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ABSTRACT

This work proposes numerical method for solving directly general third order
ordinary differential equations by collocation at the grid points x = x 4 = of [}k and at
an off grid point x = x ., and interpolation of the approximate solution at the grid points
X=X pis 1 = o0(1} k = 1. k iz the step-number of the method, u is an arbitrary rational
number in (X, X).A predictor of order 2k-1 is also proposed to cater for v« in the
main method. Taylor seried expansion is employed for the calculation of vy, Yaez and
Yu+us 80d their higher derivatives. Evaluation of the resulting method at x = x. for any
value of u in the specified open interval yields a particular discrete scheme as a special
case of the method. At u=3/2 the interval of absolute stability of the resulting discrete
method is located at the origin which makes it to be of little or no practical applications,
Finally the efficiency of the method is tested on some general initial value problems of

third order ordinary differential equations.
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CHAPTER ONE

INTRODUCTION
1.1 FROBLEM

The Mathematical formulation of most problems in science, engineering and
management involves rate of change with respect to one or more independent
variables. In every area of life, it is esscntial and necessary W develop a mathemetical
maodel to represent problems. The models that involve the research for an unknown
function which satisfics an equation in which the rate of change of the unknown
functions plays a dominant role are called differential equations. Depending on the
number of independent variables, differential equations can be categorized into two
forms; ordinary and partial differential equations. If there is only one independent
variable, the rate of change is known as derivative. In other word, any equation which
connects the derivatives of a differetiable function of one independent variable with

respect to itself is called ordinary differential equations. The general form of ordinary

differential equation is

j(x, y,y',y",.........,.,y"]={].........“....,.w..m.{l.l)

where x is the independent variable, v 15 the dependent variable and n is the order of
the derivatives. If more than ome independent variables exist, the equation will be

called partial differential equation in the form;

ad | bag _
E‘*‘%F“

+lililllll'rlilli-l‘lillllllll-l'!lrlll'rll'rllllJ.l.z
We note that, to obtain a solution to ( 1.1 ), n additional conditions will be required,

which are called initial or boundary - conditions. If such information 1s provided at



same values of the independent variables, we have the initial — value problem, for

example

f(x,y,y’,y”,,......+...,y")=ﬂ,y‘ (x,)= ni= ODr—1..civimivinins (1.3)

If such information is provided at different values of the independent variable, we

have a boundary value .pmhlu:m (BVP), for instance,

_p'=f{x‘y1_v':|',y{a}=:r,}-[b}=,ﬂ. ...................................... (1.4)
i8 & two — point boundary value problem.

System of initial value problems in ordinary differential equation also exist
especially in stiff problems. A problem is stff if its eigen values A are widely
seperated and non stiff otherwise. Stiffiness, as it is used in this context is a concept
describing the nature of certain subsets of ordinary differential equations whose
solution contain components with fast and slow responses. The fast responding

components are called transients while the slow responding components are generally

smooth and steady. For example

y= A= e LLS)
The order of ordinary differential equations is the order of the highest derivatives

that appears in the equation and its degree is the power to which the highest denvative

o

is raised.

If no product of the dependent variable y{x) with itself or any of the devariative
ocecur, then the equation is linear, otherwise, it is non — linear for example, ' + y =0
i5 linear equation, whereas

3:{1_,1= {} 1= non — linear.



1.2 METHODS OF SOLUTION

The fact that the propose schemes are based on linear multi — step method, it is
necessary 1o discuss some of these techniques, particularly, the collocation hybrid
method for the solution of imitial value problems of ordinary differential equations.
Linear multi — step method of step number k i3 a computational method for
determining the sequence [y,}of approximate solution which takes the form of a
linear relationship between y,jand f, .;j=0l.. .k

In general, linear multi — step method of step number k for third order initial

value problems may thus be written in the form;

k& &
Zq'-}.rl'l‘*; = Ezﬁa_ﬂﬁhl 1111111 fkmmpiEaemrrs T rTREE R R {] _6}
J= i=i

Where o and [; are constants and oy # (1, but assumed as , =1, y,; 15 an approximate
to the theoretical solution y(x.4;). if fi = 0, method {1.6) is explicit and implicit if [l #
0.

Hybrid methods are modified linear multi — step formulae which incorporate a
function evaluation at an off-step point, They are among highly accurate numerical
methods for solution of ordinary differential equations (ODEs). A k-step hybrid
formula for third order ODEs is defined as

& &
&Fﬂf =H[Egjfn+j +MH] ............................. . HET)
i=0 J=0
where ay = +1, ap and By are not both zero, ug {0,1,........, k}. In order to implement

such a formula, even when it is explicit (that is, iy = 0), predictor to estimate ¥, s

¥neu 8r¢ necessary. Examples of hybrid linear multi-step methods are as follows,

(1)  Gragg and Stetter’s formula (Lambert, page 174)

Vo= Yo = ?E[JT.H + [ +4f., H}_ ......................................... (1.8)



(ii)  Butcher's formula (lamberr, page 167)

Paa =K% =3 =Wl 1 S Y= f 454 ) o 19)

where collocations at off grid points yeild the function .7 in (1.8) and (1.9)
respectively.

1.3 ORDER OF ACCURACY AND ERROR CONSTANT

The order of a linear-multistep method may be found by the use of Taylor

expansion of the difference equation,

i k
;‘Hw =K ;Effmj BB i s S (1.10)

and the associated linear difference operator L defined as

k
d}‘ia.: : f’] =Y arx, + i) -i By (x, + i~ B (x,+uh) (11
Where }r{x}‘rijan arbitrarry function which is continously differentiable on the interval
[a,b], Expanding the test functioin y(x+ih) and deriavative y'"'(x, + jh) and y'"'(x, +
uh) by Taylor series about x, ., and collecting terms in equal powers of i in (1.11})
gives
Lf_vh_:, : Ir] = Wy + B ) e ) [ 112)

Where the C,,;| are constants.

DEFINITION 1.1

The difference operator (1.11) and its associaled linear multi — step method are
said to be of order P ifin (1.12)

Co=C,=C, =uu.=Cp=0,C,,, »0 where

Co=ayt+a, o+t



23, (see lambers, 1973, page 23)

1.4 STABILITY AND CONSISTENCY

DEFINITION 1.2

A linear multi—siep method (1.7) 15 said to be zero — stable, if no root of the first
characteristic polynomial P{r) has modulus greater than one and if every root of
modulus one has multiplicity not greater than three.

DEFINITION 1.3

A linear multi-step method is said to be absolutely table for a given &, if for

that# , all the roots (r,) of nl[r,H}= plr)=her(r)=0, where h=h'2 ..o (1L14)

[ H{r.ﬁ:l] is the characteristic polynomial] satisfy 'rp< 1, 8= 12,000 000 . k, and to be
absolutely unstable for that & otherwise.

DEFINITION 1.4

An interval [o,3] of the real line is said 1o be an interval of absolute stability if

the method (1.7) is absolutely stable for all & &[a, 8].

DEFINITION 1.5

A numerical method (1.7) is said 10 be A — stable, if its region of absolute

stability contains the whole of the left hand half plane Re (#'4" )=0, of the complex

plane,



DEFINITION 1.6

A linear multi-step (1.7) is said to be P — stable, if its region of absolute
stabilility contains the whole of the right hand half plane. Re(i'1' ) =0, of the
complex plane.

The concept of consistency of LMM is very important in the sense that, il
controls the magnitude of local truncation error(l.t.e) (Fatunla 1988 page 113).

DEFINITION 1.7

The linear multi-step method (1.7} 15 said to be consistent if it has order at least
one and that the first and second characteristics polynomials fulfil the conditions
pll)=p'(r)=0 and p"(r)=3alr), forr=1
1.5 SYMMETRIC PROPERTY

DEFINITION 1.8

A linear multi — step method (1.6) 15 symmetric if

.o CONVERGENCE OF THE LMM

A theorem which guarrantees the convergence of LMM is reproduced below

without proof.

THEOREM (Henrici (1962))

The necessary and sufficient conditions for a linear multistep method to be
convergent is for it to be consistent and zero stable.
1.7  HYBRID PREDICTOR

Before any of the hybrid formulac can be implemented, the value of i, must

be computed and may be obtained by the use of special predictor of the form.,



-] g1
Veut 2BV =hY Bfo (1.15)
=l

j=0
The order, error constant, stability and consistency properties associated with

LMM and hybrid methods are also applicable to the predictor,

1.8 ERRORS OF NUMERICAL APPROXIMATION TECHNIQUES.
A noticeable characteristic of numerical schemes is that errors are generated
when they are adopted for aproximation of solution of ordinary differential equations.
The degree of accuracy of the schemes is determined by the magnitude of
errors mnvolved in the schemes, If the magnitude strictly tends to zero, we say, the
scheme is convergent and accurate. Otherwise, it is non convergent and inaccurate.
Errors of oumerical approximation techmiques for ordinary  differential
equations arise from different causes, which can be classihied as follows: truncation
errors, round off errors, inherent errors and discretization errors { lambert{ 1973)).
(i) TRUNCATION ERRORS
Truncation errors are errors introduced as a result of ignoring some of the higher terms

of the power series (e.g. in Taylor series expansion) during the development of the

scheme.

Mathematically, truncation errors are defined as the amount by which the
solution of the differential equation fails to satisfy the difference equation. That is, the

truncation error of (1.6) or (1.7) can be defined as

.]'{x.lrli_}_.}lnd :Cpﬂ; .1_]{:} +dhm1}n.....“.].ﬁ}



{ lambert, 1973, page 28) where P is the order of the method, ¢, 15 the error constant
and ::11+|h‘"' ¥ o 15 the truncation error,

The effect of the truncation error may be reduced by making the step size h as
small as possible.

(if) ROUND-OFF ERRORS

Round-off errors are errors introduced as a result of the computing devices. This is

represented mathmatically as

where v, 15 the expected solution of the differences equation (1.7), pney is computer
output.

Storage and manipulation of numbers may lead to accumulation of these errors
(round off errors). The effects of round off error could cause loss of accuracy, which
may be disastrons. We can control these effects by emploving double precision
Arithemtic, if the numerical solution of the scheme involves iteration process.

(iii). INHERENT ERRORS.

Inherent errors are errors associated with the differential equation in the course
of the model development. They are not easily traceable but they can be avoided if
properly and envisaged earlier in the course of pumerical schemes derivation and
implementation.

{iv). DISCRETIZATION ERRORS.
Discretization errors are errors introduced as a result of transforming

differential equations into difference equations,



Mathematically, the discretization error e, associated with the formula (1.7) 1s

the difference between the exact solution ¥, and the numerical solution ¥,

generated by (1.7) at point x4+, that is

g Yo e R R

1.9. EVALUATION OF METHOD.

(i)

(i)

(iii)

Evaluation of method can be divided into three classes; Reliability (accuracy),

efficiency and convenience (Gear 1971).

RELIABILITY: The large number of different ways in which a user might
interprete the accuracy of a method is refered to as local or Global, Relative or
absolute and so on. But as long as a method is stable, its reliability in so far as
accuracy is concerned depends almost entirely on how well it can estimate its
local error,

EFFICIENCY': the efficient of a method is the course of solving the problem,
or at least of solving some representative subset of the problems. Thus a
method may be accurate but not efficient due to varivos invelvement in the
computation. The Runge Kutia method that can handle eguation when
discountiunity occurs involves & considerable number of funclion evaluation
per iteration. It probably involves work {o converge lo solution and it is
therefore, not efficient.

