resultant numerical method, Fatunla

(1982) suggested the adoption of a special variant of (1.11) in the form.

Ay(x)
k

1+ I
j = 1

k> 1 ..................... (1.12)

where the parameters A and b, are real coefficients as the form of the solution

to the differential equation. He considered the case k= 1 and came up with

first order computational method:

y n+1
= ..................... (1.13)

Yn - hYnl

Called inverse Euler formula. However, the difficulty that may be

associated with this formula (1.13) is that, if

YI1 - hy ' 11 = 0

y
Or h= __ 11_

yl
n

The method will break down.

Another computational method is that ofHong Yuanfu (1982) who proposed

a rationalised Runge - Kutta Schemes of the form.

7



r

y + I Wk
11 i= 1 1 1

s
1+y IVK

n i i
i= 1

.................... (1.14)

Where

k= hf(x ,y )
1 11 11 i

k = hf(x + c h,y +I a k.}
1 11 1 11 J=il )

H = hg(x ,Zo )
I 11 11 i

H. = hg(x +dh, 13 + I b ..H)
1 11 1 11 J= J1l J

2
g(X 13) = -13 f(x y)

n' "n n 11' n

and 13 = lIy
11 11

a..,b are real valued constants.
I) I)

He developed families of explicit methods of orders two and three.

He found out that the schemes were 'A - stable.

Perhaps, the A - stability property of these explicit schemes

stimulated Okunbor (1985) in extending the schemes to the family of order

four. It was observed that the higher the stage of the methods the poorer

the stability of the method. Four years later, Babatola (1999) considered a

performance evaluation of this methods and found that it is accurate but

inefficient for stirf-oscillatory problems.

This deficiency of explicit Rational Runge Kutta schemes motivated

Babatola (1999) to consider the impl icit Rational Runge-Kutta schemes and

generated a family of one stage scheme of order two, two stage scheme of

order three and four for numerical solution of stiff and stiffly oscillatory

ordinary differential equations. The schemes were found to be A stable.

The A - stability and accuracy properties of this formula, stimulate the

extension of the method tosemi implicit method which will be less

cumbersome. We shall exploit theA-stability, accuracy properties, and its structure

to develop a computational method.



We shall at the neighbourhood of singularities select step size that will step

over it. Consequently, we are proposing in chapter three of this thesis, a

numerical methods that will be suitable for the solution of ordinary

differential equation with low order derivative discontinuities.

1.2 AIMS AND OBJECTIVES

In this thesis, we consider the development, analysis and

implementation of a family of semi implicit Rational Runge-Kutta schemes

for numerical integration of ordinary differential equations with derivative

discontin u ities.

Of particular consideration are one stage schemes of order two, two

stage schemes of order three and four. The method will be computerized

in Fortran programming language and implemented on a digital computer

adopting double precision arithemetic using sample problems arising from real

life situations.

1.3 MOTIVATION

The motivation for this work arc:

(a) The large areas of applications of this class of ordinary differential

equations, which includes: electrical transmission network, nuclear

reactions, delay problems and computer aided designs, economy

affected by inflation as well as perturbation problems or dynamic

processes in industries and technological fields.

(b) The need to cater for the deficiencies (associated with) the existing

methods in solving differential equation of this class.

(c) The structure of the new method will enable us to select appropriate

step sizes that will over step the points of discontinuities in the

ordinary differential equations.

9



1.4 RESEARCH METHODOLOGY

Power series expansion techniques (Taylor and Binomial expansions) were

adopted to generate the parameters of the schemes as stated in equation (1.14).

Pade's approximation and Richardson extrapolation techniques plus

Felhberg error control method wereadopted for the control and analysis of the

convergence and stability properties of the proposed schemes.

The applicability, suitability and accuracy of the schemes were

established by translating the formula into a computer code usingfortran

programming language and Implemented on a digital computer using sample

problems arising from real life situations.

1.5 STRUCTURE OF THE THESIS

The remaining chapters of the thesis were organized as described

below:

In Chapter Two,the general principles of one step schemes and other concepts

used in the development of the proposed schemes were discussed.

In Chapter Three,we consider the derivation of the proposed schemes

VIZ: one stage scheme of order two, two stage scheme of order three and

four methods respectively.

Chapter Four contains consistency, convergence and stability

properties analysis of the schemes.

Chapter Fivediscusses the computer imp lementation of the methods

and its application for solution of some sample problems with the result

recorded in tables.

The last Chapter contains, the summary of the work, its limitation,

contribution to knowledge and recommendations.



CHAPTER TWO

PRELIMINARY CONCEPTS AND PRINCIPLES

The proposed schemes are based on one step approach, therefore, it is

important to discuss some of the techniques involved,. particularly, the

conventional Runge-Kutta Schemes that form the basis of the proposed

schemes.

2.1 CONVENTIONAL RUNGE-KUTTA SCHEME

This classical schemes was proposed by Runge(1901) and later

improved by Kutta (1915) and it is known as Runge-Kutta schemes. It is one of

the oldest generation of numerical methods for solution of Ordinary

Differential Equations (ODEs).

It is an example of one - step methods for solving differential equation

of type (1.4), because, the approximation Yn+1 to the solution at point x
n

+

1

can

be obtained from the knowledge of y, at point x
n

• Thus,

an R- stage Runge-Kutta schemes is of the form.

R j

Y =Y+"WK · (2.1)n+1 n.L.. i i
J = 1

where i

K = hf (x +ah, Y+ L b ..KJ (2.2)I ' n I 11· 1 IJ IJ= .
With the constraints

1

C = L bi)·
I . I

J=

1

an·d L W = 1 (2.3). I IJ=

It is often divided into three classes namely;

(i) Explicit: If B = (bij) = 0 for j > i

(ii) Semi implicit if B = (b.j) = 0 for j > i

(iii) Implicit: If B = (bi) :j:: 0 for at least onej> i

1 1



The \;IIuc o lt h c u n k n o xvn c o c llic ic u tx Ci. 'Ni and bij were obtained fr0111

1I set OrllOI1 l iuc ar equations g cucrut cd lrrun adoption of thc followingstcps:

( i ) l"a\'lor scri c s cx puns ion or k about point (x , y ) Ior i = 1(1) s
"' Inn

( ii) Insertion o lt hc results o Ithc cx pnns ion in (I) into equation (2,1)

(iii) Co mp.ui s ou or the li n a l c x p a n sio n with the Taylor series

c x pa n sio n 01'\' a ho ut x ill p ovvcrs o Ih :
·lIll 11 I

Thc n u m b c r or these p a ru m ct c rs n o rm n lly c xc ccd f hc numbers of

cq ua t io n s , h c n c c , some important paratllcters were chosen as to ensure that

I h c resultant methods have the 1'0II 0\\' in g properties.
\

(i) mininuuu locul truncation error bound (Ralston, 1962)

-(ii) max imum uttuiuublc nrdlr ofaccuracy (King 1966)

(iii) Opt im«] in t crvu l o labso ut c stub i l i ty t Lnwson 1966, 1976)

(j v) o pt im a l st o rag c spacc: requirement (Gill, 1951)

It vva x shown that IZ -- stagc implicit Rungc-Kutt a Scheme of orders

2 ~ - 5 are a II 1\ - s tab lc (B II t c her. I<) 5 4 ) . The scpr 0pc r tic s s haIl b c

di scus sc d later ill this thesis,

Some cx amp lcs or popular Runge Kutt a schemes <ire as 'given below:

(i) The implicit Euler Scheme

)' z-; )'1 hk
11'1 II I ................. (2.4)

Wile r c k = 1'(:'\ -I- h v I k )
I 11' • 11 I

(i i ) Tw o stage t rnp cz o idu l s c h c m cor order two,_
\' =-: v -I- hl2 (k

l
-I- 1\.)

.I III I .I II ' (2.5)

Where

k := r(xl-h. \' 1- k.)
I 11· J'

k = f(:'\1 h. v -I k )
:' II - 11 '

12.



un d Ilollillgs\\"Orlh (1955)

v = v -I h/? (k , 1 k.)., 11· , - II

.................. (2.6)
Where

k = [(x + 1/2 - V3/6)h. y + '11k, 1 ( '/1 - V3/6)k,
'" 11

k~ = r(:\,,+( 1/21- -V3/()1l. Y" I- e<11-VJ/6)hk + 'I1Ilk
2
)

( i ,.) ~f~Da ~
Three stage illlplicit Runge Kutt<l ScheIlH:~derilled by Butchcr (1964)

Y = v -/ 11/1 ~ (5 k ·1 K k 15k )- "I , - " '2_1 ...... '" '" , ... (2,7)
Wh ere

k c-; rLx I { 1/2 - V, 5/1 (): h. v -dn ()hk -I( 2/() - -.l15/15)'s +(5/36--.115/30)111<17'" ." i ' .Jj
i, -tz: 1[:\ 111211.,' -'(513- \!15:1/3.J)hk,. -15/3hk, +(2/9+-.llS134)k

J

J•.. II • II ""

k, " It" 'II I" ' "15/1 o ) h. '"" Idl.1 (" "I Sf.) o)hk, < (2/9+ v' 5/18 )hk, +51.36hkJ
I

The wsis fur IlH:asuring the i'cliahility Orlllllllerical 011c-stcpschemc
I _

includes its ability to control the eri'or it generates per stcp.lIence we

consider the error. order Orcollvergence and stahility propcrties ofour schcmc in the

I1C:\t section

2.2 ITS EHHOR, ORDER OF ERROR, CONVERGENCE AND

STAIH LIT)' PROPEHTI ES

F 0 I' allY n um c I' i c a I sCh CIII c. i t .i x i III port <111t t hat th c s c h cIII c h as ab i li t Y

to reliably cOlltrolthe glubal c rro r given by

c = v - )'(x )
11 ~ , -' n+] ' ,,~,

where y(x,,~,) is thc theoretical solutioll and

·Y".,is thc llulllerical solution at step x"'"

................ (2.8)

One of the concepts or cunvergence or any numcrical scheme is that,

it is requircd that the global error (2.8) is maul' as small as possible by

mak i IIg h S LJrei c ien tl y close to zero.

'3



is d c li n c d as

Tile local tru n cat io nerror T I associated with one step schemes (2.1)
II

T = \(x ) --\(x ) -IHI)(x .)'(,\ ):iJ)
II I I .' 111 I ... 11 n 11

, .................. (2.9)

Whieh is l h c nm o u n t h v vvh ic h the theoretical , solution y(X
I1
+
I
)

o tin iriu] value p ro hlc ru (1,4) rails to satisry dillcrcllcc equation (2.1)

COllsiderillg (2.X) an d (2.(). it is obvious that there is a relationship

bctvvc c n the global error dc finc d ill (2 .: X) ,1I1(J local truncation error defined

ill (2,<), The t wo a rc eUlIllected by this inc qun l itv.

/
C < k / TII• 1/ (Lambert, 1<)73)

11'1 ............... (2.19)

Where k is a constant. l l c ucc , the·local truncation error is directly

proportional to the global error introduced at each step, particuJarJy, when

the derivation and eOlllputatioll or the local truncation error is rigorous

<llId all previous solutiulls are exact. Theabovc ideas lead to establishment

or cOIl\'ergcnce or one step sch cm c s , which necessitate the following

dc ri II it i on s.

j) eIi 11i (i ()II ~

On c step SChCIllL' of' type (2,1) IS said to be convergent, if when

applied to in it ia l va l uc prub lc m or type (1,4) and the correspondent

<l11111'uxilllatiOIl v to the soilltioll satisfies:
- 11

\ -7 y( x ) as
~ 11 . Il -7 en

II

Or I im \' :;-,y( x )
• 11

II -7 if) .......: (2.11)

f)etillilio" 3

.lhc on c step schellle (2.1J'is'saitl to beOr()r"Uc~i"i), irp1is the largest
I . ,

pos iIi vc i IIll'gn sue h IhaI Ihe Io c aI Tille aIi 011em;:. T"j Isat isfics

I



................ (2.12)

\\ hL"IC o( h 1

0

' ') i /lIp! ics I he l' \ i ~;IcIlCl' o l Ii n i Il' cunstant C and h> 0, such that

T
II' !

............... ~2.J3)

Den"ilio" 4

!,
Thc OIiC slcp S(:hL'IIICS (~.!). is silitl

I\S h !ellds I() IL'J(I.

Thc cOllsislL'11CY (If' IIIlL'-SlL'p Illlll1cric;iI schcllle ellsures that the scheme is
,11 least o l order on c. Th;lt IS. I' .,1.

Defil1itiol1 5"

The Ollc-step SChCJllC (:2.1) is said to be regular if function ~(x,Y;h) is

derined in the dOlllain [)_. {('.Yl/a:c,:c h,-o::- Iyl < oc and 0 <h < h }(h

o 0being a positive COnS«lllt) irthcrc c x ist a constant L such that

/'i' ,u'.h)-.'I' (,,,,hill" I L' - 1 I --------.------.----,(2,15)

I'll r c v L'r y x E : a. h : aII d ;' I. ,: <; Cf~. h (:: : O. IJ )
II

Wc t h c n s t a r c Wilhol!1 proor 1I thcorcl1l which guarantees the

CI)Il\'Cr~~cllCC III' ()IIL'-SlL'p sL'IICIlIC. ({Go f9nCIl0~ :

TffEOHEl\1 I

1\ neeessar\' a nd su Iii c ien t c on.I it ion 1'01'COlivergellce 01';. one-step

sCh L'Illl' i s Ih1It IhC Sl' hCIII C 1l1l! St hc c ()II S is t c Ill.

2.2.1 ACCUHACY OF NUI\IERICAL SCHEME

t\ n'"
l1

nie'al soilltion "" to an initial \'aille problem in ordinary

rlilii:rential c''1"ation is said to he aeellrale ifit docs not deviate significantly

1'1'011Ith c corrcs pon din g cxuct sOIIIIi 011\(' ) ot herw isc it is inaccurate,It is
• II



y(xo) = Yo -\- [3 ...................... (2.18)

Important to mention and discuss in brief two major forms of

instability viz:

(i) inherent instability
(ii) induced instability
inherent instability is a property of the differential equation

itself. While the induced instability is the characteristics of the

numerical schemes.

For better explanation of these concepts, let us consider the

Scalar initial value problem.

yi = 'Ay, y (xo) = Yo (2.16)

With re ('A)< 0 over the interval a :::::x :::::b. its theoretical

solution is y(x) := yoeAX
........•.•..•...•...... (2.17)

Suppose the initial value condition in (2.16) is changed to

Where [3>0,

Then, the solution of (2.17) having the new initial condition

(2.18) yields.

Y( ). AX n AX
X = yoe + pe ...................... (2.19)

For B> 0, no matter how small, the second term [3eAx in (2.19)

can be seen to grow exponentially if Re('A»O as the computation

proceeds, regardless of any integration scheme used. Therefore, the

solution becomes unstable for slight change caused by a small

perturbation of initial value called initial condition, even when the

given differential equation is stable. This kind of instability is called

inherent instability. On the other hand, finite iteration process is

adopted as against infinite iteration process in the computer

implementation of ourscheme, which introduce build up truncation

error that eventually causes an induced instability. To detect this,

the integration scheme is applied to solve the Scalar test equation

(2.16).



of order 2 is given as:

To 111 1111111rz c the inst abiIi ty which shows up in form of a spurious

cxpoucnt iat as occurcd in(2. \9), the step size h is reduced.

\Vc statc thc following definitions on the stability orollc-step scheme

with respect to, the global error, for better understanding of the concept.

Defillitioll 6

One step schcmc is said to be stable, if for any initial error e , there

• 0exist a constant k and ho>o, such that when(2.1) is applied to initial value
I , .

I ~pro bIem (I .4) with s te psi ze h E; .( O,hq) th e uItima te error e, satis fies the ;.Sf
! • ., -,« JY
II ,. J.,>.~':.

