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ABSTRACT
In this thesis, a new class of explicit Runge-Kutta Schemes are developed to solve non-
stiff and stiff initial value problems in ordinary differential equations.
The method is motivated by the variety of its application in the solution of problems
arising from such areas as: population dynamics, pharmaco-kinectic theory, chemical
and nuclear reactions, electrical transmission network and other dynamic processes in
industries, Its development, analysis and implementation adoptd Taylor series
expansion, Richardson extrapolation techniques and fortran programming language
respectively, The developed schemes are found to be consistent , convergent and A-
stable, Numerical results and comparative analysis with some standard methods show

that the new schemes are accurate, efficient and effective.



CHAPTER ONE

INTRODUCTION

FPREAMBLE

Mumerical problems are encountered in the various branches of human activities such

as science, engineering, management and lechnology, These mclude:

(i) The study of the rate of decomposition of a radio active substance.

(i) The study of chemicals reactions of two different elements,

(iiiy  The population growth of a given communily.

(ivi  Deteomination of the guantity of electrie charge Nowing across an electne
eircuil.

{¥) The study ol the mte of growth of the economy of a country

The mathematical Tormulation of these problems often leads to first order ordinary

ditferential equations of the form:
P =TI RITE s s (1.1)

Thus, a first order ordinary differential eguation is any equation of the form (1.1)

which contains n function yix) and its derivative ' with respect o variable x.

Derivative 1s the rate of change of one variable y in relation to another variable x.

Variable v is called the dependent variable and x, the independent variable,

The most general form of an ordinary dilferential equations is of the form:
1Rl P | PR A A (1.2)

where n i3 the order of its highest derivatives,  The order of o differential eguation is

the order of the highest derivatives invelved in the equation. The degree of a

differential equation is the exponent or power o which the highest derivatives is



rised alter rationalization, 17 no product of the dependent variable vy, with itself or
any ol the derivatives oceors; the equation is said to be linear, otherwise, it is non-
linear.
The differential equation (1.1} topether with imtial conditions
Viset = ¥ioy .- (1.3) 15 called o first order initial value problem in ODEs. In order that
equation {111 with condition (1.3) may have a solution, the following conditions
miust be satisfied by l{x, v), namely
(i) 1%, ¥) must be a real valued function
i (x. v1 must be delined and comtinuons at all points (x. ¥) in the region D

defined by I = [{x. v)/a £ x < b < y < o} and containg initial point

(3o Yo )i

There exist o real constant L, such that Tor any x & {a, 00 x, )2, v+ e D
fix, yy- .l"'{.t,ll.'+:||‘:'; J'.|_L' _r*] IO I § |

where L is the so called Lipschitz constant.  This means that [ and its partial
derivatives di' must be continuous.

B
When equation {1.1) together with equation { 1.3) satisly conditions (1) — (@i}, then we

shall be sure that it has a unigque solution vy, for every x e (). | Apostal (1965)].

We can choose the Lipschitz constant L (o be

- ZyF, Ty
L !-'}fni'lﬁf{m:”"—ll eerieree e s tere e (1)
)

where ‘%r 15 the Jacobian of [ with respect (o y.



1.2

1.3

This class of first-order ordinary differential equations are widely used 1o
solve problems arising from areas such as heat and matter transfer, chemical and
nuclear reactions, pharmaco-kinectic theory, electrical or electronic transmission
network amd other dyvonmic process in industries.

EXISTING ONE-STEP METHODS FOR SOLUTION OF ODES

There are various one-step algorithms designed 1o solve both linear and non-

lincar mitial value problems. These include:

i) Fuler's schemes

(i) Runge-Kutly methods

(i) Taylor's series expansion technigue as discussed in Lambert {1973)
(ivi  Rational Runge-Kutta method by Hong Yuanfu (1982),
PROBLEMS ASSOCIATED WITH EXPLICIT METHODS

The problem associated with explicit methods are first discovered by
Dahlguist (1963}, He observed that no explicit one-step method or multistep methods
of any order can be A-stable.  He observed that only implicit multi-step method can
be A-slable.

Unfortunately, implicitness introduces the problems of solving at each integration
step, o sel of simultaneous linear equations. (ther problems include small region of

absolute stability associated with the existing explicit methods.



1.4

The dechine of interest, in the explicit method may be due to the barrier identified by
Dablguist, (1963)  However, this barrier bas prompted many researchers inchuding
Butcher, (19%64), Gear (1974), to miroduce a less rigorous general conditions such as
Alp)=stability, Amﬁliﬂlihh and L=stabiliny  The work of Hone Yoanfu. (1987),
Okunbor, { 1985), Ademiluyi (2005) confirmed that there exists some explicit class of

Runge-Kulta methods that are A-stable  Based on the above reasons, we proposed a

new class of Explicit Runge-Kutta scheme defined as

_.Funlr - ""‘P”'r =- t I _|'|]'

14 Y 2k
=

where k= hufigZy) K bty ©dily Zgt i bIJEJ'!
g

Ihis i = E-ﬁ{jlhrumi:l 15 developed wlong the fine of thought of Hong Yuanfu,
(1982), Babatola (2004)), Ademiluyi (2001, 2005)
MOTIVATION

The method s Explict, consstent Convergent and A-stable 11 15 easy o
implement on the computer than impheit method 1t has vanety of applications n

sobving non-stll and st ordimary differential egquations



].%

1.6

RESEARCH OBIFCTIVES
Phe mam olyechive of this stdy s 10 develop an explich compit
methods (1.7) for mumencal solution of both non-still and stll fest-order o
dilferential equations.  Specifically, we
i) determine the numerical values of the parameters wi, ij as 1o cnsure tha
1s consistent convergent and A-stable.
{it)  amalyse the consistency, order of accuracy, error term, Convergenc
stability of the method |
b determime the mterval of abselute stability of the metheod
(v code the algormtbms in a computer progrmmming language (FORTRAN)
{v) mmplement the programme with  specific sample  problems on o o«
computer to test ils applicability and suitability,
RESEARCH METHODOLOGY
To achieve the above objectives, we adopt the Taylor's series expansio
Voot ki's and g oin two vaniables in power series ol b so as o completely express
local truncation eivor Ty, m powers of b so-as to be able to smgle out the orde
aceurpey of the method
Phe resultamt formula was apalysed T consistency, convergence and stability
adopting Dahlquist (1963} model equation,  The algorithms was coded in Forty
programming  language and implemented on a micro-computer o confirm 1

workability and accuracy of the newly developed schemes with sample problems



1.7

EXPECTED CONTRIBUTION

A new class of explicit Runge-Kutta method which is A-stable and can sobve be
non-stifll amd stifl ODES is developed  The new methods may be developed inte
multipurpose code for the solution of all kinds of problems ansing from populati

1
dynamics ecomomic systent, pharmaco-kinetics theory and other dynamic [rOCEesses,



CHAPTER TWO

=

LITERATURE REVIEW

According to Dahlguist (1963) postulate, he observed that me explicit one-step

method or multistep methods can be A- stable. Any method which is not A-stable cannot

accurately solve stilT equations.

However, the introduction of Afoj-stability, Atopestability and 1-stability conditions

(Giear (1974), Bulcher (1964)) and A-stability, A{u)-stability Hong Yuanlu (1982) has helped

in establishing schemes that cope with still equations.

21

BASIC CONCEPTS AND PRINCIPLES

Phe purpese of this section is o briefly explain the basic concepls and principles that

are relevant to the schemes. These concepls and principles include:

(i)
(i)
(iif}

{iv)

2.1.1

The mesh-points and mesh size
Finite dilTerence schemes
One-step ileration schemes

Properties of one-step schemes

THE STEPLENGTH OF MESH SIZE

Muomberical integration method for solving outinl value probléms in urdm:n‘_’.‘
differential equations are based on the principles of discretization.  Approximate

values of unknown function vy are sought on a cerlain discrete points delined by

i =0, 1,2 & where the sequence ol points xi, i =0( 1N in the mterval {a.b) by
A= Ny <X = N2l o = W nsnnaraen s el AR
h-a . "
and h = = and i = e A =N i (2.1.2),

h is called stepsize or mesh size and the points x5 are called mesh points:



FINITE IMFFERENCE SCHEMIS
In this technique, we obtained approximate values of an wnknown function i = Y
satisfying the initial valve problem of (1.3) at the sequence of points delined by
X =Xith i =0(1 N h =0
I'he principle is as follows:

IF %y, %y and x40 q, £ = 01 )1 are any three points in the interval {a.b) then

Dy, =L =h
" X=X
o
o T i e v s S (2.1.2)
h
0y = L"‘_i]—:di' ,,,,,,,,,,,,,,,,,,,,,,,,,, (2.1.4)
%

are called finite diffevence approximations to the derivatives y and y" of v,
Putting equation {2.1.3) inlo the differential equation (1.3): lor example, we obtain

_.l",qh_J'_ 0 2 55 L O | 55 .

Hence, the process of replacing the dilferential equation (1.3) with a linite difference
sclreme is ealled linite dilTerence method, The values are expected (o approach the

exact solution v, as b tends o zero,
1.1.2 PRINCITLES OF ONE-STEP SCHEMES

ONE-STET INTERATION SCHEMES
The gencral one-step schemes {or solution of the differential equation of type (1.3} is the
methed in which the approximation v, ean be generated Trom the knowledge of vy, at x,,

Cienerally, one-step schemes are of the form ¥, , =y +hgix, v A (2.0.0)



where UM%y, ¥o. h} is a Tunction of the arguments x v b, This function %, ve b is called
the increment function.  One-step schemes of type (2.1.6) are sell’ starting and well suited to
commpuler manipulations.  This class of method includes Euler's scheme, Tavlor's series
scheme and Runge-Kutta scheme, The one-step schemes require one value vi, 1 =0(1n at the
single point x = x; i order Lo proceed into caleulating e vigg at
%= K f-

Unfortunately, the type ol equation mentioned above are restricted to those problems in
which [is well behaved. Their performance on stiff equations are known 1o be very pool™
Conte and de Boor (1972, 1965 and 198073,

Examples of onc-step schemes are:

(i) Euler’s scheme
Mgl =My T -J?.?'{-""..-_]'..} SR SN Y
(1) Phe Tavlor's series scheme
¥ o, '
Vou =¥, 0 (x4 -;r--f S AR Lt e — (2.3)

{iti)  Runge-Kulta schemes

g BN e i e (2.4)

where &, = hfi{x, ety 4 Z h';j kj] and R — is the stage of the method
=1

{ivi  Rational Runge-Kutia scheme



i~

.n*gww

I+ -""n_i"r: H;
i=f

Yaq1 = {2.4da)
RUNGE-KUTTA SCHEMES
Rumge-katla scheme s one of the oldest momerical methsds for the salution ol ordinary
difterentinl eqimion (0 H:5)
These schiemes was Gt proposed By Kotta {190 ) aned Tater inproved by Runge (19177 e
Restope Runge-Katla schemes are odten divided into theee classes. ey

(1} aplicit, BBl 18 (hij) — 0, fe

i) seimb-Rplicit, B-RG0 1= ¢jy = 0, for i

tny diplicit: B-K G bi £ 0, For ot least one i
RATIONAL RUNGE-KUTTA SCHEFMES
e imdequacies o Pxplivit Runge-Kuoti schemes, motivited numetical i vsts Tike Thong
Yol (1982) t search Tor oflwer mumerical methods ean perlomm betier. 1 his led 1o (he
development of the Rational unge-Kota schemes.

Atﬁwk

Ko = . ; (5
Ty, vt
r=l

where K, = it . v

‘I
b= Wl Feah s+ Y e g b

M = heixza)

11 hgix, ¥ el a4 "’l-_i: oy P
&K

(8



B(%n. Za) = 2w FXns Zake 2= ¥
During analysis of the schemes, he observed that the schemes are A-stable and s region of
absolute stability is larpe.  However, the stability property of the schemes encouraged
Okunbor (1985) to extend the schemes to family of order four. Their performance on stiff
ODES are salisfactory. However, this methed requires a lot of computer manipulation and
storape [acilities.  To reduce this compulational labour, a pew vanant of the method is
considered, particularly, one-stage, two-stage and three-stage scheme of order one, two and
three respectively in chapter three. The methods are A-stable and suitable for the numerical
approximation ol [VP of ordinary dilTerential equations.
2.1.2 PROPERTIES OF ONE-STEP SCHEMES

The basic propertics of one-step schemes includes order of accurscy, consistency,
convergence and stability.
The ability of & numencal scheme 1o reliably comtrol the global error generated is 2 major
aspect of pumerical computing that needs 1o be considered for new method, Thus, the global

discretization error associnted with (2.2} is expressed as:

rmlzjﬁmﬁh-jw. ..... (2.6

where vq. i the numerical approximation 1o the theoretical solulion y(xa) al step x5, s
required that the error be made as small as possible as h is sulficiently close 1o zero, To
matke the concept clearer the following defimtion are given,
Definition 1: The local truneation error Ty associated with one-step schemes (2.1.6) is
defined as the amount by which the theoretical solution y(x,) of the initial value problem
{1.3) fails to satisfy the difference egquation (2.1.6) It is,

Fasl = j'{;!,“”}-- Yirg IO 1) (2.7)



The relationship between the global error defined by (2.6) and the local truncation error

defined in (2.7).