CONYENIENCE: This reveals the availability of suitable option about the
ease with which they can be used and aboul the appropriateness of the
documentation, A Runge kutta method with a fixed step size is one of the most

convinient methods, but when the problem is linear and stiff with small step



size then the traperoidal rule can be effective. Thus, convenience must be
added to other measures of evaluation (Gladwell, 1980).

1.10 MOTIVATION

The commonest method for solving an initial value problem of the form

V' :jfx.y,y',........}f"'r}l,_sqﬂ] =_1'¢[,+.}ff|:ﬂ] =y 0= 1“],,.,_ ................ (1.19)

as observed in literature is by reducing it into a system of first order equation. This
approach iz burdensome especially, when we consider time and cost implication
involved as discussed in Awoyem (1999.2001).
In this work, hybrid metheds of high order which are consistent and zero stable
are proposed. The discrete Schemes ansing from this method for u =1/2, 3/2.and 52
are of order seven, six and six respectively. A predictor of order five which s p —
stable i3 also proposed to calculate y,. in the main method. By p — stability, we mean
the interval of absolute stability is infinite to the right of the x-axis, that 15 (=) for
details Fatunla (1988) and Awoyemi (2003). The time and cost of implementing the
schemes will be highly minimised, since, the burden mentioned above are taking care
of. The resulting algorithm is straight forward and could be easily put into a shon
program for the test problems of general third order ordinary differential equations,
1.11 AIMS AND OBJECTIVES .
The purpose of this study is to:
(i)  Develop hybrid collocation methods of high order for solving directly general
third order initial value problems without reducing them to a system of first
order equations. When the method is evaluated at x = x4y foru= }fz, '.-'2 and 5:‘;,

schemes of order 7,6 and 6 are obtained as special cases of the method.



(i1}  develop a predictor for calculating y,«
(iti) analyse the scheme with respect to zero stability, consistency, order, error
constant, convergence and interval of absolute stability.
{iv) develop a computer program and apply the methed to solve some numencal
examples.
1.12 RESEARCH METHODOLOGY
To achieve the above objectives, we shall apply collocation and interpolation
technique to generate our schemes {Chap. 3)
Numerical examples on third order problems are considered to test the
efficiency of the schemes.
1.13 ORGANIZATION OF WORK
The remaining part of the thesis will be organised as described below.
In chapter two, we will discuss the literature reviewed of the method,
Chapter three deals with the development of the proposed schemes and s
predictors. Also, their first and second derivatives.
Chapter four discusses the analysis of the methods with respect to order, error
constant, consistency, zero stability, and interval of absolute stability and P-stahility of
the methods, Numerical computation, results and comparison of the results of the

schemes with other schemes are also stated.

Finally, chapter five deals with the discussion of the results, conclusion and

recommendation.

11



CHAPTER TWO

LITERATURE REVIEW.

The mathematical formulation of physical phenomenena in sciences, engineering,
control theory and management often leads to an initial value problem of the form
(1.19). It has been well known in literature that, analytic solution to such problem is
of less value since a large number of the problems could not be solved by analytic
approach. Thus, we have to resort to numerical methods of solution.

There have been methods used in solving (1.19). the commeonest of which,
according to Awoyemi (2000,2001), being reduction of the problems into first order
systern and then adopt any appropriate numerical method for first order equations to
solve the system. Some of the disadvantages of this approach according to Awoyemi
(2000,2001) are the lengthy and complicated computer programme  requirement Lo
test the accuracy of such method. As a result, computer time is wasted and cost
implication is high,

Eminent scholars have altempted 1o solve the problem (1.19) directly without
reduction to first order system of equation, Brown (1974,1977), lambert (1973),
Enright (1974), Wanner etal (1978), Twizell and Khalig (1981, 1984) proposed
independently a method called multi — derivative meghod to solve second order initial
value problems. Bun and Vasil'yev (1990) proposed a numerical method, that does
not require that the equation be reduced to a system of first — order equation, which is
based on polynomial interpolation with multiple nodes for solving a system of non—
linear differention equations with higher — order derivatives. Awoyemi

(1996,1999.2000,2001,2002,2003) used multi - derivative collocation approach to



solve directly higher order initial value problems of ordinary differential equations of
the type (1.19) for n=2,3 and 4. Wright etal (1991) adopted a method called the mesh
selection in collocation to solve second and fourth order boundary value problems.
Shaw ( 1960) proposed some multi-step formulae for special order ordinary differential
equations which are based on polynomial interpolation. Rusell and Shampine (1971)
proposed a collocation method for boundary value problems which 1s based on
collocation with piecewise polynomial functions. Twizell and Khalig (1984)
developed a class of p-stable two — step higher derivative formular for special second
order initial value problems by adopting pade approximation technique. Henrie
{1962) and Lambert {1973} discussed the theory of direct finite difference methods for
the linear second order initial value problems.

In this thesis, a collocaion hybrid method for solving directly general third
order mnitial value problems of ordinary differential equations of the form.

v = oyt " Lala) = (00 (@) =y 2 (@) = 1350, 1F € R (2.1)
for a step number k = 3 is considered, In this problem, the minimum value of k
according to Awoyemi (2003) is three,

It has been revealed m literature that, between the period 1964 — 1965 [Lambert
(1973} page 162] linear multistep formulae which inc:?rpurated a function evaluation
at an off — grid point or step point emerged. Such formulae simultaneously proposed
by Gragg and Stetter ( 1964), Butcher (1963), Gear (1964), Ademiluyi { 1987) were
classified as “Hybnd",

The hybrid methods share with Runge Kutta methods the property of utilising
data at points other than the step points (x, = a+nh) (lambert {1973))
Generally, a k — step hybrid formula is defined as:

13



A A
Z{II'-]"IM-I - %ﬁﬁ,_, B 1 i

=0

where a, =Lu 2 (0,1,2,.......k)
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CHAPTER THREE

THE PROPOSED SCHEMES
31 THE DERIVATION OF THE PROPOSED METHODS
In this chapter, we derived hybrid collocation methods for solving general third order
initial value problems of ordinary differential equations of the form;
JURRE { R L B () L (1) B L M R T (3.1)
a, v, feR. For a step number k =3 we consider an approximate solution to (3.1} in

the form

k=1

PR ot o vt s R SRS {3.2)

The first, second and third derivatives of (3.2) are given as follows,

yix)= "Z-:_.r'aJx"' cessamnreneesnisrssssees (1.3)
y'(x)= illj[j-l}:jx IR i R e e (1.4)
_1r--*[x}=i'j{;-|x;-z}w--! .............................. o o (3.5a)

From (3.1) and (3.5a)

1ff{_f =R et e R g L R .. (3.58)
=0

Where a,"s are the parameter to be determined.

Thus, collocating (3.5b) at the grid point x==x,, i =01} and u and interpolate (3.2)
at the grid point x=x,, j=012% =3 give the following resulting linear system of
equations

6a, +24a,x, +60a,x," +1208,x  210a,x," = fn

I3



6a, +24a,x,,, + 60,z i + 12005 + 210a,0% 0 = |

A+

6a, +24a,x, ) + 608 w2 +120 w2 +2 1 @x' i = £

6a, +24a,x, , + 6005 s + 1200700 + 210t = £,

6a, +24a,x,,, + 6000 v +1200 v + 2105 e = f

G +ax, +a s +a s +a X'y Fax s tagt +ax =y,
@)+, X ne + 8 nel HAX w1 A i F G wt F X e =

a{l +ﬂ|.1'“1 +l:lz.:;rr-l-2 +ﬂz.l'}" +3 +ﬂdx‘u e ﬂ!_qu-p} +aﬁ_1-&ﬂ+] +II!T-|-I¥,I|-+_! = _1.'“‘2
o {36)

where x_, t +ih

We solve (3.6) for a;°, j = 0(1)7, by Gaussian Elimination method, we have

1 [ﬁfm —telte =1 =201 +3du— =31~ Bl =2 =3)1, + l

7 12600 — 1ot — 2000 = 3)| (1 = oo = 2o = 3) £,
%= '?ED hi [flﬂ-ﬂn 3.1(.u+1_..|r,1 — 1260 ﬂjﬁ][qrn +ﬁh}]
i =ﬁb“i"1‘f i+, = 240a,(3x, +3h) - 4200, (62,7 +120x, +7°

1 L]
Amores "t 60, (2x,,.) - 120, {."uf + 3, + I ]— 2 Iﬂ:r,l{d.r_' +6hr," +4h's, + .ﬁ"H
a, = {;{,r"_ -2da,x, —60a,x] —120a,x) -2 IﬂﬂT.T:]
Yiir =2V aii + Viva, (3, +Jh}—n+[fr.r: +12hx, + Th'’ ]- a,_,{ll.’:lr: + 300’ +350"x, +158° -

ay =112 | a, (155 + 60he? +105h%27 +90k'x, +314* )~
a,(21F #1085k 4245072 + 315057+ 2170y, + 63"

L&



a=y. -y —az{lr_-hﬁ]—ﬂ,{lr: + It +h1]—a4{4:: + B’ +-'-1.f:2.m+h]]'--
55{51': + 100, +10h*x] +5h'x, +.’i4}— ﬂ&{ﬁx: +15ha) + 200 x +150°x% +6h'x, + ﬁﬁj—
a, (7t + 200} + 35K} + 35K + 205 + THx, + )

i} T

1 X 4 5
Gy =¥, ~ X, =X, — 0, X, — QX —GX =05 =X . iiviieniirnnasseceens [3.7T)

Substituting the values.of aj’s in the approximate solution (3.2), we obtain

) =r+ale-x) taly -2)rale —2rale -2t ral - g -+
ax o { N (3.8)

Evaluate (3.8) at x=x, , where, x_,=x +3h. After some algebraic manipulation,

we have a scheme in the form

.P{I}=iﬂ, (x)y,., +§ﬁj(ﬂfmf AR

=l

Where _,'{,‘&j =J’L'mjy,pj};fﬂi'aj’:wl%{-f) and ff,(x)are function of x
Wenow et 1 ={x—2x 1 oo (3.10)

Pram (I =L s e s (3.11)

The following continuous coefticients in {3.9) are obtained as a function of t as
follows:

a, (1) =4l +¢)
a,()=-{* +2¢)

a ()= 4 +30+2)
Bolt)= 2 [de" £ (14— Tuk® = 140% (=70 +35u )" +(08 282 ) 4 52¢]
B(0)= s | 1267 + (2100 — 630" + 2us® + (- 200 + 420)* + (1849 ~1743) 4 (12180 ~1374)]

e 1267 4 (=200 = BA)® +(—8du = 126)* + (105 + 420)* + (3400 —1680)" +
Al }_m[{i 1760 —2058)" +(504u - 852 }



4"+ (T 350" +(420+ 112" + (1050 +420)" + (340 —16800° +
A=t (11760 -2058 +(504:—852)

i &

ult)= 5040 {1t 1 J[u—2) =3

[4;" 14" —pdr® — 700" +98,° +fs2r]

(3.12)

The first and second derivatives of (3.12) in terms of t are given below respectively
ﬂln{!}=L{2f+|}

Zh
a'|{:}=%l[lr+2]

u':{rl=l{zr+3}

ﬁl {-r}' 25 2[! [i'ﬂ"' +{42 Etu}s 35:4- +{—|.4U+?UH:"! +[gR‘—E-EH}+1{r]
£4(1) = R [ =420 (630~ 1890 ) + 105ur* +(— 4200 + BAON® + (14490 — 1 743) +
2520(u —1)| (6094 - 687)