'. ~-~:'~:

k o: I .
i
I
I

Onc stcp schemes is said toic abs1olu(cly stablc for a given step size

and for initial value problcm (I. ) i r the errors tends to zero as the step

[ollowing incquality.

e, < ke" , I
I

size approaches zero.

To in ves tigate the absolu te s t b iI i ty property ofthe one-step scheme(2.1),
I

hlcm ' (2.16).
I
I
I
!
I

This yields a first order
we apply it to thc Scalar test pr

difference equation.

y,,~,= ~l(a)y" a = Ah
I

where ~L().) is the sOiealled stability Ifunct~on0 [the one-step schemes(J.l(a)
b I .' . I fl .!)can e a po ynomia or a rauoua unctIOn. .

!

The stability function of an S-stagc implicit RUl~gc-Kulta Scheme
I

.'.

............. (2.21)

................. (2.22)
Ilea) = 1 + aWT(l - a A)·I e

Where

,

A = {a} i, j = I ( I )11'\
ij

e = [1, I, 1,------- I]T

I is a unit fl') xmrnatrix.

W = [WI' W2, w; \\m]~
!
I
!

!

The absolute stability0r impl iei t Runge-Kutta Schemes is relatively, .



Large compared with explicit counter part which is a quality

that makes them suitable to solving differential equations with

singularities and stiff oscillatory problems in ODEs.

We shall discuss iQ broad sense the Stability properties of the

proposed Scheme in Chapter four of this thesis.

'J



CHAPTER THREE

THE PROPOSED SCHEMES

3.1 RATIONAL RUNGE-KUTTA SCHEMES

Rational functions are quotients of polynomials, that is,

functions of the form.

R(X) = , SL>D
.. T(X)

.................................:...(3.1)
,.. ,

, ,

Where Sex) andT(x) are polynomials of degrees m and n
u

respectively (the coefficient of the highest power of x in T(x) is

taken to be unity). Rational functions constitute a much better

representation of a function in the region of singularity. This quality

make them principal targets for function approximation.

Perhaps, this property of rational functions motivated Hong

Yuan-Fu (1982) to propose the rational scheme .

Yn+l= ......................... (3.2)
·s

1 + Y ~ V·H·n • I I

Where J-=,
r

Ki = hf/(xn + c.h, Yn + I aij kj)i = 1 (1) r
j= 1

r
Hi = hg (x, + d.h, rn + l: bij Hj) i = 1 (1) s

I= 1
g(xn' rn) = - rn2 f(xn,Yn) and rn = llYn and r is the stage of the method (3.3)

This' formula forms the basis of the proposed scheme.

Babatola and Ademiluyi (2000) classified the method into Explicit,

semi-implicit and implicit family of methods. For details consult

Ademiluyi (2000). The vexpllcit family and the explicit families of

orders one, two and three respectively were discussed in Hong Yuan

Fu (1982), Okunbor (1985) while implicit class of the method were

considered in Babatola (1999), and

1l)



!\ t\\O stage explicit Iorruu lu o lord cr t\\'u wh ich was obtained by setting

r =s c-=2 ill (3.1) is giH,tl hv

v I 1'\ ( k I k .)
·11 1

\'
- nil .................. (3.4)

I :"I..J (III I· II ~)

I 'h l I X • v )
'I \ n· II

k _.-11 f (X I 11. v I 11 f' )
: 11· It II

", lu; (X . I )
'- 11 I'

II c := 11 g (X" I II, :'1 I III)

lie u n a lvzc d this s c h c m c s alld dis c o vc rc d that the schemes were A-

st ab lc. The stability p rop c rtics <llld its rclativc cu sc o lprogranuning probably

s t i111\I Iate d U" \1111Hl rill c X Ic II dill b the s e h cIII e 'x t 0 Iu III i ly 0 r 0 rd e r 1'0u r in

I ~XS.

These fumil y or c x pl ic it rat io n al Ruug c-Kutt a schemes are known

and c ou li rmc d to p crIo nu w c l l o n c crt aiu class or ordinary differential

eq u at i011 s. cs pccia Ily s t iIf and s t iIlllSl i II at ory equations bu t more satisfactorily

if they are not sophisticated. TheS~ICCCSS history or the implicit) Runge-

Kuua s c hc m c s ov c r its c x p li cit typc,\IKTullles the motivator fur the extension
,

I

or till' s c h cru c s to s c mi-i m p l ic it lorm u la wh i c h h op c Iu l ly will be more

c lfi c i c n t th au the im p l ic it method.

ur particular in t c rc s! is the dcvc lopm c nt 01" some semi implicit one-

stage an dt wo stage sc licm c s(l I' order two and Iour respectively for numerical

approximation 01" d i tfcrc nt ial equations wi t h Dcrivat ivc discontinuities.

3.2 TilE DE VEL 0 I' i\1EN T 0 F TilE PRO PO SED sell E IV! E

;\11 r-stugc ratio nn l Ruug c-Kutta Scheme is a numerical formula ofthe form
r

\'+2::\V\.;
-" ;c:/ ' ,

----v --- ,,'I _.
. '" .. , (3.5)

II v " V "_nL l

i :.;

20



Where
I

k :' h 1'( x -I C h. v 1 I a k ) i '-= I (I) r
, '" -" .i:.' _.:' ,

.................... (3:6)

Iii - IIt~( x~ "

I

, d h. I: , L h II)
, ".j' 'I ,

............ (3.7)

( ) - I : r( x .v )!!.\.".I: .
'- II II /I • II

............ ' .... (3.8)

alld I
"

I /\- "

\\'illlthe c o n s t r ai n t s
,

C· \'.\ i : I ( I )1', .i '--I' IJ
............... (3.10)

d , , I ( I ) r .................. (3.11)

.~~ {<-r In J.le,
is <;L"l1i-iI1111Iicitif a () and h ()f(lr.i"i. The c o n s ist c ncy or the schemes

" 11

i" c ns urv d hy t h c l'ollstraillts(3.IU) .uul (3.11) .

.'.2.1 PROCElHJRE FORTilE DL\,I~LOPi\lENT OFTIIE SCHEME

·Iltc\alue()l·paralllclci. a", 11",c" d, V, and W, olthc scheme are determined

lro m the syqellls o f n on-l in c ar cquut i o n s gcnerated from the adoptiol~ of

t It c 1'0 II u \\ i II g s t c ps :

Step I : L x Pa II s i ()11 () I' k, a nd I I, ab o u t P() i !1t (x 1\' Y,) 1'0 I' i = I ( 1) r, 1Isin g

1;1:101' s c ri c s 'l!1pr(l'ICII.

(ii) 111~;rti~~~~ll~·_\I\It:'.SI~(lrtitc expansion ill (I) into equation (3.5) <M1~ fR..-c

( i i i j l'()'llJLri~()ll u\'tlle l'i!1,11 c x p a n x i o n w ilh the Taylor series

t i )

c xp an siou or )'"., ab o ut (\"Y,) in the powers of h.

Step:2: Th c resulting c q u at i o nx \-\LTCsolved bearing in mind that the number

o fp ara m ct crs (are rOU!1d to) c xc cc d tile nu mb c rs o f cqu e t ion s, hence, some
I

parum c t c r s were chooscn arbitrarily qs Irc c parameters so that tile resultant

forlllulae. have the Jol lowin]; properties:

(a) Adequate order or ac c urn cy.

(b ) iV! i n i III UIl1 b0 u n d (l I' I0 c a I t r II n cat inn err 0 I'

(c) Rc lut i vc l y large intcrva l o lahs o lutc stability.

(ti) f\!illillllllll computer storage facilities requirement.
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S(;lllclypical Ium i lv orscllli-illlplicil raiioilall{ullge KUHn Scheme).

III IIIC II L'x t 1I 11i t. tile 11;tI";1111 c t l'I'S (J • h . c . d . \ . a 11d \V arc d c t c r 111j 11Cd (for
IJ " I I I I.

3.2.2
I

B v S c tt i 11l'. r ... I ill c q \I at i () II d. 7 I. IIt C u c II c r a I () II c st age sC III i_i111P 1ic t. ~ I ~

r a I j 0 Il a J R till g c - K 1II Ia sc h c III c j S 0 'I I h c r(: rill:

v I\\,"
. " I Iv. ,,·1
I \ \' "

."' i I .. (3.12)

K 'c It r(.\ I c h. \ 1 'I I
I ",. /I t I I " '" ··· (3.13)

............... (3 .14)

...... '" '" ..·..(3.15)

................ (3.16)

II =ltl'.(:\! d It. I I h IIi)
, ~ II , /I II

l'. (x . I; ) ::::- /; 2 r(:\ .v )
'-- 11 nil. II

II

a II d/;· .: 1/ v
/I •. 11

Wilh the constraints

C,=--= a"
...... '" (3 .17)

'" ' (3.18)

Using binolllialcxpallsiOIl on the right hnn d side or (3.12), and ignore

terms ofordc r higher t h an o n c , \\L' have

\"1 -:11 1 \\',", - Y ll

c V,", 1 (higher order terms) (3.19)

The Taylor xcri c s c.\pallsioll or y about (x \' gives:
.- "' III I 11'.' 11)

But. v' == 1'(.\ .v ) '- r
• nil· II "

•
= /) r

/I

\" I) ::-:: r I J r r
\\\ II x\]

(3 r" !.3 (,'>1-'/) =

Whcre

1 3r .'l I r I l 1 r (r I· '1 I r -I r ~I) + (f -I- f f
II \) ~ II ) \ \ '. \ X - II \) " x n y

.. ····· (3.21)

JYr =,. I ') r 1", ,-: ,.
II X\ - 11 ':' n v v

ur :-::-,. 1 r 1', I' 2
~ -: 11 ~: ~

/)\r =: r -]:3 r f I- 3 . 22 f -1-' 1 f'
11 x x -, 11 \~\\, 'ft '<\.' '11

): ................ (3.22)
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Puttillg (J.21) into (3.20). \\L' h a vc

v -:.- \ r h I' 'h212! I)/', h'/J! (D2/, , 1'1)1') ,. hl/4!• 11 f I ., 11 /I II II ~ It

(IYr,," 1',/)\, + 3DI'" Df)'" rr»; + O(Il'). ~.(J.23)

The '/)'101' Expansion ofk ,abollt (x".),,) is given by

k, = h(r"+C,r'''a,,kl+f~') "/12«(',2h:'r,," 2C)Ja"k,r~\,+ (I,,1\2fyy)

, ()(hi ) (3 .24)

c x pre ssedin the 1'0 I' IIJ

Collectillg c()ef/'iciclJts or cq u a ] p o w c rs 01' h, equation (3.24) IS

Where
............... (3.25)

1\ = ,.
I

"
n ::-C ( ,., ,. f ) -~ c 1)1'

I ,,: 11 \ I 11

/), --,l)3J, I ~'~l',t""'2IJ,,,r:J,,):c-: C,~(/)I/y"'I12IJ2rn) (3.26)

In a silllilar manner. expansion or" about (x , ~ ) yields
, " "

I I, = hN, ., h2r-,'I, .. ,. h11{, ., O(hl)

Where
...... '" '" '" .(3.27)

N ::::o('x ~) = g
I c- 11~ 11 II

M = d (g +g g ) = d Dg
, ,~" II?, '"

,
R = d m g .,.1/2 d 2 ( !.! ·12!.!. !.l' g - g )

I " ~ I ,~ " ~ ,,~\ ~ n-- It

= d 2 (II Dg ., ~2/y~l! )
I r: I" ~ 11 ................ (3.28)

with Dg .- l! I u l!
II ~ 11 '- 11'-- I

and lYg = l! +2g g -j l! 2g
11 '-x'( 11 .\1. '-II '--,1. ..· ~ (3.29)

From definition:

/\=.=(a )=70
I)

and B = b., = 0

lor '.J = / ( I )s. l'o r j>j

ItH' i.j =: I (I )!', for ,i.>j
I

I

!



T h i"<; i III Iii i l' <; I IJ; II \\" l' II h II 1\, I ' " 1Ill' l' I c m c II [ o t' (II l' III a ( r ix 8 )~c.u:
"

8t\~n ~>Pl"l'sCl1tcd ill [he Ill<l[l"i,:)hcll)'\\:

1111 o· () ()

H - ,

11:, 11" () (),
., -

h:, h: . h ()..
hi, h I.~ h,: h

I.:

() () n.
1\ :1 () II

~1 : : () I)

<II: d: : d:11

" l' 11C e. rn 1111(J. I l») <IIId (.1.:2 ()) ~1I1d r\ I <I[ I"ix /\

(.', "1I-:feO

I) I '. b I I -:fe()

....... '" '" ... (3.30)

/\SSUlllillg lhill ralld g ill L3.~} <Ire \u/liciL'1l1Iy di/lerclIliablc functions,

(hc11.\ \ L' C <III cx 1)1'cssg <IIId i Is P ~1rl i ;II d cr i v <II i \ l' sill tc rills o r f a11d its par tiaI

dcri\(\(i\L'S (0 r<lcilil,ltcs (he ClllllP~ll"isOIl (lrc()c/licicills.

(J -21'/\" . r .
:::-." 1\ .• " \ L'. - -.., I' '\ ,! I'

'- "'I - -.' '" 11 \\

(I -:21' . \"-r
~\\I \~" v v ,

PUllillg U.3 J) iut o (3 . .2X). we h a vc

N =-= - r I\~, -
~ "

r\ r = - d. 1\, = (I) l -I 2 I' CI Y )
I I .• n n n. II

R c_= -d c/\" = 1-:2/','y .1 I' )1(ln, 1'.',\)1
1 J •• " 11 • II \ n:l •. 11

.~.

-.2/,/v (I'Ciy il')'/
11 •• II n":1 \ .................. (3.32)
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/\ d (l P till g (l. ~ .')) a11d (J.:2 7) i II (J. I (J). \\ l' II<IV C

C 2 J 4Y ::-:Y'W,(III\,' h~I3,' h
1

/{,' O(h')-y" /V,(hN,+h M,+h R,+O(h)]n r l "

+(W R - \,2 V R )h1 H)(h'), , - " , ,
)
' = v ./ ( \V ,1\ , - \ . .'V, w , )h '( \\' ,13i-v \- 111 ),,: ........•.....•.. (3.33)

"" " -" - II I I
fl"

COlJlparing t h c coc/licil'lIts orthl' PO\\l'rS o rh in l'quation (3.23) and

(3.33) we ohtaillcd

W 1\ ' \.:, V N "0""'", , - " " "
................ (3.34)

1\ == r
, "

N == _ I' Iy 2, ""
................ (3.35)

Pultillg th cxc \',lIul's int o (J.j(». wc lia vc

\V, I V, +: I (3.36)

COlJlparing coefficicnts or' It 'II equations (3.23) and (3.33), We

obtainl'd

\V B == Y 2V 1\.[ == /) f 12
" " " " ...... '" (3.37)

and Irorn (3.26) and (3.32) \\'cIJlI\'C

H == C iJf"
, 'fl

lvI, = -d/ )',,2 (1)1"21' 2/:-)
II II ................ (3 .38)

Putting (3.31\) into (3.37) we hnvc

(\V C I- V d ) J) I' ., 2 I' :'V d r-; /) r
I I I' " "I I n

· (3.39)
y 2

"
1:1'0111 (3.3lJ) wc ol>taill

\V C' -/-V II == I·~
I I I I •-

................ (3.40)

Combining (3.36) and (3.40) we obta in the following systems of

equatiolls for family ofone stage Runge-Kulla Scheme of order two.
W +\1 =.~ I

I I

W C -,-V d _. ~~
I I I' -

· .. · (3.41)



a" :0: C,

b, = d , .............................. '" (3 .42)

I I v II
- II ,

.......................................... (3.43)

These can be solved to provide n umcricu l values forWI' V"C, and 0,:

Imposing the conditions

(i) W, = o. V, 0 1 ill c q unt io n s (3.41)

we obtain. (', :-: d, - ~;I
,

=> 'I c- l1 :::: '/' I
'II II ••

I'u tt i n n th i s va luc s i n t o (3. J:n. \\C h a vc
~ I

I
v
- II"

v
- 11

Where

I 1,:-: h g (:\. -! ~,~h. v. I I/~ II,)
11 11

=> d .-: h :.-:0 1/,
, " '

Us i11g t his in cq 1I a t i0 11 (J. J 2). we h a v c

v - Y .j 'h k,
•• III) •. f1

If- \" II
•.' Ill.., 1

............................ (3 .44)

z = I/y
11 •. n

(i i i )

=>'1 = h :=-0' r
I l ! 11 ' -

Lqu at ion (3.12) yields
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I "'-I/~\' II
~ -' It I

................................... .. (3.45)

" 1 J I ~ J.J I. \ 1

"

v
• III I

Where

K = h r( x I. Y;h. v -I- ~~ k ), ". - " ,
II == hl!.(x I '<dl. l' I I, ~ I I )

I "- 11 It ,

( iv ) \V hell \V " In. V, ~2 /J. "" -o:'l' 1 I 1.3

HII =- <I, - 7/12

bill a t i0Il (J, I <I) y ie l d s

v II/J k
, " ,

'" ... '" '" ... '" '" .(3.46)
-I- 2/3 v I I

"" ,
Wherc

K c, hf'{x1 1/3h. \ , 1/3k )
, " - n ,

II, = hl!.(x !7/12h. 1'17/1211;,)•... rt 11 ,

lrom line. it can be xc cn that many I'ormulae can be derived from a

Illethod.

one stage llIethod. And this is the reasull why we call it family o I onc stage

3.2 ..1 T\\,O STAGE SCIIEME

the 1'0 rill
/\ g C ncr a I t \ \ () - st II g l' S C IIJ i - i III P I i c i t rat i () 11a I R 1I1lg c K uu a SellC 111cis 0 I

7

" = yl ~ \Vk. ",, -" i -,J r r
------ - -)' - ~----.