7

RN R [2.8)

Fﬁ"l | [E A

where k is a constant,  From (2.7), it is clear that the local discretization error is directly
proportional to the truncation ermor introduced at each step particularly when the derivation
and computation of the local truncation error is rigorous and all previous solutions are exact,
This establishes the linear convergence of one-step schemes.
Definition 2:
The integration formula (2.1.6) s said to be consistent with the [VP (1,31 if the increment
fumction 94 x.yv.h) satisfies the condition,

Pl Yo D= X ¥) e (2299,
as h tends to zero. For further information consult {Lambert, 1973),
Definition 3:
The one step scheme (2.1.6) is convergent provided that for an arbitrary initial solution

vetor y, and arbitrary point x, e (a, by there exists o plobal error, { such that

w

i sl e Y B e TR
T — oo N = o
Definition 4:

The integration formula (2.1.6) iz said to be ol order P 0P is the largest positive inleger such

that the local runcation error (1..1.e) 1, satisfies

e = 0™y (2.11)

where O(h""") implies the existence of finite constants O and h, = 0 such that

12



TRl i o T R R (2.11a)forall h < h,

Definition 5:
One-step scheme is said (o be stable, i for any initial emor £, there exist a constant K and
he = 0 such that when (2.1.6) is applied to initial value problem (1.3) with step size
b =00, hy), the ultimaie error £, satisfies the Following ineguality,

fom B Dk =l mnaamnssasss (21D
one-step scheme 15 said 1o absolutely stable for a given step size h, and for initial value
problem (1.3}, if the errors tend to zero, as the slep size decreases.
A numerical method is said W be accurate, iF ils nomerical solution do not deviate
significantly from the corresponding values of the exact solution, while a numerical solution
that is not stable is said 1o have anbounded diseretization error, Dahlquist (1939).
Instability exists in various forms, but the two basic forms are: Inherent instability and
Ii:duced instability,
Inlerent instability is a bye-product of transforming of the real situation into differential
equation; while the induced nstability is the characteristics of the numerical methods. Te
further explain the concepts, let us consider the following scalar initial value problem,

L T VIR B 5, RO 1 % i
with Rl A ) < 0. lis theoretical solution is

Y T e R A . {2

Now suppose, we slightly change the initial condition in (2.13) by 4> 0. so that the initial

condition becomes

T o7 . N SN - 1. |

13



Thus, the solution (2,14) modifies into
UL (L N 3 e R R R s s (2.16)
Irrespective of the imegration schemes used, and for h > o, no matter how small. it is seer
that the second term &0 in {2.16) grows exponentially as the computation proceeds if
B A)=w
Then, the solution ¥{x)= v ™ i (2.17)
Will become unstable for slight change in the initial condition. This kind of instability is saic
1oy be inherent.
A differentinl equation may be siable while the numerical scheme gives unstable solution du
to truncation error, round off error and eror propagation. This class of instability is termec
induced mstability,
It arises as a resull of:
i) the process of derivation ol the scheme,
()} lmplementation process that adopts Hnite iteration sleps instead of infinite
ileration process during computer implementation of the scheme.
This is normally detected by applying the integration scheme to solve the scalar stability test
equation (2.13).  Its instability will show in the form of spurious exponentials and it is

minimized by reducing the stepsize,

14



CHAPTER THRER
THE FPROTOSED SCHEMES

Hational Rmetions are gquotients of polypomials,  They are more adeguate as Tunclion

approximation  amnd  capable  of  vielding  better  resulls compared  with  polynomial

approximation schemes (Ademiluyi, 19871 Since polynomial do nol have singularities,

(Fatunla, 1978), il breeds endless generation of smooth derivatives; they are nol really suiled

For problems with stpularilies as such, poor results e usually oblained,

Therefore. the principal trget of rational appaogimation are the problems with singularities.
-

Hence it constitites & moch richer class ol Tunsetions than polviaomials.  This greatly

increases their prospeet Tor necwrale approximation. This property of rational Tunctions

perhaps motivated Hoomg Yoanfu (F982) o propose the rtional scheme (2.5} which is the

basiz of the newly proposed schemes delined in {I '.'ﬂmr.

i

B - <l

wiF I

I A |Z11'_..h

[
where Ki= hgfx, £ dih, 7,0 3 hij kj)
The new scheme can |l-|.'"i.'1:1'=.':glli|.'d inter theee categories; namely; explicil, semi-implicit and
implicit Family of methods,
(i) Faplicit: Ihe method is explicit when F?j = [bg). L= 1k
Wiy is zero for §=1 in which case B is a lower 1 inngular matrix, with zero dingonal
clements. This represent the Yuanfu's family of methods.
(i} Semi-lmplicil: I a5 semi-mplicit, i B- Py b, L= 10)r, is zero for j=1, in this
case ﬁ i5 @ bounded matiix with non-zero diagonal clements.

(iii)  Implicii: he method is implicil, i1 the clements of matrix B i5 different from

zere For ol least one j=i. This implies that B is o upper trniangular mainx,

15



I this chapler, we developad explicnt Bunilies of one-stage, wo-stage and three-stag
schemes of vider one, two and three respectively for non-stifl and stilff ordinary differenti
equations, This lamily of explicit rtionnl Runge-Kutta schemes perform well on non-sti
ODES and on certain cliss of mildly sill equations.  However, when they are applied 1
soplisticated sl equations soch as still oscilintory equations that is, ODES whose eige
values me close (o imaginary axs, their pedfonmance wore fovd 1o be very poor, The highe
the stinge of the methods the poorer the =stability, Babatola (2000), Other problems inherent
in explicit rstional Runge-Fuotta schemes ineludes:

(il barge moimbers of Rimctions evalumtion per integmation,
Gy dilfTeeult derivation process

(i) uneasy analysis, ainl

(iv)  dillicult implementation process

I onder to reduce the compuoiational Tabour, the 210-Tunction evaluation per ste|
associnted with RE-K method (2.5), is replaced by R-functions evaluation per integration
slep in the new method,

N | DERIVATION OF THE NEW METHOD
In order 1o achicve the above ohjectives, we redefline formula (2.5) as;

Fos :
P = i d=Ulyr ........ R (3.1

r I .1I|||| IE III'|

where ki = hpixy 4 iz 0 3 AR) . (BR)
=l

and ki = F'E'-'.?':u- In) with B delined as:
Bt 20) = <2 W, ¥od 20 ™ MY 1verearssssrrnensissins (3.1h)

wilh consteaints

16



=D B =0 smirsmamn A (1.1c)
il

Prom the ahove sehemes, there s need o solve syastems of egations involving undetenmined
parneters wy, o, by sehich e obtained on e Baziz of the local trmeation coos

et ST B 1-_|2;||-|Ir, i s b S SN (! 7.4

il
i line with fhe onder thant i requrired
Fromm 5,20 80 can be seen thal e aecmacy of the methesd depemds on the vilues of

parmieters dy, by, o which aee determaned by adopting the stieps Dol

i oltain U Toyvlors sevies expaision of vy aboul %, aned the Tonctions k;'s bt

[%pe #a ) 00 Twer vangables in povers of b
(i) Inser] these cxpansgions into couation {3.2),
.
(itiy  Colleet equal pevers of b so that we can single oul the order of aceurney of (&

fommuk This steps tmstorm the coron eguation (3.2 oo exprression of the fomm:

Iy = e, bt e 0l —— = BT VY e (33)

where o, depends on the paraeders v, g Phese parmeters me then chosen as o ensure

that the resoltmt algoritbom shall have,

(11} adeguate high onder ol scomney,

(1) i sl ol Toeal tromeption eveor,

() s iterval of absolute siability,

L mini i or adeqguale compaiter skepge space reguitement,

o permit the solution of e equation, there is necd e choose some of the

pareters as hee parmmeters. hese free povameters are chosen arbitearily in the



spiril ool Ko (1906, Gall (ST amd T (19523 This is beeouse (he numbe
sol pormmictens normially exceeds e oimber of equntions
L L ONE-STAGE SCHEME
Mumerieal methoed (317 s explwat ol big 8 lon i
Setting v i (3 Dwe have oooew closs ol oneastonpexplicit:. Bonge-koutia formuls of the
loemy;

R e e (3

Pk,

willi dly = by —ou by Bl 5, 7)
pENE Y ==z no)

The corresponding runcalivn eron is
Foi==2aall ki =25 ivevevine: v L)

P express (3 da) completely ae poowers ol b seeas tosingle out the order of aceuracy of the

method as much ax possible we mdopt the steps (1) - (i) above. Thus the Taylor sevies

expamshon oy aboul {3, val is

f
Vort = M A 0 b a1 o 1 i SRS {1.5)
= E q. M

Let us determine the difTeremtials of gis,, 2,0 in lerms ol goand is paatial deovatives about xg,

Now; g, 2u) = 1
' — F"': i lr i
= {'-'.-r.ﬁ' R 't = :I'L'
= B pgs

y r.lII "- " i
e i o /R LR L



W d] d."’ I:'lr--" i ”r:'
R PR Ay AR e

oy + 2pg + g, F e, 4 pe'z
_= . bﬂl il.l-]
£ [d‘r '!'/I

. LS AP 7 IO i
A AR

.-":"

theik! ety
+ Jmtﬁf—;; )

We now express the derivalives y!

..I.r =z 'rﬂ
¥ = BxtgR.=F
»

= Bet2pp,+ E'-J.E-::
4 EJ{H:-: 1 F.E-'..fli = {3 Fgr
}#u = Baes Hipgy,+ JE‘-?L'-U:

L E-IE?.-': BB + 2pp, + H?Er.rj

+ {E.t + EE:: {3}-'-1:: F :{E.E'u o B?r}

—3

(B + Ggz + F"H_l!; b 3y 4 Jgg,)
where

F=g,4gg

U = g+ 2pp,, ET’?!!:;
ng = E'EE:!"'!:’-,E‘.'?:-

B = g F ApE e + .‘agzgw + g1y.::.g;r.

{3.5h)
Similarly, expanding k; about (x,, Zy), We I:un.n.?-+

K= Bpa e {3.6)

Yin terms of Tand & aboul %, 10 oblain

19



H . 1
wilh E: Koo Tn) = =i ". i ¥u)

mi= 7 = = e Ya) oo (360)
Ya

I T Bt i e R A {3.6h)

where [and g are sulliciently differentinble Tunctions.

