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ABSTRACT

In this thesis, a new class of explicit Runge-Kutta Schemes are developed to solve non-

stiff and stiff initial value problems in ordinary differential equations.

The method is motivated by the variety of its application in the solution of problems

arising from such areas as: population dynamics, pharmaco-kinectic theory, chemical

and nuclear reactions, electrical transmission network and other dynamic processes in

industries. Its development, analysis and implementation adopts Taylor series

expansion, Richardson extrapolation techniques and fortran programming language

respectively. The developed schemes are found to be consistent, convergent and A-

stable. Numerical results and comparative analysis with some standard methods show

that the new schemes are accurate, efficient and effective.
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CHAPTER ONE

INTRODUCTION

1.1 PREAMBLE

Numerical problems are encountered in the various branches of human activities such

as science, engineering, management and technology. These include:

(i) The study of the rate of decomposition of a radio active substance.

(ii) The study of chemicals reactions of two different elements.

(iii) The population growth of a given community.

(iv) Determination of the quantity of electric charge flowing across an electric

circuit.

(v) The study of the rate of growth of the economy of a country.

The mathematical formulation of these problems often leads to first order ordinary

differential equations, of the form:

y'=f(x,y),a~x~b (1.1)
;'

Thus, a first order ordinary differential equation is any equation of the form (1.1)

which contains a function y(x) and its derivative y' with respect to variable x.

Derivative is the rate of change of one variable y in relation to another variable x.

,

Variable y is called the dependent variable and x, the independent variable.
, !

The most general form of an ordinary differential equations is of the form:

F(X,y,y',y" yl"l) = 0 (1.2)

where n is the order of its highest derivatives. The order of a differential equation is

the order of the highest derivatives involved in the equation. The degree of a

differential equation is the exponent or power to which the highest derivatives is



--

raised after rationalization. If110 product of the dependent variableY(x) with itself or

any of the derivatives occurs; the equation is said to be linear, otherwise, it is non-

(

linear.

The differential equation (1.1) together with initial conditions

Y(xo) = Y(o) ... (J.3) is called a first order initial value problem in ODEs. in order that

equation (1.1) with condition (1.3) may have a solution, the following conditions

must be satisfied by f(x, y), namely

(i) f(x, y) must be a real valued function

(ii) f(x. y) must be defined and continuous at all points (x. y) in the region D

defined by 0 = {(x,y)! a :S x :S h,-Cf) < y < ro} and contains initial point

There exist a real constant L, such that for any xE (a,b)(x,y),(x,y*) E D

!f(X,y)-/(x,y*)I:s Lly- y*1 (1.4)

where L "is the so called Lipschitz constant. This means thatf and its partial

derivatives df must be continuous.
--D~'

When equation (1.1) together with equation (1.3) satisfy conditions(i) - (iii), then we

shall be sure that it has a unique solutionY(x) for every x E (a,b), [Apostol (1965)).

We can choose the Lipschitz constant L to be I

L ~uF' .~jJ) ~D dj(x,y) (l.6)

dy

where (ij~y is the Jacobian off with respect toy.
I
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This class of first-order ordinary differential equations are widely used to

solve problems ansmg from areas such as heat and matter transfer, chemical and

nuclear reactions, pharmaco-kinectic theory, electrical or electronic transmission

network and other dynamic process in industries.

1.2 EXISTING ONE-STEP METHODS IIOR SOLUTION OF ODES

There are various one-step algorithms designed to solve both linear and11011-

linear initial value problems. These include:

(i) Euler's schemes

(ii) Runge-Kutta methods

(iii) Taylor's series expansion technique as discussed in Lambert (1973)

(iv) Rational Runge-Kutta method by Hong Yuanfu (1982).

1.3 PROBLEMS ASSOCIATED WITH EXPLICIT METHODS

The problem associated with explicit methods are first discovered by

Dahlquist (1963). lie observed that no explicit one-step method or multistep methods

""
of any order can be, A-stable. lie observed that only implicit multi-step method can

be A-stable.

Unfortunately, implicitness introduces the problems of solving at each integration

step, a set of simultaneous linear equations. Other problems include small region of

absolute stability associated with the existing explicit methods.