; h 42" + (=630 + 2520 + (- 2100 +315)* + (2100 - 840)" +
Pi)= 55— ,
2520{u - 2)| (12600 - 2520)* + (1176w — 2058) + (2520 — 426)

[—14t" 4 (21 — 1050} + (1052 - 280)* + (140 — 280)° +:|

] rll']
g :if}-m_{nm £133) -+ (= 2 +37)

b 2 K & ] i 1
A() mu“{u_mﬂ_ﬂ”_ﬂ[m +420° - 350 =140 4981 +26). 00 cviiinenns (3.13)
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a,"()= 5= 2l=x
1 —1 -2
i, lﬂ:FEz]:.ll_I

E”;I{;}_Efr*

fol--

A {r}—m[sqr + (2101050 )" ~ 140 + (- 420 + 2100} + (98 - 28u)]

54 = h [-zszu" + (3050 — 945 )" + 420m" + (- 12600 + ;:51{3}-1]
2520{u = 1)| + (14498 ~1743)

A (1) = h [252:’ (=315 = 12600 + (3400 + 1260)% " & (6300 — 25201
2520(w —2) | + {25200 — S040) + {1 176u — 2058)

ﬁrl"{}

—8de® + (1050 — 5250 +(420u — 1 120)" + (4200 - 1120}
zsﬁu 3)| + (- 77w +133)

B h 840 + 210" - 140¢" - 4200° + 08
A0 ZSIﬂu{u—]IH—EIH—E][ ]‘..,.......(3.14)

The discrete schemes and their first and second derivatives arising from (3.12), (3.13)

and (3.14) respectively, att = 1 = x = x| are piven as follows:

i |- "{“ =201, + el — e — 3100 - 19)

T == 3}| ” ;!::':"‘{’:IE];IHH rﬂmf“”}f 1)

3 HEJ'IH-I +3|}II+|

2 tlre—e—2H1 68509, +1 Sdu—fu—3)
(175348, +3dee—Nu-3602-60

2520~~~ 1?{11_11”_21“_311 h+S)f 4307

"”!' h/‘é;{fnﬁd T .J’Iu]

|'|‘||

1%



o=Vl sl A [*‘{“‘llﬂ"zlfi“ﬁﬁh—ﬁ'-".l_.";ﬂ+3‘{Ji—l1u—3l!5l.r—32r}_.l';q+
Vos=Jollna =2t 3660~ foe 2003 L1 e o= b5, +Hu— o= 2300 ba—247, - 144,
PESTERBRRNY i 1] [+

Now, we put u="/; , the scheme and its first and second derivatives become;

] ; :
Yo =¥ # 30, —, :‘EE[ oo 300+ 381, + £ ¥ Iﬁ_.fnﬁ_] .......................... (2.18)

=37
Orderp="7,Cra= 362880

V' =%j1[:‘-_1.¢”2 =By +3ﬂ];"]+ﬁj1 [5 14f ., +778%,,,+] 6(}"H}5 +532&;]

....................... (3.19)

=243
Order p =6, Coiz= 90720
-]'I-:ﬂ =L}:=I}rﬁ1 "i}lul +_]:']+ﬁ[lﬂﬁfn,, +Sg"|l'.||l"n:r = 2SIE'-ilril--,l-c_: +2-'r|5.lrul _j-irIn]

I T o e ]

-294
Order p=6, cpes™ 60480
U =7%,, we have,
Yo ~Vpa t V=, ::!_siﬂf wa 1@y U +TUL 41 r:]

iR ER)

__I'
Orderp =06, cea= 1200

Vs = Vip (¥ =By, +3y, )+ £5l1 78, -327, , 22655, +179¢F,, +23]

................... (3.22)
522
Order p= 6, Cpix = 181440
Yo=Y, D=2 + J.;,]+fir,,ﬁ][3mtgrM +768f,, +134¥,,, +9007, +‘U:]
.................. (3.23)

20



~2385
Order p =6, cpiz = 1512000

For u = 1, we have,

Faea _jj'lrlfl +]-1'rn-| e =#:;.[f“!. +_|"D_,I'.”] +9[I'fn., _Iﬁ‘r"}': 1.5{"] """"""""" (314

1
Order p =6, cpez= 1200 .
Vois = Yon (57003 =8y, +33, |+ 851707, +26157,., + 18361, -32f,,, 4311, ].(325)

~45
Orderp=06,cp:2= 18144

Vs = falrus =20+ 0, 1 s 721, 225057, —601,,, +7681,., ~1851,]...3.26)

—12465
Order p=6,¢p.2= 1512000

3.2 DETERMINATION OF PREDICTOR FOR Vv, ,

The same procedure described for the development of the main schemes is applicable

here, but in this case, we consider a basis function in the form.

L
Hx)=%ax! e e (327)

F=h
to be an approximate solution to problem (3.1)

The first, second and third derivatives of (3.27) are as follows respectively;

ik
B0 L e N R .7 |
J=0

Tk
e E | ) OO i fv. )
S

y'{x}::z;:ﬂj{,r'-lxj-—lla‘.x’"‘ s R e {32 )

where a;'s are the parameters to be determined.
We collocate (3.27¢) at the grid point x = x_, , j = 0,1,2 andu. that is,

21



ylx)=3 j—-1)ji-2) " '=Jr;h ....................... (3.28)

J=3
J=0,1,2 and w.

while in (3.27) interpolation is taken at x=x_, f=0({1)2 that is,

2k
v {x)= Zﬂjx"' = g 1|+ RN . %)

J=i

solving (3.28) and (3.29) for aj’s by Gaussian elimination method and after some

algebraic manipulation, we obtain our predictor in the form.

4=l -1
.}I{'I]= zﬂj {'r}}rnllll + Eﬁ,l E:'.'-Lrh-_.' + ﬁl {"r}-'r.n*j """"""""""""" :-3'3{:'}
=l J=
from (3.10), we have thatt = (x-x,_, )/ A
The following continous coeficients in (3.30) are obtained as a function of t as

follows.

e, (0) =4l +17)

E:fl":’:|= "{2"”1}

az{:}=§{3r+:1-+2}

Bolr) = v — (2= 60 + (51— 10} + (5t + 11" + (- 200+ 6]

B, ()= sz 26+ (~ 4+ 16)° + (- 200+ 40)* +(80u 102" + (64u — 76)]

ﬁ,{:}=ﬁ‘{£_—“[—:" +(2u = 10%* + (150 — 40} + (400 —80)° + (450 —79)° +|{i3r.-—3u]r]

ﬂu (i}= SﬂdUu{u..Iﬁ-];u—L'{u—.'lj ['?'tﬁ ¥ IEIE 2 2{]’. - 2..2"2 + ]1{]
; TR e b

The first and the second derivatives of (3.31) in terms of t are given below
respectively;
ayt) =41+ 2r)

allt)=s(2+2)
aylt)=+3+2¢)

22



A= -3 +{5u 150" + (100 - 20)° (5w +1 I}+{—u+3}]
()= rbi 6 + (=10 + 40} + ( 40u + 80} + (80w - 102} + (324 — 38)]

A1) = rtisy |36 + (5 = 25)* + (300~ 80)* + (60w — 102 + (450 — 79) + (ou - 15)]

B = et 61 + 300 =220 4 6]
{1 e ey

a, ()= [2] = &

a ()=2

()=

Bolt) = b [ 150" + (200 - 60} — (300 - 60)* + (= 5u+11)]

B (1) = s [30r* + (= 40u +160) + (- 120u + 240)* + (80w —102)]
B3 (t)= gty = 15" + (200 — 100} 4 (90 — 240) + (120w - 240) + (45 — 79)]

B (1) = migey 30r* +120¢° 41204 — 22]

The discrete explicit scheme and its first and second derivatives arising from
(3.31), (3.32) and (3.330 respectively at r=1 = x = x,.; are given as follows
e S L T L [ o 0 R (3.34)

order p =5, ¢, = "/344, with interval of periodicity x(0) = (0,20}, Thus the

schemes is p-stable ( Fatunla 1988 and Awoyemi; 2003).

Vs =Y [0~y + 304 m[ﬁu_ : ;{51 j}:;il:i}: :rg:} — 262 -14)f,, _}.{ 135)
2 W —1N2T5—6T4f,, +ulu—2)B0u-328)f +
Yer =) [-vm-: —2¥ +F']+m[{u—lﬁu-2][4&;—m}f_ 2481 :|-...{3.35jl

put u='/y, the first and the second derivatives of the predictor become.
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Var = Jia 5702 =8r0a + 30, I 651, 341, 41287, -397 ) )

_BS
Order p =35, cpa= 1008
s = iy 590y =By + 39, J+ 1077, - 1287, +158/,,, =71, }..(3.38)

1001
order p =35, Cp+3 ™= 5040 Ufnru—-’f’ we have

Vor = Yo [590s =B 430, Je B J077 - 1387, v158,, -7 339)

237
ordrerp = 5, cpe = 5040

J";+5'_',L:![y...]-”2}'.+|+_F'.I+'h[|559f“1 1984, +12487, , 1331, |.......(3.40)

567
order p = 5, cpez = 5040

for u =%/, we have

Vor = Yoy [89002 =8y, +37, ]+ 8502817, 45057, 44705, =37 ] o (3.41)

29
order p =5, g5 = 5040

3= Jo D =2 3, ]+ 219847 +405F,, 412807, ~69%.] 542,

133
order p =5, cpi: = 5040

We use Taylor series expansion to calculate the value of ., ¥ora Vasy and their first

and second order derivatives at x = x,, in(3.9) and (3.30) respectively as follows:

Yot = o )= .-'-’{;,.].+J'1J’{m}+ ﬁl’+”‘+r‘r‘+ % Hg.

=y¢';,.,+!=y“ +*—”’l+i’,{i+-’“-;§+“ ........

24



RN SRS S S PR A3.43)

p 1Y o L ; r
-Fﬂ+2=-F(In+lh]=yﬁxn}+2ﬁ-}';m]+#+%+%+%+
J"'L: =~J"|:|==J'+2h}r'[l-rl-rril + Iﬁzr;’ b MJ.!!; + Hd! . +

1111111111

P, = iy + 20, + B QA

. i
cerranreanes3.44)
= [xm.]zy{n]_+uh_}"]“}+w;}|jﬂ+%+jﬁi+s-‘£i+ ..........
_'p{m}+uﬁy:xn]+ik'ﬁ;—'ﬂ'-+!‘£§}:—‘&+bi£&'+ ..........
F =yl rulf, + BLL RO,
ﬁ'h:mf f( ni'.yn'l.}rul}'rr lf fﬂ{ n!yu!yu‘yn}: 1,2
.{3.45)
for convience, we put
f:u‘r f[ n+_||!.]";11|-l,r'-'..}r.u+j'f}rm-‘|'lj i 1 [}23 .----------.......{3.#5}

in the form.

f=f (—I Y :-J"I-.}"“ ) and fuliij' and /' by partial derivative technique as follows.

f = i Eﬂp %“‘“P i+y -"i"l+fi y *&, =3 i (34T)

Fm f‘% 2("{.}’ + By’ "‘Cf]‘l‘ﬂ o SRRy ¥ 1

where ;

=al-r "a]f alf
Ad=ge+y a::h—'+fa:q~.r'
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_BL, P RELL 2
E=Sh+y gty 555
The next chapter gives the analysis of the proposed schemes and numerical

computations and results.
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CHAPTER FOUR

4.0 THE ANALYSIS OF THE PROPOSED SCHEMES

The following properties of our methods (3.18),(3.21) and (3.24) are examined,

4.1 ORDER AND ERROR CONSTANT.

The order and error constant of our methods may be found by defining a linear

operator L associated with (3.18), (3.21) and (3.24) as

. h]= g{: " S < 2 L N O % )

k=3,

oy = 1, oy and Py are not both zero, y,,, is an arbitvary function which continously
differentiable on the interval [ab], y{x,,, )= ¥(x, + jA).

