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ABSTRACT

In this thesis, a class of semi-implicit Rational runge-Kutta
schemes were developed, analyzed and computerized for solving
deferential equations with derivative discontinuities. The methed is
motivated by variety of application areas of this class of ordinary
differential Equatinns,-_ which include electrical transmission
networks, nuclear reactions, delay problems and computer aided
designs, economy affected by infiation as well as perturbation
problems or dynamic processes in industries and technological fields
and the need to cater for the deficiencies identified in the adoption
of the existing methods of seclving this class of differential
equations.

The development of the schemes, Iits analysis and
implementation on a microcomputer adopt the power series (Taylor
and Binomial) expansion and Pade’s approximation technigues and
Fortran programming respectively. The consistency, convergence
and stability properties were investigated, it was discovered that
these schemes converge and were stable. Numerical results of the
adoption of the schemes on some sample problems shows that it is

effective and efficient.



INTRODUCTION

An equation connecting the derivatives ol a differentiable function
of one independent variable with respect to itsell is known as Ordinary
Differential Equation (QODE).

The general form of an n™ erder ordinary differential equation is

Fi, vy y"" —————— "M =0 vemmmmmsmemmes 1)

Where x is the independent variable and, y is the dependent variable.

P i L S : ;
with v, v oy — v axits differential coetticients.

Often, equation (1.1) is expressed in the canonical form
ml |

D LS RPN (5 1 &
|
werey' (x0)= 1] T QG 1 IO () I )

This class of equation form a major model of real life problems arising
from the field of Sciences, Management and Technology. It can be classified
according to its structure or behaviour.

A Differential Eguation is linear when it docs not contain a product
of the idependent variable or its derivative, and, it is of highest order 1;

otherwise it is non-linear.

The Order of a Differential Equation is the order of the highest
derivative contained in the equation, while its degree is the exponent or
power to which the highest order derivatives in the equation is raised after

rationalization.



The Differential cquation { 1.1} with the initial condition (1.3) as stated
above is called Imitial Value Problem (1VP),

Any nth order differential equation of the form (1.2) and (1.3) can be

reduced to a first order vector equation of;

Y= fxy),  y(xo)=n (1.4)
where

T'.II =M, M, — —n_ )

(Ffpf, ————— [y

YEY Yy, ———— v,

by setting ¥ Y= }fl1}r] L — v, =:.r.':'"':'

To solve the given injtial value problem (1.4) its structure plays an
important role, because its solution must be seen Lo salisty the associated
mitial conditions.

However, the situations that can arise in connection with the given
initial value problem {1.4) are thar:

(i) f(x,¥) is continuous and real valued.

(i) 1{%.¥) contains Discontinuities in the form of finite jumps in
the components of itself in the region D of (x,v} - plane
defined by:

D = {{x.¥) such that BE=X=h,-0o=y<on}

Or discontinuities of low, order in some derivatives of the function f.

(iii) fix,y) is mon linear

(iv) Eigen value A of the Jacobean ] =dl7dy ol I'is large, that is,
stiff problem,

(v}  There exist low, order discontinuities in the solulion.

Differential equations constitute a large and imporiant branch of
mathematics with various applications in nearly all fields ol human

endeavours. Several researchers had contributed to its study and solution



hoth analytically and numericaliy.

Apostate (1965) worked on analytical solution of differential
equation whose f{x,y) is continuous and satisfy Lipschilz condition. Lambert
(1965,1973), Fatunla (1982), Ademiluyi (1987), Okunbor (1985) and many
others worked on the numerical solution of this kind of differential
equations.

However, when [{x,v) contains discontinuities in the form of finite
jumps in the component of f or the solution; [ew researchers are known
to have worked in this arca, they include Feldstein and Neves (1984)
Okosun (2003), Okosun proposed a k™ — order inverse polynomial methods
for its numerical integration. The limitation to his work is the complexity
of the determination of the k parameters of the methods, which increases
with the stage K of the scheme.

We say that the dilferential cquation has a low order Discontinuous
derivatives when [{x;y} is undeflined or unbounded and the partial derivatives
[, [ are large and unbounded al the point(x.y). Few literature exist in this
area, however the concern ol the thesis is o describe the development, analysis and
implementation of some semi implicit Rational Runge-Kutla schemes for the
integration of Ordinary Differential Equations whose derivatives are
discontinuous,

The feature of this differential equation (1.4) that require
consideration in this work is the phenomenon ol Derivative
Discontinuities.

This class of Ordinary Differential Equations arises in variety of
application arcas such as:

(1) Electrical transmission network,

(11) Nuclear reactions,

(i1i) Delay problems and computer aided designs

(iv) Economy affected by inflation, as well as perturbation

problems or dyvnamical processes in industries and

technological hields,

i



Next, we consider the nature of differential equation with derivative

discontinuities.

1.1.1 NATURE OF DERIVATIVE DISCONTINUOUS ORDINARY
DIFFERENTIAL EQUATIONS

Derivative Discontinuities as it is used in the content of Ordinary
Differential Equation 18 the concept describing the nature of some subset
of ordinary differential equation whose derivatives contains discontinuitics
in the form of f(inite jumps or and whose partial derivatives is unbounded.
Al these points where there is low order derivative discontlinuities, a
numerical method adopted lor its solution may become either in accurate
or inefficient or both in this region of discontinuitics,

For example; the first order differential equations.

: F-wix)if vix) <2 - _
= . - WHE RIOY =3 s 1.5
y (x) S-y(x) il y(x) > 2 Al (1:3)
- TECH
SIS

whose theorctical solution Y
—

- 3-2¢" for0< x<In(2) I“
y@= {372

- ‘K ia =
5 be forin(2)< x<om

: Iz . - i ."_I: a
Clearly, ¥ (x) jumps when the solution y(x) passes through the value x= 2,

Another example is first order initial value problem.
| .
y = -xly y(x,) =¥, memaresamaneess (1.6)
whose theoretical solution is

v(x) = Je-x*

represents a family of circles with centre (0,0). Clearly, the derivative y: 15
discontinuous at (+¥e,0), showing that the differential equation posses
derivative discontinuity at point (0.0). The discontinuity is State-dependent,

that is, it depends on the solution v (x),



L1LZPROBLEM ASSOCIATED WITH SOLVING ORDINARY
DIFFERENTIAL EQUATIONS WITH DERIVATIVE
DISCONTINUITIES

since the differential equations we are considering does nol satisly
uniqueness and existence theorem, that is, f{x,v) and its partial derivatives
[.f, are non continuwpus and unbounded in the region of integration;
conventional algorithm (that are based on polynomial representation which
preassumes that the solution and its derivatives are sufliciently continuous
throughout the region of integration,) will be deficient in solving initial
value problem that violates this uniqueness theorem, because they give
rise to a solution whose solution “explodes™ 1n the neighbourhood of this

discontinuity, Carver (1978},

1.1.3 EXISTING METHODS FOR SOLVING ORDINARY
DIFFERENTIAL EQUATION WITH DERIVATIVE
DISCONTINUITIES.

The existing mcthods designed for solving ordinary differential
equations with low order discontinuities evolved from rescarchers who
were motivated to work in this area alter having discovered that the
accuracy and efficiency of the cxisting methods vary with the location of
points of discontinuities that is, State dependent (Paul, (1999,

Such existing methods includes:

(i}  Fraction step method by Fatunla & Evans (19735)

(11)  The switching function techniques by Fatunla and Evans (1973)

(iii1) The inverse interpolation method by Hay et al (1974)

(iv) Use of discontinuity tracking equation proposed by Paul (1999)

(v) Use of Delcet error contrel method proposed by Paul (1994%)

(vi) Thelocal error estimator techniques by Gear and Qsterly (1984)

The local error estimator technique entails locating and detecting of

discontinuities of the derivativesin the Ordinary Differential Equations.



Hind-Marsh ( 1974) incorporated this inte an existing automatic code called
GLEAR., GEAR provided an efficient vechicle to restart the integration
bevond the point of discontinuity and the algorithm also provides estimates
of the magnitude and order of the discontinuity

The Detector

......

where “tol™ is the allowable error tolerance, “p™ is the order of the method
and t, is the estimate of the local truncation error; this equation (1.7) is
the basis for identifying the presence of discontinuity in the derivative of
the ODE. The procedure for doing this, is by repeatedly halving the step
size h,

Lambert and Shaw (1966) proposed an algorithm in which the theoretical

solution to (1.4} is represented by the perturbed polynomial interpelant

F(x)=P_(x) + {fof“:m’-f%ﬂ- T }. ................. (1.8)
IA+X log [A+x/; & {0,]-m- L)

with PP (x) being a polynomial of degree m delined as

P (x)

i

and the second term on the right hand side is the perturbed term, A and N
are the discontinuity parameters, “A™ controls the location of the
discontinuities while “N™ determines its nature. The shortcoming of this
scheme is that, it is efficient only for initial value problems whose
discontinuities are restricted to those of (1.8),] B0, IH-L (1983)]

An alternative procedure include the Rational functions approximation
technique of the form.

ftx) =P (%) (P being a polynomial of degree m.)

L]

b+ x PPILIITIEPRREer it 4 bt

Suggested by Lambert and Shaw (1965). However, its limitation includes

&



the need to classify the nature ol the singularity involved in the ordinary
differential cquations.
However, Luke et al (1975) extended (1.10) to a more general
Rational polvnomial functions of the Torm.
R(x) = P (x)
Q,(x) e 1L11)

where P’ and Q_are polynomilas of degree u and v respectively

His suggestion, perhaps must have been motivated by satisfactory
performance of the formula (1.10) despite its limitations. Formula (1.11)
eliminates the need to characterize the nature of singularities: the
singularities are specified by the zeros ol the Q (x). Also, because of the
complexity in the derivation of the resultant numerical method, Fatunla
(1982) suggested the adoption of a special variant of (1.11) in the form,

y(x) = 2

R
l-lr.E1 b, ¥ B 1 e (1.12)
i=

where the parameters A and byare real coellicients as the form of the solution
to the differential equation. He considered the case k= 1 and came up with
first erder computational method;

v, = y2 SRR 1 U0 B )|
¥, = hy |

Called inverse Eunler formula. However, the difTiculty that may be
associated with this formula (1.13) is that, if
y.=hyh =g
y
Orh= }.T

The method will break down.

Another computational method is that of Heng Yuan fu (1982) who proposed

4 rationalised Runge - Kutta Schemes ol the form.



Yoi = ¥, *t & Wk
n = I
&

+y 2 VK I TN (1.14)
1} i=.| i I

M

Where
k=hi(x_y,)
k. =hf{x +chy, + Eilj k }

=

i
H = hg(x_2)
|

H, = hg(x, +dh, 2 + %_h M)
g{xn.f_"] = _.tn: r':“"";ll-‘:"lll}I
and 2 = l/y,

E~|‘hu are real valued constants.

He developed families of explicit methods of orders two and three,
He found out that the schemes were *A - stable.