I·,y 2': VII
"i " ,

Where

'" (3.47)

')

k ~ II /'(.\ 1 L' II. \'1 ~ a k )
I 11 I • II i =l II I I :=: I ( I )2

................. (3 .48)

..,
IIi ~-:1Il!('\ , d h. 'I r\' h II).

••.... fI I il -- t· 1

j I"
i: I ( I )2

...... '" '" '" (3 .49)

)

f2. (:\ J ) == - 1': - 1'(.\ . \ )
L- II II II 11_

2.7



<111d '?: I/\'
11 II

Wuh till' c o n x l rn i n t x

.\ 1'\ - C'
(" (I:' - I

b !- h -- d
I I ~~ - I

_ - - (3.50)

1\ d ()P ti 11g h i 110111 i ;II L':\ P; III S , ( ) 11 t h L'(l r L' III 011 the rig ht h a11d sid c 0 f
I

cq 1I;l t iU II ( J .-,7 l. \\ l' h(l \ C

v ;-. v
• /II I

I \.
, L. \\' k

I I
I '; I

\' \ \'. fi: t h i uhc r other tcrrns ) (3.51)I ). ~Il

"

L x p.11111i 11g k . i 11 l'q IIit t i ()11 (3 -11\) ; \ h(lll t ( x .Y )
I II II

1--:' ~= h I r .: (C h r : (\ k I .\ I') r ) ! ,~ (c: 112 r -1- ') e h ( a k +a k2) f +
' 11 I \ I, l I ~ \:, '. - , x \ -, l I I' 12 xy

( ", ,k, Ill,.:, k , )- I. '.-I I () ( l' = h ! r !- ') c ,'h:' (a k +a k ) r + 3c h
- - , '.'. '. -, ,I, ,2 2 x xy 1

............... (3.52)

l3y rearrallgillg and co l lc ct ing coc flic icn t s or terms or equal powers

01'11. we 1I:1\'c

i= I (1)2 ......... (3.53) -
Wllerc

!\ = r,
11

n ::-:C I'! (a ,/\, i :I ,1\. )I'
I I 1_ •., \ \

,
.1':, --=( a)3,-! :1,2132)1' , '.i c: I' I (alii" 1"1/\>'1' ., C, (i',I!\i+"12!\)2 f

\ '" \ X), yy

J),~~/(a)':,' aI2L;:>r 'c, (a)3,' a'2132)I' , (1I,,!\,-I-a,2!\)(a)3
i
+u

I2
13

2
)[

\ \~ yy

-I- 116 C ,:f + ~~ C (a 1\ , a .1\ ) r -I- ~ C (a!\ +a J\) f
" , , - :' - II 1 II 2