If ¥y, represents the true solution of (2.1) and we adopt Taylor series expansion of

_u{.rw.}ﬂnd _P"'{:w | =0{1k about x=x,,we have ;

- k.r'. e LASLEE '..-_.
M) =ZfTTJ‘r{J€J_ ............................... 142 /<
=0 - > ]

P (x,,0) = i, [m{:’_";;"}... SR | % )

Ademiluyl and kayode (2001).

using (4.2) and (4.3) in (3.18) for k=0(1)3, and collecting like terms, we obtain
el bl=eile )+ e [, )4 o ¥ (e Yo vc T (Yt e B ™ e, Y e )

+ci+,h"‘”_}""’] {x_}+ 0{&"':[.{44]
Where

i



ey =l=-343=]=0

¢, =3-64+3=0
9 12 3
=—=—d4—=0
©=37 273
27 24 3 1 36 36 1 16

R e e — =[]
6 6 6 9 %0 90 90 90

Bl 48 3 31 72 3s 24

. —_— e — e — . —— i —

24 24 24 90 9 %0 9%
243 96 3 -9 44 36 36

“=120 120 120 180 180 180 180
LoT29 19203 27 288 36 54
“"720 720 720 340 540 540 540

_ 2187 3844 3 81 576 36 8l

[ + =
"7 5040 5040 5040 2160 2160 2160 2160

C, =

a B56] 168 3 243 . 1152 - 14 - 247 &
41]321] 4031!} -IHHIEI O8O0 10800 10800 21600

g [9683 1536 % 3 729 2304 T29
362880 362880 362880 64800 64800 259200
57

" 362880 .

=—0.00016

From the result above
oy =€ =¢; =..=¢ =0,¢, =¢,,, # 01t implies that the scheme (3.18) is of order
p="Tand the error

=57
362880

[Lambert {1973,1991}, Fatunla {1988}]
For (3.19-3.26) and {3.37-3.42) these are summarized in the tables below.

Constant ¢, =

L]
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Table 4.1
SCHEMES Waloe | Order Esror
of L F Constant
i 3
Yo~ Yaa V=3 =] o 360 167, 436041, il || 20
362880
Paoy=——{5 . By, ¥ 3n |+~ﬁ;3~isur FTI8SC. +160F ,, + 53286 4731 Wole o
h el asl a 7 asl Al ..,H a3 J- 1 '!;Iﬂ-',FID
e =lb'.-: =2y, +¥ ]+—'Z—€[lﬂﬂ_,l"_u +597 ., -256 ., +276( , ~5f ) W i e L
hj ] J a “.};_ LR n_ &[,HE-'}
1% i —1
i 3};'1 i ]'P”I % =ﬁ|}fn+: _lﬁf.dﬂ * E{I-_f_” + ?ﬂfnu a2 er_ h 1zZo0
1 i _ 1 - - 522
Yo =E[5"""4 =By, +3J'.]4ﬁl”ﬂ"ﬁ ~32 5, <2659, 1796, +2¥, f T
i i = — 2185
.}I“""] =F b’lnd _E}IMI +.!'In] +ﬁ3sqﬂi +TW;¢.‘}§ +I'5d.$-l+1 +MIH +T.|rn- !'ll-‘ lj l::{:'m
i l
Vo= + =W =5, -E.{[ Lo #1003 490f,, 16, 451, ] Uy oo
Ve =L{iy —By., +3v ]+i‘:[l?f_|" 42615 . +183¢ +3-1_,r] ' 45
zjl e d n=l [ 252 Atk Bl H.ﬂ L] T
- 18144
I h
Y ==[n.a -2, +r.]+mi5ﬂﬁ.a HIHY g =Wl + TRy -iﬂﬁfn] ¥
— 12465
‘ 1512000
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THE PREDICTOR AND ITS FIRST AND SECOND DERIVATIVES AT

DIFFERENT VALUEOF U
Table 4.2
SCHEMES Value | Order | Ermor
ol u P Constant
%
T =E[f.+: +fl 5 |
g i | 240
1 i
Moy =—=[5y,,, -8 ,+3y]+_imzr,,-m$ L +158, .—U] 5 257
T il Gl T it g B % T
5040
i h
,P"--:- =F15}'..1 — ¥ +};]+;“{I565';,, -1 PE{JE +1245 ., -1 lfi.l';] 2 5 557
: 5040
y'ma =E—L[5y__t—5y,,, +.3y,,]+£;f:[liﬁl';+x +505 , +470¢ ., -3 _.l';] - 5 R9
’ )
- ) 5040
i I IH i
.]"l nad =F [-qu _zjlﬂ'l +}'1]+T'E_‘"]{l Qﬂal';ﬁ +4{I$:|J +1 EEI;.';H -1159!:} f F 133
5040
Fasmo i =85, 43 +i[[1 6., —Hf. +128 -3 Erf] 5| g8
lil ] el . |2 wll A l+l}\'l1 L] |I|:I A P,
1008
1 i
' =F|Jr_+1—2,1r_4, +y,]+ﬁ[mzrﬂ,—wla;, +19847, —mgr;] Yy 5 1001
5040

4.2. ZERO STABILITY OF THE SCHEMES

The scheme (3.18), (3.21) and (3.24 will be said to be zero stable, if no root of the first

characteristic polynimial p(r)of either (3.18), or (3.21) or (3.24) has modulus greater

than one with multiplicity not greater than three.

We obtain the first characteristic polyvnomial of either (3.18) or (3.24) as

Ar)=r"-3" +3r—1=(r-1]' in which the roots are obtained as r = 1,1,1. Since, the

roots satisfied the condition for zero stability stated above, the schemes (3.18), (3.21)

and (3.24) are zero stable, Also, the predictor is zero stable.

ElY




4.3. CONSISTENCY PROPERTY.
The scheme (3.18), {3.21) and (3.24) are consistent, if they satisfy the conditions;

(i) orderp>1
(i) Y, =0
=

(i) plr) -ﬁ{r}uﬂan:i}!'"{r] m T forrm it ik 4.5

where p and o are first and second characteristics polynomials repectively

We observed from the analysis of the proposed schemes, that is (3,18},
{3.21) and (3.24) have order p=7,6,6respectively. It means that, the first condition
for consistencey is satisfied. Also, we found that the

. -
Y@ =0in each case
=i

Again,we consider the third condition for consistency of the schemes, The first
characteristics polynamial of (3.18), (3.21) and (3.24) is the same as defined
earlier and its first and third derivatives respectively as

i. Hr)=r' -3 +3r-1,

i =3 -6+

I T TP RVRT. 1

Also, we define the second characteristics polynomial of (3.18), (3.21) and

(3.24) respectively as
" 1
. ¢1=;ﬂ(f+aaﬁ+|ﬁﬁ+aa+1]

i, a{r}=%ﬂ(ﬁr’ 167 1907 +"mr+|]

iii. ofr)= !-;uﬂ(f +70° +94}-1ﬁr"i+5}.___..____..___..__.._.....__...__._____..._...____.._____.._____..__g4_7}|
We evaluate (4.6) and (4.7) at r= 1, that is,

pll)=0,p'(1)=0,p"'(1)= 6 and &{l)=1.
The evaluation shown that P{1) = P'(1) = 0 and P""'(1)= 3! o(1) = 6. These

imply that, the schemes are consistent, since the conditions for consistency of a

il



numerical schemes are met,  Also, the predictor satisfied the conditions for

consistency, therefore, it is consistent.

4.3. DETERMINATION OF INTERVAL OF ABSOLUTE STABILITY.
We shall apply the boundary locus method (Lambert [1973], Fatunla [1988] to
determine the interval of absolute stability of (3.18), (3.21), {3.24) and their first and
second derivatives gi‘w:n in (3.19), (3.20), (3.22), (3,23), (3.23) and (3.26)
respectively, Also, we determine the interval of absolute stability of the main scheme

of the predictor and its first and second derivatives at three values of u e w=4.4

and2, in the method. we define:

Hﬂi=$§:—3iu_..uuu{ds;

where [ is the {irst characteristic polynomial and o is the second characteristics polynomial
for (3.18)

H6)= O0fexpdid — Jexp2id + Jexpif - 1}
explié! + J6exp2id + 16 enp:}é’% +3bexpit +1

=% [ R () RS, | % |

applying Euler's formula [spiegel (1974)] to (4.4) yields

] X
i) = i e e s T
3 57 1 A e,
23U¢n@%+1?3&nﬂ%+ﬁhnﬁ !{} r 1440820+ 2e08 + 2850

and y{#)=0

we now assumed the valuees of 0 when H"*_:I.'I:]&J", at imterval of 30 and obiained vabees for x{) as shown o the

table 4.3 balow,

TABLE 4.3

0 lo° |3n”| 60° |9c+" |LG“| 15:1‘-‘| tsu‘{
xm@lo lo lo I o lo | o | ol
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The result shows from the table that the interval of absolute stability of the method

(3.18) is (0,0).
For equation (3.21)

15tfexpdie? ~ Jexp2id + Jexpi - 1] y
)= =) )
) Smpam—mexpﬂ%+mexp1fﬂ+mema+: A6)+ie)

ISEE~4t:m.3ﬂ+ 16c0s5 ) ~Beos2d - 48coBY, + 68cost) + 32e0s) 56

A8)=
HE)=0

Evaluation x(8), 0° < 8 < 180" at interval of 30" gives the following result 5

Table 4.4

g |0 30" 60" | 90" | 120°] 150" 180"
X(6){ 0 |-0.000(-0.001 |-0.035 | -0.401|-3.432 |-37.5

Thus the interval of absolute stability of (3.21) 15 (-3.75,0)
For equation (3.24)

1 5[{up3.r‘ﬂ—3&xp1ﬁ!i‘+3&xpr‘ﬂ - 1]
exp3i@ + Texp2if + Wexpid — 16expit + 5

W) =

ISE[éth—lﬁmﬁﬂz+Eadﬂﬂ+4Smﬂ% ~ 68cost ~32cos) + 54

I{E} = :
" f = @ =
10c0s¥ — 32c0s5 ,.5 +BB0cos2E — 224(c0s3 ‘;é +1364(0s8 39&0:0@'% +13282

Evaluation x(0),0°<6<180" at interval of 30° gives

Table 4.5

0 |o°| 30°| 60" | 90° | 120°] 1s0° | 180°
X(0)| 0 |0.000 [0.001 [0.035 |0.401 [3.432 |3?_5