Perhaps, the A - stability property of these explicit schemes
stimulated Okunbor (1985) in extending the schemes to the family ol order
four. 1twas observed that the higher the stage ol the methods the poorer
the stability of the method. Four years later, Babatola (1999) considered a
performance evaluation of this methods and found that it s accurate but
inefficient for stiff-escillatory problems.

This deliciency of explicit Rational Runge Kutta schemes motivated
Babatola (1999) to consider the implicit Rational Runge-Kutta schemes and
generated a family of one stage scheme of order two, two stage scheme of
order three and four for numerical solution of stilf and stiffly oscillatory
ordinary differential equations. The schemes were found to be A stable.

The A - stability and aceuracy properties of this formula, stimulate the
extension of the method to semi implicit method which will be less
cumbersome. We shall exploit the A-stability, accuracy properties, and its structure

to develop a computational method,



We shall at the neighbourhood of singularities select step size that will step
over il. Consequently, we are proposing in chapter three of this thesis, a
numerical methods that will be suitable lor the solution of ordinary

differential equation with low order derivative discontinuities,

1.2  AIMS AND OBJECTIVES

[n this thesis, we consider the development, analysis and
implementation of a family of semi implicit Rational Runge-Kutta schemes
for numerical integration of ordinary differential equations with derivative
discontinuities.

Of particular consideration are onc stage schemes of order two, two
stage schemes of order three and four . The method will be computerized
in Fortran programming language and implemented on a digital computer
adopting double precision arithemetic using sample problems arising from real

life situations.

1.3 MOTIVATION
The motivation for this work are:

{a)  The large areas ol applications ol this ¢lass of erdinary dilTerential
equations, which includes: electrical transmission network, nuclear
reactions, delay problems and computer aided designs, economy
affected by inflation as well as perturbation problems or dynamic
processes in industries and technological lields.

{(b) The need to cater for the deficiencies (associated with) the existing
methods in solving differential equation of this class.

(e}  The structure of the new method will enable us to select appropriate
slep sizes that will over step the points of discontinuities in the

ordinary differential cquations,

9



1.4 RESEARCH METHODOLOGY
Power series expansion lechniques ( Taylor and Binomial expansions) were
adopted to generate the parameters of the schemes as stated in equation (1.14).
Pade’s approximation and Richardson extrapolation techniques plus
Felhberg error control method wercadopted for the control and analysis of the
convergence and stability properties ol the proposed schemes.
The applicability, suitability and accuracy of the schemes were
established by translating the formula into a computer code using fortran
programming language and Implemented on a digital computer using sample

problems ariging lrom real life situations.

1.5 STRUCTURE OF THE THESIS

The remaining chapters of the thesis were organized as described
below:

In Chapter Two, the general principles of one step schemes and other concepts
used in the development of the proposed schemes were discussed.

In Chapter Three, we consider the derivation of the proposed schemes
viZz: one stage scheme of order two, two stage scheme of order three and
four methods respectively.

Chapter Four conlains consistency, convergence and stability
propertics analysis ol the schemes,

Chapter Five discusses the computer implementation of the methods
and its application for solution of some sample problems with the result
recorded in tables.

The last Chaprer contains, the summary of the work, its limitation,

contribution to knowledge and recommendations.

10



CHAPTER TWO

PRELIMINARY CONCEPTS AND PRINCIPLES

The proposed schemes are based On one step approach, therefore, it is
important to discuss some ol the technigues involved. particularly, the
conventional Runge-Kutta Schemes that form the basii of the proposed

schemes,

2.1 CDN?ENT]UNALRUNGE-HUT‘I‘&SEI-{EME

This clagsical schemes was proposed by Runge (1901) and later
improved by Kutta (1915) and it is known as Runge-Kutta schemes, It is one of
the oldest generation of numerica] methods for solution of Ordinary
Differential Equations (ODEs).

It is an example of one - step methods for solving differential cquation
oftype (1.4), because, the approximation ¥aorilo the solution at point X . can
be obtained from the knowledge of y, at point X, . Thus,

an R-slage Rungﬁwi{ull.‘i schemes is of the form.

}ni-l ._}.- +-th K TR R s s {-E,E}
J:
where
k= I1f'(x +tah, y +§I_ b K. s FET)
i=

With the constraints
I
= Z b,
3
and Z W = SRR 1
j=1

It is often divided into three classes namely:
(1)  Explicit: ITB = (by) =0 forj>i
(11} Semi implicit if B = (by) =0 forj=i

(iii) Implicit: IfB = Lby) # 0 for at least one j> i

I



a sel ol non lncar cguations g-;n-:r:rlu.:l.l from adoption ol the lellowing steps:
(i) Tavlor series expansion of k abont point (. y ) for i = 1(1)s
(i) Tosertion of the resulty of the expansion in (1) into equation (2.1)
(1) Comparison of the Final expansion with the Taylor scrics

expansion ol vy about X in powers ol by

e number ol these parameters normally exeeed the numbers of
copiiad bons, hence, some important |‘1z!|'.-11|1|:[n'5 were chosen as to ensure that
te resultimt methods Tave the following propertics.

(i) rtim i local trancation crror bound (Ralston, 1962)
(Hy masdmsm atbonable order of pcouacy (King 1966)
(i Optinslinderval of absolute stability (Lawson 1966, 1976)

(iv) oplimal storage space regquivement (Gill, 1951)

It was shown that B stage implicit Runge-Kutta Scheme ol orders
2 4o 5 oare all A- stable (Butcher, 1954). These properties shall be
discussed later in this thesis,

Some examples of popular Runge Kutta schemes are as given below:
i) I'he implicit Euler Schieme
v | T s (2.4)

Where Lr H_\;“ Fh. g F‘r:'

(i) Two stage trapezoidal scheme of order 180
yoommse R R ] (2.53)
Where
k, = f(x, *hoy. vk )

k.= Hx, 2oy 2 k)



aed Hollingsworth (19355
Yo =X H N2 (R k.) wigain i dabave s | 248
Where
Ky = Hx v 172 — f3ia)h, ¥, Flak, 4 h — u"jh"ﬁ}kl
K = TN O120 360, v 1 (% 1 V376 )0k 4 Vahik,)
vl sridd =
(v Three stige fmplici Runmpe Kutta Sehe ru:ﬂdeﬁnuil by I!uic]lcr{l&"ﬁf-l}
Yoo ™%, VWIB(SK 1 8K, ¢ 3k ) 7Y SRR b
Where
ko= (00102 VIS0 +5 Tohk, 41270 x-'lsf|5:k,+i5xm-~.f|5f3u}||k,
k. = I[ X Ir'EI!,_x'“ i TR B ik, FRL3NK, 279+ ‘-“51".]"]'{_1]
k, 41-':1-”#:- VESH0I, x 150360 -.-'I*'--“Hirhhlllfﬂl'l\"ﬁflﬂ]hkﬁi{?ﬁhk}
Lhe Lasis for measuring the reliabilit ol numerical one-step schemg
includes its ability o control ithe errar it generates per step.llence we
consider the error, order ol converzence and stabilis Y propedties of our scheme in the

next seclion.

2.2 ITS ER ROR, ORDER OF ERROR, CONVERGENCE AND
STABILITY PROPERTIES

Forany numerical scheme, ji s important that the scheme has ability
ter reliably control the global ¢rror given by

Crt, =X iy S I (N . (2.8)

where Yx,, ) is the theoretical solution and

Yuui 18 the mumerical solution al step x|

COhne ol the concepts of convergenee ol any numerical scheme is that,

WS required that the global ereor [2.8) is mnde us small as pussible by

making hsufTiciently ¢lose o fero.



lfL’!IHﬂ'fi.l‘.H_i

Vhe focal trueation crror I, associnted with ope step schemes (2.1)
is delined as
B e e X ¢85 Bl sitiva e (209
Whieh is the nmuouin by swhich the theoretical solutlion Y(X,,)
Al ezl valve peoblem (1 4y ils 1o satisly dilference equation {_2,1]
Considering (2.8) and (2.9). i is ubvious that there is a relationship
between the glebal error defived in (2.8 nnd local truneation error delined
299, The 1wo are connected by thos inequality,
‘u 1 = L‘l'['n,I‘ {Lamboer, 1971 waismenatsivii Lzl §)
ntl
Where K is o constant, Lbenee, the loeal truncation error s dircetly
proportional to the global error mntroduced at each step, particularly, when
the derivation and computation of the loeal truncation CITOr is rigorous
and all previous solutions are exach The above ideas lead 1o cstablishment
of convergence of one step schemes, which necessitate the following

delmitions.

Definition 2

Che step sehieme of IVpe A 2.0) s said (o be canvergent, il when
applicd 1o indtial value problem ol tvpe (1.4) and the correspondent
appreximation v o e solition satislics
Y. XX ) as pndo

Ur Tim v = yix ) | A SR (2.11)
n > o .

Definition 3
he one step scheme 02, 1) s said 10 be o order P, il Mis the largest

rositive mbeger such that the local bruncation error T | satisfics

I



| LR | A

e (2L E2)
whore nylpe tnphies the evisten vl Rite comstant € and > (1, sueh that
b = G AT
e 2
sl ~nf T-En".'!r\
R
= \
Definition 4 | & | m
Phee omve step <o ey i

i 5 M 4 g I ,J ]

L s saild 1o e TN f!}'l'.li y
v{\‘ = 7
srees v PR DR )

ELHx.a) TR

As htends (o sepa

| he COngistency of tire=step memericil scheme ensyres that the seheme

is
it Teast o vder e, Thatis. P+

fefinition i
Phe one-step seheme (Leh)is

sitid to be regul
defined in the domaiy b SRS .

ar if function §(x,y:h) is

Niboo—fy/<ocand 0 <h<h Hh
[
censtant il there exisg

]IP."-:.}'.!I] t‘lf"'..,ﬂ.h_ir}" I !_1.-.-;.'

lor every xe vin s

being a positive avconstant L such that

R G L)
Vil oL he ik

We then siane Wethowt proal g theorem which o

aranices the
us {a[!ema :

LUV L LY o) te=step sehenye.