Let us express g ond its partinl derivatives to facilitate comparizson of coellicients. That is,

_Ilf; : i'l_,
o= B =
_:l' W | ]
4 "
#-.H- . .||III|_ by o= "-III'I | _Il'-'_“r,__ _ _-}I| i rl“l.
¥'a v, v,
—2
B.“' = _Ifll. i Ir )
Ve

By, = -dln—¥% III:I".
B & 21 - }'an;'l.".
H_r,? . 4}"’.‘1‘ Iiyznlﬁr ‘I !f".'!ﬂ.!. il e il Bt i B e B i B, B 0 e e B [J-EIL‘-:I

Mow, substituting equation (3.5) in (3.4a), we oblain,

Toa=ly 4 j:l O h';: Fo(le Yk |- b i (3.7)

L]

Substitutiog (360 in {3.7), and adopting steps (i) — (i) as mentioned earlier, we have,

Tan = [.1.'" el ;; b ;: v aalth'y Il vw beix o - (3. 7a)
Simplily (3.7a)
1 A
Tl = ¥y -F-IIJ.': 4 h— l'l t " _!: k rl[.l'rr]
2 i
1 i o
F PR (T A h e F-I 504 -r!h'rhrlhg{ I o
P 0
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¥ i

= v+ i yo o / vl |'.|'-.'11"|;3'JE1-",11'..'
2 0
] ,r! -
C Rz (2,
’ i
4 = otz v, doth'y - 4
i

Collecting equal powers of h, we have,
I 4 v o hgin, 2

I

I AL
h. . hl ¥

! — 3, pow el z ) v alth')
P 2 [ L

Liquation (3.4a) can now be expressed in form (3.1) as

Ton = W= w0} f, 607 (% 4 el

z£.)

| ll.f.l[/lé.': | l.l"a _!':11'| J'In.'!”::-ran'-" }J i ”l-l"l'

Imposing aceursey of otder one on 1, . then
Ty ™ ll{lﬁlm.ld
{1 -wfy, = o

Since [, # o, then
| —wy=0 |,

solving (1.8) we have

wsl,

{1.8)

[3.Th)

(3. 7e)
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Using this value in (3.4), we obinin a one-stage formula of the form:

]

l_r (1}
M=,

....................... RS . 1L

.1'In|| i

which incidentally coincides with the inverse Euler formula proposed by Fatunla (1982) with

principal error term,
3 £y VEE. - "r_.!"
mal _'|.'II —_ Jlllllll_|

= 15 '

3L TWO-STAGE SCHEME

Setting =2 in (3.1), we have o general 2-stage Explicit Runge-Kutta scheme in the

fovrm;

»
o sl

=-I.+ Yo vy 4 wyks) b

Fuiz

with local trunction error

Teiz = Vet 2 dmb ik =0, v,

where ky = hp(x, + doh, 720+ + baky + baska)
since bpa=o0,d; = h3|.. then
kz = hglxy 4 doh, 2, 4 byiky)
With 2(Xp. 70) = -2 al{Xn. ¥u) 70 = Vyw and Ky = hg(x,, 2,).
Since the method is explicit hence,
di= by +thyy =0
th = by#o, by = 0

Removing brackets in (3.10a), we obinined

Fivz = Yoz + Y2 ¥irn Wiks + ¥ea Yot Waka —¥uk] e

The Taylor series expansion of v, 5 about (X, ) yields

(3.10)

.......... (3.10a)

i (30 108)
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T i

; W ol
Yz =¥ H0E, plogr w & R s TRED
7 i .

ST | mal

Substituting (3.11)in (3.10¢), we have,

: ; I n'
Lz =y.a+hy, + : A :— v kol )
)

+ }'Im: i_'p"r'ql".[ Fwaks]
' h.rulm [wiks + waka]yie
']'
Sy ik kel
a
X F."':.- [Wiki +waka] Yoot —¥art ceemieiimenniiinn. (3.12)

The Taylor's series expansion of ky and ka about (%,.,. 70, 1), pive
k| = hE‘[-"lul 1o Ena)

ka = Bga t WF + % A3 (G) + oY) v (33

Substituting (3.137in (3.12), we have.

I S (LR 1 P
h! # I

+ E—_I'".F PR W ]1[.’. (xy + dah, 7, + boky)

¥ ; T r ] i . i rd - ;il.l ¥ T -
W Pwn bz, h + walv o F +w, 5 {67] ¥

i

hll " A A L]
- = ¥l whelx, 2 )+ wh oy F + -J_-;E el (/G Yy

ial

A . ;S b
E-!--u " & Yo [Wo hetx. z) & wah'dyl 4 “'EE d°z (G ¥yer + Oth")

collecting equal powers of h. we e,
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Tniz = W[ —(wyt wallpiy # W% = wadF + O(h"y o,

Imposing accuracy of order twi on Ty, that is,
Tz = ofh'y; then
[T —{w; + W) =0
[¥-was] F = o
since 1. = 0, and F # o, then
[1—{w +wi)]= o,
(2 =wads)=0 ... T (3.15)
withco === bl ey =0
The local truncation error term is

I-'I”I = -:_{[,u' + Fz )t N L{{”.?“f!.‘ 'H_E_'Irl )
1 F

¥omd
O (L L o | 1 NP {3.15a}
Simplify (3.15), we obtain a system ol non-linear equations
witwy=]

VIS e s e i e e (3.15h)

From equation (3.15b), we obtained fmnilies of two-stage method of order 2.

Examples of two-stage scheme of order 2, p=2 are;
Case |
Wi =0, WS Iz I.!_I by = Y

1

A 10 Lt T R . {%16)
LY. I 4'_l',|,|.ﬂ'_. ¥

with k, = I1E[.‘{“. Zig)

[3.14)
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ks = hgf.‘-ﬂn Yl 2, + 0% I".gj
Case 1

wy = Wi, wy =3

dy = by + bz = o, bay = o, dy= hy = 1.

Equation (3.10) vields

.!'I.ulj - - i 0 B o i e

with k; = hg(x,, z,)
ky= hgix, +h, z, + k;)
Case 11
Setting w) =wy=1% dy=ty = |
dy = by Hhiz =0

Equation (3.10) become,

Foaq = e ey P S R R

1+ :‘_é"m, Fk,)

with  k; = hg(x,, 2,)

k: = hgix,+h, z, v k)
Case IV

Setting wy =%, w; = %
di=bu+bp =0, b=o. dy= by, =

Equation (3.10) vields

23



= e L T (3.19)
- 1I|||
)4 q'l-”f;“J
with L'll _ hg{xlh #nl

I‘L" I'IL'{_."'LH +h, a1 k|:|.

313 THREE-STAGE SCHEMLE
Setting r=3 in equation (3.1}, we have a peneral 3-stage Explicit Runge-Eutta method of the
form:

.

Wi T m——— O il 40y L o S e e L 11I:['|]
T gk, 4 ||',A;t+ ik, )

The corresponding local truncation emor is

Tors = s [+ ¥z (kg + wiaky + wika] - N e i m (3.21)
]-1
With k= hgix, + dih, 7, + Zhu&uj‘ i=1,2,3
i=l

E{-‘in- Fnl ™ 'i'l:rll H..":u.- Fali 7o = Ill:"'ll

di = b =100

where ky = hg(xq, 74}

ks =hgix, + d:h 2, + bk + baaks)

ks =hgix, +dih, 2z, +(dy = baajky + bisks)
with the following constraints

dy = by by

tda = by +hy



dy = by + by
The method is explicit, hence
di =by+bhyy =0

ol

bay # o
di = byt b # o
by =by = o
Sunplifying (.21}, we obtain
Fitd =¥naa + Yord Yoz Wiky + Yot Vo2 Wokz + Yaia Yoz Wi Ka—vywiz

The Taylor series expansion of v, about {%,.2) vields

T 1

e

. 1 T . 1
.1In|1 ﬁ.rn-lf +h.rl'|a:| } F”I.lr|:+ ; r:p':' | F.IIIHJ] *"tﬁ '

Substituting (3.23) in (3.22). we obained

3

i ==

T|:|-|_1 = .Fu-l;' 4 ;i.I"ILp? + 2 _.r_u'_q I'_{_’ Il'IJ“:q | r.l1 Iﬂl]
' -1I:I"'Ii. 'I-'H!'Ir t ":'ﬁ'_;l!'.: } Wﬂ{;l
+ h.]"'rlnj lw!kt ; “'11';2 + w:lk'."l!f'u-:‘

o,
! 5 e [wiky o waks + wikslyae

- .
+ 7 Faez IWaky + ks + waka|vas + R - P TR

The Taylor series expansion of k. ks and ky ahout {Xni2 #ni2). e have,
Ky . hE“‘;ul!-?uI:'

Ka

Iz + Wb F 4 Us dy? WG+ O(hYy

ks

bz + WF (wady + widy)

v [324)
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; i’ 2 2
| —z—|[2w1d;h3:” Fuz + :_ (wady” +Fwad ) G ooeennnnn (3.25)
¥

Substituting (3.25) in (3.24), we have

Tors =10 ez 1 wni2® [ Wy + Wi ws] Dg(Xias Zo12)

1

1 %_r" ara + ¥z [Watds + wads I P2, Zgea)

! o Ty B, Zai) 4wl dsF w;.'r;l dy” ((3)] Vo

+ %i [ gt (ueas Zwe2) b wali sl | '-'-I‘-;;. e (6] ¥

4 %—_1':II+%_I':_..|_W; I €305 #ea) + wah'dslF 4 1.-.-.’.’.;_1 d;.l[[i}] Ve Hrlf'p... (3.26)

Collecting equal powers of h, we get
Tarx = W1 = (w4 wa + willee

. n 1% - fwathy wh |1

+ 551“-"!'!—[thlh,:-:l|"§'.f.
1 3 ] N
+ W16 — w5 4 wepad L8]
+ highier order WTns. , ..o cli s min s s (3.27)

Equation (3.27) is expressed in the form:

Tonr = covnea + ol + :-,fr:r:,_, - ;‘1J'r1_1',';',,....rf_,_..f:“"j ™) (3.28)

where e, =¢i=c:=¢3=0

but ¢4 = o,

Thus the principal local truncation error for family of three-stage schemes explicit Runge-
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Foutta method of order thiee is

1

S ‘:;:— Ratiprs Filglza A, 'JM?JI

.1.1:! .rrn.! -l|'|||.1

A5 =g it
I u{h"j GG e wy b ows 1wy [- . e fu | i'_-ﬁ"}

E Y iwad’y) [_'” ](m -.f‘;.’}
.'In-l.:'

Imposing accuracy of arder 3, on Ty, that is
Tay = O(h*)
Lguation (3.27) becomes
I =wi by bwy)| =0
IV - {wady 1 wydy)] = o
[1i6 — (walgbyd] = o
116 (wad’y 4 aai ) DEETe O (1.29
Simplifying (3.29), we obtained a system of non-linear cquations of the form:
wy by owy = |
widy + wady = %%
wathhy = 1/6
wad’s twyd’s = 113

Solving the above equations, we obiai family of thice-stage schemes of order 3 as:

Case |
Wi = Y, wrs o, Wy = Y
If_] _'”.!'.Ill =2|'I."|.Il_|! — ?.I"J.,I'I-_” = [/3

Thus, a 3-stage formula of arder 3 i5



ik = Fiivz
Sl T

.- e L R e e - (3.30)
|+";” (k, +3k,)
with
ki = hg(x,, z,)
k2 = hgix, + W3h 72+ 1/3k))
ks = helx, + 203h, 7, + 2/3k,)
Case 11
Wy = V6 wa= 213, wi= I/6
d2 = by = Y. dy=hn=2 by =-1
yielding a 3-stage method of order 1 as:
- Fme =S (3.31)
I+ ’ﬁ (h, +4k, + k)
with
ki = hgix,, 2,)
ks = hp(x, * 'r_f;h,.?ﬂ Yk
ky = hglxi+ hozs -k + 2k
Case 11
Wi = 29w = 13, wy = 419
di=o,di=hy = Y% dy= by = ¥
Giving a 3-stage formula of onder 3 as:
Py =t (3.32)

i
1+ i3 (2R, + 3k, + 4k,

with 5
Ili:I = El!:'.{-"'i".. Za)

an



ky = hg[xn + i hoz, Ve k1)

ky= hg{!{“ Fovh, 2, + % k4)

il



CHAPTER FOUR
BASIC FROPERTIES OF TNE SCHEMES 1.