Thus the interval of absolute stability of (3.24) is (0,37.5).
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Three different values of u are considered to get the first and second derivatives of the
mehods (3.18), (3.21) and (3.24 at t= 1. Their interval of absolute stabilities are also obtained
following the same procedure as stated for the main methods. They are given by the table 4.6

below
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TABLE 4.6

Value Imlerval of
ol ahsodute
stahiility
1 : {-59.62.0)
Ve -1_1[[55,} ~By,,, +3p, ]+ T:—ﬂ{sm;,nmg_, +160F, o, + 5328, +73;r] My
I h
s == =+, ] 108y 4397356, 4276751, %o | (7720
] e ; {-57.52.0)
Voo =8 B+ [ 170 30y, #2657, 41796, 423, s
. (-2.95.0)
¥ =EI; [z =200 +22] 4+ ;—’a{:‘rﬂl}’.ﬂ + T g L3000+, +TI.] 4
1 i i
Vo =E{5y,,, —By, +3F'I+E:{l '?'ﬂ",,ﬁlﬁl.j'mﬂﬂﬁ"“ﬁ +3tf_] f {-62.84,0)
y I h
P =F[J-_ N T y_]+i— 572, +250%,,, - 60f,,, + 768 gl Eﬁf,] b | 3370

L]




Similarly, we determined the interval of absolute stability of the predictor

scheme in (3.34). In this case,

g=E[e::p!:'ﬂ'-ilexplfﬂ+3¢xp;g—ll= F O .
He) e S =a{e) +(0) (419

; :
J{a=m“._ ettt s e 1 €]

He)=0
Evaluatio of x(8), 0<8<1 80" at interval of 30" gives the following result as

shown below,

Table 4.7
8 o] 309 e0°| 90°| 1200 150°] 180°
xefo|o [o [ o | 0 | 0 |

The result shows from the table that the interval of absolute stability of the
scheme (3.34) 15 (0, o) (see ﬁw;’:n}remi (2003)) and therefore the predictor is p-
stable, since, the interval of absolute stablity is infinite to the right of the x-axis.
The interval of abslute stability of the first and second derivatives of the

predictor at different values of u are also determined and shown in the table

below,
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TABLE 4.8

Irmerval ol
Value ahsnlute
of u stahility
e =${51.¢,,1—1t_w,,,1 3y, +i‘3;{19:5rm—125r_ 5 H15Y —'Lr;] W EL760)
| h
¥ha =5 [53= 20 2] “'ﬂl 569... "'gﬂf;ﬂ,l{. HIE, n:] 3 0.07.0)
1
1 i
Y —E[Sj’.u By, +3J-',}+ﬂ] Eﬁ';ﬁ +505,, +4T00, _3.?':] ” ;3_55: 0
Vs =%b-,u-1y,,, s +mim[1 984y, +405(,-+1 200, —f-*?,r:.] “ | w2y
1 ) ir |
Vo =E15}’m: ~BY "’3}'.]"'1_ 165, =347, + uﬂrﬂﬁ '391;] v | -3.66.0)
A =# D=2+ y,]+-_%c{m:y;, 1728, +1984, —E{Iﬁl:] iy -0.61,0)
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4.5 NUMERICAL COMPUTATION AND RESULTS
In this section, we consider some sample problems to demonstrate the efficiency
of the schemes.
TEST PROBLEMS
@ Pl - 10p =3 -1 -0 46434

vig)=3,p'(0)=0,p"(0)=002 x 21

k43

Exact solution ,}’{I)= x'e
(i) »™ +2y" —9p' - 1By =1Bx -1Bx+22.05x%1]

y0)=-2,y'0)=-8,y" (@) =-12

Exact solution y(x) — 2™ + e ™ + x* - |
iy L5 ey =0 0 <x<1 (Blasius’problem)

y(0)=0,»'(0)=0,y"(0)=a
put o = 1

MNote

YEX = THEORETICAL SOLUTION,

YC=COMPUTED SOLUTION OF Y

ER (error) =

Fc'—ﬂ:x‘
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Result for Problem |, H=.1 ,u=3/2

Table: 4.9
b YEX Y ER
0.0000 [ 0.3000000000D+01 | 0.3000000000D+01 | 0.0000000000D+00
0.1000 0.299818730BD+01 | 0.2998186667D+01 | 0.6408041133D-06
0.2000 0.20B6R12802D+01 | 0.29867976860+01 | 0.1511330039D-04
“0.3000 0.2959303047D+01 | 0.20503204030+01 | (L6361 1 13654004
0.4000 0.2911892634D+01 | 0.2911725068D+01 | 0.1675667217D-03
{0, 5000 0.2841969860D+01 | 0.2841619089D+01 | 0.3507709233D-03
06000 0.2748439016D+01 | 0.274778R839D+01 | 0.6410875485D-03
0.7000 [0.2630832512D+01 | 0.2629760870D+01 | 0.1070642249D-02
| 0.8000 0.2489213772D+01 | 0.2487531558D+01 | 0.1682213540D-02
0.5000 0.23238920090+01 | 0.23213714960+01 | 0.2520603660D-06
10000 0.2135335283D+01 0.2131691269D+01 03644014 162D-02
Result for Problem 1, H=0.05,u=372
Table: 4.10
YEX YC ER
0.0000 0, 3000000000D+01 030000000000+ 01 0. 0000000000D+00
[ 0.1000 02008 1RT070D+01 | 0299818 70T0D+01 0.2374868373D-06
0.2000 0. 20R68 | 2R02ZD+01 (.2586E 10222001 U.2579619661D-05
0. 3000 0.2955303047D+01 0293038353 7D+01 | 0.9330558463D-05
0LA000 0.251 18936340+ 01 0. 251 [RERSIED+01 (23T 1928556D-04
0, 5000 0.2841080R600+01 | G IR4T93TE8RAG+01 0. 48706 TR445D-04
06000 027454390 1R 01 0.2 7483435 15D 01 0. 86401 TT2590-04
0.7000 0.26308325 12D+01 0. 263068092000 | 0, [425828393D-03
08000 0.2489213772D+01 0. 2488992022D+01 0.2217492122D-03
0.9000 0l 0.23335621 500+01 03004 4751008 |
10000 0.2 35335283 0+01 0.2 TEa0G03D 01 0.4 743006024 003
Result for Problem 1, H=0.025,u =372
Teble 4.11.

X YEX YO ER
00000 0.3000000000D+01 0.3000000000D+01 0.0000000000D+00
0. 1000 0.2998807308D+01 0299818726 7D+H01 0.4036882562D-07

0.2000 (L29868 1 28020+ 0.2086812437D+01 0.365234801 7D-06
I_tDlJﬂﬂﬂ 0.2959303047D+01 O 2use3glrea+0l | 012402 r44D-0F
4000 0.2911892634D+01 0.201 1882506D+01 0.3128282503D-03
0.5000 0.2841969860D+01 0284196358 7D+01 .62 71380743D-05
0.6000 0.2748420916D+01 0.2748418757D+01 0.1115939426D-04
0. 7000 0.2630832512D+01 | 0.2630814201D+01 0.1831162672D-04
"0.8000 0.2481213772D+01 0.2489185410D+01 02836124 189D-04
0.5000 0.2323892099D+0] 0.2323850033D+01 0.4206606715D-04
1.0000 0.2135335283D+01 0.2135274952D+01 0.6033136708D-14
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Result for Problem 2, h=.1,u=3/2

Table: 4,12
X YEX b'{» ER
| 0.0000 0. 2000000000D+01 ~0_2000000000D+01 0.0000000000D+00
0.1000 D.2ET0986862D+01 | -0.28709R4831D+01 0.2028740692D-05
{12000 -0.3533917555D+01 | -0.3933871016D+01 0.4653830182D-04
0.2000 -.52B03945850+01 =0.5280 01901 57D+ 0.2044292055D-03
0. 4000 0. 703050488 1 D401 0.7030332949D+01 0.5719319717D-03
05000 -0.9345498700D+]1 -0.93442 [ 279040 | 0.1 2895096770-02
0.6000 -0.1243810072D+02 | -0.1243355578D+02 | 0.254494] [60D-02
[ 0.7000 0.1659574286D+02 | -0.16591 10400D+01 0.7990471230D-02
0, 8000 029784 164560+H02 =0 297 TR S0000+H2 0.1321455800D-01
09000 029784 1 64560+02 -0 297700 5000D+H2 0.1321455300D-01
1.0000 -0.4003373856D+02 | -0.4001453708D+02 | 0.21201478%1D-01

Result for Problem 2, h=0.05, u=3/2

Table 4.13.
X |] YEX YC ER
0.0000 -0.2000000000D+01 -0.2000000000D+01 0.00000000000-+00
0. 1000 -0 23T0NR6RG2D+HD 0. 28T0986153D+01 0. 70890 16307D-04
02000 -0, 3933917555D+01 A3, 393390952 1 D01 0. 803401 2909D-05
03000 -{,.5280304586D+01 <0.5280303081 D+01 0. 3150529745004
04000 0703090488 1 D401 -0 T030R207250-+H01 0.8415642574D-04
0. 5000 9345498 70000 1 093453 4] 10D} 018458921 12D-03
0.6000 -0.1243810072D+02 | -0.1243774089D+02 | 0.3508253228D-03
0.7000 -0.1659574286D+02 | -0.1659509355D+02 | 0.6493066600D-03
0.8000 0.2220445624D+H02 | -02220334570D+02 | 0.1110545314D-02
09000 -0.2978416d56D+02 | -0.2077095000D+02 0.1321455800D-01
10000 04003573856D+H02 | -0 4001453 708D+02 | 02120147891D-01 |
Result for Problem 2, h = 0,025, u=3/2
Table 4.14
X L YEX YC ER
0.0000 0200000000000 A1 2000000000D+H DLOD000LO00 D00
0.1000 -0.2870986862D+01 02870086741 D+01 0.1210826837D-06
0.2000 D IPIIV1T5550+01 0.3033016396D+01 | 0.1158545738D-08 |
0.3000 -0.5280394586D+0 ] 0. 5280300230D+01 0.4346790126D-03
0.4000 -0. 703090488 1 D+01 0. T030RGA501 D+ 0113805081 8D-04
0.5000 0.9345498700D+01 | -0.9345474017D+01 | 0.2468256341D-04
0.6000 0.1243810072D+02 | -0.1243805294D+02 | 0.477 /448E35D-04
[0.7000 4286D+02 | -0.1659565706D+02 | 0.4777448835D-04
DLRO00 -0. 2220445624 104+02 -0.2220431000D+02 0.1462421914D-03
0.9000 029784 164560402 0. 207R83924560+02 0.2399983032D-03
1.0000 -0.4003573856D+02 | -0.4003335575D+02 | 0.382R168567D-03
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Result for Problem 1, h=.1 ,u=35/2

Table: 4,15

X YEX ¥ ER

0.0000 | 0.30000000000+01 | 0,30000000000+01 | (0000000000 D00

0.1000 0.2998187308D+01 | D.2998186667D+01 | 0.640B641133D-06

02000 0.29R6812802D+01 | 0.2986797686D+01 | 0.1511330039D-04

0.3000 0.2959393047D+01 | 0.2059320403D+01 | 0.6361113654D-04

0.4000 0.2911%92634D+01 | 0.20911725068D+01 | 0.1675667217D-03

0.5000 0.2B41960860D+01 | 0.2841619089D+01 | 0.3507709233D-03

- 0,.6000 0.2748429916D+01 | 0.2737788829D+01 | 0. 6410875485D-03

0.7000 0.2630832512D+01 | 0.2629760870D+01 | 0.1070642249D-02

0.5000 [0.2489213772D+01 | 0.2487531358D+01 | 0.1682213540D-02

0.5000 0.2323802000D+01 | 0.2321371496D+01 | 0.2520603600D-06

| 1.0000 0.2133335283D+01 | 02131691260D+01 | 0.3644014162D-02

Result for Problem 1, h=0.05, u=5/2

Table: 4.16

YEX YC ER

| 0.0000 0.3000000000D-+01 0. 30000000000+01 0.00000000000+00

0. 1000 02998 187070D+01 0. 2008 IR7070D+01 0.23748681713D-06
0,2000 0.298R8 12803D+01 0. 29868 102 22D+01 0.25706 19661 D-05
I 0255050304 ThH0T [0 2050383570+01 | 0935035843003 ]
04000 0.291 18926 340+01 0,291 18689150+01 0,237 1928556004
0.5000 0284 19a9860D+01 0,254 192 1684D+01 0487001 544510-04
06000  0.2748429916D01 0.2748343515D+01 0.5640177259D-04

| 0. 7000 0.2630832512D+01 0 26306899290 +01 0.1425R2R393D-03
08000 0.24802 137720001 0. 24885920220 1 01 0.2217492122D-03
0.9000 0.23238020000+0] 023235621 50D+01 0.3200414751D-03