THEOREM |

A ecessaey and suflivien cenelition [y convergenee of a tnc-sicp
scheme s that 1he seheme musy by COUIN TR e rid

LI ACCURACY OF NUMERICAL SCHEME

A nmerical solution v

b i initial valye problem in ordinary
difterential cquation iy Sabl o be accurane i does not deviate signilicantly
rom the corresponding expet .-mlmiun}tx"j otherwise it is inaccurate [t js

15



Important to mention and discuss in brief two major forms of
instability viz:

(i) inherent instability
(i) induced instability
inherent instability is a property of the differential equation

itself. While the induced instability is the characteristics of the
numerical schemes,

For better explanation of these concepts, let us consider the
Scalar initial value problem.

o= X, ¥ (%o} = ¥ PO £ L, ¢ ;Y

With re (A)=< 0 over the interval a < x < b. its thearetical
solution is y(x) = yqe" A T

suppose the initial value condition in (2.16) is changed to

Y(Xo) = yo + B T TCMPORPOTIRY . I -
Where >0,

Then, the solution of (2.17) having the new initial condition
{£.18) yields.
Y{x) = yae'* + Ba™ SR {F L Yo 0

For B=0, no matter how small, the second term Be™ in (2.19)
can be seen to grow exponentially if Re(A)>0 as the computation
proceeds, regardless of any integration scheme used. Therefure, the
solution becomes wunstable for slight change caused by a small
perturbation of initial value called initial condition, even when the
given differential eguation is stable. This kind of instability is called
inherent instability. On the other hand, finite iteration process is
adopted as against infinite iteration process in the computer
implementation of our scheme, which introduce build up truncation
error that eventually causes an induced instability. To detect this,
the integration scheme is applied to solve the Scalar test equation
(2.16).



To minimize the instability which shows up in form of o spurious
exponential s oceured in (Z49), the step size s reduced,
We state the following definitions on the stability of one-step scheme

with respect to, the global crror, Tor better understanding of (he concept,

Definition 6 .

One step scheme is said 1o be stable, i for Ell‘ul}"'il'li[:iﬂl error l.‘u, there
exist a constant k and =0, such that when (2. 1) is applied to initial value
problem (1.4} witl slep size h € “(0,hy) the ultimate error e, satisfies the
lollowing inuquulil!}f. -

eSke, . kmee | 1| veenenens (2.20)

One step schemes is said 1o [:u: absolutely stable for g given siep size
and for initial valye problem (1.4) il the trrors lends o zero as the step
size approaches zero,

To investigaie the absolute slhhilily property of the one-siep scheme (2.1), |
we apply it to the Scalar test problem (2.16). This yiclds a first order
difference cquation, |

Y= M)y, o= Ak reemsrenenn (2.21)
where p(k) is the so-called stability function of (e one-step schemes (o )
can be a polynomial or a rational lunction),

The stability Tunction of an S-slage implicit Runge-Kutta Scheme

of order 2 js Eiven as:

Ba) = 1+ awr( - LAY ¢ e (2.22)
Where 5
A = {n”} Wi o= 101)m

IR 1 N T — L)

Wom WL WL, Wn]"

Iis a unitm Xxmmatrix.

The absolute stability of implicit Runge-Kutla Schemes is relatively
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Large compared with explicit counter part which is a quality
that makes them suitable to solving differential equations with
singularities and stiff oscillatory problems in ODEs.

We shall discuss in broad sense the Stahility properties of the

proposed Scheme in Chapter four of this thesis.



CHAPTER THREE

THE PROPOSED SCHEMES
3.1 RATIONAL RUNGE-KUTTA SCHEMES
Rational functions are quotients of polynomials, that is,

functions of the form.

R{X) =  S(X) SRR S - 1) §)
T(X)

Where 5(x) and T(x) are polynomials of degrees m and n
respectively (the coefficient of the highest power of x in T(x) is
taken to be unity). Rational functions constitute a much better
representation of a function in the region of singularity, This quality
make them principal targets for function approximation.

Perhaps, this property of rational functions motivated Hong

Yuan-Fu {1982) to propose the rational scheme,

r
¥n + E,. WK,
Yrei= Lk resssssneersssrneasee kY2
&
1+ "Ifn -.C;_:—_- ViH;
Where =y

K = hikx, + el oy, + Zag k)= 1(1)r

=1
¢
Hi = hg (x, + dh, 2, + by H;) i=1(1)s
j=1
o{ %y, Za) = - 22 T(%n,¥n) and 2, = 1/y, and r is the stage of the method ....... 43:3)

This formula forms the basis of the proposed scheme.
Babatola and Ademiluyi (2000) classified the method into Expliclt,
semi-implicit and implicit family of methods. For details consult
Ademiluyl (2000). The“explicil family and the explicit families of
orders one, two and three respectively were discussed in Hong Yuan
Fu {1982), Okunbor {1985) while implicit class of the methed were
considered in Babatola (1999), and



. . i - L i
A o stage exphicit formulie ol order two which was obtained by sciting
Fres =2 dn (3.1 i piven by
Nk Btk F R

¥ty = e
ooy T L) -8

Where K, hifx.a)
k. =hdgx PR Yhid
1 L e

. =Thaax, ¢ ey 1L

e analvzed this schemes and discovered that the schemes were A-
stable. The stability properties and s relative case ol progeamming probably
stimulated Okunbor in extending the scheme™s to Tamily of order four in
| RS,

Ihese Family of explicit rational Rupge-Kuotta schemes are known
and contirmed to perform well on certain class of ordinary differential
cyuations. especilly st and st r oscillatory equations but more satislfactorily
i they are not soplasticated,  The suceess history of the implicit, Runge-
Kutta sehiemes over ils explicit tyvpe, becomes the motivator for the extension
ol the schemes to semi-implicst Tormula which hopefully will be more
clhcient than the naplivit niethod,

OF purticular interest is the development of some semi implicit one-
stage and Dwo stage schomes ol order twoanel Four respectively Tor numerical

approximation of dilferential equations with Dervative discontinuitics,

32 THE DEVELOPMENT OF THE PRODMISED SCUHEME

Anr-stage rutional Runge-Kuotta Scheme is o numerical formula of the form

l i _"""EI""!I1I T g a - e R TR o \3.5}
1=

20



E I

i

k.= hiftx, 1Ch, v A EI:L k¥i=T1C(1)r ermreriits a var e Ay

1 - i ol | | .I. ‘-ll ¥

i

i hetx, tdh.# o E‘:Ih' 1= p—T Sk

! LR :

13 o ) M il | 3 A cevirnrnnae eeed 328D

AL R PTTRR— 1!

With the constrianis

1
i EFHI_ = 100N sz L
1
1
L & I'l'l,, b= Tt srsisaseda 1)
i

T, fermula . .
g semi-imphicitita, Oand b Ot i The consistency of the schemes

is ensnred Py il comstranntsl 3 P amdd3 0T

X2 PROCEDURE FOR THE DEVELOPMENT OF THE SCHEME

Phe value of parnmeters . booe ol 8 oand W of the seheme are determined
rom the <vstems of nop-limear equations gencrated Trom the adoption of
the Tollowing steps:
St | iy Bapansion of & and Tabont point (8 ) Tor = 1(1)r, using

vl serics approaci.

v 1 d i L

Ciit osertion ol the ¢ *:-.l&l_nl Hie expamsion 1) into equition (3.5) r..'-'n'r:} Fiee
i
L) t'uuq]nml:-uu .ur

the Tinal expansion with the Tavlor series

expinsion ol s aboul (x 8 ) in the powers ol h.

Step 2 Ihe resulting cguations were solved bearing in minmd that the number
ol parnmeters tare found to) exceed the numbers ol equetions, hence, some
parameters were choosen arbittrily @8 Iree parameters so that the resultant
lormdn@. have the Tollowing properties:

i) Adeguate order ol aceuracs

tBy Munvimum bound of local truncation error

(o) Relatively farpe interval ol absolute stability,

Cdd Blhinimum compuoter storage facilities requirement.
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In the next unin, the pirainelers o [1”. colo v and Woare determined (Tor

some Ivpical Gamily o seme-mmplicit ritiong| K imee Kulta Scheme),

A2 ONE STAGE SCHEMES
Py Setting v -~ 1 in Cyatien (3.7 the gencral one slage semi-implict

Ftional Runge-Kutta scheme is oljthe form:

¥, Hank
Mot T Wt el Fold)
Where
ey~ hlts e by a,k, sxvesaversissnl 3.1 3)
IW=hate s dhesg, Yoty - (3.14)
BN =2 x iy ) sessviensiand 3.E5)
a2 'I-'yuu w3 16)
With the constrainis
L RPN & 5 I
by e e 3. 18)

Using binvmial expansion on the right hand side ol (3.12), and ignore
terms olorder higher than one. we liitvee
Yo "N Wk =2 thigher order lerms) ... .(3.19)

The Tavlor series CxXpansion of ¥oabout (x v JRives:
ol (B nhn =m

P L 1 Al | 5 ) R LY R e (3.20)
Bul, v' = WX %) I
e LARE. =y
A IO O R o o D
AR EY o i LR P R N T A B o O T T8 (AL
RSLEHEY = D, v 0er FIDEDESEIE,. i (3.21)
Where
P = v 300+ B 1
U= 4 £ o |
Dy = 0 300, 438721, A1 [ wrereerenn(3.22)

e |



Putting (3.21) inlo (3200, we have
Your = YT WL o hWY3501°F 4 CIE ) b 'y
(D, 4 G0, + 308, DE) + 1 Dy O Yoo (3.23)
The Tylor Ex pansion olk about (x v ) is piven hy
Ko =BG Gl k) 102002y 2Chay K+ a k21, )
Yy rasssnnario i sis | 322 4)
Collecting coellicients or cgunl powers of h, cguntion (3,24) is

expressed in the form

K = DAERB R gy el 3128)
Where

A=y

3, L-",q [ALEY e D

At o L '_-t'rql,g21;,i'urr-'"|'uz {‘,-‘[r:-r“r_v-l-Hzi}fr‘u}....,.{J.Eﬁ}
Ta similar manner, expansion ol 11 about (x .2 Jviclds

= BNGE ML R g s 2T
Where

N, = p(X.%) = £,
M, =d, (g teg)= d,De,
By =d nig 412 di e, F2p g 11:..5“}
RS BT 1¥g ) ST RIS ¢ 3.}
with g L L
and D’g =y dup te iy s vannaainn0(3.29)
From definition:
K= fa, )= e i o= 1ol s. o B
and 3 =h, =1 for iy = 1( 1, lor j=i

3



Phescrmplics thit whew v 1 o P the element of (he matrix B 98 ag
E':mﬂ (rcpu;m:n!ui i the IFIiIfI'i‘:)l'IL']H‘-"-Z
WL 8- ' g

I
I3 I-|_I I i) 11
". I, [4 i
hll hl h' |1|

Wivich is 3 livwve treamgabar mt s,

smlarhy matrix A . g2rven by

. i [ 1,

A i i { [
il i 1]

L it (LFP I

Henee, Trom (3099 and o L2000 and mitris A

=0, #£4 swesnnsen e (3.30)

Assuming it 1 and N3 Jq];m: sulliciently difTerentinh]e functions,
i woe can express Loamd ity partinl derivarives erms of Fand its partial

derivitives to Faeilifges e compinison alcoellivicis,

Tha iy
. 1
'—EI _'" " .|- 10 |,‘ L i H'”L = I".‘ﬂr}-“?
g, =2 v 4 0 “T.ix
= [ 1 =# = o
u I e i =2
SO, & ! SRE =
L ol T
e N + b 1 Y
g L LS T R T
e L ] T i

Putting (3.3 Fyimto (3.28). we have
N, sy

I
L] i

1 =l iy 2 L2 R4 Ve

Ry = T S L20w +F yeriap s R el P

R B

4



Aadaopbing (3.25) and (Y27} in
L 5 '"r"r",lfimrlh,li_'h'ﬂlI
LN m 2

HW R -3V RN e

¥ TV WA SNV It‘n‘l."Hl-}"I'hlr1ll}|1- s
mt]

Comparing the cocllicients o
(3.33) we obtained
WA - PN = f

fom 3 200 aml (830 we lsve

Putting these values Mles {3

Wit &~

1
Comparing coellicients ar
whtainged

Wil =y VM, = D22

and Trom {3.26) and {3.32) w

13 -

{"1“1'"

My = Ay (D 3 )
i

Putling (3 38) inta

(WC - Vid I w2020 g =y

||I. ¥
: i

Froam (339 we el

W, €, +V =13

L'ﬂr'llh'!Hi.l'l;_:, (3. 36) and (3.40) we o

cqualtions fir Fimily
r [ FT
Wy - ’!