3
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The decline of interest, in the explicit method may be due to the barrier identified by

Dahlquist, (1963) However, this barrier has prompted l1)any researchers including

Butcher, (19(4), Gear (1974), to introduce a less rigorous general conditions such as

A\o)..,,,tabilil\,, A~)-slabililY and L~slability The work or l long Yuanfu. (1982),

Okunbor, (1985), Adcmiluyi (2005) confirmed that there exists some explicit class of

Runge-Kutta methods that are A-stable. Based on the above reasons, .we proposed a

new class of Explicit Runge-Kutta scheme defined as'

(1.7)

r

where k4~ hg.(X"flq). kj~' hg(xl1 + dih,4!+ t b~jkj)
j~

This di~' 2:: bU formula is developed along. the line of thought of Hong Yuanfu,

(1982). Babatola (2000), Ademiluyi (200 i, 2005).

1.4 MOTIVATION

The method is Explicit, consistent Convergent and A-stable It is easy to

implement on the computer than implicit method. It has variety of applications in

solving non-stiff and st iff ordinary differential equations

4



1.5 I{FSEAHCII OBJECTIVES

l hc main objective of this studv is to develop an explicit comput

methods (1.7) for numerical solution of both non-stiff and stiff first-order01

differential equations, Specifically, we

(i) determine the numerical values of the parameters wi, bij as to ensure tha

is consistent convergent and A-stable,

(ii) analyse the consistency, order of accuracy, error term, Convergenc

stability ofthe method

(jii ) determine the interval ofabsolute stability of the method

(iv) code the algorithms in a computer programming language(FORTRAN)

(v) implement the programme with specific sample problems on a r

computer to test its applicability and suitability,

1.6 RESEARCH METHODOLOGY

To achieve the above objectives, we adopt the Taylor's series expansioi

•...
Yll 1, kj's and g in two variables in power series of h so as to completely express

i

local truncation error 'I'll 1 in powers 01' h. so as to be able to single out the orde

accu racy of the met hod,

The resultant formula was analysed for consistency, convergence and stability

adopting Dahlquist (1963) model equation, The algorithms was coded in Forti

programming language and implemented on a micro-computer to confirm

workability and accuracy of the newly developed schemes with sample problems,



--.
1.7 EXPECTED CONTRIBUTION

!\ new class of explicit Runge-Kutta method which is A-stable and can solve be

non-stiff and stiff ODES is developed The new methods may be developed into

multipurpose code for the solution of allkinds of problems arising from populatj

dynamics economic system, pharmaco-kinetics theory and other dynamic processes
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CHAPTER TWO

LITERATURE REVIEW

According to Dahlquist (1963) postulate, he observed that no explicit one-step

method or multistep methods can be A- stable. Any method which is not A-stable cannot

accurately solve stiff equations.

Ilowever, the introduction of A(o)-stability, A(u)-stability and L-stability conditions

(Gear (1974), Butcher (1964) and A-stability, A(a)-stability Hong Yuanfu (1982) has helped

in establishing schemes that cope with stiff equations.

2.1 BASIC CONCF:PTS AN» PRINCIPLES

The purpose of this section is to briefly explain the basic concepts ami principles that

are relevant to the schemes. These concepts and principles include:

(i) The mesh-points and mesh size

(ii) Finite difference schemes

(iii) One-step iteration schemes
,.

(iv) Properties of one-step schemes

2.1.1 THE-STEPLENGTH OF MESH SIZE

Numberical integration method for solving initial value problems in ordinary

differential equations are based on the principles of discretization. Approximate

values of unknown function y(:x)are sought on a certain discrete points defined by

xi, i = 0, 1, 2 where the sequence of points xi, i= O( I)N in the interval (a.b) by

a = Xu < XI < X2 XN = b (2.1.1);

b-a .
and h = -- and Xi 1-1 = Xi" h 1 = O( I)N (2.1.2),N .

h is called stepsize or mesh size and the pointsXiS are called mesh points.

7



FINITE DIFFERENCE SCHEMES

In this technique, we obtained approximate values of anunknown function Yi= Y(x)

(

satisfying the initial value problem of (1.3) at the sequence of points defined by

XiII =)(i-l-h, i = 0(1 )N, h > 0

The principle is as Follows:

lfxi_l, Xi and Xi+l, i = O(I)n are any three points in the interval (a.b) then

)! -)!
0Yi = ,+1 i

Xi+1 - Xi

Y"I- )"
II

(2.1.3)

............................. (2.1.4)

are called finite difference approximations to the derivativesy' and y" of y.