T 0000 0. 2135335283D+01 021348600030+ 01 0. 474R006024D-03
Result for Problem 1, h=0.025, u= 3572
Table 4.17

< Irmﬁﬁgﬁ?% l 00D >

0.0000 0. 1 0.3000000000D+01 0.0000000000D+00
01000 0.25908807308D+01 0. 20081 R7267D+01 0.4036882562D-07
0.2000 0.25986812802D+01 0.2986812437D+01 0.3652348917D-06
0.3000 0.2959353047D+01 0.2959391763D+01 0.1284028744D-03
0.4000 0.2911892634D+01 0.2911882506D+01 0.3128282505D-05
0.5000 0.2841965860D+01 0.284196358 /D+01 0.6273380743D-05
0,6000 0.27484299160+01 027484187570+ 0.1115939426D-04
0.7000 0.26308325120+01 0.2630814201D+H01 0.1831162672D-04
0.8000 0.2481213772D+01 0.24891 854 10D+01 0.2836124185D-04
0.9000 0.2323892000D+01 | 0.2323850033D+01 0. 42066067 | 5D-04
1.0000 0.2135335283D+01 0.2135274552D+01 0.6033136708D04
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Result for Problem 2, h= .1, u = 5/2
Tahle: 4,18

X YEX YC ER
ﬁ.tﬁ.’ﬁ‘lvm : Q0000D+0T | -0.2000000000D+01 00000000000 D+00
0. 1000 -028T09RGEA2DF01 | -0.2BT00R4RII D01 0.2028740692D-03
[ 0.2000 -0.3933917555D+01 -0.3933871016D+01 0.4653839182D-04
(0.3000 -0.5280394585D+01 | -0.52R0190157D+01 0.2044292055D-03
0. 4000 0. 7030504881 D01 -0, 7030332949D+0] (.5719319717D-03
0, 5000 -0.9345498700D+01 -0.93442 | 2790D+0] 0, 1289509677 D-02
EZEEEE -0.1243810072D+02 | -0.1243555578D+02 | 0.2544941 160D-02
0.7000 -0 1659574286402 016591 10400001 0.799047 | 230D-02
08000 -0.2978416456D+02 -0.2977095000D+02 0132145580001
(0. 900K) -0.2078416456D+H02 -0.2977095000D-+02 0 1321455800001
1.0000 -0.4003573856D+02 | -0.4001453708D+02 | 0.2120 1
Result for Problem 2, h=0.05, u= 572
Table 4.19
X YEX [ YC ER
LR -0, 20000000000+ 0, 2000000000 D+ DO0000000ROA00
0, 1000 0.287T098e862D+01 {),.2870986153D+01 (.TO890 1 630TD-04
0.2000 -0.3933017555D+01 -0.3933006521D+01 0.80340 1 2909105
6.3000 -0.5280304586D+01 -0.5280303081D+01 0.3150529745D-04
| 0.4000 S0.7030004ER1DH01 | -0.7030820725D+01 0.8415642574D-04
0.5000 -0.9345498700D+01 | -0.9345314110D+01 | 0.1845892112D-03
“0.6000 -0.1243810072D+02 | -0.1243774080D+02 | 0.3598253228D-03
10,7000 -0.1659574286D+02 | -0.1650509355D+02 | 0.6493066609D-03
08000 -0.2270445624D+02 | -0.2220334370D+02 [ 0.1110545314D-02
0.9000 -0,.20784 16456 0+02 -0, 2977095000 0+02 0,132 1455B00D-01
L0000 S A0035TIRSGH02 -0. 4001453708402 02120047891 D01

Result for Problem 2, h = 0.025, u = 5/2

Table 4.20
X YEX YC ER
0.0000 -0.2000000000D+01 [ -0.2000000000D+01 0.0000000000D+X)
0. 1000 “0.2B709R6EB62D+01 | 0287008441 D+01 0.1210826857D-06
0. 2000 -0.3933917555D+01 | -0.3933916396D+01 | 0.1158545738D-05
0.3000 3 5 I | -0.5280390239D+01 | 0.4346790126D-05
0.4000 0703090488 1DH01 | -0. 7030893501 D+01 0. 1138030818004
0.5000 -0.9345498T00D+01 1,934 547401 TDHMN 02468256341 0-04
6000 -0.1243810072D+02 A 1243805294 DH02 0.47774488350-04
0.7000 -0.1659574286D+02 -0.1659565706D+02 0.4777448835D-04
(.R000 L2456 24THO2 -0.2220431000D-+02 0. I4&14111914I_2_!-ﬂ3
0.5000 -0,2978416456D+02 | -0.2978392456D402 | 0.2399983012D-03
10000 400357385602 -0 AD03SISSTSIHO2 03828 16850TD-03

42




Result for Problem 1, h=.1 , u=1

Table 4,21
.
YEX Y ER
0.0000 ] 0.3000000000D+01 | 0.3000000000D+01 CLOOO0D00000TH-00
0.1000 0.299818730BD+01 | 0.2998186667D+01 | 0.6408641133D-06
0. 2000 0.298681 28021+01 0. 2986T9768aD+01 0151 1330039D-04
(2, 3000 0,2959393047D+01 0,2959329403 D+ (,636] 1 13654D-04
(1, 4000 0,291 1892634D+H01 0.291 1725068D+H01 0. 167566721 TD-03
0, S0 (0.284 1 969860D+H01 0,284 [ 619089+ 0.3507709233D-03
00,6000 0.2748429016D+H1 | 0.2747 884200+ | 0.6410R754R5D-03
0, 000 0.2030832512D+HN 0.2629760870D401 0.1070642249D-02
0.5000 0.2489213772D401 | 0.2487531558D401 | 0.1682213540D-02
0.5000 0. 23238520990+H011 | 0.2321371456D+01 | 0.2520603660D-06
10000 0.2135335283D+01 0.2131691 2690401 0.3644014162D-02
Result for Problem 1, h=0.05,u=%
Table; 4.22
YEX Y ER
00000 0 30000000000+01 | (3000000000001 0. 0000000000000
0.1000 0. 2998 1 8T07T0D+01 (2998 18 T0T0D01 013748683 73D 06
0.2000 0. 298681 2802001 [.29B68 10222001 02579619661 D-03
0.3000 0.29593930470+01 0.295938352 7001 0.9520538461D105
0.4000 0.291 1R92634D401 0.201 [E6ESISD 101 0.2371922556D-04
0.5000 (284 [0a0a60001 0284102 [RADH0] D.4E70618445D-04
0. 6000 O ITARAIGG 16001 | 0.2 4R343513D+H01 0.8640177259D-04
i) 0.2630832512D+01 0.26306809290+01 | 0. 4258 ZEESID-03
0, B000 0.24892137 72001 0. Z4RR99 2022+ 01 02217492 1323D-03
0. 5000 1 02333582 [300+01 O AT 475 1D-03
1.0000 021350 352R30-01 021348600030+ 01 | 0.474B006024D-03
Result for Problem 1, h=0.025,u= 1
Table: 4.23 ,
X YEX Y ER
0,0000 0. 1 0.30000000000-+01 0000000000000
01000 0.2998B07308D+01 | 0.2998187267D+01 0.4036882562D-07
[ 0.2000 0. 298681 2802D+01 0.2986812437D+01 0.3652348917D-06
0.3000 0.2050393047D+01 | 0.2959391763D+01 0. 1284028 744 D03
0.4000 (0.291 1892634 D-+01 0.291 1R82506D+01 0.A128282505D-05
05000 0. 2841969860001 (.2841963587D+01 0.6273380743D-05
0.6000 0274842991 6D+01 0.2748418757D+01 | 0.1115939426D-
- 0.7000 0.2630832512D+01 D.2630814201D+01 0.1831162672D-04
08000 0.2481213772D+01 024891854 10D401 0.2836124189D-04
0.9000 0.2323892099D+01 0.2323850033D401 0.4206606715D-04 |
10000 0.2135335283D+01 0.2135274952D+01 0.6033136708D-04
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Result for Problem 2, h=.1,u= %

Table 4,24
] > i _]" i Hﬁmgf
0000 -0.2000000000D+01 || -0.2000000000D+01 {0
0. 1000 -0.2870986862D+01 | -0.2870984833D+01 0.2028740692D-05
[ 0.2000 -0.3933917555D+01 -0.3933871016D+01 0.4653839182D-04
- 0.3000 -0.3280304585D+01 | -0.5280190157D+01 0.20442592055D-03
(4000 -0, 703090488 1 D01 -0 0303329490+ 0.5719319717D-03
05000 -.9345498700D+01 0.9344212790D+01 0.128950967 TD-02
(L6000 -0.1243810072D+02 -0.1243555578D+H02 0.2544541 160D-02
00, 000 -0, 16395 74286D+02 016391 10400D+01 0. 7990471 230D-02
0.8000 D 20TR416456DI02 | -0.2977095000D+02 | 0.1321435800D-01
0.5000 -02978416456D+02 | -0.2977095000D+02 | 0.1321455800D-01
10000 -0 40035TIR56DHI2 04001453 T0RD+2 02120147891 D-01
Result for Problem 2, h=0.05, u=
Table: 4.25
X |' YEX YC ER
0.0000 ~0.2000000000D+01 | -0.2000000000D+01 [ 0.0000000000D+00
0, 1000 0. 2870986862 D+01 028709861 53D+0] 0.7089016307D-06
- 0.2000 -0.3933917355D+01 -0.3933909521D+01 | 0.8034012900D-05
- 0.3000 -D.52803045860+01 0. 5203030810401 0.3130529745D-04
(0. 4000 -0.703090488 1 D01 -0.7030820725D+01 0.8415642574D-04
[ 0.3000 -0.9345498700D+01 -0.93453141 10D+ 0.1845892112D-03
0.6000 : 10072D+02 | -0.1243774089D+02 | 0.3598253228D-03
[ 0.7000 -0.1650574286D+02 | -0.1659500355D+02 | 0.64930666009D-03
0.8000 D.2220445624D+02 | -0.2220334570D+02 | 0.1110545314D-02
0, SH 0.2078416456D+02 0. 29770935000D+02 0.1321455800D-01
1.0000 -0.4003573856D+02 | -0.4001453708D+02 | 0.2120147891D-01
Result for Problem 2, h=0.025,u= %
Table 4.26 =
X |‘ YEX YC ER
L0000 -0.2000000000D+01 ¥ -0.2000000000D+01 IREEHECHELH BERF
0.1000 -0.28T0986862D+01 | -0.2870986741D+01 | 0.1210826857D-06
| 0.2000 -0.3933917555D+01 | -0.3933916396D+01 0.1158545738D-03
0.3000 0.52803945860+01 | -0.5280390239D+01 0.4346790126D-05
00,4000 -0, 7030004881 D01 0.7030893501D+01 0. 1138050818004
05000 -0.9345498700D+01 -0.9345474017D+01 0.2468256341D-04
0.6000 0.1243310072D+02 | -0.1243805204D+02 | 0.4777448835D-04
[ 0.7000 0.1630574286D+02 | -0.16509565706D+02 | 0.477744B835D-04 |
0.8000 0.2770445624D+02 | -0.2220431000D+02 [ 0.1462421914D03
02000 029784 16456D+02 -1 29TRIG2456DH02 0.2399983032D-03
10000 -0.40035738560D0+02 0. 4003535575D+02 0.3828) 683567 D-03