' X" , - X \\, xyy

-I 11(, (a,!\,'-lI,!\.)" I'
I 1.._

~~~ '" ..' '" .. (3.54)

PlItling(J.11) into (3,5<1). we h a vc

!\ =-; I'
I

11

2&



B:oeDr
I I

"
L = (a. C, -'·a" C,)I" IJI" + ~2C ~ lJ!r .

I 11 "L Y n I I It

D j = {a" ( a , ,C ,-I- a ,2 C 2 ) +a ,~( a2 , C ~+a2 ~C 2) } ry 21) r + 1'2 C, (a j , C ,+a ,2 C 2) D fn
I "

Dr -I- 1'2 (ae 2, a C 2)1" lJ2r + 11/6 C,1IJ.ll" '" (3.55)
~ II I I:! 2 Y 11 11

III a similar manner. the eXI), n sion or II. i = I (I) 2 about (x .z )is
1 n Il

";-~hN·'h~'Il· 'hlR 'll'h,()dl~J. i= 1(1)2 (3.56)I I I I I

Where

N = g(x ,z ) = g
I

It II 11

1\1= d l! +(b NIb N) = d.2gI ,...... II I r:! 2 I •...
X 11

R =(b m +b l11)g + 1/2 d 2g +d (b N+b N)g + 1/2
I I" '2 2.. J x x I I' I '2 2 ~ x •.

(b N +b N )2g =(b J+b,n )g Du + 112 JiD2g
I' , 12 2. ,.. I' I I. 2 ?. ~" n

I,i = (bl, R, +b){ 2)g 1.+(bl, Mj+b'2l\-\)g,/ f (bj,N, +bj2N2)(bj,M,+hi2M2)} g"l

+ I 16dl)g,~,+ 112d/(bl,Nj+bI2N)g" •.+ I 12 dj (bj,N ,+bi2N)gXl-Z

={b (b d +b d1)+b (b d +b d )g2 Og +1/6 (b N +b. N)g
I' I' '12 12 2" 2 2 2 "" I" 12 2 •.ll

+{dj (bj,d,+bj2d2}Dg" Dg •.+1/2 (bj, dj2+bl2d/)gl!D2gn

+ IIGd,JIYgII i = 1 (I) 2 (3.57)

Where

I ) !u -= g '2 l! g ·1 g 2 .l!
•••• 11 \.\ '-" '(I _

11 II

J) 1g = g I 3g g I 3g 2 g. _Igig
11 x x x '( '(\! 11 711. II II!.

lJg = g + g 2+ g g
jI :<1. 1. 11 1? ............ '" '" '" (3.58)

PUltillg equatioll (3.31) into (3.57). wc have

N = ,. I\' 2
I •

/I n

M. = -d Iy 2 (Df+21'2)
I '" n "----

v
II

RI = I/y 2/(h d -1- b'2d)(-2r Iy +1' JI(I)1' +2f 2/y ) + Y2 (d,2 (D2f
" I" II "\ " " II n

121"/),([+21"/Y)1
11 n x 11 n

29



I (d (h d I h d )url- 2r-'"Iy I (-:2/' 1)'1'- )/+ ~ /Cb"d2-I-b,2U/)
, '" '2 ~ 11 '~" 11 v

f)\<U/y (I'-r:'/)' )11 II() (d,'! r f )1- 2r-'(2r+3r ., ..... (3.59)
It F1 11 \ 'I II n \ 11 Y yy

RL' C (\ II i11g t IIat

\",=)' -I (Wi K, -I \v~K~) - Y ~ (V,II,-I-V~I1~-I- (higher otherterms) .....(3.60)
11 I'

Ptill i II g (J -53) an d (J. 5 (1) i11to (J _()() w cob t a i11

)'" -f-/W/,,'-"'/\)-Y ~(V,N,I VCN)11I2
,_ /(W,B,+W

2
13)

"
- v 2 (V M I V M ) III 2 -I- (( \V E 1- W I~ ) - Y 2 (V R +V R )] h J

-II ' , 22 "~ 2 " " 22-

-I-/(W,I),I \V2
f)2) - Y ~ (V,L,-I-V2L')lh'+ O(hS) (3.61)

11 -

Co I 11P (\rill g the co cf li c i C I1t o f II. h ~ all d h1 i 11C q U (1t ion (3.23) and (3.6 I),

We o hl n in c d th~' rollo\\-illg S;xt c m x or equations for Iami ly of two

stage scheme or order t hrc c.

W,+W2+V,+V2 = 1 (3.62)

\\' ,C, -I- W 2 C 2 -I- V, U, -I V 2 d 2 - Yi .. - '" . _ _ '.... .. . . .. .. .. . (3.63)

W, (a"C,+a'2C2)+\V2(a2,C,-I-a2/_~2)+V, (b"d,+b'2d2)

-I- V / b2, d, -1-b22d2) = 1/6 '" '" '" '" '" '" (3.64)

W,l',2
1
- W2 C/ + V,d,2-I-V2d/= 1/3 (3.65)

With cOllstraillts

,'Iii -1'\ - C
l '2 - , => a" = C, (Since a'2 = 0 Ior semi-implicit method)

b"+U'2=d, =- > b" :::-:d, (S i Il C chi 2 = 0 1'0 r s c m i - iIII P I ic i t III e tho d )

b2, -l b22;:.c d, _ (3.66)

Solving thc abm'C system ofcquat ion , (3.62)- (J.65),

a family or two stage schemcs b1' order three arcobtained by Imposing

thc conditions



( i ) \V '~W ,- () t 11C /I V " '/1. V,, 2' ,
1.'
,1

11

'" ", ".(3,Mq

tI=b =b =1
, " 2'

b'2 = a'2 = 0, <.12= 1/3

B =- 5/3 I22

Putting these values illtol(3.4f), we have

\' =;=
.111'

v

J I Y 1·1 (I J " 311~)
11

Wherc

) J, = hg (x -Ih. r,-I ",)
11 II

"2 = hg(:\" + 113h. >\-1(1 r ,fS! 3 "2)

(i i) W=\V =() thcnV=3/4 V:·-: 1/4, 2' , • 2

d = h ;:-..:10/3, "
,I = -x 11 --=
, 2 ':,

a =b =-=()
'2 '2

b = 9/2

Putting these vu l uc s into (3.47). we have

\' :=
W III I \'

."
1 I \'·1 (311 I I r . )

. " I· , " (3 .69)

\\'hCIT

",:'l1g(\ I 1II,\iJ.l: 111).')1/
1
)

11 '1

II, -c I1g(,\ 'KI1. I '("I I~)/:? IIJ
11 . II -

( j j. i) V - \ \ . - () \ ., , .

t : ", -, ,r- ,
\.. ,:': 2 ; .i ~1 • u ,

- -

\\ ,

I~ - Jr,-
<1,:- c-:: h ' () ;\ /1: , - 2,~ - .
c '-, tI'

. (j
iI"

,- h., '), -'
hi, - ;1, !

~
h .. ') , {~;--

, - --'

11



11

"Ullillg IhL'sL' v a lu cs i n u: cq ua t io n (3.47). we havc

)' -- \'1 ~'2 k
III I - ~ 11 .2

I I y /2(II;J (3.70).
"

\\' lie rc

", ·hU:--;.\"' l/3k,}
" • II

k ,-= It Ih" I ( I. 2 fT/(») h, -. - ~~ k,' 1/J k)

" :-110(:--;.1'; I.'.~JI)
I t:" n 1\ - I

"J r ; 11!2(x I ( ~'2 - .1/(») II, I; I,~ I I, I 1/3 11
2
)•. •..••. 1\ 11

Also imposillg accuracy o lordcr 1(1lIr~lll(3.()t).ll1al i\TI1I' = 0(115) (3.71)

\\C oht nin the lullo\\'illg set otc qua t i o ns [or tvvo stage method of order four:

\', I \':; !- \\', I w. ;;- I : (3.72)

, W,t', ' W/.':;·I V,d, I·V.~d~"· ~~ (3.73)
, ,

\\' C" \\. (' J V I . 1 \1 I .. ;-' J t :" ' ," -,- , e '-.:; - I ,(, 2l j -- , .\

\\' C-' 1_,.\\, ( .. I., \1 I l_-V I = I,'
" 1 . 2 ,(, - :; l ~ - I Lt

W (a CI 'I C) -I W ('\ c.,l., (,')' \1 (b dl-b d)
,\ " , " 2 2 2 ' e' , I' 22 = "" '2 2

-1- V=(b2,d,-"bnd=) :=. 1/6 1 ••••••••••••••••••••• (3.75)
I

W,C,(a"C,-"a'2C2) I WeC~(a:;jC,-la~:;C=)-1-\1,d, (b"d,+b'2d2

..................... (3.74)

1- V,d (b"d' b d ) =-: '/1 (3.76)•. 2 • , 2= ~

W(a C·~I-·\ (,'=)1-\\'(.\ (.j., (")1\1(1) 12-1b .1)
, " , "2 2 2 ':,'-, '2.''-2- . , tIll - '2U2

+ V (b d 21l) d ,") = ,;
2 21 I 2~ 2 /2 ···················· (3.7.7)

W, [u , ,(a, ,C, t-1I, 2C 2) ! a, ,( a2' C, I a2 2C 2) 11-W 21(\2' ( a, ,C I + a, 2C 2)

+'1 ('I C+'I C+'I c)I+V(h (b d-'-b I) (b .I+b d)]
'22 'n , '22 I '22 2 '''' 1 1 , :; (2 -1-a, 2 I U , .22 2

+V 2(b 2 , ( b lid, .,-b ,2 d , )+ b 2:; ( b 2 , d ,-!- b .~.'d ) I

= 1/24 ' (3.78)

wit h the 1'0 II ()\\' i 11g COli S t r a i11t s

'1 +'1 - C
'" '12-, a = C (Since a = 0)

"I 12

'I -1- '\ - C'
t.21 (22- ~

b,,+b,.':o.d,

be' .,-h2.' = d2 •.•.•......•....•.•.•.....•.....•.•...•.•.•..•••.•• (3.79)



SO!\'illg SyslL'lIls (11' cqu.u io nx (.),71) - (J,78)Silllultaneously, and

simplifyillg t ho sc witl. Ihe cOllslr:lillt)liJe va luc s o I thc parameters nrcgoucn;

for famih' or t\\() S(;lgL' xc h c m c x of o rd c r Iuu I' C\.$ tlfO\V.S·.....

( i ) \\' \\ (), lit L"I V V .,
1

h d, 1 -f0 tI, 1'2 I ~31()~: 1 I

11,:1
I' ~~~ 1/-1' ,I

b"
PUlting t h c s c va luc s in t o (l.'l(»), we It a \'L'

v
• l l I I

\
. "

j \ .' ') (II : II I
' - , I .-

"
, ,, , , , ,, , , , , . ,. , , , .. , .. , .... (J .X 0)

\\'here

II :-: h!.!(.\ '(1
, ~ '1

II, -; h!.!1:\ I ( 1
• '- 11

-/:

-' (1 Ih. /: • ( 1 I L

"sitni l.ulv selting

(ii) V, :-= V, - n. t h c n \\', ,. \\'~:- I~

C, .-C I, I ~ C! il'l 1 : -~J/6

'I _. I. I I \I-~'(1 1
( .: 1 ' ; "

I! Y «():(j)

l ' II I I i Il!.-! I It L'SL' '" lu c sill I (1

\- -- v I I. 1_ : I. I
• II' I - fl '- \ I - \,

=:> \'
. II' J (k, ' k .) ................... '" .... ,. '" ,.(3.82)

K I' h r /( .\ 11! 1 ,: - DG) II. y" . ( 1 ~ -~.3 / () ) k I I

k = I1f('\II( I', I ,iJ!(»)/I.YII : ( ~'I_~/6)k,+ ~ k)

(iii) V,:.: V~ == 1"3 \\', =-' W:- li()

b - 'I -.. I __I, .~(
, I - l j I -. L I - l I - I ~ '~-', ()

a C'; hUh
1~ I: .': 1

b:~ ;: a" :..:1/.1

I ') -('·1 - -', )

,.,

11.



P1I t I i11~ lillo.' S l' v: iluc S i III () ( _; ,-I 7 ). \ \ l' h. l\ c

Y".! )",,1 I'()(KI K~)/C !:,,'..IIII, !II/) _ (3.81)

\\I1LTL' "-I h"1 '\11 : (' :2 : ~~)h. Yll ! (I<~ 1~3/(})I.)

k, ,c hl'l \11 ' ( I :2-\jTi-;- )b. :11 . (11\ - ~3/(»kl -I- 1/4 k21

III II~ 1,\, ,( I : 0T0) 11.I '( 121 ~31 () )III 1
"

I I , h g I x, ,( I - D~(~)Ii . I. ! ( 1/\ - ~ J / ())"I + Yt II 21

III the n c xt c h apt cr. wc c ons id cr the analysis oIt hc error, consistency
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I
1

PROPERTI ES OF TilE NE)V SCI.IEM ES
, I

From the d c vc l op ru c n t or Ih' s ch cm c it is natural to cxp1t<t that errors

will o c cur. It is th c rc Iorv vc rv illll~()rtaJlt to analyze these errors and possibly

the c o n sist c u c v. C()ll\L'r~L'IlCC a n d st ab i l i t v p r o p crt ics of the new schemes,
, ~ ,

SIJ that wc call k n o v, i I t h c m c th o d will he c ap ab l c , u d cqua t c and c l'Fic icnt in

so lv iug thc di llc rc ut iu l cqu.u iou o luur interest. that is, Ordinary differential

c qu at ion s. with dc riv at ivc disc()lltitll~ities, In this chapter, we shall carefully

c x.uu iu c these a l'nrcm cntio n c d p ro pcrt ic s o f the schemes.

4.1 EIHH)R ANALYSIS

;\ major Icat utc o l n um c ric a l sc hc mc s is that errors (no matter how

small) are gcucrnt c d w hc u they arc adopted for t hc approximation of

s o l u t i o n s ofOrd inury d i lfcr c nt ia l c qua t ion s. The effect o I thcsc errors is

that it call make the so lut ion unstable because thc magnitudc of thiserror

dct c rm in c s the degree or accuracy or the schemes.

lrr o rs associated wi t h uu m c ric a l approximation tcchni qucs arise

Iro m d i Llc rc n t so u rc c s vi z: di scrc t iz.u ion. truncation and round 01'1'errors

rc sp c ct ivc ly. Others in c l u d c inherent crrors whic h arise [rom modelling

process and copying,

Discrvt i zat i o n c rror IS t hc enol' ass o ciatc d with the replacement of

the d i flc r c n t ia l c qu a t i o n (1,-1) hy its d i I'Icr cn c c equivalence (3.1).

Mat h c m at ic a l l v it call he expressed us:

l' :;7 v ( x ).. v
,,'I . ",I . II' I

(4,.1 )

That is. the d i lfcrc n c c between the exact so l ut ion y(xn+l) and the numerical

s0 lu t io n y 11 ' I a t \" I '

N lIlll C r i c (\ I ap P r tl x i III at ion i11\' 0 lv c sit era t ion p r o c css .. d u e tot h i s, t h ere wi II

h c p r n p a gat iOil (l I' c IT tl r lr 0111 s t l'P t 0 S tC P \\ h c11 i 11t era t i11g \V it h a 11U IIIc r i c a I

sc lic m c . Thcsc propagated errors sub s cquc ntly grow to the extent oftan
I
I

I
i

J



di,"lllrlill~! IIIl' :tl'l'IIr:tl'y 1l1'1lll'Illllltl'ric;tl I'c""II, Tile Ill<lilll.calurcofadcquatc

u u m cr i c a l sc hc m c is i t s ah i l i t v t(l c o n l ro l the growth ()f~sueh errors.

o I' i III P () r tall c c is till' n e cd tog u a rail t c L' t he qua I i IY 0 lt h c integration

xc h c m c. h cnc c. it is illljl(lrtallt to h avc c s t i m n t c or these errors.

T h c r c a IT t \\ 0 111aj \l r c IT (l res t i 111,I t i 0 II tc c It Il i que s t hat arc r cI c van t to

thc:«: sc h cm c s . I:elberg (1()()4) p()stul<lted a technique or error estimate

t hu t c nt a i l-, cOlnputatiull o lt vv» :tppr().'.:illlali(llls to y using methods o I ordcr

P an d 1'1 I 1I1ld t h cn li u d thc d i ITercllce hc tvvc cn t hc two to obtain the local

crr or lIssl)ci<lll'd vvit h t h c proposed SCljL'IneS, Oil the other hand, Richardson

extrapolatioll method wh ic h cntai Is cstimatioll or local truncation error as

the dil'f'crcllec bct\\l'cll t w« prL'llieti()ll~ to y usillg dilTercnts step sizes.

l{iehllrds()11 cxtrapolation I1lcth(ld is lldopted ill this work because it involves

jus: 1Il1lkillg USl' or t\\'u difTcrelll S~L'P Si/.L'S ill the S;II11e scheme which is
I

less cumbersolllc as against f'elbergls l1lethud that in\'tJI,ves computation of
,

t \\ 0 appro x i III a t i 0 II t () Y u sill g two d i ITcr e lit 0 r d c r s . F cIb erg t c c h n i q u cis

round to be Il1UIT lime COllslll11illg, L:llergy ('O"SIIII1;l1g and the process too

Cfllll!Jcr,\()I11£'. l l c uc c. in this work. f{ichardsoll's extrapolation techniquc is

Illat/c Use or,

Hy f{ichllrds()II's cxtr,lpol;ltioll techlliquc we mean Ihat)fy designate
. nq

the solution In' our method using single step s izc h , the local error can be

csIi II lilt c d Ir o III

S'illlilarly, by adoptillg step s iz c h/Z. the local error ofthe method is

g ivcn hy

~'(x".,)- 1,,,.,"'" 'I'(x .yt x )h/~)(lJn)""-IO(h 1"~)' (4.3)
n /I

Wherc!,
is the cOll1putcd so lut ion by the mct lro d ;

n'l

S 1Ib t r act i II g (4 ,1) fro II I (-/,3) a II d s i III P I i Iy i II g, \\' c II av c

J6



( i(x ! I )- -// 1(:-; . \ )
/I 11 11 II ~ (J

37

1"1
II/( X .vt x )il' 1\' .

' • • 11"
11 n

I. I I;I - ~i 1" I II
I'" !

............. (4.4)
,

The ac c u rn cv or the schellle 'is estimated fo rm

;\-:-/1\ _I." 111_1.i:':I"'I',/
i

l'
w 11' I 11'!

Thus ~:ih"d I

I) "111/(:\ .vt x Ih I hi" I
!l. 1\

Theref'(lre. the local disereli/,llillll error o lthc scheme can be estimated from

........................... (4.5).

........................... (4.6)