Putting equation (2.1.3) into the differential equation (1.3); for example, we obtain

Hence, the process of replacing the differential equation (1.3) with a. finite difference

scheme is called finite difference method. The values are expected to approach the

exact solution Y(x) as h tends to zero.

2.1.2 PRINCIPLES OF ONE-STEP SCHEMES

ONE-STEIl INTERATION SCHEMES

The general one-step schemes for solution of the differential equation of type (1.3) is the

method in which the approximation Yn+1 can be generated from the knowledge ofYn at x.,

Generally, one-step schemes are of the formY,,+I = Y" -I- h¢(x",Y",h) (2.1.6)

8
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where (l>(xn, y.; h) is a function or the arguments x.y,h. Thisfunction <.I)(xn, Yn, h) is called

the increment function. One-step schemes of type (2.1.6) are self starting and well suited to

computer manipulations. This class of method includes Euler's scheme. Taylor's series

scheme andRunge-Kuua scheme. The one-step schemes require one valuey., i =O( I)n at the

single point x= Xi in order to proceed into calculating theYi+1 at

x = Xi+l.

Unfortunately, the type of equation mentioned above are restricted to those problems in

which f is well behaved. Their performance on stiff equations areknown to be very poor-

Conte and de Boor (1972, 1965 and 1980):

Examples of one-step schemesan:

(i) Euler's scheme

Yl/+l =)'1/ + hl(x//,)',,) (2.2)

(ii) The Taylor's series scheme
,;

(iii) Runge-Kutta schemes

/I

Y,,<1 = )'" + Lc,k, (2.4)
,< 1

,
where k; = 11/(x" + Gill,y" + ~ b~ kj)and R - is the stage of the method.

(iv) Rational Runge-Kutta scheme

9
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c
y~t Iw,k;

- I=-I
Ytt1-1 - r-

i"t y. ~v.H(
·IlL, I

1'=/

(2.4<1)

HUNGI~-I(UTT;\ S< 'JlI(I\"';,<';

Rungc-Kuua sl'hcllIl' is one (II' Ihl' ol(k,st numerical methods I'or the solution (11' ordinary

dilferelliialequatioll ()I ll':S),

L

These schemes W,IS fil.sl proposed by I<uua (I <)0J) and later improved by Runge (J <) J.~), Tlle

J~-st(lge RUllge-l<ulla schemes me often divided into three classes. namcf y:

(i ) Explicit: 1\-1( if' II - (hij) 0-0 (), 1(II',i ~ i

(ii) Sl'll1i-l~xJlliciL I\-K if II = (bij) ,- 0, Iorj>:

(iii) Implicit: I~-K ilhij to, lor (It least ollej2:i.

HATIONAL RlJN(;Ii:-J(lITTA SCJII~I\I"~S

The ill<Hlcqll<lcies of' l.xplici: f{ullgc-l<llll;\ SChClllCS. motivated numerical all,dysts like Iiong

YWlIll'U (I <)82) to search fl)) other numerical methods that can perform better, This led to the

development or tJ~\;Rational Ruugc-Kuun schemes.

(2,5)

•
;

ki -- 1"(xlI rei.II!. y~ + 'f,f£lr-=d kj)

10



During analysis of the schemes, he observed that the schemes are A-stable and its region of

absolute stability is large. Ilowever, the stability property of the schemes encouraged

Okunbor (1985) to extend the schemes to family of order four. Their performance on stiff

ODES are satisfactory. l lowever, this method requires a lot of computer manipulation and

storage facilities. To reduce this computational labour, a new variant of the method is

considered, particularly, one-stage, two-stage and three-stage scheme of order one, two and

three respectively in chapter three. The methods are A-stable and suitable for the numerical

approximation ofIVP of ordinary differential equations.

2.1.2 PROPERTIES OF ONE-STEP SCHEMES

The basic properties of one-step schemes includes order of accuracy. consistency,

convergence and stability.

The ability of a numerical scheme to reliably control the global error generated is a major

aspect of numerical computing that needs to be considered for new method. Thus, the global

. "discretization error associated with (2.2) is expressed as:

;

where YI1+1 is the numerical approximation to the theoretical solutionY(XI1~I) at step XI1+I. It is

required that the error be made as small as possible as h is sufficiently close to zero. To

make the concept clearer the following definition are given.