W C+¥d ~u J

(3.37) we

ol one stage Runge-Kuttn Sche

CI T, we hiave

OC" b3 TV (N MR ogh))

wervveiss i (3.33)

e powers of |y in Couation (3.23) and

3n), we have

e & Y1

'
Ih

N equtions (3.23) and (3.33), we
................ (3.37)

¢ lave
i 3.38)

lirye

ssrtirsvresead 3.39)

e (3.40)
ain the following systems of

me ol order (wo.

PN o 3 ¥
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i SRR

These can be solved (o provide numerical values lor W, V,C and d
lmposing the conditions

(Y W =00V L imeyuations (3.41)

we ohtin, ) o, 0

N~ .
=il 1I||1 T

Putting this values inte {3,121, we have

b '

L R R AR
e,

Whure
H=hg(x +':h. ¢ o 2 Fl )

[ll!f; -:5”:'?11 =W '.'_-‘,ju cyuation (3.42)
Fhen, C o =a =%
== [.II h“ !l

Ulsing this in equation (3.12), we have

r ‘ _1'-:,.1!.[.' -r-....-n.-.{j.q'ﬂ'}
Where k, = RIEx Yy FNEK )

H, = hgix %, A, 4 Yl )

."n - !."._\."
::h-mlﬂw!«;l qu &ﬁﬂﬁ
{iin) W =[5 Vedis iy = l.il VA
=i, = =0

lquation (3.12) viclds



5 - In'q!‘

Y —:_._'__h e s s LT S)
Vedisy I,

Where

KI =hiy X 4i5h, ¥, thk )

I, = hots 1 h, )

(v When W Bt SRR P
= r 2
Equation (314} vields

}-u'l B }— lhlj I';I

-

P 23 I, vovsss st e 3:06)

Where
Ry = hlgx V1730, v 1 k)

= hels 7020 2 0700200 )

From here! it can be seen that many formulae ean be derived from a

e stage method, And this is (e reason why we call il lamily of one stage

ekl

323 TWOSTAGE SCHEMIE

A senerinl Iwo-stape semi-implicit rdjona Bunge Koty Seheme is of

e Torm

o= e S e st (3:47)
+ jpef “ i‘._'l-! i
'.B-Iliﬁar'
I LI
Whiere
K= hits, te . v 4 _E:I i k) = (12 erieeiideninns(3,48)
s
W= hets tdhoe oS gy, [11)2 ciinineinnn (3,49)
i
BlIX .2 )= .?“_1 M.y )
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Il # .

With the consteaints

i, =6

oy Wi, ™ L

b th,,

I, 1, R e e LT 1301

Adopting hinomial cxpavsion theorem on the right hand side of
eipriationd Y7L we e

2l

Py W oy & ‘Il.'-IH-IIIiL;11Ut' OIEr LM ). i o {15 1)

Pespramihing Koo equation (3 080 alsou (x X))

We ohitain

S 11 I S T A 11 P R (R B8 i _"-’::II1{:|”|-:F+:1|?|:"’}['”+
|-.|“|-:,.I;L|_,L_.h'.1' S Y [ (6 SReS K ta kO, 3eh

Gk Ko) s Gk sa k', | TN . .

By rearranging und collecting coelfivients of terms of cqual powers

ol i we have

B AR OE D gy =T s (3.53)
Where
K=t

i Al 1 M A L AT

S B B O v A e AT HC, (2 A AT
1 LY ¥

=, ba B ve (s B, LB b A *.'.'1”-""5,]I_ilﬂllj'ﬂulj!]f
i T . ¥

FEHECH + L0 A va AN+ %BC (a,A+a A
I hmy i b T ] vy

O R e b 2.1 1)

FW Gt A v A T
PRting (3. 200 into (3 540, we have
A=

2.



=0 Dr

L={n O v, L'?]!':I]'l" gt E ok bl

|]|= {:Iut s Fa O, ) e i, Cota, GOV Y+ Y L'r{iI”L-'I'*'ﬂrtC,}Df
L) - =L Y 1] L

DL+ Ve (a, C 2t C DU+ |16 U i (355)

i similar manmer, the expansion of Hoi=1(1)2 abou (x .2 )is

L N e R Gk, gl | o = (3.56)
Where
N = :_,1,'-.. .-'j g >

:FL H{b, M b N = o2 g
ItI = rhl,m, [ hum:Jg_' 1/2d? g *+d, {11”N|+[1|1H1}g“+ 1/2
(b M4 lJIJN:]’g”‘—{h"tll-lhi:n:}gr[}g"-l'l.I’E diD?g
Li=(b R4 b, 1) i-{h“Mjh”M:}g"Jr El[I:IIINL-F-herz}[h‘IMﬁhuMi}}g
FI/6d e+ ;IE d7(b N +b e +li2d {h"NI-I-l'-ﬂN;}gm
={b (b, d yHhod? b obyd b, 8 l.']'g +1/6 {h”NI-I-hIENEfng
H{d (b d +hd :L‘rg I_:Fj: +H2 (b, I|?+h.:df}giﬂ"g“
Hlined fig Sl 5 11 s i {3.57)
Where
De =g 4+ pg
D, =g, 1 2pp t ety
g =g '3pg 'n-mi"’y. e g

il LERS %o n B i ey

Dg =g 4 E-I' Lg S e s f 3L 5E)

F r LU

Putting equation (3.31) into (3.5 7o we have

N, =

M, = -dy,* (DF4212)
—
v

W, = ly B h 20 1y 41 JDCL2T 3y ) + v (4, (o
l "-'1;’& {J'”IH. H
= 1#y? "{h“Ih”dli-hu;l:}H'r (b, by d )20y, +1,)(DF +21 fyn

| Bk |
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LA DL 2 G2 Ty 1) b4 (s, 0%, 0,

D200 (015 )1 116 (. 1 f Ty

§

2020430 ..., (3.59)

[ealling tha
o= ¥V OWK, WKL)

. Jhdl 2% VLA fhigher other lerms).....(3.60)

Putting (3.53) and (3.56) into 13 00 we oblain

Yo = Yo THIWA WA by 2V NV I (W1, W)
. k¥ :

VM VMY § OV W)~y 20V, R VR I

HIOW, D rwe?) — g2 (VL "ul’al-!jlh"+ 0fh*)

Comparing the coelficient of b, ¥ and h'ing

quation (3.23) and (3.60),

We abtained the Following systems of equations Tor family of two

stage scheme ol order three.

Wi W E NN e

e 196 5)

WP WC AVl =g ) sissemiiioy (306T)
W fa, C A U W - 36 2 Fa OV {h”dl-i-bl,d:}
i ‘l.f':[h”cil th, d. )= 1/6

l“'rr{'-l: . ||':I"-II:' L.E:‘ . ||||'Irldl}{ del'?_ r!; '

With construintg

By P8, =0 ==, =, (Since t, = 0 lor semi-implicit method)

by tb,=d = by =, {Singe b, =10 lor semi-implicit method)

N £ )

Solving the above systemaol equations (3.62)- (3.65),

# Fmily of two stage schemes of order three are obtained by

Imposing
the conditions

el



(i)

(i)

W, ='W,

lll'_h”=h = |

'ﬂl.lF'u:n".-'I IR T iy

‘r:|:=41”={7r+ d, = 1/3

B, =-5/3

Putting these values into {3.4%F), we have
!"-“L-I = :"r"

Iy PRI sqwiveiil i D)

Where
H = Ing{x.'h. # 1)
1, = hetx, V1730, 2 (11 453 1)

W= W, =0 then V.= 31 | V.= Ih
d.=bh, =103
e e
=l =1
= | B
b =192
o2
Putting these values inte (3.47) we have
.1'.“.. - }.n
AR RETTIRATI RSP 3711
Where

Hy=hats o mdn, 2 o

P = hgix 180, # g1 FR2 L)

VoW o0, v, oW
Gor= B3, T

h i a I+ 5

11



Futbmge these valoes imlo cqguation {1478 we have

B30 T OO DN RO 1 o 1

Where
K, hiTson v 1Ry
T 1 6L '.ITTJHI._\I_ o I'..’I. k)
U, = hgtx .0 w2 1)
I, = haix_ v Y- 3io)h, A YEEEATRILY
Alsorimposing aceuracy of vrder Tor png 3 o). that =00 o (3.71)

wo obibuin thie Tollowing setoleguntions For pwo stage method of order lour:

N, ENVEN O = T N 3. 1
WU 8 WLl b W oV, = i n(3,73)
WCSr Wt ivia v, - s it )

WG MW e, v g
W !-i"|'.{—l| I ;I|1L‘J} I IIIIIII'-1':i'|-|=-l| i ..:-I1}I .II".‘I‘ I:'Ill"ll I hF"d?j
[ ' e 3 2

HVAb 0,0 = (1 R e TRTS)
WL, O 00 W, Lty C L) Vid, (b, d4b, d,
'""':‘I,'hzld,”‘_.,'f_.' £ T T TP TR (o 2/ | 1
wila G5 i, U7 Wk, U LIS Sl R Y R b,,d,)
'|'\-"I,H!:.Il.lflh‘,?{l_,:}'—".':- SR A e e T 3 T

W la, tu,C T iE T L W ST | Wolag (a, € ko L)
P, (e ta e :|:?c_TJ' ' G L L R T T b, ol byl
P"u"z{hnl[hlli.ll-l-hur.rlj-l f'l_,_,ljh_,__llllI ‘h;_ﬂ-i;”

= liay e e sssasssrsseenss K3y T
with the following  constraings
)y day =€ = = €, (Sincea,=0)
by, +b =il =% i, =d, (since =)

By Floy =W visnsiann i s virrrssnnsvsaneeea (3, 79)

E % |



Solving systems ol cyuations (3.7 - 13,?H}Eimullm1cnmly, and

simplifving those with the constraintsgihe values of the parameters arc gotlen;