~

I' -1" .-. \. - 1 '
L"'I /''''1 ,,,,,i ~7 I

. 1 __
........................ (4.7)

T h us. t h L' ap p I' U :\ i '11a I i 0'1 : l'r OIl! S t c P x l () x "i sac c cp led a sag 0 0 d
11'1 II II

appro:\ill1atiOIl to the cx ac t so lut iun if

Ie . t o lc r a n c c
11' ,

that IS. il the g lobu l crro r is lL-ss Ih,1I1 enol' Io lc ru n c c .

This Io rm o lv no r cs i innuc \\as fUlll1t1 to be adequate [Lambert (1963),

Ciear( IlJ71 )and IIindmarch ( 19~3) I for stilLlIld llon-stiITini.tial value problem

ill ordinary differentialequatiollS. IIO\\C\cr. the useo lLh is approach entails

considerable ,1I1111Ullt UfCOlllplltatillg c llo rl s , bUI it is ncccssary to choose a

reasonable SIL'P SilL' Ihal call accelerate eon\ergcllcc.

]'1' fill (' tt 1i()II l: I' I' o r U I' I" L' () I hc r hall d is Ihc C r r 0 I' ill t rod 1I C cdin tot he

Sc il L'IIIL' a S iI IT Sl" I (1I' i t-:II (l I' i 11g (l f h it-:" LT te 1'111Sur I IIC P()vv Cr s c r ic s c x pan s i011

hy c i l h c r lilylur or Hillollli;t/ ;1Igurillllll. i'vlal"cm<llically. it is defincd as

t"e aruo u n t hy wh ic h the t"curdic," solution y(:\ ) rails to satisfy the numerical
II"

h)f'JllUla(3.1). t h a t is

. \.( x )
'1' ::-c:"", I

11'1

\(:\)'\'Wk
• " l-... I I

I :(.\ k V J": I (4.8)
!I i..-

k 0-: h 1'( :\/ C h. \' k)
I II I . II : all ,

I I, :..= I!u(.\ ! d,l!. / I h II )
~ II 11 I i I



Silllilarly. when II, is c:-,:pallded. we have

I I 7" h!.!1 h\1 /)e I h \1 cJ)!.! !! I ~2h \1 2/)2(1 "O(IJ')I " I II I '- II •....I I C
II (4.13 )

Il!e lo c a l tr"llcatioll c rr o r ;hsucilllcd \\itl! o u r one stage method or
I

II a11d J( ah()U t (.\ • \ (.\ )) i11 l' q lJ d t i()11 (, I.X). II! us:I I II. II

order 2 is roulld h,\ adupt illg Iilyllor alld Hillulllial series expansion ory(x
l1

+,),

Y(.\",,) '\(.\ ) I ur 11r:';~! Dr I II~/P (1)'1"1 1'1) (')+O(h") ..... (4.9)
~ • I~ II 11 - • 11 \ n

,

:{.\II)I.\\',/(, y(.\"rv,", -f highertcrlll (4.10)
\( x ) , \\' I'
• f1 I ":

I 1\(.\ )V I I
, " , ,

I'" II i Ilg, (·1 . 1()) i II II I (·I.}{ l. \\ l' Ir;] \ I,:

T \( ). \ (.\ )
11 I I - . \ 11 I I . II \\',k, I vt x ) '~Y II .,.

, " " ········ (4.11)

When cxpundcd yields

", 'hI' 'I!'C J)r Ih'C' 'I)/' I' ,I '; "'C,'I)"r+O(ll") (4.12)11 I II I II \: n

Silllpliryillg (4.11) In' pUlting (-LlJ). (4,12) and (4.13) into it, we

T ::=:Y(.\ )lhr+h2/2qH IhJI3!(f)cf+rJ)r)+0(h4)_y(x)_
"I' "" " " v " n

,W,(l!rl'h~(',I)f' ! hl(', 11)1' I' 1 ~21r\:,1IVr -')-\'(x f
IJ II II " " .1 "

v (Ir!.! I h-\1 I)!.! 'Ir \1 :'I )!! !! ' ~::h \1 .'/) 2!.!, -I- __ )
! '- /I I '-. 1\ ! '- II •.......I I '-..11

T ",,::-:-hI',,' \\')11'" ! h2/2 IH" _h2\\', C, 1)/',,' h'/(J!)2f'Il:-hJW, C,JDfJ
y

, .
I'/rl/(d)/',. I/.~hI\\, C '/)-1' I\'(,\ )2y lu; + y(x )2y h2d Dg

" \ "".. 11 ,~" 11 , , 11

+\'(,\ ):'y h\1 2/)e (I + \(.\ ) 2V 1J.1l2d 21Yo +O(h").. "~ ~. , 'b
n 11 1!1 "

:. T ,=( I' -\\'," -\(,\ ) =V !.! )1J1.(/)L/2 -- \\' C J)r +\'(x )V d Dg )h2I" !l ,,- 11 ,~ " " "".J 11 " 11

1-( II() J)2r \\' l' 11H I' L I/()IH r _ y, W C lJ)2f +
' , - "II 11 ~ rl ! n

y(.\ )2Y,d,=J)g s ~.::vrx )=Y,d,2J)2g )h1+O(I1'I) (4.14)
11 II I II n

Simplifying further. \\'C hu ve

T :0:: C v l', II I C.IJ ~: ('," 1,1 () ( " ! )Ill! .•

I) 11 ·· :.(4.15)
\V IIcr CeO" ()

I)

C =-:f-Wf-y(,\):'V!.!
I Il I 11· 11 ,'- II
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\\' C J)f' I \(,\ )'V d J)L',
I I II '" II I I '- II

2

illlJ10sill,!!. aCClIr;IC.\ (If' o rd c r ~ Ull T . wc hu vc
- 1\' I

C I .-;: ()

C. . ()

C I 1: () i,

,

i
Usill!!. these ill (,I, J5). il CIII hl seclI Ih,1I the prillcipallrullcalion error

01 the metl:od is I' ' ,
T -=- ( I,' (d ) : " \ \' C 'I)f' r ,I I (I I) r ,. -- ~'i W C J 1)2 r

II'" I', I I
il II : n } n

i \,(:\ )~V d :/)!2.!2. f :';.\(:\ )~V d,::O~g )11,' : (4.16)
r I I '- '- .. I "-

II " I " " ,
i

The I"""ltl 01 the prilleipal local Irllnealion error T"., can be found by

j(}r) ""j+j ,
P'V • ') J -

) ) J

ralld its p art in l dcri\'ali\'l's.

/-\)L9-( r
arc boullds or o I ~ _ _ _ ~\

,,' I bJ, bt~ 'Et:: ~~bJ .
I hus. the houlrtl 0'1' (n+1 IS gIvenr.hy

IT I ~ h' D'I I 11(, .- !, II' C'·, 'Ie V''')' III I ( 1/6. \I' C'. Y 'V d ')1
11'1 II I I '" I I " \ I I , 11 I I

< h ,1/)'1) I/r,. !, II', c,"-',):> V, d, '/' /)1)) 116.W',C, J.
y

'V,d,!
, IIIr .,I c; [wi/' I ' III I/' ,']h ',,', .. , (4,17)

II I, " ,

I} = 1/6- I/o \\' t> . \' =',v tl:
I '- 1'- I . _ I I

"P = 1/0-- W C 1_ v : V d 2
o I I • " I I

Showillg thai the hoolld 0 I' loealll'lilleat ion error or one stage method exists,

ROllnd oil error is Ihe crro r illtrll""cC" as a rcsul: or computing
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~l;lthclIl;llic(lIl\'. IOlllld OlrlTIUI call·hc l'stilll;ltul rrollll{ I::": v / _ /' I
• III • II' III

\Vherc \. is thl' e·\I)el'll'd solutioll of the di/Tcrellcc C(IU[ltiull (3.1)•.. III I

\\hile P is the C()llIIHIll'd out/HI! at till' (11'1 I )tll iter(llioll. In order words,11' I

.OlOHI o If n.o. is the 'Oll''''"t by "hiell the "'''"J1l1lcd aJ1J1I'Oxilllation p".,

di'll'l's frolll thl' c.\J'cl·ll'd "J)JHo\illl;l(iulI \, 1)\ (he SChClllC at lJOillt x 'I'
• '1' I ~ II

IIli!llipll/atioll (lfl1lllllhcrs.

,\ccordill.£! to 1-'(1111111" (I t)K7) .m d ~,(lillhert (I <)(>3) the effects o/'rollnd

oITer.o. call he disast.ous heeauseIhcrc m av be illcv'ilahlc loss oraeeuraey,

In aeeo.dallel' "ilh t h c i r J1oSiularc, douhle p.eeisioll a.ilhrnelie can be

l' II I P I ()) ed 1 () Co n ( I'(" i (s Ill<!g II i t1Idc. T h e rc ro rc. d (I1Ih Ic p r Ccis i 0 11 a r it h III C tit:

ix "d 0 p t c dill () II r s 1I hs l' lJ lie II ( C () III P1I t " t i 0 Il x .

4.2 CONSISTENCY PI{OPEnT\' OF rn r: i\IETIIOD

i{eealiUra II he con \ cut ioua I one s lep,sehellll' is so,id10 he eOllsislenl It", solving

di trcrellli~t1cqll(j{ioll ( 1.,1 ) if

1iIII

h -.} () E" - \. j
• Ilf I . II 0. I( ,,< • \. )

h II - II

j

\re, sh a II de",o.s I'a Ie Ihe COilSiSlelll'l',d' our I'll 'posed sd icnic in Ihis sect inn,

4.2.1 ONE STACE .~CJJLr\JL

'Ill l' gl'l1cr;t/ one s(age schCllle is

\ .
- /1'1

\. ·f \\ k
• II I I

I I v V II
' • II I I

·················,···:....:.....(4.18)
k I =0 /I/hl C h. \ I it k)

" I " II I

II =-=hg(.\ 'Id h Jib 11)
I "I I II I

g(x .I. ) == -'I /{.\ ': )
r1 n

" II "

<llld l' =:. 1/\·
11 - II

ux i IIg hi 1I011l ia I Iheo.ern
10 '" I'alld Ihe .i gh I ha lid side 0 I' (4, 18) and iglloring

(elllIS ofordcr higher thall one, we ha\'c
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,

y =-: \' I \V k - v - V II I (!Jiglll'f' order tenus)
II" • 11 " " , ,

subtracting y lrom both sides we have.
11 ,

v - v = \' I \\' k v "v II! O(II) - v
1\ ' " • 1\ " ' '" , ,

-= 'VI' k - v 'V ", , '" , ,
by pulling thc value nlk und II into this. \\(' h;I\'C

, , "

v -y :-:W hl(:\ I C h \';1 k )Ji\'V IIL'.(:\ +d h r. -I-b II)
• ", I '" , '" I'" I I' '" , ~ " "1\ '"

!
I ,~

(\\' h ltx 'ell\ ';t k )-\ V 11!.!(:\ +<1117. +b }l»/h
I "I ,'" "I • 11 , '- 11 "11 '"

• , J

::'(W hl(:\ Ichy' a k )-y·V (I/y-)I(x +dhy+b 1I»/h
I 11" 11 11' "1 11 11 1 1 n 11 I

(\\' h I( x I C h\,I <t k ) i \' 1(\ + d h Y -I- b I I ))/h
, "I I'" '" I 11 1 1 11 11 I

takillg the limit as II ~ 0, \\c have:

== \\' I(,\:\, )'1 V I(.\.y)
I rill II

co: I( X •v ) IWI- Y I
11 • 11 , 1

but \V -I- V = I (from equation 3.38)1 1

(

\' \~ , 1"(,\ .. \' )iim . - .
III' II f\

h~o h

ShO\\'ill!.! that the (Jill' staL'.e mc ih o d is c o n s is t c n t'- ~

. 4.2.2 T\\,OSTAGESCIIEi\JE

The gellC('<tlt\\'o stage Schl'llle is:
:2

v :=: \ -1- ~ \V k
11' , - 11 i -:I ' ,

1_( ---:1),\,"y--,' " ( 4. 19)I'y X • L 1 \.,

11 i -zr I
where

K=hf(XI-Ch,\' Ita K) j=I(I)2
11 11 i -: I 'I J

1

" ::-:hg( x ·f-d h. I fIb l l ) I:" I( I ):2
11 11 i-I"
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2
gfx ,Z )=-Z f(x ,y)

n n 11 11 11

and z =lIy
11 n

Using binomial theorem to expand the right hand side of(4.19) and ignoring

the terms of order higher than one, we have:
222

Y = y + I.W.k - y I. VH + (higher order terms)
11+1 11 i= I I I 11 i= I I I

Subtracting YI1 from both sides of this equation, we have:
222

Y - y =y + I.Wk - y IVH + O(h) - Y
n+1 11 11 i = I I I 11 I = I I I n

2 2 2
= I.Wk - y IVI--I

i= I I I 11 1= I' I

by putting the values of Ki and Hi into this, equation, we have:
2 222

Y -y =hI.W.f~x +ch,y +Ia K)-y hIVg(x +dh,'C +b.H)
n+ I n i= I I 11 i 11 i = I ij i 11 i = II n I n IJ J

2 2 2 2
Y -y =hI.WJ(x +ch,y +Ia K)-y hI.Vg(x +dh.z. +b.H)

11+I 11 i= I I 11 i 11 i = Iij i 11 i= I I 11 I 11 IJ J

2 2 2 2 2 2
Y - Y = I.WJ(X +ch, y +I. a K) - y (-lIy ) IVf(x +dh.z + I b H)

11+I n i= I' " i n i = V 'nn i = I I n I n i = J IJ J

h
2 2 2 2

= IWJ(x +ch, y +I a K) + I.Vf(x +dh, y + I b..H)
i= I I n i n i= I ij i i = I I 11 I n i = I IJ J

taking the limit of this ash-e-O, we have
2 2

]' {y - Y}= IW. J(x ,y)+ I Vf(x +y)m ,I, I n 11
h --*0 ' ,,+ I 11 1 = ] 11 11 1 = I

h
2 2

= f(X ,y)[I W. + I V]
11 "i=] I i= I I

,2 2
but,I. Wi + ,I. Vi = WI + W

2
+ VI + V

2
1=] 1=]

= WI + VI + W
2

+ V
2

But from (3,62), WI + VI + W
2

+ V
2

= 1

~-Y}Jim n+l n
h --*0 h

= f(x ,y )
n 11

Showing that the two stage method is consistent. According to Lambert

42



(I ()o3), i\ C(lllsistCllt o u c x l c p mc rh o d is c o n vc rg c n t , Jlcnce, the new

schemes IS C011\'L'rgc1I1. To see this, \\L' cOllsider the convergence of the method

4.4 'I'll E CONVEHG ENCE PIH)ITRTI ES

The lIurllericlll s c h c m c (3,1) lo r sol\'ing Ordillary Differential

l.qua r iou (1,5) is said to he COII\'Crgcllt i I tile lIulllerical approximation

\ t h a t is ul'neralcd 11\'it tcnds to the c x act so lution yt x 'I) at• 11' I "-. n 1

x ~- x Ias t IIcst c I) s i I, c IL' IId x t () / c r () ,
1\1 •

That is,

Io r au a l vx i-, 01' t h c Cllfl\L'I'gence o l the s c h c m c , we consider the

1'0II ()\\ i n g rL'lc \ a II t s t. III d1Ird the ()r c III s s t: IIc d \v j t h o U t P roo f.

TIIEORE1\l I

Let L',·.I (J( I )11 ill' SL't (llrL',t1 n um b crx ifthere exist, finitc constants

R aud S, suc h Illill

()(I)II-i ................ (4.20)

t h c n
I{ 'I c, / \\ here R < I

I{

I{ - I
................ , (4.21)

Let ell" alldl"., dL'II(lIl' till' lksL'leti/llti()1I an d trullcation errors generated

by (J. I ) IT SpcC I i \ l' 1.\.

13yadopting binullli;rll"p'lIl. i o n aur] i~~III)rill~ tcrm-, ol'ordcr 0(h2) in equation

(3 .2) all d (·1.:2) . \ \ l' (l b IiI i II

:(:\11") - :(\,J 111(\1',(\.:(\:): II)· IWl, (.\".:(\).11)

t (higlll'r tl'rlllS) ! T".! : (4.22)

Where (r, \l'e and (il, ilrl' co nt inuou, Iun c t io n, ill the domain asx sb,

/:/< .c , o. n. h IkL'illc ilS
r

II (r I (\" : ( -. ) : 11) i ~ ('." ............................. (4.23)
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II (P, (.\ ./.(.\ ): II)
fI II

··· (4.24)
Wherc

I'

\1' (x .v(x ): II) ,. (II \(x ) 2.: b II) 0, (x .yt x ; h) (4.25):! 11" 11 •. III .-: I I' I _ 11" II

Frorn (4.2) cquatioll U.I) yields

\ .. v "h '!' ( x ,\ :11)' hrp ( x .\ .h ) : (hiL!hcr ICIIIlS)
•. II' I ."1\ ~ n· fl I II" 11 •... ........ (4:26)

Suhtractillt! (·1.:22) Iron: (·1.2(» an d uxim; (4./): We have~ ~

c '=':C! hl 'I' (x .vt x ):h) .. 'J1,(.\ .v .h)ll·h/(p,(x .yt x );hJ-<p,(x y;h)J
",, l :' "." _" -'" n.J 1\ 1\ 1\"

I·T ,,1 I ........ (4.27)

Ih Ille;1I1 v a luc tilcorelll.

c"" _. C -I-

.. (4.28)"

By Lipstic!J cOllditi()lI. \\C h;I\'C

Sclling
I;<llld ('\(p', I.. \\C "<J\C

t)y

;'c l :
11 • I -._ Ill, /c' 'I

" ........ (4.30)"
\\11 c rc

(llld

aud k an d I, arc the /,ipscilitl cUllstalltis r(lr <P,(x.y:") and

'1'2 (x.y.h)respcetin:ly. I
/

!,Let T = Sup '1'''''/ '

,I <" x : h
....... (4.31)

Sellill N"" r, I k , .. '" .
(4.32)

the inequality I-I ..')!) i>l'L:UIIICS
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(1IIlN)IT.
11 ·0.1 (4.33)

Fro III (" c U IT III l , CX P r c s si ()11 (.~. 3 3) h c c oIII CS

It: I = ('.1." N) ,,..,"'1 --'-
N

I· ("~"N)" Ic,,/- (4.34)

By Padc's apprOXilllatillll

"(11h N)
C""N '" .........................••.. (4.35)