Definition l : The local truncation error '1'11+1 associated with one-step schemes (2.1.6) is

defined as the amount by which the theoretical solution y(xl1) of the initial value problem

(1.3) fails to satisfy the di fTerence equation\2.1.6). That is,

II
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The relationship between the global error defined by (2.6) and the local truncation error

defined in (2.7).

lell+11:s KiT,'+ll (2.8)

where k is a constant. from (2.7), it is clear that the local discretization error is directly

proportional to the truncation error introduced at each step particularly when the derivation

and computation of the local truncation error is rigorous and all previous solutions are exact.

This establishes the linear convergence of one-step schemes.

Definition 2:

The integration formula (2.1.6) is said to be consistent with the lVP (1.3) if the increment

function <l>(x,y,h) satisfies the condition.

<l)(xn, Yn, 0) = f(x, y) (2.9).

as h tends to zero. For further information consult (Lambert, 1973).

Definition 3:

The one step scheme (2.1.6) is convergent provided that for an arbitrary initial solution
/

vector Yo and arbitrary poirit x, E (a, b), there exists a global error,ell such that

Lirn ell = Lt(Y(XII) - y,J = 0 (2.10)

n~ 00 n~ 00

Definition 4:

The integration formula (2.1.6) is said to be of order P if P is the largest positive integer such

that the local truncation error (L.t.e) tnl-I satisfies

tn+1 = 0 (hP+
I
) (2.11)

where 0(hP+
1

) implies the existence of finite constants C andh, > 0 such that

12



tll+1 :S C hP+
1 (2.11a) for all h :S h,

Definition 5:

One-step scheme is said to be stable, if for any initial errorf. 0' there exist a constant K and

h.,> ° such that when (2.1.6) is applied to initial value problem (1.3) with step size

h E (0, ho), the ultimate error f. "satisfies the following inequality.

f. 11 :S Kt 0'° < K < I . (2.12)

one-step scheme is said to absolutely stable for a given step sizeh., and for initial value

problem (1.3), if the errors tend to zero, as the step size decreases.

A numerical method is said to be accurate, if its numerical solution do not deviate

significantly from the corresponding values of the exact solution, while a numerical solution

that is not stable is said to have unbounded discretization error, Dahlquist (1959).

Instability exists in various forms, but the two basic forms are: Inherent instability and

Ii.duced instability.

Inherent instability is a bye-product of transforming of the real situation into differential
t ~ /

equation; while the induced instability is the characteristics of the numerical methods. To
I

further explain the concepts, let us consider the following scalar initial value problem.

y' = AY,y(xo)= Yo,a :S x :S b . (2.13)

with Re( A ) < 0. Its theoretical solution is

Y(x) = yoCh
. (2.14)

Now suppose, we slightly change the initial condition in (2.13) byf3 > 0, so that the initial

condition becomes

Yo + f3 (2.15)

, :

13
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Thus, the solution (2.14) modifies into

y(x) = (Yo + fi)eJ..< (2.16)

Irrespective of the integration schemes used, and For h> 0, no matter how small, it is seer

that the second termfieJ..< in (2.16) grows exponentially as the computation proceeds if

Rc(A.) > o.

Then, the solution y(x) = yf·r . (2.17)

Will become unstable for slight change in the initial condition. Thiskind of instability is saic

to be inherent.

A differential equation may be stable while the numerical scheme gives unstable solutiondue

to truncation error, round off error and error propagation. This class of instability is termec

induced instability.

It arises as a result of:

(i) the process 0 f deri vation 0f the scheme.

(ii) Implementation process that adopts finite iteration steps instead of infinite

iteration process during computer implementation of the scheme.

This is normally detected by applying the integration scheme to solve the scalar stability test

equation (2.13). Its instability will show in the form of spurious exponentials and it is

minimized by reducing the stepsize.

14
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CHAPTER THREE

TilE I'ROI'OSEJ) SCHEMES

Rational functions are quotients of polynomials. They are more adequate as function

approximation and capable of yielding better results compared with polynomial

approximation schemes (Ademiluyi, 1987). Since polynomial do not havesingularities,

(Fatunla, 1978), it breeds endlessgeneration or smooth derivatives; they are not really suited

forproblems with singularitics (IS such, poor results are usually obtained.