Based on the mode of derivation of the new schemes ertors can be genermted

when they are adopted Tor approximation of solutions of ordioary differential equations.
Ihe magnitude of these croms determine the degree of aceuracy of the schemes,  Their
effect can be so disastrous in the sense thal it com make the solution ynstable,
Frrors of momerical approximation technigues Tor 1VPs ordinary diflerentinl eguations
arises from  different soncces: mnmely modeling ond - solution processes.  Existing
literature, [Uenrich (19621, Fatunla ( 1970), Lambert (1973)] grouped the errors into round
oll ervor, truncation creor, and discretization crror respectively,  Bound-ofl errors is an
error introduced as o cesull of the computing devices such as the computing fonmula and
lie computer Arithmetic, This can be expressed mathematically as:

Heip = 7] Bt L) B TR e R S N Sy E-’I.H
Where v,y is the expected solution of the fnite dilTerence equation (3.4). While pug is
the computer output af the 0t 1™ feration. 1 is the amount by which the compitedd
approximation py differs fom the expecled approximation v by the schemes (3.4) 0l
poitl Xe . Fhe accumulation of hese errors depemd on many factors namely; storage amd
manipulation of mumbers that s, the way and maoners machine operation are perfonmed,
Truncation error coan be delined a5 the error introduced a3 a resalt of ignoring some of
higher terms ol the power series { Taylor or Binomial) during the development of the new
schemes. Mathematicnlly, trmeation corors are defined ps the smount by which the true
solulion vy of the differentinl equation (1.3) fails 1o satisly the dillerence equation
{1A4) For exsmple, the tromention error of the scheme (3,41 can be delined as:

Tari = ¥aun [ 1+ vk ] },, {1.2)

With ky = hpix,. 7,



BfXn. #nl ':"'u.‘“ Kp ¥nhi P = .I"l.""'ll-
e bowwd for this local tiomcation ermor of the scheme (3.4) can be obisined by adopting
Taylor series expansion Tor v, and ks about (%, ya). Following Lambert’s approach it
eoii be written in the formn:

Teery = Y X }'1-.|||:|h1“| ¥ l!Il'IIII:' R R e w5 (4.3}
It is assimcd that vy, i sulliciently dilTerentinble, swhile ' s the onder of the method. In
(43) Tixp ¥Yiem) fepresents the principal eoor Tmetion amd yix, _ﬁM..ih“" iz called
principal loeal troneation error associnted with the sclivine. 1t is the error infroduced at
each step of the integration of the schemes. These values are vllen taken as the measore
ol deviation or dispersion of the mmerical solotion from the cxact solution ol the
ordinary difTerentinl couations,
Lrror intioduced as a resull of translonming a dilTerentinl eyuation (1.3) into finile
dilference equation (310 lemds o enor M ollen called  discretization  emor,
Mathematically, il is defined as

e TP T U R et e A ST (4.0
where yixgi 1) Yoo are respectively exact and approximate solution af x4
Since (he numerical solution of the scheme (3.4) involves iteration process, there will be
propagation of error from step o step. LBior propagation means the process by which
ettors mentioned earlier prow or decay from step to step as n tends to infinily. When
tleraling with a pumerical schoeme, we obinined a sequence of valoes vy, =1 Hn, 10 the
value of vy las an crror andd sinee v depends on vy, v will be subject (o erior and se on:
crrens are acommubaled amd the final solution may e in serions insceumey. The aceuracy
ol the momerical lechnigques will depends on e magnitmde of these errors, The smaller
the error, the betier is the nmmerical solution. .e"n.l miethad is snid to be sccurate if the

magnitiude of its error is small and inaceuraie otherwise,

13



DHL EERRERRERELERTR R o AR R e R R A AT BT R e PR R R A R R A B, A TR = s 1:“""
ol ncemney comsistency., converpence i stability, Fhe amalysis of these propertics will help
whether the new seheme bave the capalality o uadie the types of probloms envisaged,
Therelore, in order to poaemtee the quality of approxamation by o oumencal schene, i 5
nevessary in ave eshinte ol these crrops

Phe error estimation procedure Boe the schomes is bosed on Richodson extimpolation

techmiope: wherchy the local fmeation covor s estamated Trom the dillerence helween two

! H
predictions using the smme scheme with ditTerent step sizes h il —.

I vy desigomte the solution by singde step size b e loeal diseeetization eoor as defined by
(L6 cam be writben as supgesied by Lombert (1973} a5
Vrawi 1y = Fabt = W% Yo W1 O, : viies [
where 1" is refers (o the order of accuracy aned b os step size
similacly. sappose wie compote another approsimetion Mo oo e by applying scheme

M ] . .
(30 with 42 as step size then it fellows (hat

o v
III-.|I||I = *]rull _r.llﬂ T_n- ‘.II.-I'-‘_r!"'.'_I" .PI | r”;‘lll I' ---------- LR B ‘JIH]
sulbsbezcting (4. 7) Fromy (0 B} andd simplilying, we oltained -
| l'lll.
i | U= £ A4
oL S L 1 [ris =M. 0 P S e (4.t

Therelore the local discretization corse of the scheme can b estimmled o be

il

Y [T ¥ s (W)

i1 = el
SR [ |

| e aapporcrsimintionn vy p Do Slep S 0 %0 18 pecepleed as a pood approsimation to (he exacl

solution. 11 the global creor s less o error feleranee O That is.

Y



Pundsll susvmaneansuss (40

Experts like Lamben (19730, Cear (1971), Hindmash {19873} have Toanud (his Toom of error

estimate 1o be adeguate Tor ordinory dilTerential cguations, This estimate can then be nsed 1o

choose reazonable step size that will aceelerote convergence of the sheme

4.1 ORDEROF ACCURACY AND ERIROR CONSTANT OF THE SCHEMES
Seitig =1 we can estimate the order wnd the crvor lerm of our method.  The

conesponding crvor copaiion (3.4} is

e A N T ¥ RTTAR S TS P .10}

Bt Ty = Ve F O i VO W g g 1T T 1 18 11 '}
Siplily ¢L 1) amd collectiog egual posers ol b, we liave an expression similar to cujiiation
(4. 110a).
Prefimition
Aceording o Lambert (1979 a mmesical fovmnlba of e O3 A s mpied o b ol ongber 1761 P s
the fargest positive imteper B which the comstimts e, =0, P =00 1L L3 om
Thus imposing acciaeys of order one o Tye g, we bave, T -.[11|f]7 then eguation (3.8)
Iecome. o=, e LR :iullirlg wil= e =] =ik
Bl ¢ =" - =40
Thatis ca=ep=B 70 Henee, pt | =2, p=l
The result above shows tlun the muethod (34 i of ovder p=1 with principal tnmcation error
comslnnt L'y =15
Simlarky, setling =2, bmpesing accuracy of order v on T, we e,
Faer = OUh '), equation (315 vields,
=l 0wy b oawg) el

2 ™Y -wialy)



s the valoe of s s deme Jiiae
Cy=l=en

R R

Co=op, oy=thes o, bateg )

Pl ol tenmeation crvie (onm s

o1 .
Ly | P .11|l'_||'|r| I||

Com (6= ¥ ) =1/12
Thit I 4y = wyp =112 20
Hence, ey o=t pl 1= p 2
Phie omder pood the sebom €35 000 05 2 amd e eroor eonstint Ean = =112,
Correspondinglyesewing 3 faiposiig acensier oforder three o | ne 1. HEI iS5,
Iin = [|{|IIL gt 01,2459 Bevoiies
Lo
= -ny A aatag )
U= 10wl bl
U] B by o)

A 010w e



substituting Tor the values of wy, wa, wi, db and oy we get mto the equations, we pe)
g =1-1=0
Cp=%-%.1=0
G e 1e=Obutea 7 0
The loeal truncation error tenm is
Ca=(-1724 4 1/6 + %) = 3/8
Thatisey=cp =3B L0
Hencecy=cp =4, pt1=4,p=1
Cptl =4 =3R £ 0.
The results obtained shows that the order p ol the scheme (3200 is 3 and the error
constant ¢y = MR, Since the schemes are of order p=32z1, the schemes are consistent,
{Lambert (1973)).
4.1  CONSISTENCY
Consistency is the properly that ensures that the formula exactly approximates the
ditferential equation,
4.2.1 ONE-STAGE SCHEME

Here, we demonstrate the consistency of the proposed one-stage scheme,

=t o i)
T :

To achicve this, we subtract ¥n from both sides, (o per,

h. '
Pl = =—nn N (4.13)

¥, —

Dividing both sides by h. we get

II i 1) l'
Jut = Ve _ No¥y (4 14

; Vo Ryl T,

Take limit on both sides of (4.14) as h tends 1o zero, equation (4.14) we hne -
37



Vo = MXe. ya)
suggesting that the method is consistent,

422 TWO-STAGE SCHEME

Recall the two-stage scheme in (3.16) is

Subtracting v, from both sides, we get,

:,'nlr--_‘_-'“” I r.]-..lt:llli‘ - !rlllll

II|l|'||II - 1 - .‘Iﬁnli‘l
nt 'ﬁ'.-ll = P e
i vk,

sk,

Yoz — Yusi l-"_F',..p'-'r

dividing both sides by h, and take limit as h tends to zero on both sides to pet
e, bz, bk 1

Kasz ™ Fawi _
h 1+ ¥, helx, +dhz, +h k) B

as h tends to zero, equintion (4,15) becomes

o g T J
.]_nl-_l__ Tael T—Il- u-!,l-:! 'r_-|-1'E-:-:I

fr

x _!?!nﬂ'l
_!"z" " .jfurl

Yo = Tou
4.2.3 General Case
Recall that equation (3.1)is

v . Yuir L.

Fab = F
I 1 -'Imr-lzwrkl
Feed

Subtracting voip.y from both sides, we pet,
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.
.lurr- i

.!'Ill-l.ll _.llu-r-l g ¥ _.!'Iﬂll i

ik Y ,Zu‘jl

¥
7
nrrur-r = -r.ulr Bt i IZ“rk|

Ly, 3wk
y =i

—¥air |leﬁ
1+ ]"d,IZw

with ki = h(xs + dih, 7+ 3 Bk )
=1

substituting for k;. and divide both sides by h, to obtain

I"n ir IZ“-IJ‘HIT +Jl‘f..-. ‘I'th 1
-}:Ibr_ypl-r—l fa L

= ¥ 1
h i _5(},
14y, ,Z.. hg'{r“+d!'l,+ +ZH‘: )

=1

as h tends (o zero, the above equation becomes

J’J"”'fz“'.-“u'{l,. +dhz 4 Zh,,i',b
l--l i __I'_I .

Yaape) &= o

1

-P:ld-r—l = _.!Jz"'r'iz“:glxﬁn.l + K iih |j

b=l

But Z“',= I, and B Xpirts iy = :Ir.{x".': I'.'_r!!.'.' !

-

- A3 e L L

apr |
substitute (4.16) in the above equation. we ohtained.

.-.'rn-r] ."{'Tn LI 1"” I}

i



43 CONVERGENCE OF THE METHOD

As mentioned earlier, any ermor introduced at any stage of the computation which is
not bounded can produce unstable numerical results. hence it is necessary to examine
whether our methods are convergent.  This section therefore examines the behaviour of the
error generated by the proposed schemes.
4.3.1 One-Stage Scheme

Recall that the one-stage scheme discussed in chapter three is

?
Yort = T (4.17)
A
The theoretical solution y;,; to the equation (1.3) is seen o satisfy
yix,)

Ny i W L e (4.18)
{al) Y5 - Ay (%) |

where Ta is the local truncation error substracting (4.17) from (4, 18) yields.

..I'Irlnin_.llu-'l:Lx“:r e I!I"_""-lr;lﬂ Bdd ki s aaa f-1-|f?]
X )=z ¥, =hy

adopting the definition in Chapter 3.
}Il'l'rl-ll'l _.Fn-ll i rll-ll
simplify (4.19), we get,

I b i I E = )
' A1 =M_€U.'] _I__-U_I:if .{U..{_'t"} T o (4.0
0x = M'{x W, =)

Simplifying (4.20), we ohtain,

e

_rn [ + H

= —.rt Ficn ane
(Ve X¥osi)

nal

40



Taking modulus on both sides (4.21) yields

\qu-l
-'"" e la ) ]]=k ................................. . {421k
}I'" r .Iln-l

Then, the inequality (4.2 1a) becomes,

< Kt 4|,

4l

: --’T—i

sl s i i . {4.21a)

Setting

................................. ORI e 4 1

“wil

Let T= Sup|1.,,

e =suplf hosngm

Therefore,
Eet <kE+T, n=90,1,2.
Ei<kE+T
Ei<kE+T

Substituting for the value of E;. we get,
Ea<kEy+T = k(KE, + )4 T
B < kB, +kT+T

Also Es 2K B+ T

Substituting for the value of E;, we get,

<KE 4+ KIT+KT+T

Continuing in this way, we shall obtain
B <KEn# Y X'T.
iml

Since K <1, Thenasn 2 =

Lim E; = o. Hepice £, = o,
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This indicates that the schemes converges. According to Henne { 1962), Lambert (1973) and

Fatunla (1987}, a consistent and convergent method is stable. Hence, the new scheme is

stable.
4.22 General Case
Recall that the peneral scheme is

= = 1 I'f"_'.'. L

' 17
Viur = st ety B i {4.22)

i : -
ll + .!Illii | l .HJI'EI

=l
The theoretical solution vy, is seen to satisly this equation

(X
Vypurry = — ALY ) 7 (4.27)

ey lz wk,
=l

Subtracting (4.22) from (4.23), we get

_'I'L'I'*” 1_} - r||_._.- I -

v, -3

fanepy Ty

= - + T reeas
14 _I-".".'"_,_I}E'l-l'lkl I+.1Ir|| IE;“IHQ.J

Adopting definition (2.6) in (4.24) and simplily. we get,

JI{.:""}_ -rn +r i i-III'F'

f o JI{IIIH-I':I_JI#H 1 T
{!+..P{'I|ur-lul+.1"lﬂll IJZ“]*-
Simplifying (4.25), we obtained
f
[ LSS i e o (4.26)

h+-vruwr-lll az }Ilur I]i II"]"rl
t=l

let P = {l+_|s{.r,,”_,}zw,k, . and

{424



Q= (4, )X Wk

Substituting for P and 0 in (4.25), we obiain

4

e L

4 FQ L2
withp>o0,0Q =0,

Taking modulus on both sides of (4.26), we et

h!.
bl PO |+f]|';“ T TV L i

G

Setting

1 | I ,
Pﬁl_ [E P
Then

X .*.'|F,,,,_, +|T

LER

r'fu i

Let T=S8up (Ty)and K < 1.