a l x o 11\' c q u n t i nn (I.~).

h .. b-lI lll" n h h-;I
11

thus.

(II hN )'';
c·;(\1··" .....•........•..............•......... '" .......••.•..• (4.36)

C""~l.:... C'';(I' .'1 ....•..........•.•..•...•.•......•...•...•.•.... (4.37)

th crc I'o rc , in c q u a li tv (·1.3·1) mudi li cs i n t o:

i~(b-,l) . :-«11·.1/ I I 4 8)
.I c / =~ (c - 1)'1 I cC'" ( .3 ("

hN

adupting mc a n va lu c theorem o n

I' . I I' . 2
T C-. '1'( X , vt x ) h f Oh( ). \\T ILl \T

~I I I II"' r I

T - h 'I' [x 1011 vt x I Uh) _. 'I' (X ,\(x )!. hlOI(x +Oh,y(x +Oh),
II , I 2 • - II ...• 11.. II 11 11

- (P, (X .:-(X )1
I;

11/.'1'.( \,' ()h.y! X .. ' ()I1 I). \I'~I\" I Ol1.y(\,»] ./.111
2

(:x" + Oh.y(x »
nI

'I'. (x ...~(x.,)\ ! h\(r,I\,'()h,y(\"IOh))-tr
l

(\,'\Oh,
"

Y(X,,) :(r tx .. '()ll.:-(\,,» ,(PI (x".y(x.,)) (4.39)
I

(). (J ",

H Y. ("it k i 11g C q 1I a t iU 11 (·1. 3 I ) i 11 t II co 11sid C I"a (i ()11. a II d t akillg the a bS0 lu t c

va iuc or (·1.3lJ). \\ C ()htaiIJ

T -a: ill·/Y(X,,: Uil) .\(x,,) I I jll\) , ilk/\(x '/011) _ v(x )+lllh2Q
- II •• n

~ I ~

== h 0 N Iy (() I I (.I I III) h o. \,.::: (; ::s \, L I ( 4 .4 0 )

Where III a n d J arc t h c p;lrtial dcriv.u ivc of (P, a n d I[Ie with respect to x

Sl'tting Q - .r I III

And Y ~c= Slip //(X)I (4.41)
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a .: x h 1

I

T=I/UIN 1/1['/' (.I!IIl)I!
2 1 I

= h 0 IN/y ([,1)1 ,. ()I

.I' = 11
2

0 lNY·'· Q) ~ (4.42)

Where /'/(£1)/::-: y

Putting «1.-12) in t o (·1.3~), \\C h a vc

Ic"/:S J~~Q(~_~{)(C ::11'-,,1··1) I C '<1"':lll/cul

IlN

le,,1

le"/:::: ht!.L(NYI ()e:--:(h:l) - (NY'I Q)J ,. c ~(h'~,/e~l
N

'<'> L!.<2[(CI'I"':II.- I) (NYI())] I C~II'":l1 jelll ~(4.43)
N

Asslll1ling there is no error in the input data, that is co=O, thcntak ing

the limit as h--)O, wc obtain.

[ L!i2 (c ~(h':l1 -1)( NY-I-())] + e N(b.n)/ol
N

11·~IU / ej -- ()
N-7X

Which im p l ic s that Li m v -
1l-7() ." vt x ) ··,·,··················· (4.44). "

That is, the convcrgence ort h c scheme (3.1) is established.

J.lavil!j established the consistcllcy uu d convergencc ofthe scheme,

\\C n o w consider the stability pruperty or t h c schcmc.

4.5 STABILITY PI{UPEHTIES OFTIIE SCIIEMES'

Stability anal~sis or t hc sel1li~iTl1plicit schemcs is important since it

Io rm x the baxis hy \\hicl! suitability ortl1lc Sl'llclIll' is assessed.
I

(1<)63) stability scalar test i n i t ia l value problem

I
I
I,

J Icrc, Dalquist
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b c c o m c s ;111 im p o r t a n t t o o l .

y '" .
• I'

p r o b l c mt t:LLI5).

Co n xc q uc n t l v, s c h c m c (.3.1 )\\<lS app l icd to the s c a l a r initial value

Un dcr tile a s s umpt ion t h at

This leads 1(l I h C Io l l () vv i II g SYS t c III () l 1i I) c: Ire q uut i0 IIS:

U. hcing a c o m p lc xC()IISI<l1I1with negative rcul part )

, .
-1.l1ak,·! (1- 1.1I,,:)k

2
I () I,,

,
i

I.lla",;,-).II" .k , f ---~-!(I-I\.I1;I)k
r - - r." 1 IT r

P ut t i IIg III l' SC 1i IIcar l' q II ;II i (ll) s: i II III a t r ix ro rill. \ \ C 11a v c

o 0----- 0 k II

I
k,

~

=Ahy f

,
t

(4.47)
k

r

() - - - -- 0

)"1;1" - - - -( 1- J.lla )
- . r r

III C 0 III pact 1"0rill. C q 11a 1i0 II (4 A 7 ) b cC 0 111C S

Dk = Y (4.48)

Wllere

Y .= I.lly" I I. I. 11'

/\lId
/
II (1-1.11",,)-0
I

()

(1-1.lla,,) - - - - 0

-1,lla" ------ - - - (I-),Ila ) j ( -L49)
- rr./ 47



I\SSlIll1illg IJ is ill\'Crtihk. then

k I)" Y '" (,1.50)

t II ere /'0 I'c. k 's aI'C (l b t ai Il cd 1'1'0111 l"l. 50) asI.,
k > ( 1-1\ (J.) C u.. v l 4.5 I )• II

.,
II =- -(I ful~) C(/.I ..•..................................... (4.52)II

Whcrc

/\ --:(a)
II

1 •.1 ... 1 ( 1 ) r

I. , 1 ( I ) r

.. · 1) ,

13 ~"( h )
II

C := ( 1 •

u. ; ).11

z == L'v .. '" ( 4.53 )• It

And c bcing r x r unit Illatri:-;

Putting (..t.SI) and (cI.52) in t o (3.1) \\'C ohtaill a

dillercllce eqllation(rirst order dillcrence equation)orthc form.

:-- U(u.)\·
- II u -:;)./, {.l,Yf7Y II"

Wllerc

U(C() '-. I -I- u.\\,'( 1 -(/./\ )'c

-. U.V'(I !(/.H)"c (4.:0.)

is tile so called s ta h i lity Iun cIi 0 II

(I +U\VI(I-U;\)"C)

\1 -.<1V' (1IUp)"C
........................ (4.56)

Where

\\' I '- (W,. \\' 2 •......•..•.....•.•.. /•..•..... w )
I ,

V' = (V,. V, V,)
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Th c pu ru m c t c rs a. b . c. d. \\' u n d V in th c scheme (3.1) arc chosen
II II I I 1 I

to ensure th<ltU(u) is a I'adc's ap p ro xim at iou to c". For better understanding

o I t h c Pu d cx a pp ro x i m at i ou . t h c l'o l l o vvi n g d c Ii n it i o n s are staled:

DEFINITION I

Let () (x ) d cu o t c 1I p o lyn o m iu l or d c g rc c r ill a specified as
r

,
() (u) I I u.tI

, 1'(1'-1) u. 1 1'(1'-1) I u:
r __ L' _

21'1 2r(2r-I)2' 2r(21'-1) (r-I-I)! (4.57)

PC., )= I I 2 \. s
v- -1- U. -\- ~\~~ u. 'II_!'( ~_2 Ia

2r! 2r(~r-I)2' 2Ir(2r-l) (s+I)!

I
;UJd I

I{ (U)
"

- (),( U) .

p ((j),

J>/u.) d c n o tc a p o lvn om ia! or dc grcc s.

Then we say t hut !{,(5J) is all (r.s) l'udcs approx imution of order r+s,

'(

c 1b:
IZ ( (J.), ,

,I,. I .

c'' 'O(U ) (4.59)

10

'(

\\'hich call b c a c hic vc d by c x pvc s s iu g C as a power scrics in ai and

equaling t li c c o c lli c ic n t o !' o', i -c- I (I) 1'1 s ill equation

II s

I ;1, U. - (2:h, (/) (U')_ (4.60)
i I i -() I I

to d c li n c un iquc ly t h c c o c lli c icnt a s. h, s appearing ill Rrs(a)

DEFINITION 2

Th c s c hc m c (3.1) is said to be absolutely stable at point(«, U (a.)) in

the c o mp lc x p l a n cif the st ah i l it y function (LI.S() satisfies

/ll((f.)/ " I (4.61)
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The CUITCSIHlllllil1,,:!- rcglol1 I~I(},· ;Ibsolutc stability or l hc s chcm c is

Ih c n d c Ii n cd as:

I{ ,-- {((J.: /lJ((J.)/ " I] '" '" '" '" (4.62)

DEFINITION J

The in tcg rut io n s c h cm c (3.1) is snit! to be /\ - stable if the Region of

ab s o lut c lv s t a h i l i t v sp c c i li c d in l,I.():2) include the entire lc It half of the

cllrllple.'\ p la n c dCIl()lcd hy

1\ ..- Iu:aJ: Call d I{ c( u)/ " ()I (4 .63 ),

This I\-stahility p rop c rtv is un c o lth c dc s irub l c properties [or any

uumcrica l sc hc rn« <ISIHlslulnled h~, I)niquist (I t)(d) 1'01' sc.Iv ing initial value

p rob lc m s t h a t arc stillllrdin;II'y di'l.ercl1ti;tI cq u a t io ns

aAs carlicr-Illelltiollcd. t o relate "adc's approximation to e with

dcfillitiolls staled ,,!10\'C wh ic h app,lJTlltly highlight the adequacy ofPadcs

"
approxilJ1ation to c in in\'cstigating the stability propcrties of the numerical

sc hc mc x, the following thcorclllS and definitions are considered.

DEFINITION 4

"1\ !',ltle's appru.\illlatioll to l' is s.i id lo he:

(I) 1\ acccptable if /I{" (U)/' I wh c rc I{c(u) -: ()

(.2) /\ (0) acceptable iI"/I{ , (U)/ < I wh c nc vc r u.. is real and negative
' , Co

(J) I. - ace cpt a b Ie if it is 1\ '- a cc c P Ia h l c all dill add i t ion sat is fi c s

/1{ , -, , (<J.)/ t c n dx to zcro as

l{q<J.) t cn d s to _ rf) , .

Birkoff and Virga (1965) ga vc lu rt hc r thcorclJ1s 011 Rr.s<a) as
r

( a ) J I' r :::::S R ( U ) i s ;\ - ace C J) Ia b l c, ,

( h) I r r ::co S I J () r r > s I 2. I{. (cO lis L -ll C C CP 1(] b Ie

1.;IIgcr alld II'; 11""glib, II';;'7) C~,"s;dercd stages one and twoor Pade's

appro.\illJaliOIl to c "
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.l. ,~,I.'~lL~/)u.

1/,(11")
, - I u. ................................. . (4.64)

and

lLliJ.l.:JL u.~~L f3::.Ll_ (1.
2

I -- ~/.:(II (3) U. I ~'I ([3 I Y)<x~ (4.65)

wit l: the r(lll(l\\'illg c o n d i t io n x :

( i ) I~ I' I ( u..y) is 1\ - a c c c pt a hie i rail d UIIIY i r y :::. ()

J.--(\ccepLlhkir i1lldulIlyir l

(i i ) I{C'2 «(f.·f, IL) is /\ acceptahlc.irillld (lilly il'a= f3> O.

Any method wliosc stability function satisfies Padc appruximation conditions,

and its /v-acccptahlc is absoiutclv stable., .

Wi t h the ab o v c derinitiulls .lud theorellls. we shall now analyze the
!

stability properties or the ralllil~' of one-stage and two stage schemes
I

-L 5 . I 0 N E STA G ESe I rr:: j\J ES

lor reslIll-uriL'lltcd allalysis trthL' 'stability propertics, the definitions

and theorems stutcd ahuvc ,lIT (Iti()pted for the general OIlC stage scheme.
I

\' r:
0' n I I \. I- W k

. " I I

\ V II
. I I

"
................ : (4.66)

\V here

k ::.~h r (x II f c lit I . v -I a k)
I ." II I

1/ J = h g( x "I d J h 'I; + b II I I)
"

[!( X • ~) = - '1- 2 r(.\ .V )
--. II 11 fl" • "

By applying (4.61<) to the stability test equation (4.55), we obtain the

.......................
.'

(4.67)

"-01' the appru:-.;illlatioll t o the xolut ion alld 1'01' its C()I1V~rgCl1cc, we consider

the Iu n c t i ()11
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- I
I - V a( I -I- h C()

I II

i
· .. ·· .. : (4.()8)

I

I

- ---- - ------- ------- --.- ----

f(Which call he xh o wn to satisry !'adc's approximation to c, that is,

tJ ( u.) c all bee x pre s s c dill th c lor III

lI(u)

,
I- a U,' 1 O(u') (4.69)I =:: I'

For cx.unp lc. tile associatcd stn}1ility rtillction u(u) in(4.56) is

tJ(a) ::.:- I -I ~/c u_ (4.70)
I - y~ a

I(

W h ichi s (I. I) Pade' sap p r()xi 111a t i 0 11 I0 C ('s c c c quat ion (4. 59) 0 r
dc ri II i t i011 I)

SinceU(C'I.) = I +C'I.+I/t(/+Oa
J

......•......••.••••••.•••••• (4.71)

The stub i li t-; function (4.70) satisfies ('L58) with (_ r:J), 0) as thc

correspOllding inrcrvn: o lubs o lun, stub ilit y. This implies that the schemes

a rc ;\ - stab lc (in I i11c w i t h d c fi II it io II 3)

This properly stimulates the Useof the schemes to solve Ordinary

Di ITerentia ( . Fqllatiolls with Derivative Discolltinuities and Stiff ODES .

..\I s o , a c c ()r dill g I()II ing c s ;11 1d \\' i /I ()1I g hhy ( I <) 7() ()11c s Iage fa111 i Iy ()r scIII i_

illlplicil Ru t io nn l I{tlllge-Kulta Schcllles as dcvcloped in(3.45) to (3.48)

are ;\ - aC c c p Ia b le sill c c

/RI• I (a)/ < (4.72)

nc gat ivc real 0..

Wilh l{e(CJ.) < () an d ;\(0) acceptable since it satisfies (4.71) with

I

I
I

I
4.5.2 '1'\\'0 STAG E self Ef\J E~

The two S Ia g c s chc111c is ()r the ~·orm

I
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v . \ I \V k I \V, k , (4.7 J). "" ." " .. - .

I '\' (V II I V ,II ,)
. " " "

Wllere

k , It I' (.\, I ()1. :.,I a .J; I ·1 a ,J; .)

",'- 11~(:\ 'd 11./ I h II' hi.,II,.)••..... 11 I t t 11 I

J J, :: It g ( -. I d:-It, -. ' h -', II, I h) I) (4.74)

/\pplyillg litis rorllllllallilltc sla1lilily tcst cquut ion (4.55) we obtain a

system 01' l in c a r cq u at ion s I'llr ",'s l h al call be wr it t c n in the matrix form

(I . 01)=: )'11:" (I \ (4.75)

I-/-'I<I-,-,)\k:- \1 )
lit a I C ill! h l' rc - \\ 'r i It e I! i I! U >Illp a c I I'u rJ1I

Dk = Y ··············.'··· , (4.76)

()

;
I
I

I

}
I

............ '" (4.77)

'" '" '" (4.78)

Where

D = (- ~\h", I

1 . ).h a: I

a n d Y :~ 1.11\'

1-I,1t a"

I, II'

l.quut iou (--t.7X) call he writt cu as

k = I)" Y '" (4.79)

l fthc in v c rs c or D. t h a: is. I)' ex ist.

k = o. (1·-;\ u)'le:" (4.80)

Similarly. ", and "2 yields

II:.::' (1!'HU)"eu
n ....................................... (4.81)

C=
I

( I , I ) ) u. = I.II

(a). 13=(b)
') 'I I. J = I (I) 2

1\=

'lite I appearil1g ill (-L~()) is a (2.\~) u n i l m at ri v

P1IIt i11g (4. 7 X) a IId (.j. 79) i III (1 (-j. 7 J). \\ c ()b Ia iII
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v
~ II I 1 I

j ' .. '" '" '" '" '" (4. X2)
.,

Which is (l diflercllcc equatioll; wi t h slllhility v~C~ f~f'\ct:uY)

.,
-"I"U\V'(I--u/\) c

vI -- (..(V' ( II (f.H r' c ~ II

( rU.)
"c I I ex\V' (I· u.\) .,e

- ---------_. - -. . -. --
l-uV' (II uH)" c ,

. . '" '" '" '" '" · (4.R3)

\VI I \\' \\121
"

aThis call be s h o wn to xat is fv a 2by ') Padc's approximation to e

si nc e it call be expressed as

R (a) = 1-1- U. +~~1 (/ .,. YI u.
J

-I- 5/144 u·1 + O(a') -------(4.84)(:FJ

This scheme is A -.st ab lc with (- <:1),0) as corresponding interval of

a b sol ut c s tab i lit v. sin c c itsit lis fic s

L i III