Therefore, the principal target of rational approximation arc the problems with singularities,

Hence it constitutes a III11Ch richer class 01" functions than polynomials, This greatly

increases their prospect IIJf accurate appioximatiou. This property of rational functions

perhaps motivated Hong Yuanlu (1982) to propose the rational scheme(2.5) which is the

basis of the newly proposed schemes defined in (l':yas:

\'...n r- I).' = -_._-------
" I r r

I I·)' " \I' k"III~ 11
i_I

,.

where Ki = hg(xn -I- dih, z" I- L bij kj)
,--I "

The new scheme canbeclassified into three categories; namely; explicit, semi-implicit and

implicit family of methods.

(i) Explicit: The method is explicit when B= {hij}, i, j = J (i)r

I (i)r is zero for j > I in which case g is a lower triangular matrix. with zero diagonal

clements, This represent theYuanlus family of methods.

[ii) Semi-Implicit: It is semi-implicit, if B = {b ij}, i.j=Ifi):; is zero Ior j>L in this

case B is a bounded manix with non-zero diagonal elements.

[iii) Implicit: The method is implicit, if the elements of matrixSis different from

zero for at least one j>i. This implies that B is an upper triangular matrix.

15
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In this chapter, we developed explicit families of one-stage, two-stage and three-stag. .

schemes of order one. two and three respectively for non-stiff and stiff ordinary differenth

equations. This family or explicit rationalRunge-Kutta schemes perform well onnon-sti:

ODES and on certain class or mildly stiff equations. However, when they are appliedt

sophisticated stiff equations such as stiff osciliatory equations that is,ODES whose eige

values are close to imaginary axis, their performance were found to be very poor. Thehighe

the stage or the methodsthe poorer the stability, Babalola (2000). Other problems inherent

in explicit rational Runge-Kutta schemes includes:

(i) large numbers or functions evaluation per integration.

(ii) difficult derivation process

(iii) uneasy analysis. and

(iv) di Ificu It implementation process

In order to reduce the computational labuur, the 2R-funcliun evaluatiun per ste]

associated with RR-K method (2.5), is replaced by R-functions evaluation per integratior

step in the new method.

3.1 IJERIV NnON OF TilE NEW MKI"IIOD

In order tu achieve theabove objectives. we redefine formula (2.5) as:

Jill' I . 1(1)V == ------- 1 = ,.
- 'J-f r r'

1 + )'II,,-,L II};;~,

(3.1 )
, I ,

e ,
'!,

hg(x" -l djh. z" I '\-." k )Z:: Ij J

1-'
(3.1a)

ami kj = hg(xn, zn) with g defined as:

(J.lb)

with cunstraints

16
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,
d j = Lb, .i = I( I ),.

,~I

(3.1 c)

From the above schemes, there is needlu solve systcms of' equations iuvolving undetermined

parameters Wj, dj, hjj's which arc obtained Oil the basis of the local Iruncation error

r; =}' [I I l' -\, wk
..,/111 ·"D"

I-I

- .1 '1/ .•.•••••••••••••••••••• , ••• , , .•••••• , ••••••.•••••••••• ( 3 .2 )

ill line with the order tl1(1t is required.
•.

lrom (1.2). it «Ill he seen th;lt the (lCClII;ICY or tilt' 11lctilOlI depends 011 the values of

parameters dj• bjj• w, which ;lIC determined byml(lptillg the steps below:

(x", 7.,,) in two variables ill PO\\'C1S ofh.

(ii) Insert these expansions into equation (3.2).

(iii) Collect equal powers or h. so thatVie can sillgle out the order of accuracy urt;,e ..

formula. This steps transform the error equation(3.2) into expression of the form:

T '1." 1 2 ," , 1 I' .I' (1 I' I I )
1/11 = cl/."/l -I- (I n 1/ -I- (2 I .' /l - - - ( I' I .I /l -I- () I .•........•.......••..

,-
where cp depends 011 the paramotcrs r. dj• Wj. These parameters are then chosen as to ensure

(J.3 )

(hat the resultant algorithm shall have,

(a) adequate high order or (lCCUr<1CY.

(b) minimum hounr] or 10Gli truncation error:

(c) max iuuun interval ofabsolute stahility.

(<1) minimum or adequate computer sttllage space requirement.