Lor Frmily of two stiee sehemes of order Tour as [flrd"h-‘-ﬁ -

W WL thens W, WL G
by, o, e AT do 12 i
UTRRE A b, 14

Mutting these values into (3.49) we v e

L
AU T R T PRI L )
Where
M= hges, + (v v mh, » (s - d3TR,
H, =hols 3§ 0 380 2 ¢ tya IO+ L)

sintilarly setting

G =8 e W = WL e

v Rl be'h

I U I IR T
o 0 LR RS S T U e (3.82)
Where |

R TR [ R e T -d:-mk||
k LT RN L '-Iﬁ]ll.}'" % -'n.ﬁa'[-.;lzlk Y k,)
(i} W= Vo= by Wi ==

Bi=a=v - d, =530 ¢, =d,=",- 76

" hu_- b ., '_1 - 36
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Pt these valimes oot 3 071, we lunve

t Pt LA B, |~..1;’[’f S8 L Ly (e (3.81)

where ko b xg b o2 -l’-1_1ﬂl ¥y ! L2 EE: Yk, |
ki REE Sy e e ey g Yy -ﬁT‘pkl i r"cllf;'

PN 71 R RSSO 0 (P S ¥ LA .,|j;n}||||
R Y N BT | (Y '--!ﬁ-’_f:ljllll 1|

¥

othe nest elapter, we consider the analvsis of the crror, consistency

amd stabalily propertivs of the sehemes

T



CHAPTER FOUR

PROPERTIES OF THE NEW SCHEMES

From the development of the scheme i is natural Lo cxpack thal errors
will occur, 1is therelore very important to analyze these crrors and possibly
the consistenes, vonvergence and stability propertics of the new schemes,
sar that woe can hpow il the method will be capable. adeguate und elfficicnt in
solving theditferential coguation of cur interest, that is, Ordinary diflerential
equations, with derivative discontinuitics, In this chapler, we shall carelully

examing these alorementioned properties ol the schemes,

4.1 ERRORANALYSIS

A major Feature of numerical schemes is thatl errors (no matter how
sl are generated when they are adopted for the approximation of
solutions of Ordinary dillTerential cguations, The effeel of these errors is
that it can make the solution unstable because the magnitude of this error
determines the degree ol accuracy of the schemes.

brrrors associated with numerical approximation technigues arise
feom dilterent sources vie diseretization, truncation and round ofT errors
respectively, (hers aelnde inherent errors which arise [rom modelling
process and copying,

fhiverctizefion creor is the error associaled with the replacement of
the dafterential cguation  (14) by s difference equivalence (3.1).
wlathemalically it can be expressed as:

R B i o a0 N o e e, | 16| )
Phat is. the dilference between the exact selution 3(%, 4 1) and the pumerical
selution v atx
Mumerical approsimation invelves iteration process, doe to this, there will
e propagation ol crror from step to step when interating wilth a numerical

scheme,  These propagated crrors can subseguently grow to the extlent of

14



distoetiog the avenracy of e nmerical resull e main feature of adeguate
nimerical scheme is its ability o control the srawth of such errors.

OF importance is the need 1o siarantee the quality of the integration
seheme, hence, 1 is Smportant 1o higye eshimale ol these errors,

Phere are two major crror estimition lechnigues that are relevant to
these schemes.  Fellberp (19640 postulited o techniyue of error estimate
that entails computation of fwe ApPresimations oy nsing methods of order
Vi Lo then Fine thie differenee between the two to obitain the local
st associmted with the moposed schemes. On the other hand, Richardson
extrapelation method which entails estimation of lecal truncation BITor as
the difference between two predictions 1o v using differents slep sizes.
Richardson extrapolation method js idopred in this work because it involves
jst ik ing wse of two il ferent sep sezes an the same scheme which is
less combersome as wgainst Felberg’s method that inmy vlves computation of
bW approximation 1oy usiig two dilferent orders. Felberg technique is
fonnd to be more Time Cuans wnring, nergy consuming and the process loo
cotiphersome. Henee., in this work. Richardsons extrupolation lechnigue is
mide use ol

By Richardson®s exi aperlintion teehnigue we mean ety Y, d-.:.-signalc

the solution by vur method using Single step sive h, the local crror can be

cstimated vom

Ry SMN_ )= PN vEx e "‘HtIu""’}.......-.,.._-{4.2}
stmilarly. by adopting step size b2, the local error of the method is
Liven by
M¥ad = L= Playis 22y anth g T [ 7 |
Where | 15 the computed solution B the method:

Subtracting (4.2) lrom (1.3 ) i sunplilving, we have
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PR = Py [ Paae 2] SOOI 07 )
||'I1.'"-EIL'L'!|HP':IL""- ol the scheme is estimated form

A ]|3 = At i E ™ [ e (0,5)
s Sertting

1 I‘!'I Xl |I|‘ n N S R e . (4.6)

Theechore, the local diseretization crren ol the sehieme con be estimated [rom

AN & el e _:_I-I e e (4.7
[=2,

Thus. the upproxination y [rom Step x tox | is secepled as o good
pprexination tw the exact solutjon if

,L' _ 1 tlerancy
that s, i1 the global error is less than crear tolersinee,

Phis torm ol error estinte was lound 1o be adeguate [Lambert (1963),
Gieart 1971 paned Plindimarels ¢ P83 For stil? sl mon=stilF inatial valuc problem
mardinary dilerentinl cguations, o ur. the use ol this approach entails
considerable amoun ol computating eflors, bat it js nccessary lo choose a
reasonable stepsize that can aecelerate convergence,

Priencation Error on the oller hand s the ervor introduced into the
scheme as o resnlt o) remiring of higher terms of the power series CXpansion
by cither Favtor or Binomial aluorithm, Mathematically, it is defined as
Hae amstnt by whijeh the theoretival solution s} lails Lo sitisly the numerical

ne

lormula( 3.1, That is

5 Mx ) M) IR
i LM eV R, ORORTEPRPRTIS oI

Where
k lllhult'rh.}“ vy ko)

- heds, vl b, s ey 1)

b, b ) = aw &%)
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Pl Jocal tromeation ereo Aesochited with our one stage method of
order 2 08 fonmd s sdopting Tay lor st Bimomial series CXpansion u!'}.-;:.;n”},
L and K abont 5 YEX Db equation (0.8) Thus:

MMM R N2, 3 IR T T T T (4.9)

My WK, VAN WK, }H,,J'I\',HI b higher teem. ., (4.1

I'_'-.M“I"'.'IHI_
PO 0 T i (.8, we hayy
fi:.. L SR b MO s Al BRIV 4 P T " 0

ki=hifx +¢ by PR
When expanded vields
k Irl'"'h't'IIHIIFINL'I'HI"I;‘ oha I1:l'|'IJ'1'"*H[]|"J sisaimavmnvis (4l 2)
St larky, when s expanded. we have
= hg i b 0 W e 2.0 03 hid A EAVWYY i (4.13)
Stmplifving (4,11 by putting (4.9). (4.12) and (4. 13) into i1, we
hive
Fo = Y% ) WEAWY2I0T 1 W3 NEREL AT 130 )+ 0y - y(x. )-
";";',HH'II-Il-'l!'If]ll'"'i:'{'l‘FJ'['"f'__' A | T e 5 2 a(x ]
Vit 1 hd e i|"1|r"|1;.:_1_' R AT 4
= hr WL 211 -y R R YOI W C 1|’.'-|I“I
[ |I"'I'|”|'| VW 'I} Faxtx J3V 1|1. Fy(x j*‘l.-' el DE.
l\{\ 1V ' U‘L g4 Hu } "V N2 +0(h')
SR a‘l.'l. Al R S J'II'H:-! L2 -WC D, -I-;'H Wod iJg_th
HUHBEPT e HI L MH | - W 1JJII

VIS )V g g o s MNPV, s LORNEOhY) (4.14)

Stimplifving Turther, we have

IR e i | S i [T C i h Y e diine e {4, 15)

Where C =

K i I."-"l."l.-li'“—:l.{huj "'Ig
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A T R Bt R 1"'I|t||“f-'-..
Loy =AM 1A 08 IMLE - by W Lo | o
.7 5.8 R L1 N I g o b T T

B posing aeenracy ol order 2 on | ce W hive

¢ =1
[ i
SRR

Using thesein (4,15, j cin b Seen that the Principal truneation error
ol the method s
Loy =161 WU DI apry AWC DT
i n LU n
L T B 6 T 8! MR VD R — (4.16)
n n n mn

Fhe bownd of 1he Primeipal loenl 1 uncialion crror T, can be lound by

adopting Lotkin's 105 derres hangnd

d' fimad N

dx’ dy' B M T = e @!M_)

YE (inb) v [-o | - |

JTa J- L \ =
MLMF ) TR r’ﬁf‘ *h":,f,. ” G168y
are bounds of 1|=~ pariial 1ILrnL|ln1.~. Thus, Ih:., bourfd ¢ 1., 18 given

|+

S T o T WG, 3V 00 e C v v dy
Y AT £V P G il g b ew €y v a/
D s ['N-‘fr-lf cwmlp In __..__..{4.m
Where
et A RENET
Py = 16 - W C oy 2y g

Showing that (e e of Loy runeation error of pie stige method exjsys,

Round ofT erear is the orpor troduced as o resyly ol computing
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Mathemativally, rong ClEermor cimebe estimaned FremR = Y=
Where o vy 18 thye

spected solution of (e diflference ¢

quirtion (3.1)
q s the compuied e

while ' RS TR BTN Heralion,

I order words,
mennt by wiy

rotel of 1 ereor js e teh the vamputed approximation o
dilters leoan (e expected approsimntion Voohy e seheme at proinit X
Phe maenitnde o e Fonmnd oI errows e determined by the way
il mamners maehine CRERRTons e pirtiemed i terms of storage and
marip bt o ol by

Aceording o | ol ¢ PORT) and & ambert 1963y the cllcels

ol round
Astrons becanse Here m;

ol crror can he djs e b inevitable loss of

dccuracy,
Postulate, diphe

v decardance with then Prectsion arithnetic can he
Pty ed 1o captyg) s gy Pherelore, doyhle Precision arithmerje
b adapted in o stthscgueng Kean Lo s

4.2 CONSISTENC Y PROPERTY OF THE METHOR

ditfevential cquation (L ir

i B o s
limn (.- e

Hx, v )
[1-+01 [ -

We shall demorstie iy oSSty of oy Prespseed selepae

in this seetion,
12,1 ONE & A SCHEN

Fhe geners) e shage sehomy jy

X ok

R W H
Where k, = hiix ¢ oy v kg
i ] fi Ir o

= hex "Wh ozl 1y
F ] I 1

BLX 2 =< I v )
i = )

st Pieogpiy) heoren 1o expind the gl o side ol (4, 18)

il ignoring
Crns ol ey ligher thian

U, e g

A0



§ VoIWOR -y OV thigher order termg)
Tap T LR R
subtracting ¥ leom both sides we have.