U-)'J) .................................... ... (4.85)

The xch cnn; is alsu A .. acceptable since

/1\,., (CO/ < I '" '" '" '" (iLX6)
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CHAPTER FIVE

.COMPUTER IMPLEMENTATION AND NUMERICAL RESULTS

It is im portaut to trails late the new illulllcrica I scheme (3. I )into computer codes
I

so as to be able to dcmonstr.uc itsappl ic rhi litv and suituhility lor solving problems of

our interest (initiul value problem urtYlk (1.1))

There arc SC vera I computer progranuuing languages such asrORTRJ\N, 13ASIC,

PASCAl, that arc suitable for implementation ofcomputational formulae, however, in

this work, \\1.:: consider the useofthe loruun programming languageas thc mode of

implementation or our scheme. because its implementation involves the following

I. Re-writing olthc scheme in ,\11 algorithmic Iorm.

structure that makes itconvenient to use:

II. Transtating the algorithm into a computerflow chart.

Ill. Conversion offlow chart into computer code.

I\'. lmplcmcntution ofthe codewith sample problems on a digital

computer.

v Discussion the results.

5.1 COMPUTER ALGORITHM.

All algorithm ora problem can he defined as a sl'lofsteps taken towards obtaining

the solution o lthc given problem.

In this section. we develop the Numerical Algorithm for implementing the semi-

implicit. Rational Rungc-Kuua methods described in chapter three and adoptthe errror

. estimation techniques discussedill chapter lour. using theapproriatc step size control

measures.
"

The algorithm is

Step I:

Step 2:

Step 3:

Step4:

Declaration ofvariables.

Deline function I(x.)') exact

Select input values\J' x . y . h. tol.
h,( . u

lnitialisc variables by setting;

.1
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i =-~0 (counter)

x=x
(I

y=y
1\

1[--= II
u'd I

Step 5: Compute the appropriau, \',dllTS 01':(,\)

for i = 0 to N I
I

(ik(i) 'x 1 (().~ 113~')I' " ) I
" ' ,

(ik(i) .::.:v , (().21IJ25:~Rk~\)
, C -, ' ,

IZI-;).\",) =; IZk,( x) - (il.) :-..:,)

(i}.)x,l

(j,k:h)::-: I·, (jk/x)

Ci, kk·;')

Rk , (\,,) = IZk2( x.) - Cik~( x)

G,ki\)

Y =v -I- 0.5* (Rk (x ) + Rk (x »
• ", " , ", 2,' ,

x = x + 0.1'" I I
"" ,

II =0.5*11
", ,

Step 6:

Estimate the valuesor absolute error.

Set L ,~~ J\HS((y ) - YL )
I· •. III 1'1

l.stimatc the local truncation error (L. T. E)

usinu subroutine !\D!\PT (x.y.h.tol. ltc, II . v )
L ., . 1Il"'\ .11:1

Sctv =y -Ihl(x.y)
~ fl,: ,', ()I I)

Call1~IJ>RRK (x . v h, tol, v )
(I • \I • '"

Set h: = 0.5 X h".,

Call1r.IJ>RRK (x . \' . h . tul, v )
I) • I) 2 • II:

Set x = x + h
, I) 1



SL'l 1,1'1':
lit I

( I - I ~ ) (Y,,; _ \)

D =-~;\ bs (\' - v )
"It! - ,,1 ."

0"" = (D",,,.., / 1),,1.1)

Wh ik (D"I<I -: I)"e\')

" '
then set h",:.., -h"!,, x (I ),'I,) -

Lise

Step 7:

while (L. T. L -, tol )

Theil Return the results

Lise

Step ~:

II =h
l·ld 11:..'\\'

and repeal step ()and 7,

Step SI:

Uutput the results

Step 10:

Stoppillg criterion

Theil set

\' = v
., Tl •. fI; I

h , rr- h
il .·1 l"'.\

II . 11 i . I

and repeat step ,-"- I ()

Lise

Step II:

Stop,
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PI{OGHAI\) I'LO\V CIIA IU'

!\ COlllputer Ilovv chart is the rcprcsclll,llioll ofthe ,t!ogritlllll or the plan olsolution

10 <Igiven prohklll ill Iorm ofdiagr.un. It is the haxix bv which the process of solution,
I

the relevant operaliolls 10 he pcrf(l/"Illed. 'till' coruput.uion. the point of decision and
f

other informntior: ,tl the point orlhe solut1ioll arc indicated.

/\s ,I result ofitx doculllentillg re<ltllrcs. 11(1\\' chart arc orsignificant interest. It

IS C(lnslrucled hy lISill)..! sekclcd )..!eoillell·ical sYlllhols such <ISsquares, rectangles,

di;II1111ndssh.rpc or cirL'!es. J':lIch or Ihe gl'olllelrie;tI symbols used represent some

lIeli\'ilil's vvhich could he input output ord,lIl1. taking a decision, terminating the process

or solutioll (tIlL! so (Ill.

directed lines segment called ;IITO\\·. The fig. 11L'lo\\'sltows the llow chart of the above

The direction or 110\\ ill the chart is indiCllcd by the joining ofthe symbols by

numerical algoritlun lor irnpkillel<llioll ofour method
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FLO'\' CIIART 01"'1'11 E 1[\1PLE[\I ENTATION.

1)1:('1.1\ /{;\TI()N ur V;\I{ 1;\13LES

INITI/\! ,ISA!II()N OF V/\I{I;\13L/,:S
I

'I[\IA/OR I
1/\

NO
...•.

ADJUSTTIIE-- 10-

STEPsrze
li\

ESllLlS J
NO

,
REPEAT THE=>

I-
PROCESS

1,(leAl. LRI{()/{ I·S/

J

ST()I' 1

FJ(; 5.1



5.3 I' R0 c:R A 1\11\II i'lr: I i\ 11'1, F i\ I V NTAT ION

This section. consick-r. the computer implcmcntatiot. or the above alogrithm.

The method adopted is that o lvatiuhlc step si/.c fixed order. The program comprises

three modules called I"lINl'~. SIr. II>I\IZI\: lIlld /\1 )/\P \" respectively.

Hi'l' - Sllblllllt;f'Q that cvuluuu, I'llllctiulls land g

S I" 1PIZ1\K - laiu <;(," IT; (Sellli-iIll111 ici: IZ,lt ionu] Runuc-Kuttu)
t ~

/\ 1)/\ PT - I'st illLI\es till' lk<;criti/,~t iUI! l'IT\ I\".

l hc prour.un stllrts l1y dcdlrill!2 tll~' \ 1I1l1l'solv.uiublcs in double precision mode
,

in unkr \(1 rcclucc \(1\111l1ufll"ll\ll;\ llvr t'!I~~;.the plllgr,lI11 chooses initial estimate for

the \,trillhks ,11ll! luucti. 1111{ i:-\l' (\\;1<;delilled liS a function suh-program to) cveluates

Il\.yl OY\~ tJ~/d.)
Next. is the adoption olIlu: solver culled IMl'Rk K which call on subroutine

I·{ il\C to supply the slopes urthe illtegrlll cline o lthc solution, On the receipt of the

estimates. I" 1J>lZlZk geIlLT,ltl's the approxmatc« solut ion y to y(x) at x and call on
", 1 11+1

;\i)t\PT to estimate the "allies olthc error (IJT.) associated with the computation so

as to choose the new step size which will increase the rate olconvcrgcnce.

On the receipt olthc error cstinuuc lrom thc subrotinc Alizvl"!', IMPRRK then

test for the convergence ofthe solutioll hy comp.uing the magnitude ofthe error with

,illo\\;thle error tolerance. ;\S SUUll 1I:-'the condition /I TEl < Tol is met, the program

\\ ill ask \\ hcihcr tile tipper poillt "'IS hccn rcachcd. il'ycs. it will output result. Othcwrwisc .

1~1i>1~1Z1\'vvil] gu t() tile next slL'p to gellerlllL: till' next round ofapproximation to the

solution. lhis prlll.'L'SS is rL'l'l'lItcd and continued until tile upper end point is reached.

\\'Ill'n tile pmgr,l111 reached till' cud point (x ) it wil] stop the afore motioned process.
I: t

5... NUi\) ER JC,\ L CO;\ 1PlITATIOi\iS AND JU~SlJJ.rs.
"I'll dell1ll11:-;trlllL' till' lIppliclihility .uul suit.ihi liry of the method for solving

diflcrcut iu] cql1(1ti\ln with derivative discuntinuitic« .somc sample problems were

CllIISilklCd. These s.unplc IlI( ,I1klliS were solved with the new scheme andthe results

lire sltU\\ II ill tllhk:-; I - fl. III order tll :Isses the pcrfromnncc or our scheme, the result
,

olour schcu«, \\lI-; C\llll!':lIl'd \\ ith till' rcsuh obtained with the other existing method,
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Ihnt is, the l\1oditied hiler scheme or the x.uuc order , andthe result ~lITas shown on

page 71.

PUOIJL Ell I I

We consider the initial value problem
I

Y = -xl)' : x -- - \ . \" 7"' \

\l • (I

-\ <: x « \

Whose theoretic" solution I

I

y(x) = --./2 _ X2 \ •

which is a liuui lv ofcircle centre ((uk The differential equation is with derivative
i
I

discontinuit ics III (--./2 , 0)

This problem is solved muncrical using tile one-stage Ionnular o.n~ the result

is ,'IS shown ill table \ :i~ S,lllle problem wassolved using two stage scheme(3.68) and

the result is as shO\\"11in table 4.

An initial value problem:
I

y = y/x

Whose theoretical solution is

x=\v=-I
I) • (I

v =v-x

The equation has derivative discontjnuity at x= O. It was solved with the one

stage [omular (3.43). The result is as shown ill the table 2. The same problem was

solved using two stage formula (3.68) and the result is as shown ill table 5.

Problem "3:

1\11initial value problem
I

v = J /x :\=I.y=-I
• I) •

I.

Whose theoretical solution is

y = III x

The di Ifcrcntial cquarion wus considered. derivative discontinuities atx = 0

The numcticul solution or this problem isshovvn in table 3 and 6far the one

stugc and two-stage scheme respectively.
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5.5 DISCUSSION OFNUf\lEHICALHESULI'S

From the results or solutions to problems ,to J as displayed in tables 1,2,3,4,5

and G,it was observed that Ihe discrcris.u ion error ohl;tillcd Irotn the solution are

sulficicntlv smull. sll<l\\ing that Ihe schcmcs \\L'lC accurate, stable and convergent.

COlIsitlL'ling lilhlcs (la and (ih, \\I!L'lL' rvsu lt-, oht;lincd [rom our method was

compared "gainst modi lied I.ulcr fllclhod or the same order: It can be SCC/1 that it

compellcd f;l\'our;lhly \\('11 witl: tIlL' s!litlexistil1g mcthor] ()rsoluliol1.

62



Tn hh.' I o : t ••

Result of One stage Scheme for IH'ohlen 1

l\lcsh Size .100U(I()OOIHUO

XI! YEXJ\CT

-0.1 O()()OOOO\)101 .1OOOOO()OD101

-O.lJOOOOOOOfJI00 .1OY0871 Of) I 0 I

-0.80000(001)+00 . t 166190(1) I01

-0.6(}Y9l)l)l}OlH 00 .122882\ (II) 101

-0.5()l)!)!)l}()01) IUU . I 28t)(j25()1J lOt

-OA9()YlJY90J) I00 .1J228700\) I01

-0.JlJl)lJlJ9l)O\) 1 00 .I3SG4660J)I 0 I

-0. 2 lJ9l)t)l)!)01J I00 . J3820280IJ I0I

-0. IlJl)l)l)!)l)OD·100 .14000000D to 1

-0.99YYl)Y30D-0 I .14106 740lHO I

0.74505810/)-01 .141'121,1!)1) 1·01

O. J(JO()()O 1(1) 1·00 .H 1067,tuD I 01

0.2000()01 OUI 00 .1 'lUOOOOOO'10I

0.3000001 OIJI 00 .1J820280J) I 0 I

O..lOO()UOJ()O I'()!) .I3504()()OD I 0 J

0.500UUOIUU1 UO .132287600·101

0.6()OOO()JOJ) I 00 .I280()25(JU t·o1

O~700000 IOU I00 . J228821 OJ) 101

0.800000 I OU '·00 .11GG Il)OOD' 0 I

0.90000000D 1'00 .1OY0871 00+0 I

0.1OOOO(JUUI)+UI .l)l)9l)l)l)l)OIJ+UU

0.11 OOOUU!)JJ1 UI .88881Y30J) I00

O.12()UU()O()l)·, (J 1 .748331201)+00

0.1300000(1) I () I .S5677590l)·t OU

.1 ()()()OU()OD-I- 0 I

.10883'1JOD + 0 I

·
.1 055231RD + 01

.10782S7RD + 01

· 12(d037!)1) -I- 0 I

.1303Cll,12D I- 0 I

.IJ3()1820D +01

.1 J6lN0lJ J IJ -I- 0 I

.13785(81) + 0 I

. I388lJ79SIJ + 0 I

.IJl)25157D + 0 I

· J3Rt) J1,1J\)1' 0I

.137870420 + 01

· JJ() II J3 I J) I- U 1

.IJ362l)}5J) +01

.130376010 -I-01

.12()J00351J + 01

.121391580 + 01

~II S,1I358IJ -I- 0 I

l1083c)S6 10+ 0 I

l)l)l)80J,~ I D + U I

:8R7U0235D -I- 0 I

.7'I3UJ42!)D + 01

.S421507!)IJ + 01

ERROR

.000000000+07

.418260200-03

.11095(201)-02

.150563200-02

.175870 I00-02

.192417400-02

.2028}9l)00-02

.210588600-02

.214031480-02

.216941600-02

.216982400-02

.215598600-02

.212958000-02

.20894820D-02

.0 168441 OD-02

. J911 5860D-02

.17(214101)-02

.149051100-02

.12054160D-02

.691489600-03

.1l)(j44814D-03

. I 8 I0941 00-02

.53 1690200-02

~14625 1100-01



Tahle 2

Result uf one Stage Scheme for problem 2

l\lcsh Sin .1 OOOOOOOIHO()

Xn YEXACT "II ERROR

· I UUUOOOOU+OI -.1 U()OOOOUJ)101 -.1 O()O()()(J{)0 I· 01 .000000000+00

.11 U()OOOUi) 101 -. 1IOUOOOU[) 1() 1 -.K(,7125'l9iJ 1 UO .2111.259UIJ I· 00

· 1200UOUOD I U 1 -.1200()UOOI)! 0 I -.72iQJKKKIH uo .45038830D+ 00

.1 JO()O()UO\) ! 01 -.1 JOOOOOO() I () 1 -.5(,2ill)S()()() I· 00 .737495000 I· OU

.1 <lOOOUOUO1·0I -.1 <lOOOOOODI 01 .154<l6(,30D + (J I .114466300+ 01

· I 5UUOOOOOI 01 -.15UU()UUOI) 101 · 15,12(,X I 5 D·I 0 I .3<)26S1500+ 01

· 160UOUOOD'1 0 I -.I('OUO()()O[) I U 1 .15(111 <)Jill) + U 1 .401193400+ 0 I

.17UU()()UU))+(J 1 -.17UUOUUU() I U 1 · 157,13 <)1g 1) -I- () I .404391180+ 01

· I XOOUUOUD'IU 1 -.18UUOOUOI) I 01 .ISg(,Y3<lSO .,. 01 .40693455D+ 01

· I YUUOOOOI) "U 1 -.1 <)OOOOOOD1() I · 159X6()J 1I)" U I .408693 15D+ 0 I
I

.2U()0000()IHO 1 -.2000()()()()J) 1() 1 .F(,()~)2S3(JD -I- 01 .40928300D+ 01

.21 000000 [)., 01 -.21 O(J()()OO() , () 1 .~(>1nl()g\) -I 01 .40971 o!WO+ 01
,

.220()OOOO/)+0 I -.220000001)' 0 1 .2(i2S5lJ06U + U I .408590600+ 01

.2100()()00D ~O1 -.21000000D 101 .2C>J(,1110[)·' 01 .4063 11100+ 0 I

.240UOOUO\)·! 01 -.2400()OOOI)! 01 .264239210-1- 01 .402392100+ 01