To permit the solution or the equation, there isneed to choose some or the

parameters as tree parameters. These free parameters me chosen arbitrarily ill the

17



spuit of Killg (IWJ('i), Gil] (1951) and lllum (1952). '1llis is because the numbe

sof parameters norrually exceeds the number of equations.

3. 1.1 ONE-STACIe SClll~I\JE

Numerical method (J.I) is explicit if bi.i-() for .i~i

Sellillg r-:-I ill <3.1 l.vvc 11<1\'e~1IlCW CI~ISS (If ()lle-stQ~~xplicil Rungc-Kutia formula of the

lor ru:

)'"\' = .. _. _ ..
. "II

I -I- .1',,11'/<1
(J .4)

The corresponding truncntiou erroris

(J.4a)

To express (J.<la) complctclv ill powers or h. so (IS to single out the order of accuracy of the

,.
method (IS much ,1S possihlc we adopt the steps (i) _. (iii) above. Thus the Taylor series'

expansion orYI\II about (XI\. )'1\) is

/
' II') " II 1 11/ (/ 1)

.)'", 1 = .)",., /1' + ...- I' ! -)' ., ()\ I
J II 2.' /I (). 11

............... (J.S)

Let liS determine the differentials or g(XI\. 7'1\) in tenus or g and its partia] derivatives aboutXI\,

Nl>\V; g(xl\,I"I\) = f"

I R

"



,,(d
2

d/ d/ 2d2J
g = dx2 + gx / dz + g / dxdz + g dz2 g

=
{' {2

-( + 3 -( - (0 d / ) + (3 d/ + ((7 d/ )) 2
dx' d'l2 b / dz / dx b / dz

+ d d% 2 %' (35 )3 - (g i) + (g d) . . . . . . . . . . . . . . . . . ... . adx (Z Z

We now express the derivativesyO) ill terms offand g about x.; to obtain

2K<xx +3ggxxz + 3g gX77,
-/- g3gzzz + gztgxx + 2ggxz -/- g2gzz)

whe-e

.. , '" , , . (3.5b)

Similarly, expanding k, about (XII> zn), we have,

k, = hg; (3.6)

19



~-- - --- - ---- ~-- --- - --~ -~----~- --- --

ZII = _J_, Zr? = _"y71l = 'Ilnf{x n, Yn) (3.6a)
J'n

and g(xn, z,,) = gn . (3.6b)

where rand gare sufficiently di lfercutiable functions.

Let us express g and its partial derivatives to facilitate comparison of coefficients. That is,

- / --2/ -2f
-':~ "2 == ------:..-',- -1- tv.» == -~- + t-

2: ' h . ""'b.tz 0 0 'Cy"l

Y"),,, y"

-2f
_-E __I t-

o ol'\y"

Y"

4 2 . 6 2 f' " ,.
g77.7. = Y n+ y" yy + Y n yyy ............................•..... (3.6c)

Now, substituting equation (3.5) in (J.4a), we obtain.
,r

. L ' ,;2 n II 1 m I ~ k J7 = y +Iz" +----\' -I-y +0(1 )111+11" )1 -)1,,+1 " .r n 2"" It 6" 0 0 I'" " (3.7)

Substituting (3.6);11 (3.7), and adopting steps (i) -(iii) as mentioned earlier, we have,

::

( I," 2 " " 1 m 1 )l ]Y -! rv +--r +--)' +0(") I+III/W(X- z)y -)!
It ..,,, 2 ""'" G " I r-. ~ "'" II If

"
(3.7a)

Simplify (J.7a)

'-I' I' ,,2 n "1,,, ,I
11 H = )' + II! + - 1-' -I- -- I' + oi]: )

" J" 2JII 6""

+
1 ? I \ .