Similarly setfing

(427

Enir=Sup £_ . then the inequality (4.28) modified into

Eair £ K Ejerg + T, hence,
Setting r=1, we ge,

Eois S KE+T

Eniz S KEn+ KT+

Epes S K'Eg + KT+ KT + 7

Continuing in this way, il can be shown that

]
En-ll-r '5 Kr.E“'l'Zﬁ.lr
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Siee Ko< 1L hepee
Asn =2 m
| R .

Hence £, 20,03 o,

This shows that the general method is convergent,

4.4 ABSOLUTE STARILITY FROPERTIES OF THE METHOD

Pis understaml (e meaning of abzolile stability, we adopt the Tollowing definitions;
Definition 1: A numetical method is said 1o be A-Stable il its region of
absolute stability containg the whole of the lefi-hand hall-plane Re h A<0 {Lamber,
1497 3).

Definition 2: The scheme (3.4) is said 1o be absolutely stable if a point (z, g (z)) lies in
the complex Z-plane, that is, il the siability fanction satisfies,

| pet2y] <1 USPUORUE 1 % |

Hhe corresponding regiom 18 of abeolute stability of the scheme can be defined as:

ResZ: pZy] <1} (4.32)

Pelinition 1:

.
-

he numerical schieme (314} i said 1o be A-stable if the region of absolule stability Aé;
specilied in (4.32) inclodes the entire hall of the complex plane denoted by

AS = =T G moed Beled <) cociiisniimnis (4.11)
A-stubility property is one of the desitable properties for any nomerical methods both

sl sl nove=tiF ordinary dilTerentinl equations as suggested by Urahbequist { 1943).
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{ 141 ) slabglity sealar test, imtind volue proldom.

g =

wzzder thee sesmprion ot e 20 < o, (A in o complex constant with negative real pant),

440 ONE-STEP SCHEME

A one-step application of the scheme (32) to the stalility test equation (4.34)

yichls

|
¥t = [T —Rh}." ........................

1 E PR o 3
where —— in called siahility Tunelion,
1—Ah 3

For the convergence of the soltion of {4,35)
-”'.:j - =M
| | { | - Ak

selting z = A h, then equation (4.16) becomces

Simplilying, we get

z = 2and 7 = o, the stabiliv region 15 the interseetion of the two sels ns shown

BT, s dicpasninss

11.37)

we santability of the mew schemes, swe apply them fo solve the Dalilguist

{1.34)

The double shided region (- =2, o) represents the region of abselute stability (AS).

Fig 4.1: A-stability region ol the one-stage scheme



This implies that the interval of A-stability of the method is (- =, o) The analysis indicates

that the scheme (3.9) is A-stable because its region of absolute stability include the entire half

lefthand of the complex plane (Dablguist (1963,

4.4.1

TWO-STAGE SCHEME

The Two-stage scheme (3.16) is

¥ .Jln'-ll
Yoad & —eniBL
* e T 8

il
Applying this formula to the Dahlguist (1963) test equation (4. 34). we obtained,

.1I||||
Ve = = T . R S R (4.3%
T Voalelx, +dhz, + bk :

Equation (4.38) modified into:

Fasl
e et ity {4.39)
-!. : I+J'llﬂ'+|"1ﬁ1g[]-lld1":u1|]
—1
Blllg{?{nlj.?‘:mﬂ= e IHT.ul'l.'lluu} ..................... <4 41
4 .1I.||'|

Substituting (4,40} in (4.39) and simplify, we get,

The stability function of (4.41) is
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I
,n{z}=-|7 (4.42)

Equation (4.42) gives a stable solution if

I,ntz]] <lz<n;

That is

Simplifving equation (4.43), we obtained,

1
-1 = i ]
|—=

A(1-2)<l <] -2
1l -29<1
= |

z< 2
{=n:-,..,|"2_} and

I<1-%
1 +2°!
' <o

Z<0

{~0,0)
Meaning that the interval of A-stability of the scheme {3.16) is (—=,0).
Recall the Two-stage scheme (3.18) is

-IIJI+|

I+ %'—{k, + 4, )

B

Applying equation {4.34) in (3.18), we have,
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.]I.|-|1

Pﬂl*= _— —_— = —_

14 'r;"'|hg{_r”|,zm]l+ﬂ'rgq_ru-| dih,z, by k]

Fquation (4.44) modified into:

.1I|||:|‘ PE— 5 1'”_'__ S T L T e {"1‘451
Is?! "l” Al Y ye(x,,,.200)

-1
But plxay, Zaig) = T 15 0 e R N (4.46)

Wil
Substituting (4.46) in (4.45) and simplified. we e,

e T e s {447

[
1—— Ath+ I
z{ )

The stability function of (4.47) is

Then, equation (4,48) pives a stable sobution

|,u{z}|{ Lz <e. Thatis, if |- <1
fu i
d
Simplifving (4.48), we have,
< - ] N i |
T
7 S
S ES I TRUTRS G &
3 2

(4.44)
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-3

—4=—<2
2

ot

1
T E =

Applying the general formula to solve the equation, we have,

b+ —due
s —i?;-—m-{i—,u =lh=le=-4
i

S wu'rl_+T.T|.tli

2
e EX(
T R
_—1+4,
g

{=o0, 1.5} and

feg. 2 2%
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L

|

The interval of A-stability of the scheme (3.18) is (-=, o) (see fig, 4-1}111& stability

property of three-stage scheme follows the same procedure,  Hence the methods are

convergent and A-stahle.
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CHATTER FIVE
APFPLICATION OF THE SCHEME

I ondder 1o ke the scheme problem applicable there is necd 1o tranzslate the new numerncal
formda (343 o computer programime.  This involves the wating of the Tormula (3.4) in
computer algoritlim called pseudo-code,
Some ol the compoter languages that are availoble are FORTRAN, BASIC, PPASCAL,
CLIPPER, DBASE od 50 on but this thesis adopts the Fortran programming language
T'o achieve the above objective, the Tollowing steps are adopled.

(i) re-wrilimg (he Tonimula in an algoritlmie o

(i) transloting the algonithm mto s computer Mow elar

(i) converling the Mow chart mlo computer code

(iv)  applying the code o solve some smaple problems ona digital compater
The results are as discussed

a1 ALGORITHM OF THE METHOD

B
=

A set of steps taken o oblain the solotion of a given problem is delined as the
algorithm of that problem.  Thus in this section, we develop the numerical algorithm for
implementing the Explicit Runge-Kutta schemes described in chapter three, most especially
formula (3.4) and adopt the error estimation discpssed 0 chapter Tour amnd the slep size

control measures.

The algonthm is given below:

STEP | Declaration of variables
STEP 2: e fine function

Fix.v), v exacl

52
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Compute the approximate values of Yo by adopting routine EXPRK (x, Y,

STEP 3: Selection of input values
Xos Xinsts Yor o, Lot
STEP 4: Initialise variables by setting
n = o {counter)
X = Xa
¥ = ¥o
H = hoid
P = 0
STEP 5:
heid. Lok, ¥ae1)
Fori=1,2 3do
Set k'™ - 0.0
and for j =1, 2, 3 define
C di=Db;=R
Setz, = - 'J"}'u
Zl = Zy + sum B*K;™
X = Xz + Dh
- .
Set k™ - 2" wihf (%, ¥)

While [abs (k™" - Py <1,

Then, for1=1, 2, 3 do

Qirh

Vel

1 + ypsumwk," !

[Q iyt

hi



Xprp = %+ h

Yienety = Vewact [¥nets Yoo )

Return the results

Else, fori= 1, 2, 3, do

Bet kg™ = M0

Repeat Step 5.

STEP 6: Estimate the local truneation error (L.T.E)
Using subroutine ADAPT (x, v, h, t4, L. Huews ¥us1)
SEl Yoew = ¥ + hi(x. y)

Deew = AbBS (1 Voew)

Call EXPRK (%, ¥o. h. o, ¥y)

Hpen = 0.5 % heg

Call EXPRK (%, ¥, bz, 1. v3)

SET x;= %o+ Hei

Call EXPRK (%4, ¥z, ha, 1, 1)

SET

Dag = Abs (v1— v}

e = (*7h,)

While (Daig = Daew)
Then

SET‘ hrn'ﬂ-‘ = |'|n||r b ll':'wl'fl'ﬁ



SET
Hiew = hoig % (Dyp)"
STEP T; While (L T.E = T,)
Then
Return the results
ELSE
STEP &: Adjust the size and replace hay by by,
And repeat step 6 and 7.
STEP 9; Output the results
STEP 10: Stopping Criterion while (%, < %), Then
SET:
Xn = Xni|
¥n = ¥urr
hae = Flies
N = n+l

and repeat step 5 — ()
ELSE
STEP 11: sTop
5.2 PROGRAM FLOW CHART
A computer flow chart is a diagrammatic representation of {he algorithm or the plan
of solution of a problem, [ describes the process of solution. the relevant operations,

computations, point of decision and other information al the point of solution,

5



Flow charts are of particular interest because of its documenting feature. They can be
constructed by using geometrical symbols, such as squares, rectangles, diamonds shapes or
circles (see Fig. 5.1). Each symbol represent some activities which could be input/output of
data, taking a decision, terminating the solution and so on.

These symbols are joined by directed line segments o indicate direction of flow, The Dow

chart of the above algorithm is given below:

b



Fig. 5.1: FLOW CHAR TOF THE IMPLEMENTATION
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REPEAT
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53 TPROGRAMMING IMPLEMENTATION

This section congiders the computer implementation of the above algorithm,  The

implementation is done in o varinhle slep gize. The program is in three inodules namely:
FUNC, FXPRE sl ADAPT respectively,

The progeam starls by declining the value of variables in double precision mode in order 1o
reduce the tound I errer, Aler this, the program choeoses initial estimale Tor the vitables
and the subrontine 11 INC evaluaics [(x. v)

This was followed by adopting the solver called EXPRE w call on subroute FUNC o supply
the valve of the slopes of the integrl curve of the solution; and on the recept of the
cslimates, EXPRE penerales the opproximates solulion v o vy al a0 and eanlled on
routine ADAPT 1o estinmate the values of the crvor (1.712) associated with the eomputation,
On the reecipt of the error estimate ltom the subroutines: ADAPT, then EXPRE test lor

convergence of the soluliom by comparing the magnitede ol the error with allowshle

tolerance. As soodi as (he condithon |.r..|".f*.'|: P, ds et the program will ask whether the end

point iz being reached, i yes it will outpat result,. Otherwise, EXPRE will go the next step
Lo generate Lhe next round ol approsimation to the solution, The process will be repentd Jl;l.Ll
continued vnlil the upper e point is reached, When the program reached the end pomt
(%gma) 10wl stop the process.

53 NUMERICAL EXPERIMENT AND RESULTS

Fo test the performance of the proposed scheme on won-stifl and s000 I¥EPs ol ordinary

dilferential equations; we consider the following sample problems taken from Okunbor

(1985).
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Problem 1: %

Consider initial value problem
Y22y =243 00 = i (51)

where 4 is a complex constant with negative real part ie. R 1) <o.

The theoretical solution is

Yoo =P HENE e (52)

which has two parts, the transient part £ which decays rapidly with respect to x while the
second part x°n varies slowly. This behaviour is characteristics of stiff equations,
The numerical results for &) =<0, L= 400, Ly= 4000, are shown in table 1-5.
Problem 2:
The second sample problem considered is the initial value problem

- o e L SR (5.3)
defined in the interval 0 x < 1,
The numerical approximation of the solution by the new scheme with stepsize h = 0.1 is as
shown in tables 6, 7 and 8,
Problem 3:

Ihird problem solved is the lincar mildly stiff IVP in ODES of the form:

The problem is taken from Jain (1979). The exact solution is:

¥ =€ '™ in the interval 0= x < 1, steplength h = 0.0001,
The problem was solved by method with stepsize h = 0.0001.