.2 5()()()()O()I) 1() 1 -.2S0()()OOOJ)' () 1 .2(,4 ("IS IJ \) .,. 01 .31}645 1300+ 0 I

.200UOUU()J)1 () 1 -.2 60()()()OU)) I 0 1 .2()'lg35l) I)) -I- () 1 .3883591 OD+ 0 I

.27()()()OO()J) I 0 J -.2 700()(}O()J) I 0 I .2G,ISJ()21J)·101 .376302100+ 01

.27l)l)l)I}l)()J)' 0 I -.27Y()l)()<)OJ) I () 1 .2(,] 76:11 (I J) ·1 () I .J5764150D+ 01

.nI}YYI}YoJ)·' U I -.2SYYt)I}(jOI) 101 .241 3522UU -I- 0 I .323522150+ 01

.299Y<)1}90D+0 I -.29<)YY!J90J)+0 I .33(545201) + 0 I .170568600+ 01

.3 Ol)t)!}9!JOD ,.() 1 -.30!}l)I}t)l)O[)! 0 I .2006S30YD + 02 .168776900+ 02

.3 I YI}9990LHO 1 -.3 IY9<)9901)·, 0 I -.1 Yt)6 14501) + 02 .166485600+ 02

.3 2l)l)I}Y90l)+O 1 -.329Y9!J90D' 0 I -.198465(,OD -I- 02 .165287900+ 02



'Jithlt--',
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Result of One 5h~gcSChCIlIC Ior prublcm 3

i\ 1csh Size "I OOOllllO(l D100

X YI:Xt\( 'T y EI~ROI~
11 11

.\ O()O()U()OI)·1() I .1 ()OOO()()01) I 0 \ .1O()O()UU()I) I· 0\ .OOO()OOOOO-I- 00

· II OOOO()O()f-O\ .1 0l)53 I O()D 10 I .IJWJ7G45()1) 1 0 I .1 0538060D + 00

· 1200()OOUUI 0 I .1182322(1) I 01 .(nS572(iOJ) 1-00 .203482600 -I- 00

.1 300000(1)+0 I .1262J6,lOl) 101 .lJ(jG282JODI 00 .2Y6052200 + 00

· 1400()UUUD I 01 .1 JJG4 72()1) I 0 \ .()J7X5430[) -I- 00 .38354030D + 00

.1 500()()OOJ) 101 .1 '105465(1)'101 .Y215I)0701) -I-00 .467492100 -I- 00

· \ (lUUOOUUUI UI .147000'1(1)10\ .l)040G850\) -I-00 .548263100 + 00

.1700000UU I U1
,

.1530628(1) I U \ .88420560D·1 00 .62640 II 00 + 00

· \ HO()()OO()I) 101 .1587787(1),10\ .8643l)4501J -I-00 .702495200 + 00

.1 I)UOUUOO1)I·()\ .16418540\)+0 \ .8<lI76580D + 00 .777266100 + 00

.200()0000D+0 I .16!}J 147(1) I()\ .8 I 7lJ76S(1) -I- 00 .850(1)4100 + 00

.2100(0001)101 .1741 Y3700 10 I .7Y086850D -I 00 ·92365160D + 00

.220000()OOI 01 .1 7HH4570[) 101 .763587'IOD -I-00 "99637620D + O()

.2JOOOU()UI) 1 0 I .1 BJ 2()OIJU[) 101 .7J28G67(1) -I- ()O · ) OG81650D + 0 I

.2400000(1) I () 1 .1 H754G1J0l) I () 1 .(,IJX3524(J)) -I-00 .114145(01) + 01

.250()()O()()I) I U I . I I)J (,2!) I Ol) I U1 .6G2()S570U -I- 00 .121568100 + 01
.2()()OUUO()J) I UI .IY55511(1)101 .()2225HGOD -I 00 · t 291 67200 + 01
.27(J(J00001)-l () I .1 (JYJ2520D 10 I .5771332(1)./ 00 .137086400 + 01
.27l)1)()I)I)U\) 1·0I .202% \I)UI) I U1 .525W)5701) + 00 .1451(8201)+01
.28yI)YYYOlJ+U I .20G'P) 100+UI .468<)04GOO + 00 .153G88500 + 0 I

- .29()I)<)I)I)()J) 1·0I .2(JYBG1201) I 0 I .400786(,t)J) -I- 00 .162881600+01
.30YI)I)I)<)01) 1 0 I .21 J I '1020[) I 01 .31 G25430J) -100 .173039100 + 01
.3 II)Y9lJ<)OD 1·0I .21 ()J 151 Of) I0 I . I 99J(iX5()1 ) -I- 00 .1 ~'.592800 + 0 I
.321)<)l}s)lJUI) I () I .21 YJ9220D I0 I .'lI57 2~H)0/) - 0 I .1 YY3652GO + 01

t'

I ,



Table ,t
I

Result uf Two stage SChClIljC for' problem 1
.,

[\h:sh ~iJ:c .1U(lIIOOO(lJ) Hili

X" '1'1-: X 1\( ''1' )'" E1ZROR

-0. I UU()UO()UDIU 1 .1 UOOOOO()J)' 0 I · I UUOU()()On I 0 I .()OOOOOOOOl·OO

-(). <)()OUO()OOJ)-100 .1 ()<)()X71U\.) I o I .1 Ol)O,t 5:10J) '0 J .418305400-03

-(UWUOU()()UI) I UU .1 J(1(,( ()OOD' () I .1105UXll(ll)I()1 . J 1 J067300-02

-0. 0l)l)l)l)l)l)U 1)+ U() .1228X21 ()()I 0 I .12273 I JODI () I .15075210D-02

-0.5l)l)l)l)\}lJUD-100 .1280(2501)+0 J .127HH64UU I UI .176060200-02

-0.4 t)lJl)l)l)l)() D+UO . I 32287()UD I 0 I .130UI)5UUi) I U I .1l)2618401)-02

-O.JlJl)lJl)l)YODIOO .135646(,00+01 • J 354,13 1UI)-I 0 J .203549900-02

-0. 299l)l)l)90 D+OU .13 82U28UI) 1-0I .1 37l)92 100-1-0 1 .210666700-02

-0. 19l)l)t)l)t)OD+00 · 14UOOOOUI)-l 0 J .1 J<J7~5UOD' 0 J .21504160D-02

-0.9yl)Yl)l)3()[)-0 I .1410()7'IOI)IOI · J 40H5000D-IO 1 .217318500-02

U.745())~ JOIJ-U7 .J'II'121'IUUIOI · 1,I J20 J50 f) I () I .21781920[)-02

u J()O()UUI (1)-, UU .141 O()7-10)) I U I · I 4085070f) 10 I .2 I 6686700-02

O.2()()U()O JO() I ()O · 140()O()UUI) I 0 I · ]J<J780 I OJ) I () I .2 I 3849500-02

O.30000() J(1)+00 .IJ82()2801)10J .13 7l)!)] 700+0 I .209069 J 0 D-02

().i\()()()()() I ()J) I ()() .1 :1.')()·I()()()I) I ()I .13)'1·1·17()1)' () I .20 I H4520D-02

() . .'i(JO()(J() I (JI) I ()() · I J 22 X., ()( JI) I ()I · I .\ 2()')(, 2()IJ I () I .1<)1366 70[)-02

lU)()f)O(JO 1()1)\ (JO · I 2SU()2S()1) I () 1 .127X~()~()I) I'U 1 .17621520D-02

O.700()()U I Of) I OU .122Xl'21()J)IOI .1.?272XOUI) 10 J .15'1042200-02

O.X()()U()I) I OU+OO .1 J«o Jvoor» () 1 · J 1()·~n/lUl) I t) J .120G5170D-02

().l)()()UU()OOI) I UU · JOSlUH7I UJ) -o I · JU(}U JUI)OlJ I () J .681 757l)OO-OJ

(J.I O()UU()O()/)f 01 .I)!)<)!)()()!)UUI ()O .1 ()O() I <no I) f () I .1 <)72'-)Il1OD-03

0.1 10000000+0 I .888H Il)JOIJ 100 ·8l)06J 800 D+OO .181871700-02

O. 1200(0001)+0 I .74833120D+00 .753649600+00 .53184030D·02

0.1300000(1)+01 .55(775901) '·00 .576310100·/00 .155342200-0-1

O. I 'IOOOOOO/) \ 01 • J l}9'-)l)8,fOlJ \ OU .29·tJ4340D IOU .'-)43450300-01
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Result or Two ~tagc Scheme for problem 2

f\1l'~;h~il.C .1000000(1)+00
i
\

X" YFX/\CT \ )"" EIUtOR

· I ()OOOOOOI)I01 -. 1OO()llO()() I) I () I -·.1~)()()()O()()I) I () I .00000000 I) 1-00

.11 O()O()()OI) I U I -.1 I U()()()()(J( ) I () I -.gSK!l7.13()1) I (JI .211 12670lHOO

.12()(lOOOOI) I 01 -. 12U(}U()(){) I ) I 0 I -.7, II) 5 I)01 () I) I 0 I .'15(]'!'JI.)'!UDIUU

· I J OO()OOOIJ H) 1 -. I JU()OO{)OIJ I () I - . .'1112,1()(i I UI) I 0 I .7J75J'IOOJ)1 00

_I '1000(l001)+0 1 -. I ,\ll()OOOlJJ) I 0 I -.2575266(1) I 01 .114247JO£)+01

.1501)00001) I 01 -.150()0()0()1) 101 .2'127·117()1) I 01 .J927'1 1701) I 0 I

.1600000(1)101 -. 1(jOOU(lOOI) 101 .2,1121 ()l)OI) 101 .40121 (j!)OD+O I

.170(}()000D I 0 I -. 110()0()()() [) I 01 .2J4'11l)l)O[) 101 .4044 18!)OD+0 I

.1 HOOOOOOIHO 1 -.1 HOO()O(JOI)101 .22(IH55201) 101 .40685520\)1-01

.1 'Juooo(JO ()I 01 -.1 90000001J 101 .21 HS7'iUOIHO 1 A0857410D+01

.20000000lJ I 01 -.200000()UlJ 101 .20949·190/)+01 .40949500D+01

.21 OOOOOOD-I() 1 -.21 OOU()O())) I () 1 .1 9'J51 O<)OIHO 1 .'10<)5109001-01

.220()OOO()I)+U J -.220()UO()0J) 101 .1 HX,IKl)l)OIHO I .,108'IHCHOO+0 1

.2.10()()()OOI) I 01 -. 2J l)()()(J(){)I) I () I .17()2I.l2UI)IU I .'10621J201}+01

.24 ()()()()()()\) ,() I -.2'IlH)()()()()I) I () 1 . I ()2·1.\() I ()I ) I 01 .,IO:'HJ(, 1(1)+0 I

.2S()O{)UU{)I) I o I -.250U()()()()U I 0 I .1 ,1()7'll \)UIJ 101 .3<)(,74\ V()J)IO I

.26000UOUIJ I 01 -.260000()U\) f 0 I .12H'\():120\)+U 1 .3884(8201)+0 I

.2 7()UO()()UI) I-U1 -.27U()()OUUIJ I () I .1 O(,'IO,i'IUI H() I .17G'HJ·JJ(jD+0 I

·27<)t)l}t}l)O IJ , () I -. 27\)I)t)Ylj(J IJ I () I .77K52770IJ 101 .357852"10\)·1·0 I

.28t)1)1}t)<)UIJ+0 1 -.28yyyl)<)()\) I0 \ .337,111,1101) 101 .J2J744JOI)+01

.2!)~!J~l~l~Hl')1 () 1 -.2t}Yt}()t}t)()1 ) f () 1 -.20077t)701J 102 .170779701H02

·30<)l)lJYI)() [)to 1 -.JOYt}9t}Y()[) 1() 1 -.1 !)Y8H,i40UI 02 .16H88t1'IOI)+02 i

.J I <)lJYt)YOI)10 I -.31Yl)Y9YOU 101 -.II)Y72Y001) 1()2 .1 6772Y(0))1 02

.32l)t)<)9YO IJ I 01 -.J2'J9YY\)()1)I U 1 -.Il)lJS()()70lHU2 . ) 66566800·102

.JJYY<)l)900 101 -.33I)<)YYYUIJ 101 -.1 <)Y]<)XHOIH02 .1653988(1)+02

, ; (

, ,

. '.,
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Result of TH'O stage Scheme for problem 3

i\h'sh Si/.c .1OOOllOOlll)l 00

x" 'I' I':X/\( 'T 1'" ":lU{OR

· I OOOOOO()!) I 0 I · I OO()OllO()I) I () I · I ()(JOOt)()() I) I () I .000000000+00

.1 I OOOOOUI) I 0 I .1 Ot)5:-1I (J01) I () 1 .nnt)()5()1) I()O .105410700+00

· I 2OOO()O()\) I 0 I .11 X2J220i) I ()1 .(J7})()X I ()OUI (JO .2lUC>3nOl)+00

· 13U()()()(J()I) I ()1 .12()2J()40J) 101 ·%(>3U I I of) I ()() .2()606JJOl)+00

.1·j(ll)()(I()OI) J ()I · I.1J()·17 2(1) I () I .()5nllt)()i)I()() .:-IXJ760~100+0 1

.1 :; ()(J() () 00 I ) I 0 I .1 ·I05,1()SO() I 01 ·tJ3n()~~()(J1) I ()() .4() 76031 0\)1 00

· I ()()()OOI)lJI) I 0 I · 1,'70()(J,\O\) I () 1 ·q21 (,<JO()()1)-100 .S,IX3131(1)+00

.17()()()()()OI)·1 0 I .15JU62HO\)! () 1 .l)()·1127201) I 00 .(J26S') 1 J OD+OO

.1 S()OOOO()DI 0 I .15~n7870() I 01 .8X50WnO() I OU .70269750l)+00

· 1()OOOOO()J) I 01 .1 ()41 X54()1) I 01 .X()<\'179HOI) I UO .777374200100

.2()OOOO()01) f 0 1 .1 6(n 1470D f 01 )~cI21 X·12()D I ()O .X50<)631 or» ()O

.2 I ()()()(JO()1)+0 I .17,11 ()J 70\) I 0 I .X I X06520l) I 00 .CJ23872200+00

.22()OOO()OI HO I .17XX,157(J1) I () 1 .7() I ()S7()()I) I uo .l)l)(i49Y XO[)+OO

.2J()()U()O()U I () I .18.12()()l)OI) I () 1 ·7()3()SX<)()i) I ()O .1 06CJ25001HO I

.2cl(JOOO()()() I () 1 .1 H75cl()<)()[) 10 I ·7J2l) I nUl) I ()() .11·1255100+01

.25000()()OJ) H) I .1 <J162t) I ()f) I 0 I .6t)9,115()()J) H)O · J 21687500+01

.2()()OOlJl)O[) I 0 I .19555110i)IO) .6G27393()[)I UO · J 29277200+0 I

.27UOOOQUD+O 1 .1l)l)J2520[) I 0) .C>2~JJ67(1) I 00 .137091500+01

.27<)9l)t)l)O)) I 0 I I
.202()6 1<)0)) I0 I .577,,1,12U())) I ()U .I,152177UO+0 1

.2X()<)C)()901) I()I .2001171 ) (JJ) I (II .52(j<;JXC)()I) I ()O .ISJ77720lHOI
I

·2{)()')C)()t)OJ) !()) .2()t)lH») 2()() I () I .cl()()UX."')UIJ I ()O . 162<)5260D+0 I

.309l)l)Yl)OLJ I 0) .2) J 1c1(20)) 10) .LIUO~8750D I 00 .17J0515U[)+U 1

.319Y9t)t)UI)+() 1 .2163151 OU I o 1 .31 G'3328(1)'1 OU · J 846818UO+0 1

·~2<)l)()<J90IJ I lJ I .21 <JJtl2201) I () I .19<)·11JJ()() I on · J l)Y45090()+01

.JJ!)()()()C)(JJ) '·01 .2223 775{)1) I () I -.,11 5X255()1)-() I .226535800-101
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I )IIC III Iltc' I;Icllltal, ill the dcvclupmcut o l Illl' SLItL'IIIc, we .uluplcd the power

6,1

GENEHAL CONCLUSION
I

~'jUMMAnY I
I I ' " I" I)' I I)III thi-. project, we IlllYC dn'c'll)jlud <I L' llS~;uf SCIIII-lllIP ICII ,alJl)lIil <ungc-
I

"IIILlllll'tlllld lor :;olvillg III dill,lI Y di I fl:1cllli,d l'ljlllltillll:; vvith derivatives discontinuities.

This i:; Inot iv.ucd by ICIliull,d I?:ilige -1~\llIa SCill'lllC proposed by l long Yuan Fu

(11)02) ,IIHI "ill icry ()rapplicllti\)11 ,IIc.tx url)ltiillilry di l lCrelllial cqu.u ions alld the need

I() L'illL'r lor the deficiencies idcuti licdin the ',1tillptiull o lthc c:-;islillg methods olsolving

Ihis class o ldiffcrcutiul cquauuns

I lie Illl:lltlld was dciivcd 1I:;illg Pll\\L'\' sdel ics cxpuusiuu tcuhniquc, nnalyscd,

lllillpllll'lisul .unl implemented \\ ith x.uuplc IlIl1hklllS 1)11 a micro-computer. TilL: results

,,111'\ "L't! Illal tIICSLhClIlCSis ilhsult ucl y sli Ihk, Cl)1I\'l'l1!CIII. CII ic icnt .uul effect iVL:towards

s\.h illg unlillill)' di llcrcntiul eqlldliulls with .lcrivutivc discontinuities.

G,2 LIMITATIONS

'"I :' (Iil\ IIlI ,lilt! biuominal) cxp.msiou, il is, slIbjccll\) poillll\) point error and possible

\ 11<.r Plllllil~~i1tiull HcsidL'S Iltl'Sl', orhcrlimit.u ion« tll the \\1lI\.; arc as listed below:

I. I here is dillicliity ill the SCkLlillll ulslilrtillg slcp si:«: (Illal is, the step

si.«: l!till will U\,L'I :;lL'p tllc jlUilll'i 1IIdiscolltillllitic:; ill the problem) that

will bulancu the: rcslril'lillil by aCClllilcy illl'IIe ucighbourhood or
di:;CUlllillllilics ilild

ii. Slcp si.«: rcxuicuun dic(;llcd h) :,tilhility,

G,3 I~ECOMMENDATION

I LI';cd ()II the illllrclllCllli()lll:d luuilat iun«. II lei, is need 10adopt some strategies

\\ hich c.ru he tile "ilsis Ill! lilldillg "pplllpli;llc b.rl.uu c between thestcpsi.«; (h), the

IIIdcr oj' accuracy .uul stahililY o lthc Illtlllllli. ill order III achieve a better, accurate,
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I hils slrllh:gy iucludcs the choice olsh:p si,«: (II) such that

h :> I

y' .g(.\ ."I. )
U II II

l hi-. \\·illcw';lI!e Iltalille puilillll"discuillillllilics Cilll he skpped over.

the IISL' Ill' dllllhie prccixion urithcmctic III minimi:«: lite ellecls or round offerror.

6,4 CONTHIBUTION TO .<NOWLEDGE

The IlCW scheme will lead to a better gClleral plllpose computer alogrithm 1'01'

sllllli j. III Ill" di lfcrcnt ial cquatious ulclccuicul uctworks. control problems and National

C'CIlIIl11IlY illll'lll'd hy inll.u ion i"1l111lvvluch dillCrellliill cquutious with derivative

disLlllltillllilics .uisv. By its slilhility plllpcrtics, Ille schemes will be capable ofsolving

st i Il .uul sli lloscill.uory different iul eqllati()llS ilS \\ ell.
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