Yo =E UWR A VT ) -
fill [ H | SR R TR [ | "
=Wk -v VI
[ T | i | |
b pruittinnge thee it o0k s 11 i s, we Do
| |
I Wl eliv o k for ¥ hets Hlllll.-f.
1 n N (R o o " i

nel m 1

(} -}) (W Ditx "eliv "k jon hatx +dhz +b 1 )
wel n i o R AT (I T i i ! n ot Pl |

h = = ]
(W hiix tehy v k j-v 'V (1 ) fix +dl1;r+b| I yh
[ [ 'Y m 11 " [ [ " | B 1 o

Fh 11
"o

(W hllx "e by "a k VeV 4 d by b 1)
[} I §ope T I " L {1

Larkiimge Ui bisid s Dr = 00, we gy o

ooa
T “ail T Witk v 19 Vilis )
||—|‘H h 1 H 1] 1 n ]

Hx v J[W W
T "l.‘l."l | "r'l = | (Troam eqpuation 3.38)

limy . I_:" Hx.¥
h—i) Iy I

Showing that the one st method is consistent,

2.2 TWOSTAGE SCHEMTE

Phe peneral iwo stage sehene is:

-

¥ 3 |£1"1"r1|"‘|
TR | Ho§ |
. I 1) gl S
RSTEN MR gttt LR RER L 5
1=l

where

K =hfix +Ch. v +3 a K) i=1 1)
[} ]

L]
§ n 1 | I I

I =heix o+ dh, 2 '_:',_

I4
n i I ¥

Y od= 1ty
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glx 2 )=-z" fix .y )

arnl Z =y

Using binomial theorem to expand the right hand side ol {4.19) and ignoring
the terms of order higher ﬂmn one, we have:

y =Yy +.'>_WL— ¥ 1-""».-’ll .+ (higher order terms)

1 m =] nj=q
Subtracting ¥, from both sides of this cquation, we have:

Y Y IYAEWk-y SVH40h)-  y

'Ilr| B il I_-i HoB n

i
—lWL y Tvu

=] A
by putting the wﬂum of Kiand I-Ii into this, t.qualinn we have:
¥ =Y h}_wr{x tch, v I-}:,,a K )-y hL"-.-’g_h tdho# + b Iy

,
| mo g |

¥ -y—thI{x H.h ¥ -rE& K)-vy hE‘-Ji.{:-. tdh,z +b H)

P 2 7 @ 2
Y, ¥ = EWflx +chy Ta K_J-;,-"'{-u}-'}z\fr.r[x tdhz + S H)
ii® i I'_ _u t n n = 1 " I n 1=] |
B

—TWﬁ[n +|.]1 v +E:I. h]|+}:"f’f{>. +dh, y. +_‘Lb H )

I_I n n |--!|| I

taking the limit of this as h—0, we have

i=| B

ﬁ,,{ -y} zwm y}rivu:x iy,)

—f{w: v}EWﬂ_?]

i g

hutEW+E,V W, + W, Vit
=] =]

adh ;. S F B R
But from (3.62). W, + VW, + V=1

Im }rﬂ':l"' =Hx-'.'|‘r1-|
I =l FI1 = it

Showing that the two stage method is consistent, According to Lambert
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CE263), A consistent one step method is convergent.  lenee, the new
sehemes s comvergent. o see this. we consider the convergence of the method

T T

44 THE CONVERGENCE PROPERTIES

Fhe numerical seheme (3.1 ror sulving Ovdinary DifTerential
Lquation ( 1.5) is said 1o he comvergent il the numerical approximation
Sttt s generated by it tends 1o (e exael selution yix op) @l
NN s the step sive ends 1o PO T

| hant s, Lim (vix ) A i

For analysis al the vemiereenee of the scheme, we consider the

Fodlowing relesanmt stndard Hieorems stated without proof.

THEQREM |

It Co o1 i beset ol real mumbers, i there exist, finile constants

Woamd S, sueh 1

f'“'.f Ik PR i My n-l wevsiaiianneees (4,20)

then ‘¢ - I o IO | J’f"."f wihere It < | m i p et SA4.21)

Leve, and T denone (e deseretivation and truncation Crrors gencrated
by (3.1 respeetin el

v adospting binonial Cxpistan i ignoring weems of order ) I1lj In equation
(3.2 and (4.3) . we i

b . SRR R N 6 D TR LT S VR R SRV S Y

Shaeher ternisg ¢ Vi oy wisizy W S g sy s amminsrsssii RRLED)

Where P, Toand powre comtinmoms Tunetions in 1he domain asx<h,

f}f‘ oS s b Detine as

b (X3t ki i }‘L h srersbis st i (4:23)
' [
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o (x 208 150 i E‘_l"n"ullll

B L b T G ST T essenis vl oak)
Where
ol vix )z hy = (1} '."“"*..i' ?':-_Fl‘r,,llrr (ST VTN S I (4:25)
From (4.2 cquation (3.1 vivlds
LI Rk g AR R T XX s rhigher terns) cesivvanf45216)

Subtracting 4,22y l'von L4 20) and using (4.1); We have

g, =2y I|]‘J’_,l NoMa 1h) Taxx by I|F:i}|i.~{_._1.'fh"j;f|] —,(x y_;h))

i ; RSP | 05 )
By mein vilue tieorem,
ot T 8 O O - v i, (v ) “EHT e e (IR
: I.;“'- ) b

- %’s_aﬁ,@x‘%‘%iﬂ + T
— ﬂin(j "f)ﬁ_é!éi'f'ﬂ}ﬂ;ﬁg> + #z;TW

taking absolute valtic on Toth sidds ol this. we obtain ihe mequality

L lfo : _-"Iu'!‘hl'_:!_y.':".'"]a}“J.J'I IIJI1"IlPJ[:'.1.".;"}—_"|'"j If.r"",‘lr ceensien(4.29)

1'|_'.,' ' :3}-

By Lipstich condition, we hive

melling o', ki o, [ we have

i 1%
e, fe s Ry R S T (4.30)
whery

k =/J"'|"|| amd | .
) (s

amd K anel | are the | sl constants for ooy amd
¥, Cov respectiy vly
Let T = Sup f”.---f e (4.31)
s Rk
SetinN=1 1k ... T e e s (32

te inequality 14 30y ecinnes
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'.l'ul,,.fz- !hr; (1 1 hNY TG MR R s 3T

From theorem L expression (4,33} becomes

J e 3 (I_rL_I_n_iﬂ PR IR e e (4.34)

By Pade™s approximation

(MY & e e T SRR | B0 1. |

alsey by cyuation (1 %),

I b-a ornh  hea

1"

thus,

(1 hNg™ T ik e meom e m s et s T T e e 7 5
therefore. ineyuality (4.30) wmodifics into:

fed = (el Iy 4@ )'rLlf s s (.38

hM

adopting mean value theorem on
T i . Vi) W Ol b we have
AL h'l‘l, % +0hsis 1on) L 0 P hIE:?r,tx"i'Elll.}fl[xhi Oh.
LR £

I1i"l' (N LTS iy, s HIL}H_H] FI (x4 Oh,y(x )

Tt vk 5 g s I'I|'|.f~|:-'."'[lll]i-l[‘tllh_-iﬂh.
MNP G At (X YN )) suwnsrvivins sis (8 )
(1 1 i

By taking equation (4 1] It consideration, and laking the absolute
vithue ol ¢4 3% )0 we obhiain
=M Ilf"l'rw, Uhi v It/ ' th (1K hhx’}'q_\;" Hih -}'f.‘iu]'l'mhz”
' Mj;'n;laf-rl-nnh’n. o o (4.40)
Where moamd J are (he partiol derivative vl and ', with respect to x
Setting €) J4m

And Y = Sup f}'lr.lef_.... GRASETDTTIPOrORRE R (" 3t § |
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L U e
T= h'IU| f_rlfﬂ' l-:zfl L1t
WO INA 6 1O
U= 0OINY 10 oo SRR A
Where f_". IH'.,!IH" ¥
Putting (4.42) into (4.38), we hive
Je./ = WONY QNe e 1y o g e,/
hiN

o F!‘.’J.Hﬁ' L)y ]U.ﬂ?‘ﬂ'”.']'l.:"""""fn:ull,f

f”--f- ROLENY 1)@ _ [N ] 4 uh‘lr--w"c.-f
[

T (R VNV ] g L R T 11
™

Assuming there is no error in the input data, that is ¢, =0, then taking

the limit as h=0, we thinin,

Lim e = Jim, [ ha(es -1 )Nveg)] C rbafof
.I‘.I‘J_i..':h.l" L £ |

11 ".y:lllI ‘(IILI'"f "

ol B

Which implies tha I|.|;n S 4 e TP e £ B 1 3|
= '

Fhat i, the comvergence ol the scheme (3.1 is cslablished.
e

I[m'i|ﬂ estublished the censisteney and vanvergence ol the scheme,

we now consider the stahilin Property ol the seheme,

4.5 STABILITY PROPERTIES OF THE SCHEMES

Stahility analvsis of the semisimplicit schemes is important since it

lorms the hasis Iy which suiability ol the sehieine is assessed, Here, Dalquist

(1963) stability sealar test fnitial value problem
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. s R N B R e e e e e U N

Becomes nn iimportant toel,

Consequently. scheme (31 was applicd (o the sealar initial value

problemd45)

|}

Uneler the assuniption thn

Reth ) 10 0k beinge o comples constant with negative real part)

This Teads te the tollowing sestem ol Tinear equalions:

Cl-dah, bk 110 e by

-I'.Ilml-;I - .'-'.Ih.l___,rl-'.J L3 “Lhy, oo (4.46)
L] ; J

CL AU R AT ST YT Sy O

putting these Tincar eqpations i matrix Torm: we have

P l=2ha ) b L 0 k,
| ?,||:|:I o e | R 1) k.
| +
\ Ahay, B T e S AT k

X = [} ] l" F

&

I compact Torm, cquation (4.47) becomes

i A e 1 1 1

Where

¥ .'u'_hj."iI.I.............--.-......-.I]'

And \

(i-Lha, )} -0 e 1) II'|
| -Lha, ( l"-"l“':*? v {
| : : I
| | i |
|
| | | 1 ||

o =Lha, “bha | e o o Ly r—.i'.Im”L/:'f_.-......H.-i':l'}

47



Assuming 1 s invertible, then

L >y
therelore, |k,
3 H-:"v.:i}.q.'u_\l_

where of = 3l

M -H‘u[!!lutu_

Where

A = o) L = Hhr .
I (h ) i el

g=41, | Ly

il

tf < A

2= I

And e being r s unit matrix

PP | £5.7 ;1
s oblained Trom 44 .50) s

e ST

- (4.52)

censnzalh.33)

Putting (4.51) and (4,529 into (A1) we obtain g

differene eyuation] lirst arder ditference uuju;nim\:'}ui'l[m form.