The results is as shown in tables 9, 10 and 11,

59



5.5 DISCUSSION OF RESULTS

From the results in tables 1, 2, 3 .. 11, we ohserved that the proposed schemes
converges rapidly. The numerical solutions tends 1o the theoretical solution as the steplength
tends 1o zero. The schemes are aceurate. stable and convergent.  The schemes coMmpares

favourably with the existing Runpe-Kutta schemes of the same order.
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TABLE 1

NUMERICAL SOLUTION OF PROBLEM | BY THE ONE-STAGE SCHEMES

W ITH A=-10.

Variable Fxact Solution MNumerical Solution by the proposed Numerieal Solution by One-Stage

Step Size | One-Stage Scheme Classical R-k method of order one

o Yixa) ONE-STAGE Error ¥, N T Error

| 3

RN | LRSS0 Sy L9900 | LLOGDUB0S (LL9B900000¢) LLODOMHI499

{0003 : ':l,l.lfltrr'tl;_H'-'_“*' (1.9000 19029 D004 1096 0998991 04 l U005 09085

LIRS o | ARSERETSN0A] | L9990 | 9240 U.0U739105 DAYUEUR203T LO00TGT094

(000 25 I R AT | 0999003634 U.0UDBT1373 0998975040 LLO0UEY936]

(0, 0000625 0. 9890937502 (,998997071 000094043 | | 0298969082 000D GE42

OLOGDO3125 | .OU996ETS (.998991172 0000977578 ! QUUBOG3 185 GLO01005567

OAD00E3625 | 0999984375 L.998985867 0.000998508 0998957877 0.001026498
L U00000TENT | 0.99992187 | 0.9929% 10797 0.000940773 {.998953 108 00968762
UOU0D0I908 | 1999996093 099897681 0.001019283 0.998948821 0001047272

(LODOD01953 | 0999998046 099897296 0001023086 0.998944497 | D.OT053075

Loy

&



TABLE 2

NUMERICAL SOLUTION OF PROBLEM | BY THE ONE-STAGE SCHEMES

withH L=-100

Variable Step | Exact Solution MNumerical Solution by the one stape Numerical Solution by one stage classical R-K

Size scheme and error methoed and error

h Yixa) Y Error ¥y Error

Cn Cu

(1040 B T T Tk (. SMRLTCRFOLR LLODOBAY 76 R R AL TN Y 8] 1, CHM BT
| (LO0S 0.995012479 0.990:09409 0.00500307 0.9899104 0005102079

(.0025 0997503122 0.989928388 0007574734 0989829372 000767375

0.00125 099875078 0.989855486 0.008895294 0989756464 0008994316

D.0MMG2S 0.999375195 O.98YTEVRS (LOOB5SE5545 (LURYGO0824 (LO0YGE45T]

0.0003125 0994687548 0989730858 0.00995669 0.98963 1829 0.010055719

0.00015625 0.999845762 (L9RG6TT808 0.010165%54 0.989578775 0.010264987

0000078125 0.999921873 0.9896301 14 0.010291764 0.989530179 0.010390799

0000039062 0.999960938 0.989587251 0.010373687 0989488214 0.010472724

0.000019531 0.999980468 0.989555165 0.010425303 0.98%449709 0.010530759

P




NUMERICAL SOLUTION OF PROBLEM 1 BY TWO-STAGE SCHEMES WITH

TABLE 3

Ao=-10,
Virinble | Exact Solution Numerical Selution by the Proposed 2- MNumerical Solution by the 2-stape
Step Size | stage scheme of order 2 classical R-K method of order 2
h Yi{Xa) ¥n Error YV Error

E E;

0T O L (LUSUDLOY LOONN0NS DOaD00S00 G- O0OUTN0H)
00035 (.999500125 (,.998004986 (001495139 09980019499 0.O01498126 |
(LIS | L9997 500 (,9907007479 0.002742552 0.997004406 0002745535 |
D.O00DO125 - | U.990ETS07 | 0996010968 UOO3RGA01Y 0996006642 LO03RGEIGS
00000625 | 0999937502 | 0995015953 Q0045215449 09011133 0004926369
000003125 | (R99996875 | (949402143 000594732 0994016619 0.005952131
OLO000] 5623 {(9999R43 T 0.9930279 | (.00E9564735 0.993023099 006961276 |
.O0000TE12 | (L.990992IRT | 0.992035362 O.007956825 0.992030572 B.O07961615 .
0.000003906 | (0.909906093 0.991043814 0.008952279 0.9910383496 U.00E95TT744
Q000001953 | 0.999998046 0.990053257 (0.00%943 789 [.590H4 84594 0.009949552




NUMERICAL SOLUTION OF PROBLEM 1 BY THE TWO-STAGE SCHEMES

WwWITH

TABLEL 4

k= -1,

atep Sire

Exact Solution

Numerical Solution by the Proposed 3-

stage scheme of order 3

Numerical Solution by the 3-stage clussical R-K

method of order 3

h ¥i{x,) ¥n Error ¥ Error
| D Fa
0l CLAD004YES S (L9000 U.O08Y51 1 66 (L9900 O (LO0BD5 1265
| (L0035 (1.99501247% 0989119683 0005892796 (L99900009% 0.00398762
(.0025 0997503122 0.979431928 0018071194 (99899909 00014955968
RS | 0 WURTAOTR A3 2I07 (.(R294297] (1L 99R0RG T A28 |
U.ULHJL'.‘IEf-I J:M.EJ'E."-.*E:.JTE-I 99 0.9606 1 £796 0038760403 GLO98Y9TES4S 0000377345 =
00003125 {(1L.9996R7 548 0951474789 [J-tI-iSE 12739 (L99E99GT0 0.000690844
000015625 | 0.999843762 0.942507073 0.05733668Y (.993995499 LLOO0R4E265
D.0000TE125 | 0.999921878 0.933706821 0.066215057 0.998994271 0.000927607
0.000039062 | 0999960938 0.925069385 0074891553 0.99899304 | 0000967897
DA0RI 9331 | 0999980468 (1.0 1659028 0.0833901 79 (998991805 0000988665




TABLE 5

-

NUMERICAL SOLUTION OF PROBLEM 1| BYTHE THREE-STAGE SCHEMES

NI TH R=-1000,
Variable Exact Solution Numerical Selution and error by Numerical solution and error by the 3-stage elassical
Step size the proposed 3 stage scheme R-K method
h vix,) ¥u Error ¥a Error

Ex Ex

.1 DOD4B3ITAIR 0. 999000999 -0.024163581 | 0.999001099 0.008951266
0.05 0951229424 0.981 19633 -0.02967406 | 0.998999009 0.00398653
0.025 0.975304912 0.988142292 -(LO1283238 | 0998098989 U.00T485867
0.0125 0.9875798 098716683 0.000410969 | (L99E997804 0.000247084
000625 (59953 Tohds (.986193295 0007576195 | (LY9BY9GTS 0000378448
0.003125 0.996879877 0985221676 0.011658201 | 0.998995704 0.00212022
0.0015625 0.9984 3872 0.98425197 0.01418675 (0.998954940 0.000888822
000078125 | 0L99219055 0983284172 0.016319279 | 0.998942860 0000979018
0.000390625 | 0.999609451 0982318274 0.017291106 | 0.998937621 0.001023317
000019531 | 0.999804709 0981354272 0.018450484 | 0.998921542 0.001058926




TABLE 6
NUMERICAL SOLUTION OF PROBLEM 2 BY ONE-STAGE SCHEMES

| Numerical Solution by one-stage classical R-K |

| Step Size | Exact - Numerical Solution by One-Stage
Solution Scheme method of order one I
x ¥{Xq) ¥n Error Ya Error
E. En
| 0.00 | 100000600 | 1. 0OG00000 0000000000 1.O00OOOG00 0.000000000
0.10 LOZO10000 | 1.041666667 0.021366667 1040000 | 0.0159
0.20 |.08160000 | L.I50260646 | (.048660646 | 1.0B0792156 0L0D0R0OTR44
0.30 1. 18810000 | 1222232398 (.034132398 | 1.205545541 0.017445541
{0.44 1.34560000 | 1371051285 0025451285 1381221282 0.035621282
0.50 1.36230000 | 1.388030082 0.025530082 1.616272024 0.033772024
0.60 | .84960000 | 1.887631698 D.038031698 1.921390474 0.071790474
.70 | 2.22010000 | 2.28716179%4 0.067061794 2.309510318 D.089410318
.80 2.68960000 | 2.806829341 0.117229341 2. 795816658 0.106216658
_ 0.90 327610000 | 3.469520081 . 3.193420081 3.397761704 0.121661704
100 400000000 | 4300729226 (0.30072922 4135052445 0,135082445




TABLE 7
NUMERICAL SOLUTION OF PROBLEM 2 BY THE TWO-STAGE SCHEMES

Step Size Exact Numerical Solation by 2-stage Numerical solution by the 2-stage classical R-K
Solution scheme of order 2 method of order 2
[ X viXy) i | Error ' ¥ Error
Eq En
0.00 | 1.O0DOC0O0 | 1.000000000 0. GO0 1000000000 0000000000
0.10 | LO2010000 | 1.041666667 (L.0215666667 | 1020000000 0.0001
0.20 i 1.DE160000 | 1.062915%46 | 0.018684054 1.081389262 0.000210738
0.30 118810000 | 1210513565 | 0.022413565 1.187734666 0000365334
| .40 1.34560000 | 1.38912633 0043526338 1.34498588] 0000614119
.50 1.56250000 | 1.573134002 0010634002 | 1.56147984 0.00102016
0.60 184960000 | 1.832273071 0.017326929 | 1.84794486 0.00165514
0.70 2.22010000 | 2.18270745] 0.037392549 | 2217504127 0002595875
0.80 3 68960000 | 2.771141127 0.081541127 2 68567846 0.00392154
0.90 3.27610000 | 3.649099%06 0.372999906 3.270388416 0.00521584
1.00 400000000 | 4941190135 | (.941190135 3.9%1955811 0.0080441 89




TABLE 8
NUMERICAL SOLUTION OF PROBLEM 2 BY THE THREE-STAGE SCHEMES

Step Size ] Exact Solution Numerical Solution by the 3-stage scheme | Numerical Solution by the 3-stage classical R-
of order 3 K method of order 3
X ¥i{Xq) ¥a Error ¥a Error
E. | En

0.00 1.00000000 | 1000000 0000000 100000000 (L0000
010 1.02010000 | 1.04166667 | 0.02136667 | 1.004286524 [ ODT5ELI3476
0.20 1.OB 160000 1.062915%44 0.018684054 | 1.062915946 0018684054
0.30 [ 18810000 108340855 010469145 1L.LOSST9TE1S 0.132302185
0.40 1.34 560000 1.14881417 0.19678583 1.050542811 0295057189
.30 1.56250000 1.2709523 0.29154763 1.042177686 0.520322314
.60 1. 84960000 1.484751492 0.364848508 | 1.03084787 | LE1875213

| 0,70 2.22010000 | 1.84914248 0.37095752 1017567706 1.202532204
.80 268960000 | 2497480123 0192119877 | 1.003536891 1.686063109
(.90 3.27610000 3746227027 0470127027 | 0.990190056 2. 285900944
1.00 I 4.00000000 6521358813 2521358813 | 0.O78BB64797 3.21135203




TABLE 9

NUMERICAL SOLUTION OF PROBLEM 3 BY ONE-STAGE SCHEMES

Step Size Exact Numerical solution by one-stage scheme | Numerical Solution by one-stage classical R-K
Solution method of order one
h ¥(Xq) Yo ' Error ¥n Error
E, En

0.01 0.990049833 | 0.99009900% 0000049176 | 099000000 0.000049833
0.005 0.995012479 | 0.980296048 (LO14716431 | 0.98010000 | 0.014912499
0.0025 0.997503122 | 0.970590144 0.026912978 | 097029900 0.027204122
0.00125 (.99875078 0.96098034] 0.037770439 | 0.96059601 0.03813477

| 0.000625 0.999375195 | 0.990095009 0.009276186 | 0.950990049 0.048385146
0.0003125 | 0.999687348 | 0980296049 0.01939149% | 0.941480]144 0,058207404
0.00015625 | 0.999843762 | 0.970590148 0.029253614 | 0.932065342 0.06777842
0.00078125 | 0.999921878 | (.960980344 0.038941534 | (0,922744688 0.07717719
0.000039062 | 0.9999605938 | (L951465688 0.04849525 0.91351724] 0086443697
0.000019531 | 0.999980468 | 0.942045.136 f 0.057935232 | 0.904382068 0.0955984