Table 4.27
h=0.1

X Yl

0.1 4999958313002

0.2 1111866679001
0.3 4498987869001
0.4 .7995737357D-)1
0.5 .1248700417D+00
(LG 96 09 TSTH-00
0.7 24430351 570400
0.8 3186458022040
0.9 4025682355000

1.0 4958987 LRIAD-HN

MNote for convergence

Lt x, =x
i~=+m

Lt xi =
I ] 41

Ltx,—x. =0

e

FROM TABLE (4.27), WEHAVE

Table 4.28

X Yi-¥2
0.1 1.0D-12
03  6.1D-10
0.5 1.3D-08
0.7 8.6D-08
0.9 3.3D-07
1.0 5.7D-07

PROBLEM 1, u~1/2

h=0.00625

Y5

A0O0LEA 34002

ARen6R41-01
AHGROETHMTN-0]

J99STITI9RD-01

2487005 TSDH0D
TG4 13000
.3.'-'443015 171 v
HUBAEA0054 [

A2 56 BHI06 DK

4RSS0 ERE D0

h=0.03 h=0.025 h=0.0125
y2 Y3 Y4
ALTIFSEI4D-02 290005E334D-02 4990058334 [3-(52
JNFEGhGE 0] ASRRESGEEAD-] 1900 RaeAR40- 11

A4GRIETIZOD-01 A4RELETOMD-01 449808794 TE01
TMSTITTISD-01 JYRSTITTRGD-001 T TIT 97001
1 2ART00548 D00 F24BTO0ST IDHD 1 24BTI05T 500D
ATRETTIIA2DH00 179677 I4030-HM | 17T T4 1 20000
230333000 2443036 14090E 2443036 1 6B D00
SIBGASTRIDE00  3RIeA000520HEY 3 BE1600ES -0
ADRSHESHIE0H00  A02E6R6 1 I0DHI  A0Z5686 197D
AUSO0IRGE0H00 495HETOIDHIG 495 WH03E 14000

Y2-¥3 Yi-Y4

0 g *

1. 4D-10 3.0D-11

2.3D-09 4.0D-10

1.4D-08 1.9D-09

4.9D-08 6. 70-0%

5.4D-08 1.1D-08
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4.6 COMPARISON BETWEEN AWOYEMI (2003) AND THE NEW

SCHEMES.

PROBLEM 1, ERROR VALUES, h=.1/16

Table 4.29
X K=4
AWOYEMI(2003)
0.2 .6198586533D-08
0.4 S0TI005038D-07
0.6 .1783260193D-06
0.8 .4501255768D-06
1.0 9537385033D-06

K=3,U=%
NEW METHOD
H198580689D-08
S0T10001744D-07
A783260810D-06
A501256332D-06
9537384513D-06

PROBLEM 2, ERROR VALUES, h=1/16

Table 4.30

X k=4
AWOYEMI(2003)
0.2 .2003599242D-07
0.4, 1884257 T28D-06
(.6 . 7ROG285645D-06
0.8 2375233962D-05
1.0 .6197233333D-05

k=3, U=112

NEW METHOD
2003599331D-07
1884259433D-06
7B06288682D-06
2375234512D-05
6197232508005

K=3U=372
NEW METHOD
.6198586089D-08
SO0T1011744D-07
JT832608 10D-06
A501256332D-06
0537384513D-06

K=3, U=172

K=3,U=52
NEW METHOD
H198586089D-08
S0T1011744D-07
JT83260810D-06
4501256332D-06
9537384513D-06

K=3, Un5/2

MEW METHOD NEW METHOD

2003599331 D-07
A BE4239433D-04

JB062BEGEZD-00 .

2375234512005
GH197232508D-05

2003599331 D-07
1884259433D-06
TRO6ZEEOE2D-[G

2XT5234512D-05

6197232508D-05



CHAPTER FIVE

DISCUSSION OF RESULTS, CONCLUSION AND RECOMMENDATIONS
51 DISCUSSION |

A hybrid collocation methods for general third order ordinary differential
equations for step number k=3 have been developed and used to solve some initial
value problems directly without reducing them into a system of first order equations.
The methods have their continuous coefficients «, 8, and f, as functions of
t,te(0,1]. Thus, an infinite number of discrete schemes could be obtained in the
interval t=(0,1]. In this work, t=1 which implies x = X,-3 to obtain the discrete
schemes, their first and second order derivatives, Also, to oblain the predictor, their
first and second derivatives, the same procedures are followed.

The analysis of the schemes in chapter four shows that the developed schemes

=97 St
AG2EE0 1200

(3.18), (3.21) and (3.24) have order p=7,6,6 with error constants;

ﬁr&p@:th&l}r. The order of acuracy of the first and the second derivatives and their

error constants are given in table 4.1 to be.
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Table 5.1

SCHEMES Walue | Crder Error
of L P Constant
i )
PHB_EJ’N +3-}'Iq+'| o =~§— frrl-i-+3$-rﬂi +|.llé,|rn49r +3ﬁfrnq +_‘,“;1 1 . —57
: 162880
1 K I =243
Vo = Eiﬁi‘.u By +3J*'.|+:'I,— SISy + T8I 1600y + 33200, + 73, o |6 90730
| h 7 —294
R .F[p_,, ~2y,, + yn}+i-6-c[lﬂﬁl" R +§9?rm -zﬁgﬂﬁ +zir.4_5.r_u -5/, | Y, 6 P
K y -1
Yur =W 43V =¥, iﬁ[jfn: _lﬁf:*h’"‘mf.u + 701, "’.l'r.._ g 6 1200
1 W : )
Voo =890~y 43 4 S 1B -3 42658, 41796 +13f"] N L e
1 I — 2385
prL o Iy =20, +y.]+3— 3807, +T'EE|';,£ 1545, +900, +_-"L] ' ¢ 1512000
W , |
Yoy =3+ =W =00 =] oy + 0 #9016, 457, I
1 K i
Yo =St o 10,4 2615,.,4183¢, 31 h 45
ﬁ ——
18144
F3 =,T::' [ =2+ y_1+ii5w;u +250 ;6. +76%,, -lasr_] % g
180 K
— 12465
p 1512000

4%




The predicior, their first and second derivatives all have order 5 with error constant given in

table 4.2 1o be.
Table 5.2
SCHEMES Value | Order | Emor
ofu P Conatant
K.
Mo _3_1"'mi +3_1"||-|_.|".1 "_1'; Lrni] +.-||I:1I] * _J-__
3 240
, | it
Vet =ﬁbﬁ.¢ —By, +33*.I+?[[1 IWows 128, +1580,, -?f-] : 3 257
I I'] [y
5040
: I h ! q
Vs =F[5J’ni_1}'m +J*.]+_,Ti;[[1555‘m Iy F1 Hf.j b 5 567
: 5040
1 "
Poor =[5y By 3 126 +50%, 447073, | W | P 2
5040
y h
¥ =Flyﬂ_zyﬂ +J"]-‘E{[1“£*ﬂ +405F  +128B0F, —E?_.I';] ' 5 133
3040
1 i
Faut =2_b[5;.=_¢ ~8y,,+3n, -JHJ:IEE'H,—M};, 128 —zgr;] : 5 85
; R 108
" 1 h :
¥ e =be..=—2yﬂ. +r.}+ﬁIIWI..= ~1725 0 + 19840y -'5['55'.] f § 1001
040

It is noticed from the tables 4.9 — 4.26 that any choice of ue (x, X, for
rational u will produce identical results to 10 or more decimal places. As the decimal
points are increasing, there may be changes in the values of the result. Thus, any
value of u could be used to produce a schemes of identical results as shown in table
49 - 426 for problems land 2 and for any other problems for that matter. The

schemes produced have good results and large stabilily intervals except when u is

chosen at the centre of the interval, that is u=].|"1 For this value of u, even though the
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results are absolute stability is located at the origin just like Simpson’s method for the
first order ODEs. Such schemes are of little or no practical applications in real life.
Table (4.9 — 4.30) shows the result and error of the schemes (3.18), (3.21) and
(3.24) they revealed that as step length h is decreasing, the acuracy of the methods 15
increasing.
Table 428 shows the result y,, n =1 (1) 5 of the Blasius’ problems in fluid
mechanics which is non - linear and has no analytical solution. It is known in literature

that if {x,} is a sequence of numerical solutions whose analytic solution is x then

Pt L e el 0 e W M . 1,

Thus, from equations (5.1) and (5.2)

R T TSR ~ B

LES I

Equation (5.3) is thus used to produce differences of the consecutive values of the
results shown in table 4.28 for the non-linear problem 3. It could be observed in table
428 that each row is tending to zero as n is increasing for every value of x.

The results of the new methods are compared with the results obtained in
Awoyemi (2003) with the step number K= 4. Although the results are found to be
highly comparable, the new schemes are still more accurate than Awoyemi (2003},

The schemes are consistents and zero stable. The predictor for ¥, + 3 in the
schemes (3.18), (3.21) and (3.24) has interval of absolute stability as (0, =) henee, it is

P-stable{Fatunla (1988) and Awoyemi (2003))



521 CONCLUSION,

In this research work, a hybrid collocation methods for the solution of general
third order ordinary differential equations have been developed. Three standard
general problems including one non-lincar of third order ODEs have been solved to
test the efficiency of the methods.

Based on the analysis in chapter 4 and results in table 4.9-4.28, the developed
methods are very adequate for solving linear and non-linear third order ODEs without
reducing them to a system of first order ODEs. The effects of this are that;

(i) Computer time is not wasted

(i1)  Cost implication is reduced.

(1i1) A short computer program could be written to carter for the numerical aspect of
the work.

An infinite numbers of discrete methods could be obtained by assigning
different arbitary values of u at x = x,.3. Each method obtained is independent of the
others and could be used to solve any general third order ODEs.

The continuous coeficient of the methods allowed the first and second order
derivatives of the methods to be determined.