SRR

Yo = Uiags B=kh
Where

L) R AVE B T

| VI vy e :

15 the so called stability funetion

G (I rmh"{!-u.-u'u) v
2 bV (gt 470
Where

W= (wLow,

AR

q i

e W _J
5N

L1455

qwsraiavisiss (4, 50)
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Fhe pavimeters a o booeod 0Woand Vi the seheme (3.1) aré chosen
tor cnsure that THee s o Pade s approsimation 6o ¢ For better understanding

ol the Pade’s approsimation, the Following defmitions are stated:

DEFINITION |

Let Q4x) denote o polynomial ol degree ringt specified as
, -
]

Jiee) I A T I u‘.- I o [l [T

2ol 2ride-1)020 Ze(2e-1)  Arh )Y (BT

Plog e 14 e + mpe-1y of 4 6ecl) ol 1
el Zel2e=1 02 Fri2e=l) (s+1 )
el ﬁ—-——-;h
-
I otee) (S RET T - s ..............{.gl'{-...l'*,ﬁﬂ}l"
: L I Yl
I' (2} i'.‘ &
N
Where 1\\- ‘1;:_,__3-‘

1" tet) denote o polvnomial of degrecs.
Phen we say that B (s3) s an (rs) Pade’s approximation ol orderr+s5,
UTRRT T A
£l L i\'\l i
K iy o HT TRy S A . B——T e
Which van be achicved by expressing ¢ as a power series in o and
yuating e voellicient of (. @ = 101} 1 4% in equation
I.\‘

T THLLTS T T e 7=ty

1
5
7] 1) It

to detine uniguely the coelficient o s, b s appearing in R (ex)

DEFINITHON 2

Phe seheme (3.1 ) is sard to beabsolutely stable at point (o, U (o) in
the comples plane of the stabality function (4,56 sutislics

SRET Y e e U L e SR A o S Pty S e Erge (. £ (b o)
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Phe corresponding region R ol absolyre stability of the scheme s
then defined as:

1 occMNee) = 0y T TGO R SRR, | 2 o7

DEFINITION 3
Phe integration suhieme (3.0) is siid to he A < stable if the Region of
whsolutely stability specilicd in (41.62) include the entire lelt half ol the
complex plane denoted i
A | ex:aliC mnd ety - U s ST TP P CPI ORI (I % |
Ihis A-stability property is one of the desirable properties Tor any
mumerical scheme as postulaged by ralguist ( 1963) lor sedving initial value

prodiems that are sUITEordinary dilTerential S THETTTES

[
As carbier-mentioned. 1o relute Pade's approximation to ¢ with
definitions stated above whicl apparently highlight the adequacy of Pade’s
i
dpproxunation to e in vestigating the stability propertics ol the numerical

sehemes, the [ollowing theorems and delinitions are considered,

DEFINITION 4
APde™s approximation o ¢ is s o hye:
CH) A aceeptable i JR Mo L where Reriey = 0
(20 A(D) aceeptahle LR () <) whenéver e is real and negative
(3) L = aceeptable il itis A teeeptable and in addition satisfies
R, = (L)) tends o rero as
Reto) tends 1o -
Birkoff and Virga (1963 wirve Turther theorems on R .(c)as
fa) 1Fy =% R, (1) is A peceptable
(h) IFr=stlor r=g512, LS EVENT L-aceeptable
Fineer amd Willoughby { 1967 ) considered stages one and two of Pade's

IpProsimation oy ¢
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L T LY Y iid=Dw
| <351 ¥y G T e vey ssevsisanaingipasss L, 08)
il
R (it 1B b ba by ek Vi) ('
b= Vel ey e L (B0, e (4.65)

with e fodlowing conditions:
{1y Bloy)is A deceptable iFand only iy =0
L acceptable il and (LR AU S I |
(i Ry ey [Lyig A aveeptabledaland only ifa = 1= 0.
Any method whose stabibiny function satislics Pade approzimation conditions,
el s Astcveptable is alsohaely stable,
With the above detinitions and theorems. we shall now analyze the

stability propertics ol the by ol one-stage and two stage schemes

i (313) amd (2-4%F)

1501 ONESTAGE SCHEMES

For resull-oriented analvsis (1 he stability properties, the definitions

and theorems stated ahove are selopted for the gencral one slage scheme,

Vo o et i
R R P 1 . -
Where
K, =l L P CE
iy = hets td b » thy 1)

,.-I[i..' Z ""n:”x.,':"l.,:'

By applying (4.6%) to the stability test equation (4.55), we oblain the
recurrent relalion.

N (E‘W Lat -, o) )m ehe v ensenseis QBT
-V il -|1|_ .'r_:l'

For the approxination t the sulution i far its convergence, we consider

the Tunetion

3l



) = VO Bl ) i e B

-V, afl b, o) !

L1 |
Which can be shown to satisty Pade s approximation o o . Lhat is,
Utes) can be expressed in the Torm

q

IRV 3 ’I (i) IR s e e i e e Ol 6
i

For example, the associated stapility function u(e) in (4.56) 15

Ulee) = 1+ e e TR OO | Y :

= S e

Which is (1.1) Pade’s approximation 1o ¢ { see cquation (4.59) of
delinition 1)
Stee Uie) = 1+a+vats o Ve S O LRSS ¢ o |

The stability Tunetion (4.70) satislics (4.58) with (- =, 0) as the
corresponding interval of absolute stability, This implics that the schemes
are = stable (in lne with definition 3)

Fhis propeny stimuliates the use ol the schemes to solve Ordinary
ifferential . Pguations winly Derivative Discontinuities and StilT ODES.
Alsvcaceording to Hinges and Willoughhy | P70} one stage Tamily of semi-
implicit Rationgl Runge-Kutta Schemes as developed in (3.45) to {3.48)
dre A - acceplable sinee

/R 57 £ 0 L S Y | Sk i

With Rete) = 0 and A aceeplable since i1 suatisfies (4.71) with

wgalive real o,

Ly Sl TWOSTAGE SCHEMES

Fhe two stage seheme is ol the F'orm
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¥ar AUERENWCR: sl e WEER)
M LTV )
Whery
k| WX, v by a ko v k)
k. UL SRS Gt | T T T L B
0, =hutx, bl 70 b, 18 W11
L, hgex tebh, # LETLR AR T B L — SRS | 5 |

Applving this Tormulin v the stabuliny test equation (4.55) we obtain a

sestem ol Tinear eguations for ks that can be sweitten i the matids form

(! A i (i;l =kl (I ){4?5]
|l -4, Lh |—.'f,||.11_._.f' L.- "

that can be reawritten in coppitel Form

s =Y “Sresiane e ns ey s v s sl P D)
Where
D=y ama, 0 )

I( Lhag I-tha, LS TT
and W Miv | 1P PRI ORRI | %/ . )

Fouation (4. 78) can be written s

B N S LU i o s e TR

PFAhe inverse of 13, that is, 1y Uxisl,

kocan be abtained Ceom (4,700 i

k=uw1l AREYIER. o mmmiisinmisss PSS PRI SRR (. G111
Sty 11 and . vields

=l s B! e, TSRO 51| |

= ¢|1|;'}u = ih

A=da ) B=(b) Ly = 112

Phe Fappearing in (1800 is a 02520 unit mateis,

Putting (4. 78) anel (4.79) o (4 T3 we obtain
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I
b P AW e
ol RN | y o A W L e R e e s & I'.I:I

F— %Y by’ g ¥ | (4.82)

Which is o ditference cotation with stahiliny  Jectsr fﬂﬂttﬂ‘l

RIFN FE Wl - gy i

F=aVT (1 6 S RS

Where
Wi 1 ome
Aol w1 [ Y

i

This can be shown o sulisty o 2 by 2 p

T
- Vade’s approximation to ¢
sinee il can be expressed as

H{ (@) = 1+ w+Yeur’ + Ve w5704 o' 4 0f ) (i}, 84)
.‘jf‘:

Fhis scheme is A stable with (- o, ) as corresponding interval of

ahsolute stability, since it satistios

:.!:—I::IJ" XITH.H')"I < f

..(4.85)

Phe sehieme is also A deceptable sipee

PR 0OS < 1

cer e (4 R0)
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CHAPTER FIVE

COMPUTER IMPLEMENTATION AND NUMERICAL RESULTS
1 is impoctant (o translate the new numenical seheme (3, 1) indo computer codes
si % W beable o demonsteate its apphicability omd sutability Tor solving problems of

our iferest (inibial value problem ol iype (1, 17)

There are several compurter progrsoming langwsees such as FORTRAN, BASIC,
ASCAL tat are suitable forimplementation of computational formulae, however, in
this work, we consider the use ol the Forlan progranmming longunge as the mode of
implementation of vur scheme. becanse its implementation invelves the lollowing

sirvctore et mmkes 0 comvenient 1o gse:

¥ Re-writing of the scheme inan algorithmic fonn,

i, Leanslating the algorithm into a computer ow chart,

e Conversion of How chart into computer code.

. Tmplementation of the code with simple problems on a digital
compuler,

v Ihseussion the results,

51 COMPUTER ALGORITHM.
Analgorithm oo problem can be defined as a sel ol steps taken lowards obtaining
e selution ol the given problem.

b thais section. we develop the Numerical Algorithin for implementing the semi-
implicit, Rational Runge-Kuotta methods described in chapter three and adopt the ereror
estimation technigues discussed in chiapter four, using the approviate step size conlrol
IMCHSIres,

e algorithm is
olep 12 Dechvation of variables,
Slep 2: Detine Tunction 0 x.v) exact
Slep 30 Selectinput values x|, x Y, h. wl.

Step 4. Initialise variables by seiting
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b= 0 {eomiey )

W= -.,;_
L1}
oy
i
I =h
il
Al 5 Compute the appropriate values ol vix)

fori=0to N

Gkt =% CIMZITAES * 1)
Ciktiy :-I FAO2TEIISTREAY
RR(x. )= L AERERETAEN

Cikix)
Giktx) =1 FGikdx))
[-ill.-:.:Tx,J'

Rk, (x )= Rk,x )= Ghalx,)

G Rotx,)
i B 5 {.‘".Hlj FRE(x 1)
X, =XALI*

n, =050

Step
Lstimiate the values ol absolule erior,
Setls ARSIy =Y )
istimiante: thae local truncation crrorq. T 1)
using subroutine ADAPT (3. b.tol, he, 1.y,
Sl Y = }'HI . Fhiix.y)
1), = Abs (i * ¥}
Call INPRRE (x .3, I, tol. )

mel h_, =Ly %,
Call IMPREK ix . vahwly )

Setx, =x +h

Call IMPRRE fx, ¥ +h, ol y )
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SethAE (2" (e -y
D =Abs iy, - v.)
bl ¢ R
While (D, ~ 1))
thenseth, < sl
Flse
seth  —h xil, 18
S 7

whiletl,, I, 1= 1oy

Fhen Beturn the results

0 9T

Slep B

Adiustthe step sice amd replie h, by,

=l
ard repeat step oand 7
Shep U:
Clutput the results
Step 1t

SOPPIIL crilerion

whiletx, - & ) Then set
'|." LN {
I'|Il _Hr |
=
n-ntl

amd repeat step ® - 10
ke
sep L

e,

a7



PROGRAM FLOW CHART

A computer Mow chart is the represcibition ol the alogrethin or e plan ol solution
e iven problein i foen ol disgrm. Tt is e hasis b which the process ol solution,
e relevant opermtions 1 he prerlormed. e compuatim, the proint of decision and
other nformation st the point ol the solution are indicated,

Asaresull ol its documenting lemtyres, T chart are ol stgnilicant interest, 1l
ocenstructed by using seleated ceometiicnl symbals such as syuares, recltingles,
drsonds shape or circles, Facl of the brvmetrival svinbols used represent some
autivaties which could e inpu rm||mrn['d.-u;t.l:|ki|u_-utlm.-i.-c'mu,lmnin:ulinglhupmr:ﬁis
ol solution and soon

Phe direction of flos in the char is indicated b the juining of the symbols by
thirceted lines seament called arrow. | e e, Belony shonws the (Tow ehart of the above

mmerical aleoritium for Bnplemictation ol onr method.
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FLOW CHART OF THE IMPLEMENTATION.