Es




TABLE 10
NUMERICAL SOLUTION OF PROBLEM 3 BY.THE TWO-STAGE SCHMES

Step Size Exact Numerical solution by the 2-stage MNumerical Solution by the 2-stage classical R-k method of
Solution scheme of order 2 order 2
h vix,) ¥ Error ¥ii Error
E, L,

L (L0SRET | GO0 DODODA9176 | 0994050005 0.004900172
0005 [ 0995012479 | 0.985080267 0.009932212 | 0989926002 | 0000123831

0.0025 0997303122 | 0.975567836 0.022135286 | 0.979926759 0.017576363

00125 99873078 0.965727422 0.033023358 | 0.970032923 0028717857

L O00G2S 990375195 | (956182622 0.043192573 | 0.963133771 0034241424

(0003125 DAOGRTS4E | 0946732492 00532055056 | 0.9553386E85 0.044 500665

000015625 | 0999843762 | 0.938355346 0061488416 | 0945738432 005410533

0.00078125 | D.99992I878 | 0.9290820435 0070839833 | 0.940962925 0.058958953

G000039062 | D.9999E0938 | 0.919962746 QLOEOOLT7722 | 0.93146014 0.068500798
FROOODD 9531 | 09909080408 | 0.910871394 (LOE9108574 | 0926756732

0.073223736




NUMERICAL SOLUTION OF PROBEM 3 BY THE THREE-STAGE SCHEMES

TABLE 11

" ]
| Step Size Exact Numerical solution by the 3-stage Mumerieal Solution by the 3-stage classical R-K method of
Sulution scheme of order 3 order 3
h ¥{Xa) ¥n Error ¥n Error
E, Eax

LR (LR ST [ O NS0 NO0004917a | D.S0009900% (LD 76
0.005 0.995012479 | 0985080267 0.009932212 | 0.990098(% D049 14389
0.0025 Q.997503122 | 0.97347248 0.022030642 | 0.99009708 0.007406042
0.00125 0.99875078 | 0.963955665 0032795115 | 0.99009607 0.003654715
0.000625 0999375195 | 0956440852 ;:}.{ME 834343 | 0.990095051 0000280144
00003125 (.999687548 | 0.947210257 j 0052477291 | 0.990094021 0009593527
0.00015625 | 0.999843762 | 0.938221515 0.061622247 | 0.990093009 Q009750733
0.00078125 | 0.999921878 | 0.920068582 0.070150198 | 0.990091959 0.00982991%
0.00003%062 | 0.999960938 | 0.92007298] 0.079887957 | 0.990090906 0.009870032
O.000019531 | 0999980468 | 0911135472 0088844996 | 0,990089839 0.009890629




TABLE 12

NUMERICAL SOLUTION OF PROBLEM 1 BY ONE STAGE SCHEME USING RICHARDSON ERROR ESTIMATE

TECHNIQUE
H Y EXACT NUMERIVAL VALUES OF Y, L.T.E ERROR
. VALUE, Y~

0.001 0.999000499 0.900000994 0.999500249 | 0000665666 00000005
0.0005 0.999500125 0999019029 1L998301746  D.000068971 000048109
0.00025 0.999750031 0.999010926 0.998002746 | 0.00134424 0.000739105
0.000125 . 0.999875007 0.999003634 (0.997503995 0.006661853 0.000871373
0.0000625 [0.999937502 0.998997071 0.997005492 0,002655438 0.00094045 ]
0.00003125 0,949996873 | 0.998991172 0996507239 0.00331191 0.000977578
0.000013625 0.990984375 0.998985867 0991549491 0.000991516 .000998508
0.000007812 099992187 0.9989810797 0.991053964 0.001056948 0.000940791
0.000003906 0.99996093 099897681 0.990558683 0.001122416 0001015283
0.000001953 | 0.999998046 0.99897294 (1.990063651 0.001 187907 0.001025086




TABLE 13

NUMERICAL SOLUTION OF PROBLEM 1| BY TWO STAGE SCHEME USING RICHARDSON ERROR ESTIMATE

TECHNIQUE

H Y EXACT NUMERIVAL VALUESOFY, |L.T.E ERROR

' VALUE, Yy

0001 0.999000999 0.599000999 | 0.999500249 -0.000570571 0000000000
0.0003 0.999500125 0.998004986 (,998502371 -0.00056844 0.0(11 495026
0.00025 (oenis003] 0997007479 0998250313 001420381 { 0.0027425352
0.000125 0.999875007 0.996010968 0.9598247571 -0.002536117 (.003864039
0.0000623 0.999937502 | 0.993015953 (.998220139 -0.003661926 | 0.004921549
0.00003125 ' 0.99996875 0.90400143 0.997968336 0.004510749 000594732
0.000015625 0.999984375 0.9930279 | 0.99771666]1 ' -0.003438584 0.006956475
0.000007812 0.99992147 0.992035362 0.995206869 -0.003624579 0.007956825
0.000003906 0.99996053 0.991043814 0.992709676 -0,001903838 0008952279

0.000001956 0.999998046 (1990053257 (.990224577 -0.000196251 0.009944789




TABLE 14

NUMERICAL SOLUTION OF PROBLEM 1 BY THE THREE STAGE SCHEME USING RICHARDSON ERROR ESTIMATE

TECHNIQUE
STEP SIZE Y EXACT NUMERICAL RICHARDSON'S | L.T.E DISCRETIZATION
SOLUTION Yx | EXTRAPOLATION ERROR (e,)
SOLUTION Yy

0.001 0.990049833 0.699000999 0.999500249 0000532533 0.008951166
0.005 0.995012479 (.089119683 | 0:998863792 0010393716 0.005892796
0.0025 0.997503122 0,070431628 0.098726622 -0.020581006 0.018071194
0.00125 0.99875078 0.96932107 0998389491 0031219649 0.02942971
0.000625 0.990375199 0.960614796 0.098452397 -0.040360107 0.038760403
0.0003125 0.99G687548 0.051474780 0.998315341 0049063255 0.048212759
0.00015625 0.999843762 0.942307073 0.998178323 | -0.059382666 0.057336689
0.00007812 00090921878 0.933706821 0.997995326 0068574405 0066215057

T 0.00003906 0.999960938 0.925069383 0097858395 0.07764161 0.074891553

| 0.00001953 0.999980468 0.916590289 0.997721494 -0.081131205 0.083390179

* > > a 7




TABLE 13

COMPARATIVE ANALYSIS OF THE PROPOSED SCHEME AND CLASSICAL RUNGE KUTTA METHOD ON

PROBLEM 2
PROPOSED SCHEME RUNGE KUTTA METHOD
X 'Y EXACT | ONE-STAGE | TWO- 3-STAGE ONE-STAGE | TWO-STAGE | 3-STAGE
| STAGE

L 0.00 |.GO000000 | 1.ODDDODD | 1.00000D00 | 1.00000OD0 | 1.0000000 10000000 1. 000000
| 0,10 102010000 | 1041666667 | 1.041666667 | 104166667 | 1.030000 1.020000000 | 1.004286324
0.2 LOBI60000 | 1130260646 | 1.062915946 | 1062915946 | 1080792156 | 1.OBI3R9262 | 1.062915946
030 118810000 | 1222252398 | 1.210513565 | 1.0B340855 | 1205545541 | 1.187734666 | L.1S5797815
040 [ 13456000 1346051285 | 1342126338 | 134001417 | 1341221287 | 1344985881 | 1320542811 |
.50 1.36250000 | 1.568050082 | 1.553134002 | 1.27095237 | 1566272024 | 1.56147984 1.542177686
0.60 1.84960000 | 1.857631698 | 1.832273071 | 1.834751492 | 1.841390474 | 1.84094484 1.83084787
10.70 222010000 [ 2227161794 [ 1182707451 [2.04914248 | 2309510318 [2.217504127 | 2117567706
1080 268960000 | 2.606820341 | 2471141127 |2437480123 | 2693616658 268567846 | 2.503553689 |
0.9 (327610000 [ 336952091 |[3.249099906 | 3.246237027 | 3397761704 3270388416 3.15&:3:3:]1}!
1.00 30000000 4100729226 [4.041190135 390012783 | 4135082445 [ 3991953811 |[3.578864797 |




TABLE 16

COMPARATIVE ANALYSIS OF THE PROPOSED SCHEME AND CLASSICAL RUNGE KUTTA METHOD ON

PROBLEM 3
Variahle Step = Exact | PROPOSED SCHEME CLASSICAL RUNGE KUTTA METHOD
| Solution : ,
X ¥i{Xn) ONE-STAGE | TWO- 3-5TAGE | ONE-STAGE | TWO-STAGE | 3-STAGE
i STAGE .

.01 | 0990049833 | 0.990099009 | 0.990099000 | 0990099009 | (L990000000 | C.904050003 0.990099009 |
0.005 0.995012479 | 0.980296048 0.9835080267 | 0.985080267 | 0.98010000 (L.9B9925002 0.99009809 |
(.0025 0.997505122 | .970590144 | 0.975367836 | 0.97547248 0.97029900 0.979926759 0.99009708
0.00125 0.GO8TS078 0.96098034]1 | 0.966727422 | 0.965955665 | 0.96059601 0.970032%23 0.99009607
00006235 0.9993751935 | 0.990092009 | 0.956182622 | (,956540852 | 0.950990049 | 0.965133771 0.990095051
00003125 0.999687348 | 0.98020604% | (.946732492 | 0947210257 | 0.941480144 | 0.955386885 0.950094021

| 0.00015625 0990843762 | 0.970590148 | (1938355346 | (0.938221515 | (L932065342 | 0945738432 0.990093009
G.000078125 | 0.999921878 | 0.960980544 | 0.929082045 | 0.929068532 | 0022744688 | 0.940962925 0.990091959
0.000039062 | 0999960938 | 0951465688 | 0.919962746 | 0.920072981 | 0.913517241 | 0.93146014 0990090906
0.000019531 | (.999980468 ! 0.942045236 | 0910871894 | 0.911135472 | 0.904382068 | 0.926756732 0.990089835




CHAITER 51X d
GENERAL CONCLUSION
G SUNMARY
Phie project lis comsidered The design, analysis and nnplementation of a new class
ol explict Bonge kot seleme for momencal solution of Tiest order imitial value
prodsbcinis i orcdiry dilTerential eoquation. The new schenwes are consistent, convergent
aned A-siabbe. Comparative ananlysis of the proposed schemes witls classical Runge-Kutia.
bables 15 — Hooimgheates thal, the perborimance ol the new schemes s better tun the
existing Ruomge-Footle scheme. Besults e Tables 1 - 11 ol the proposed schemes are
accutabe.  The advantages of the new schemes over (he existing Runge Kulta schemes,
IO | PHTS
Fhwe nderyal ol ahsolute stability of the proposed one- stage scheme is (-0, o)
whinchis larger compared 1o the absolote stabuhity ferval ol (-2, 0) Tor the one- stage R-
k. metlicnl
Phat is: the new class ol explicit Ronge- Kotla schemes is A- stable while the
comventional Runge- Kutla mu[hm...i:-a ol the same stage and order 15 nol A- stable,
.2 LIMITATHONS
Che olwiows deowlack ol e pew scheme bs Qud it mvalves noore Tunclions
exaluation than the existing B- K methods,
Also s derivation snd smplementition is diflicult s Gme-neonsiming but its high

aecuracy and A- stability compensate for these dilliculnies

7



6.2 HRECONMENDATIHONS
{1 Addopling stategies wineh can help to find appropriate balance between ll'u.-.'
step size b, the order of accoracy, and stalihity of the methods Lo achieve more
aecuracy, etlicient ad effective schemes e essential,
These stategies incliade the choice of step length b as (o satisly
fi = 2o

# 0. Tas value of h will over step the point of singularity.

g
{hi) 1 s amportant Lo doobile precision aonhmetic o minimize the effects of round-
ol error, o
(1) Further research should look into higher stage methods with a view to identify
the general order of the method,
0.3 CONTRIBUTHON TO KNOWLEDGE
Fhe newy seheme shows that there exists explicil one-siep scheme that are A-stable
comleary W Dalilquest (1963) postulate. A pew class ol Explicit Runge-Kutta schemss
vahid for mtegration of non-stff and sull Vs in ODES have been developed. The
sehemes will be quite suitalile and useful in the solution of ODE prablems arising from
muclear reaction processes, cconomic system, population model and other dynamic
process sich as heat amd maiter tansler, diffusion and pharmaco kinectic theories, that
leawed Lo dilTerential of this ype,
Consequently, the new scheme will be easier 1o apply Ture solution of stiff ODES
compared to implicit methods which involves the solulion ol sysliem of Lincar algebraie

cojumation per unil slep.