53 REEUMMEND&TIIDHS

The collocation approach of this work made use of polynomial as basis function.
Further research could still be done using different function as basis or trial functions
for possible computational advantages. It is also noted that the collocation points in
the work involved only one off grid point. An additional off grid point could be added

lo see whether the scheme obtained will produce better results or not.
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HAME OF FILE: IDOWUL
k=3
SOLUTION OF GENERAL THIRD ORDEE INITIAL VALUE PROBLEMS
OF THE FORM Y"'=F({X,¥,¥', ¥")
IMPLICIT DOUBLE FRECISION{A-H,O-E)
DIMENSION ¥YN3C(81,10),YEX(81,10),ERCi81,10}),¥PN3IC({&1,10)
,DYNZIC{B1,10)
FIX,¥,Z2,R)=2.D0*R+3.D0*Z-10.D0*Y+34 . DO*X*DEXP(-2.D0%X) - 16 ,DO*
HOEXE(-2.D0*X) -10.D0*E*X+6. DO*X+34 . D0
Y{X)=K*X*DEXP(-2.D0*X) -X*X+3,D0
OPEN (6, FILE="'IDOWIL . QT )
N=80
HNETEP=10
A=}, D0
H=,0125DD
Beh+H
D¥=H/FLOAT [N)
D=1.D0
U=1.5D0
EN=RA
YN=3 .00
Ye=0.D0
o¥=0.00
EN1=KHN+H
ENZ=XH+2.D0O=H
EN3=XN+3.D0*H
KM= XMN+1*H
WRITE(6,5)
FORMAT {7X, 'X"', 15X, "YEX',K 20X, 'YC' , 20X, 'ER"' [)
CALCULATE PREDICTORS AND THEIR DERIVATIVES
HH=0
DG 1 I=1,B1
0o 2 J=1,NSTEP
CALCULATE FP
FO=F (XN, YN, YP, DY}
DFX=(-68 .DO*XN+66 .D0) *DEXP{-2 .DO*XN) -20 . DO*XN+5.D0
DFY=-10.D0
DFYP=3.D0
PFDY=2 ., D
FP=DFX+¥P*DFY+DY*DFYP+FO*DFDY
CACULATE FEE
DFXX={136.DOYXN-200.D0) *DEXP (-2 .D0*XN) -20 .00
DFXY=0.D0
DFYYP=0.D0
DFYD¥=0.D0 .
DFXYP=0.D0
DEYPDY =0, D
DFXDY =0, D0
DEYY=0.D0
DFYPYP=0.D0
DFOYDY=0.D0
A=DFXY+DY*DFYYP+F0*DFYDY
B=DOFXY¥YP+FO*DFYPDY
C=DEFEDY
D=DY¥*DFY+FO*DFYP+FP*DFDY+DFXE
E=YP*YPYOFYY+Dy* DY *DFYPYP+FO*FO*DFDYDY
FPEP=2 . DO* (A*YP+B*DY+C*FD) +D+E
YHN1=YN+H*¥YP+( (H*H)} /Z2.D0) *D¥+ { (H**3} /6.D0) *F0O+ [ (H**q) /f
124 .D0) *FP+ ( {H**K) /120 .D0) *FPP
YPN1=YP+H*DY+ (H*H/2.D0) *FO+ { (H**3) /6.00) *FP+ { (H**4q} /



124 .DQ) *FEE

DYN1=DY+H*FO+( (H*H)} /2.D0D) *FP+( (H**3} /6.D0} *FPF

Fl=F (XN1,¥YN1,¥YPN1,DYN1)

YN2=YN+2 .DOXH*YP+2 .DO*H*H*DY+ { (B.DO*H**3) /6.D0) *FO+ [ {
116 . DOYH**4) /24 . D0) *FP4+ { (32.DO*H**5) /120.D0} *FPP

YPHNZ=YP+2 . DO*H*DY+2 .. D0*H*H*FO+ (8. D0*H**3 /6 DO} *FP+{ (16
1.D0*H**4) /24 .D0) *FPP

DYNZ2=DY+2 . DO*H*F0+2 . D0*H*H*FP+ (8. DO*H*+3 /6 . DO) *FPP

F2=F (XN2Z,YTN2,YPN2Z,DYNZ)

YNU=YN+U*H*YP+ ( ( (U*H) **2) /2. D0} *D¥+ (1.DO/6.D0) = (U*xH) **3%F(
1+(1.D0/24.D0) % (U*H) **4*FP: (1.00/120.D0) * (U*H) **5+FpPP
YPNU=YP+U*H*DY4 (1.D0/2.00) * (U*H] **2*F0+ (1.D0/6.00) * (UJsH]} **3
1*FP+(1.0D0/24.00) * (U*H) **4*FRP
DYNU=DY+U*H*FO0+({1.D0/2.D0) * (U*H) **2*FP+ (1.00/6.00) % (U*H}**3
1*FPP

FU=F {XNU, YHNU, YPNU, DYHNU}

K=K+l

IF(K.GE.2) THEN

YHN3I=YC

YPNI=YPC

DYHN3I=DYC

ELSE

YN3=3.O0*YNZ2-3.DO*YN1+YN+ (H**3)* (F3+F1) /2.D0

YPN3I=(1.D0/ (2 . DO*H) ) * (5.DO*YNZ-8.DO*YN1+3 . DO*YHN) + (H*H/24 DO *
1(28.0D0*F2+16.D0*F1)

DYN3={1.D0/ (H*H) ) *{YNZ2-2.DO*¥YN1+YN) + (H/24.D0) * (46 .D0*F2+2 . D0O*F1)
ENDIF

Fi=F (XN3,¥YN3, YPN3,DYN3)

CALCULATE COEFFICIENT OF CONTINUOUS METHOD

F=XN

T= (X-XN2) /H

AZT=(T*T+3.D0*T+2.D0}) f2.D0

AlT=- [T*T+2_D0%T)

AOT=(T*T+T) f2.D0O

Al=(H**1) f5040.D0

BOT={Al/0}* (4. D0*T*274 {14 . DO-7.D0*U) *T2*5-14 . DO*T*+54 {-70.00+
135.D0*U)+T*+44 (98, D0-28.D0*U) *T*T+52.00*T)
BlT=(AL/(U-1.D0) ) * (-12.D0O*T**74 (21.D0*U-63 . DO} *T*+5442 . DO*I*T*
1#54 ({-210.D0*U4+420.D0) #T**44 (1449 . D0O*U-1743 . DO} *T*T+ {1218 .0D0*1]
2-1374.Da) *T)
B2T=(Al/(U-2.00)})* (12 .D0*T**7+({-21 .D0*U+84 . DO *T*+*5+ (-Bd .DO*U+
1126 . D0} *T**54+ (105.D0*T-420,.D0 ) #*T*+4 4 (E40. DO*U-1680.00) *#T**31
2(1176.DO0*U-2088.0D0) *T*T+ (504 . DO*J-852.00) *T)
BaT={Al/(U-3.D0) ) * (-4 . DO*T**74 (7.DO*U-35 DO)*T**g4 (42 . DOYU-112
1.D0)*T**R4 (70.D0*J-140.D0) *T**3+ (-77.D0*U+133.D0) *T*T+
2(-42.D0*U+74.D0) *T)

A2=U* (J-1.D0) *(U-2.D0) % (U-3.D0)

BUT=({A1l/AZ2)* {4 .DO*T**7+14,DO*T*+5-14 , DO*T+*5-70 . DO*T**4 498 DO
1IT*T+52.DO*T)
YHNIC({I,J)=A0T*"YN+A1lT*YN1+AZ2T*THZ+BOT*FO4+B1T*F1+BAT*F24BIT*F3+
1BUT+*FUI

YCO=¥YNIC(I,J)

AP2T=(2.D0*T+3.D0) /(2 .DO*H)

AP1T=-(2.0D0*T+2.D0) /H

APOT=(2.D0*T+1.D0)/(2.D0*H)

Bl=H/2520.D0

B2=14 .DO*T+*6+ (42.D0-21 . DO*) *TH¥5_35 DO*T*+d 4+ (-140.D0+T0.DO*J) +
1T*=34 {08 . D0-28 . D010} *T+26& .00

BPOT=H*B1*B2,/U

B3=-42 DO*T**6+ (63.D0*U-185.D0) *T**5+105 DO*J*T+*4, (-420.D0*U+840



1.D0)*T#+3+ (1449 . DO%¥I-1743.D0) *T+ (609, DO*U-687 . D0)

BP1T=H*B1*B3/ (U-1.D0)

Bd=42 . DO*Ta*5+ (-63 . DOYU+252. DO *TH*#54+{-210*U+315.D0) #*Te+4+ (210,00
1*U-840.D0) *T*+*3+ (1260.D0*U-2520.D0)*T*T+ (1176.D0%U-2058.0D0) *T
2+252.DO*I-426.D0 '

BP2T=H*B1*B4a/ (U-2.00)

BS=-14.D0*T**6+ (21 .D0*J-105.D0) *T2*5+ (105, DO%U-280 . 00) *T**4+ (140
1.00%0-280.D0)*T*+*34+(-77.00*U+133.00)*T-21.,00*U+37.D0

BPAT=H*B1*B5/ (U-3.D0)

Be=U* (U-1.D0)* (U-2.00) *{U-2.D0)

BT=14.DO*T**p+d2 DO*T**5-35 . DO*Tr*24-140 ,DO*T**3 98 , DO*T+26.D0

BEPUT=H*B1*B7/B&

YPH3C (I, J)=APOT*YN+APIT*YN1+AP2T*YN2+BP1T*F1+BP2T*F24+BPIT*F3
1+BRPUT*FUI+BEOT*FD *

YPC=YPN3IC(TI,J)

ADY2Tw=1.D0/ (H*H)

ADY1T=-2.D0/ (H*H)

ADYOT=ADY2T

Cl=84 .D0*T**54 (210.D0-105.DO*(J) *T*+4-140 . DO*T**34+ (210.0D0%J-420
1.00)*T=T+88 . D0-28,D0*1

BDYOT=B1*C1/U

Clm-252 , D02T**54 (315.DOYI-9458 DOy *T**d 44 20 DO+ I*T2*24 (-1260 .00
1U+2520) *T*T+1449.D0*U-1743.D0

BOY1T=B1*C2/ (U-1.D0)

C3=252.D0*T**54 (-315.D0* T+ 1260 .D0) *T**44+ {1260 . DO-B40 , DO*) *T**3
14+{630.00*0-2520.D0) *T*T+ {2520 .0D0*U-5040) *T+1176 . 0D0*U-2058 .00

BOY2T=B1+*C3/{(U-2.D0)

C4=-B4 DO*T**54 (105 ,.DOYU-525 D0} *T**4+ (420 . D0O*U-1120.0D0) *T*+3;
1(420.D0*U-1120.D0) *T*T-77.0D0*U+133.D0

BDY3T=B1*C4/ (U-3.D0)

C65=84 . DO*T**54210.DO0*T**4-140 . DO*T**3-420.D0%T*T+38.D0

BDYUT=B1*C5/B6

DYNAC(I,J)=AD¥OT*YN+ADY1T*YN1+ADY2T*YNZ+BDY1T*F1+BDY2T*F2+
1BDYAT*F3+BDYUT*FU+BDYOT*FO

DYC=DYNIC{I,J)

CALCULATE EXACT SOLUTION

IF(X.GE.B) THEN

YEX(I,d)=Y1{X)

ERC{I,J)=DABS (YNIC (I, J)}-¥YEX(I,J))

YE=YEX(I,J)}

ER=ERC{I,J)

WRITE(6,10}X,YE,YC,ER

FORMAT (2X ,F7.4,3X%,3D20.10)

CHANGE VARIABLE

EN=XN1 "

Yi=YN1

YP=YPHN1

DY=D¥HN1

EN1=XN2Z

YHN1=YN2

YPN1=YPHN2

DYN1=DYN2

XMZ=XN3

YN2=Y¥N3

YFN2=YPN3

DYN2=DY13

XMI=XNI+H

ELSE

X=X4DX

GO TO 2



= B

ENDIF

IF{B.GE.D} G2 TO 1
B=B+H

GO TO 1

CONTINUE

CONTINUE

§TOF

END