[DECLARATION O] VARIABLES |

R

(NPT VARIAT 155

L]

(DTN T INCTION]

Le—<—

N LA ISATION OF VARIABLIS]

SOTVIRS] —_— -
e T
R LS TIMATON] A

N}

_...-

WOCAL R

TLI "H]I -

= ADJUSTTTIE

STEP 8171 ,L
,L VIS
[WRITE OUT T RE SULTS ]

P S

| it REPEAT THE
1 PROCESS
i

W

i, 5.1
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5.3 PROGRAMMING INPLEMENTATIONN

I i section. comsider, the computer poplementtion of the above alogrithm,
I he method adopted is that of variable step sive lised order, The progrom comprises
three modules called FUNCS, SINIPRREEK and ATIADTT respectively.

PG - Subyoutieg thit eoaluate Tunctions Camd ¢

SINIPRER - M sels orsd Sewir-tmphicit Rational Runge-Kutlia)

ADART < Pstimates the desortizaton ermy

| b prreseram <tarts b deckring the salues of viriables in double precision mode
e otder 1o eediee ronmd ol b ereon Strer thiv the proeem ehooses imnitial estimate [or
U vairiabbes o funetion SO (s delined is o lunction sub-program (o) cveluates
TR Emd H-b"a"i}

Bt s the adoption ol the selver called IMPRIEK which call on subroutine
FETRC to supply the slopes ol the inteeral curve ol the solution. On the reccipt of the
cehimmiles, INPRREK sonerites the approsmales solution y | Lo y{x) al x ‘ﬂnd call on

e
ATIAPT to estimate the vidoes of the error L TE ) assoctiated with the compulation so
s o choose the new step size which will increase the rale of convergence.

O the recerpt of the error estimate from the subrotine ADAPT, IMPRRK then
test for the convergenee of the sohntion by comparing the magnitude of the crror with
llemwinble wrvor telernnee, Asston as e condition 11T < Tol is mel, the program
wlbash s hethor e wipper point has beenoreached, 10 ves, i will ontpen resull. Othewnwise
IMIPRER sl coo the pest step o seperate the nest round of approximation to the
sohution This process is repeated and comtinued wntil the upper end point is reached,

wWohen e prowsim reached the end peint iy it will stop the alore metioned process.

&

S NUMERICALCOMPUTATIONS AND RESULTS,

T demorsteane the applicabilite and suitability of the mcthod for solving
deflerertipd cyuation with devividive discontinnitics some sample problems were
comsidereds These somple problems swere solved sith the new seheme and the results
are shovo in tabdes 1= o0 b noorder togisses the perlromance of our scheme, the result

el seheme was conpared withe the result obtianed with the other existing method,
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that i the moditicd Faler seheme of e same order . amd the resalt are ag shown on

e 71,

PROBLEM T

We eompsider the initial value problem

¥ =RV Nty =]

Whose theoretical solution

vx)=N2- N .

s lvich 4o Ganily of circle centre (00 The dilferentiol couation is with derivative
discontinanitics al (<2 .11

| his proshlem s solved mamencal wsing the one-skage Formilar aﬂrb- the result

i s shown i dable 1Tk Same problem was solved using two stage scheme (3.68) and

the resull 15 as showa i Labhle d,

PROBEEAT 2:
Animitial vadue problem:
-\'I — :"Il.':o.; xrl = | :l‘.'ll = ..I

Whose theoretical solution is
R
The equation has derivative discontinuity atx = 0. 1t was solved with the one
stage lomular (3.43) The result is as shown in the table 2. The same problem was

solved vsing two stage Tormula { 3.68) and the result is as shown in table 5.

Profdem 3:

Anantial vadue problem

|
=% 5

e .= -1
Whose theoretical solution is
y= Inx
Phe differential coguation was considered, derivative discontinuitics at x =10
The mumerieal sohtion ol this problem iz shown in table 3 and 6 for the one
stinge and two-stpe sehieme respectively
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55 HIH['UH-.‘H{.I'N“l"I""fUMEHIf'.-"l.l.ﬂl-',H[fI.'I".‘-n
From the resolts of solutions to problems | 3 gs displayed in tables 1,234, 5
el 6, 1 wars ohserved that (e thscretisation error obtained from the solution are
sulliciently small, showing tha (e sthumes were aceurate, stable and convergent,
Comsialering tables fa | ob, where vwesulis vhtained from our method was
cimipared against modificd Foler method of the sime order: 1 ean be seen that it

cempared Bvourabily well with the spid existing methid of solition,
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Result of One stope Scheme Tor probles
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Talole 2

Resolt of one Stage Scheme for problem 2
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Talle 3

Result of One stape Scheme for problem 3
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Kesult of Two stage Scheme for problem |
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Talille 5

Result of Two stage Scheme for problem 2
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Talle 6

Result of Two stage Scheme Tor problem 3

Slesh Siee OO 0D

HII
MMM 2 048]
R B RRAT

L ORHICHET 3 L]

L ALEHICHI LT
RN SRR
M B RLTEIR T BARN|
R R RN
R T T RERNS
N TR TR R |
PO Y 1 (]
el RIS AR TR
20000 Y 11
200000083001
R ERE Y
MR 0]
RV IV B R
SOOI £ 1
A TUEHIOEHIT Y441
Rt DU TR TT
el A L UL B ER AT
et LR T BRI
LTI R RG]
LB L B BT
29000000 31 01

RRUS LTS RET Y

YK ALY
BT AR
RILEERAR RERIY]

FIR2322M Y00
[ T EH LB RN
(RRIE PRI
HEGS01 N
1470004012101
1 33062R01 1
ARETTRTOIN O]
LA TRSADE 110
AOUAEATOR 0]
ATAIRITHI )
JTREASTONM
RERRUTUTSRTY
TRZS 0000 1y
a2
JA9I55 110001
A5 0]
20200 0y
ANGATIINND
2088612000001
A13FA02 000
21635100010
ArIer2onn

DRSO

Yy
ERORRIO 3o O
1JHLJ_H'}*JFI:II}=1HI
DTRG0
R IR IR TR ER{TH
JERETIHITI A
MATHGOU 00
el TR LT R
272011000
SESOEI I 10
Bodd7us0 o0
AL TR0 00
AIROGE2O 1)
TOLRSTO0 0
SBAGSR90) 1
TADTTE I
iR R TR IS
OG22 73930000
2336700000
STREL0 00
S200 RO 1)
ARSI 00
AUURRTS00 100
SH3328001 g
1R 33070 100

= EER 2550 -0

FEL O

ACOOUOOOE 10
ST ()
2GR TOEA-MH)
26063301400
RCh R E 2 [H B ER T
AGTHOR T
SARIII 000
265 1O )
02697501400
STTVIZ0D 00
AE0963 1004 00
N2IRT2200400
AMARIEO 00
AUG92500034H0 ]
A TA255100401
121687500+ 01
292771200401
A3T0R1 500401
A2 1TTOD00
JA3X3F772003 1000
A629526000401
ATI0ST50D4010
ARAGRIBODAO]
RSO0 D400
226535800401

6§



THE RESULTS OF THE COMPARISION OF THE NEW SCHEME WITH MODIFIED EULER'S METHOD
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CHAP TENR Sk

GENERAL CONCLUSION
Gl GUMMARY

T s pragect, swe love deveh IIH.‘IL| A ks ol seork-nophicit Ratiomsd Runge-
Foomtormnethoed bow sasbvmags ondian s differentid copratones woldenvatives discontinuitics.

s mmotivateed by Basteonal Fane - Tt Schense propeeed by Dlong Yoan Fu
CER T b vaniery ol apphcaton arcas ooy ditleeentiol caguations and tle e
borcater bon the deliciencics idemtalied b adoption el e existiog methods of solving
thes class ol difrerentiol couations

FPhae mcthod wis derived osig posser sderies expansion technigue, analysed,
ot s and noplonented s sople problens onmiere cormpuier, T he resulis
shevord thal the schees as absoluely stabdes conversent, ehicient aml eflcetive towards

solv g oy diflerential eguations with denvative discomtinuitics,

B2 LIMITATIONS
Fhue fon thiee Bt thaat, i thie deselapinent ol the scheme, we advpted the power
et b don aned Brenvil pesponston, i is, subgect o Pt do paainl covor amd possible

Ceron Pt ok Bosides trese, othier Bomlations to e seork s s Fistead Dl

1 Uhwere s shibicndey an thie selecion ol stivnting steprsize Cthat s, the step
s it sl e er st e poinis ol discontiminies in the probleo that
will alatee the restoetion by aceoraey inthe neighbourhood of
dscontinmitics ainl
I Slep stae pestiction dictted by dalliny,
b3 RECOMMENDATION X

Povied om the alonenentioned Timittions. i I need o adopt some strategies

il cim be the Dnisis lon Fiding aippropniine abince between (e slep siee (h), the

e ol securacy mnd stability of the etk i order 10 aclieve o belier, accurate,

clhbenenl simd e Pl Lo o se b
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s strategy mehides the chivice ol step sizc (i such il
h =

¥ Ll e )
s will civiee that the point ol discontinuities cin be stiepped over.

U e o donbile precision aothemctic ominise e elfeets ol comd olF error,

6.4 CONTRIBUTION TO KNOWLEDGLE

e iy seheme will Bead tooa better general puorpose computer alogeithim lor
salvtion ol ditterentinl eyuations ol electrical netwarks. control problems and National
vermonry allected by mdlamon feome wloeh diflerential coquations with derivative
discomtinuitics arise. Dy s stabiliny properties, the schemes will be capable ol salving

s sl nliil'n_-:q_ill:l.llu}' il berentin cijialions s wll.
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