%
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10

APPENINX |

THIS PROGRAM  SOLVES  STIFF INITIAL  VALUE  PROBLEM
F'=UF - E(LXN+E'(X)

WHERE A 1S A COMPLEX NUMBER WITH NEGATIVE REAL PART
COMPARING ONE-STAGE EXPLICIT RUNGE

KUTTA OF ORDER ONE AND CLASSICAL

RUNGE KUTTA OF ORDER ONE

EXPLICIT REAL *8(A-11, T, X-7)

INITIALISE X, Y. H, Tow.. X,

OPEN (UNIT = 3, FILE = MATHS OUT, *STATUS = *NEW")

OPEN (UNIT = 1, FILE = ‘MATHS.DATA’, STATUS = ‘NEW")

WRITE (3,1)

FORMAT (12X, ‘RESULTS OF EXPLICIT RUNGE KUTTA SCHEME OF
ORDER ONE AND CLASSICAL RUNGE-KUTTA SCHEME OF ORDER ONE')
WRITEE (3, 103)

FORMAT (/. " toveeeeeeeeeeieeeeeirse e )
WRITE (3.7)

FORMAT (6X, ‘H, “20X, *YEXACT", *13X, "ORDER ONE’,
13X, 'Ey’, 13X, "CLASSICAL RUNGE KUTTA OF ORDER ONE’, 3X. 'E;")
WRITE (3. 102)

FORMAT (%, oo e, T
Hy - 0.10-3

Hym = 0.1953125D-5

T, = 1.0D-3

X = 1.0D0

o = 0,000

Yo = 1.000

INVOKE SUBROUTINE EXPRK AND RUNKUT
TO COMPUTE APPROXIMATE VALUEOF Y
CALL EXPRK (Xq. Yo, Hy, TOL, Y{xg), Ea, Y)
CALL RUNKUT (Xo. Yo. Hi, ¥, Ex. YP)

CHANGE THE STEPSIZE TO HALF OF THE STEPSIZE
Hy = 0.5D0 *H,

WRITE OUT RESULTS

WRITE (3, 10), Hy, Yeuup Y, Es. YP. E3

FORMAT (D14, B, 7X, 5(16.8, 4X)



1t

C

(]

Write (3, 101)

FORMAT '/, 180"}, '/, , 5(20({*-*), *L.)}
IF (H,.LE HMIN) THEN
STOP
ELSE
Hi=Hu
GOTOR
END IF
END

FUNCTION SUBPROGRAM TO COMPUTE THE FUNCTION OF F FUNCTION
Fx.y)

EXPLICIT REAL *RA-H, T, X-7)

F=10D0 (Y-X*3)+ 3DO*X*X

RETURN

ENID

FUNCTION SUBPROGRAM TO COMPUTE THE FUNCTION OF F FUNCATION
Fix, ¥)

EXPLICIT REAL *8(A-H, T, X-Z)

F= 100D0*Y-X**3D0) + 3D0O*XHY

RETURN

EMID

FUNCTION SUBPROGRAM TO COMPUTE THE FUNCTION OF ' FUNCTION
F(x, ¥)

EXPLICIT REAL *B{A-H, T, X-7)

F=-1000D0*(Y-X**3D0) + IDO*X*X

RETURN

EMD :

FUNCTION SUBPROGRAM TO COMPUTE

YEXACT FUNCTION YEXACT (x.y)

EXPLICIT REAL 88(A-H, T, X-7)

YEXACT = (X**3.0D0) + EXP(-10:0¢X)

RETURN

EMD

SUBROUTINE EXPRK TO COMPUTE THE APPROXIMATE VALUE OF Y,
LISING

RUNGE KUTTA METHOD OF ORDER ONE

SUBROUTINE, (X, Y. H, Y, £,)

EXPLICIT REAL *8(A-H., T, X-7)

Your= Yo **2UY, —H* ¢

£, = ABS(Y.-Y)
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C  SUBROUTINE EXPRK2 TO COMPUTE THE APPROXIMATE VALUE OF Y, o
USING TWO STAGE EXPLICIT RUNGE KUTTA OF ORDER TWO

SUBROUTINE EXPRK (X, ¥, H, TOL, TP, E, YN)
EXPLICIT REAL *8(A-H, T, X-Z) \
AH, = 0.0D0 *
AH, = 0.0D0
By = (.01
B = 0.000
B = 0.5D0
By = (0.0D0
oy = (0.0D0
Dy s (0,300
12 X = X+D*H
Xa = X+ Dh*H
Lo = 1.ODOYY
£y Lo+ (B *AH;) + (Bjz*AH:)

Z3 Lo+ (B *AH,)) + (Bu*AH;)
¥ s 1.ODOVE,

Y: = 1.ODM0E

EH, = L\ *Z*F(X), Y\ )*H

EH; = L F(XL Y5 *H

Ay = ABS (EH, - AH))

Az = ABS (EH; — AH;)

IF (ALLETOL AND A2.LE. TOL) THEN
Tsum = 0.5DO*(EH, + EH3)

Yy = Y1000 + Y*TSUM)

Xy - X+H

Yp = YEXACT (XN, YN}

E - ABS (Yr-Yu)

AH, =  EH;
AH; = EH;
GOTO 12

EMD IF

RETURN

END

SUBROUTINE RUNKUT TO COMPUTE

APPROXIMATE VALUE OF Y USING

CLASSICAL RUNGE KUTTA SCHEME OR ORDER TWO.
SUBROUTINE RUNKUT2 (X, Y. H, Y», E, Y)

EXPLICIT REAL *8(A-H, T, X-Z)

£1:03 £}

AK, = H*F(X.Y)
i = X+ LOD-3*H)
Yy = Y +(1.0D - 3*H*AK;)

a3




AKy = H*F(X3, Y1)

Toum = (AK, + (2.0D-3*AK2))2

Yo = Y + Tsum g
X = X+H

Yo = YEXACT (Xn, Yn)

E = ABS(Yp—Yn)

RETURM

END

& SUBROUTINE EXPRK3Y TO COMPUTE THE APPROXIMATE VALUE OF Y,
USING THREE STAGE EXPLICIT RUNGE KUTTA OF ORDER THREE
SUBROUTINE EXPREK (, Y, H, Ten, Yi E, Yn)

EXPLICIT REAL *B(A-H, T, X-7)

AH, = .00
AH; = 0.0D0
AH; = 0.0D0
By = (.0DGO
Bz = 0,000
By = 0,000
By = 0,500
Bss = (.00
By = 1.0
By = 2.0D0
By = (.0D0
Iy = (.00
[ = 0.500
Dy = 1.00130

4 X = X+ DI*H
X2 = X +Dy*H
Za = 1.0DOY
& = Lo +(By*AH) + (Bi2*AHz) + (Bj3*AH3)
& = Ly + (By*AH;) + (Bax*AH;z) + (B * AH;)
£ = Lo+ (By*AH) +(Bs* AH;) + (Bs;* AH;)
‘.IFJ = | .HMI'IEL
Y3 = .0DOES
Ys = 1.ODO/ZS.
EH, = L Y2 F(X L YD)
EH, = -£3* 2P (X, Ya)
EH; = -Z3*Z1*F(X5, Y3)
Ay = ABS (EH; - AH,)
Aa = ABS (EH: - AH3)
Ay = ARBS (EH; - AH;)

IF (ALLE.TL, A3 LE Ty, AND A; LETOL)

THEN
Tsun = 1. SDO*(EH, + EHy + EHy)

B4



Y YC1L.0DO + ¥Y* T

K = X+H
Yo = YEXACT (Xu. Yy
E = (Yp— Y
ELSE

AH, = EH;

Ally = EHs

Ay = s

GO TO 14

EMNIY IF

RETURM

END

C SUBROUTINE RUNKUT TO COMPUTE
APPROXIMATE VALUIES OF ¥ USING

C CLASSICAL RUNGE KUTTA SCHEME OF ORDER THREFE
SUBROUTINE RUNGKUT (X, Y. IL T B, Y
EXPLICIT REAL *B(A-H, T, X-7)

AK, = H*E{X. Y)

X3 = X +0.500*H

Ya = Y +{0.5D*AK )
Ak, H*I( X2 Ya)

Y3 o Y +H{1.0D0*AKS)
AK; = H*F(X:, ¥3)

Y = Y 4 {1LODDYAK )
AK; = H*F(X3, Y1)
TSUM = AR+ TZ0D0* AK: + AK /6,000
1I'rh.| - Y "’IE_.'EUM

X = X+ H

Y - YEXACT (X Yn)
E = ARS (Yr— Yu)
RETURN

END
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APPENDIX 2

THIS PROGRAM SOLVES STIFF INITIAL

INITIAL VALUE PROBLEM ¥' = (¥ - EX)+ £'(X)

USING TWO STAGE EXPLICIT RUNGE KUTTA OF ORDER TWO
USING ERROR ESTIMATES TO ADJUST THE STEP SIZE. THE STRATEQM
IS TO

CONTROL THE STEPSIZE TO GET MINIMUM ERROR

EXPLICIT REAL*B{A -1, T -Z)

OPEN (LINIT = 3, FILE = "MATHS 2 OUT, STATUS = ‘NEW?)

WRITE (8,*) "RETURN OF TWO STAGE EXPLICIT RUNGE KUTTA OF ORDER
WO, ADOPTING  RICHARDSON EXTRAPOLATION METHOD TO ESTIMATE
THE LOCAL TRUNCATION ERROR AND CONTROL THE STEP SIZE

WRITE (8, 100}

POMMAT U, ™ civaaisinmis i issnimnniss s .

WRITE (&, 11)

FORMT {2y, * H, YEXACT, VALUE OF
Y.* NUMERICAL VALUE OF Y, LOCAL ERROR
ERROR

WRITE (¥, 120)

FORMAT [/, creeievr e eevressressresnsrnras A
Xo 0.0D0

Yo = 1.0D0

Hy = 0.1D-1

Tap, = 0.15-2

Xy ™ 1004

Xp i Kot H;

CALL ADAPT (X, Y, Taw, Hu, LTE,)
CALL EXPRK2 (X, Yo, Hy, Tons Yar)
Yu - YEXACT (Xp, Yip)

E = ABS (Y- Yur)

WRITE (8, 3) Hy, Xp, Y, Ynp, LTE, E.

FORMAT (2 X, 6(16.8, 4X)
WRITE (8, 100)

FORMAT (*/,, 6020 (*-*), "L}
IF (Xp. Ge. X)) 85TOP

Xo = Xp
Yo =Yy
GOTO?2

EMND

SUBROUTINE ADAPT TO CONTROL THE STEP SIZE
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SUBROUTINE ADAPT (X, Y, Tup, Hy, LTE)
EXPLICITT REAL *8 (A 11, T - 7)

I = 0.11-3
”u = TUI.* ?HI'J
H; = 0.500*1
XPI = X +H,

CALL EXPRK (X, Y, 11, T, YP))
CALL EXPRK (X, Y, Ha, T, YP,)
CALL EXPRE (XPy, YP5, Wy, T, Y1)

24
Slfjl-l'l':—'{"l'lm—\'r”[ = —]

EI'-|I- i |
P = ABS (YP; - YP,)
EA = (Ha ODO* D)) £ 00

IF(DP.LEDN) THEN
H*ABS (DNP**0.2D0)

HN
ELSE
FIM
ENIY 1
IF{LTE.LE.E) THEN
FOTO

FLSE

H = HN

GO TO?

END IF

H*ADRS (DNP**0,25D0)

RETURN
ERND

SUBROUTINE EXPRK TO COMPUTE NUMERICAL VALUES OF ¥
SUBROUTINE EXPRE (X, Y, 1, T. Yy)

EXPLICIT REAL *8(A - 11, T 2)

INITIALISE THE VARIABL IS

Al LHRB Y]

AH: = (.10}

FUNCTION SUBPROGRM TO COMPUTE |

FUNCTION F(x, v)

EXPLICIT REAL *8(A - 1,1 - 2

SET

Yisa = YOO 00 4 ?*{12..*;".4‘&"::{}1 Yol AR
FiXa, Y2000

E - ABS {(Yp- Y:_-j}

RETURN

EMD