*( " I n I", /1, ." Y + 1\' +---J' +-)' +o( 1 »W 1V(X Z)
.J'" 11 0/ n 2'" 6 " 'b n" "

20
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1 2 11

"

1 " 1 ., (' 1) 2 1 ( )1" -I- - J' -I- -)' + () 1 + Y 11', 19 X", Z,/
J'/I 2.11 (j /I .,

+

-I- II 1 '" I 1,1
--)' \I' 10(X Z) V + o( 1 ) - F6 11 I h . n' " . " ~ " (3.7b)

Collecting equal powers of h, we have,

-I-
(J.7c)

-I-
, .l I .1

1 '" 1 • , ~ )-)' + -·_··)1 \I')J () (X Z ) + o( IG " 2 II I 110 n' 11_

Equation (3.4a) call now be expressed inform (3.3) as

1IlI110singaccuracy of order one onTn' I. then

Sinee fn T- 0, then .-
1 - WI = 0 . (3.8)

solving (3.8) we have

WI =1.
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Using this value in (3.4), we obtain a one-stage formula of the form:

2
Y 1/

................................ (3.9)YI/+l = If.
YI/ - ? 1/

which incidentally coincides with the inverse Euler formula proposed by Fatunla (1982) with

principal error term,

T = Y2 (gx + gg= ~ I 21/ )h 2

1/+1 If'
YI/ - 7 1/

3.1.2 TWO-STAGE SCHEME

form:
Setting r=2 in (3.1), we have a general 2-stage Explicit Runge-Kutta scheme in the

)J = YI/+l

1/+2 I k k+ YI/+l (11'1 I + 11'2 2)
(3. 10)

with local trunction error

(3.IOa)

;

since b22 = 0, d2 = b21, then .

Since the method is explicit hence,

Removing brackets in (3.1 Oa), we obtained

Tn+2=Yn+2+Yn+2Yllll w.k. +YIlI'2YIlI-1 W2k2-Yn+l (3.IOc)

The Taylor series expansion OfYIl+2 about (Xn+l) yields

22
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I 2 / 1
h I 1 /I 1 III (I 4

Y"+2 = ),,,+1 + )'11+1 + 2),,,+1 + 6)',,+1 + 0 1 ) ........................ (3.11)

Substituting (3.11) in (3.1 Oc), we have,

I 2 I .1
T / I I /I 1 III (I 4 )

" .•.2 = ),,,+1 + 1)'''+1 + 2 )'",1 + (5Y",.1 + 0 1

+

+

+
/
1

1 III [k k(5Y"+1 WI 1+ W2 2] Yn+1 - Yn+1 . (3.12)

The Taylor's series expansion ofk , and k2 about (Xn+l, Zn+I), give

(3.13)

Substituting (3.13)111 (3.12), we have.

+

+

+

collecting equal powers of h. we get,
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Imposing accuracy of order two onTn+2, that is,

Tn+2 = o(h\ then

Since £1+1 "* 0, and F"* 0, then

(Y2 - W2d2) = 0 . (3.15)

with Co = CI = C2 = 0, but CJ "* 0

The local truncation error term is

I ) 2/T = -(G + FaZ)(It' -I- 111 ) - 1/(11' d - )(-' z., )
11+2 6 t-, 1 2 12 2 2 2

Y 11+1

( f:}. I 3 I f\
X g, - . 11) 1 -I- o( 1 ) . (3.15a)

Simplify (3.15), we (';btain ~ system of non-linear equations
! \

VV2d2 = Y2 . (3.15b)

From equation (3.15b), we obtained families of two-stage method of order 2.

Examples of two-stage schemeor order 2. p=2 are:

Case I

YII+2 = I YII+I A , (3. J 6)
-I- YII+I (2

24



•

Case II

Equation (3.10) yields

YI1+1YI1+
2

= -----''-..:...:-_-
1+ YI1

+
1 (k + 3k )

4 1 2

.. , '" .. , , '" '" . (3.17)

Case III

Setting WI = W2 = Yz , d2 = b21 = I

Equation (3.10) become,

Y

I1

+

2

= 1+ YI1+1 (k ~ k )
2 1 2

.............. , .. , , '" . (3.18)

Case IV

Equation (3.\ 0) yields

25



YII+2 = __ ~Y~II+c..:..1---

1 + X,,~ (3k + k )
412

...................................... (3.19)

with kl

k2 = I1g(xn + 11,Zn-I- k .).

3.1.3 THREE-STAGE SCHEME

Setting 1'=3 in equation (3.l ), we have a general 3-stage ExplicitRunge-Kuua method of the

form:

The corresponding local truncation error is

Tn+3 = Yn+3[1 + Ynn (w.k , + W2k2 + W3k3] - Yn+2 (3.21)

3

With k, = hg(xn + d.h, Zn+ Ibil,), i= 1,2,3
/=1,

g(xn, zn) = -Z2n f(xl!> zn), Zrr = I/y".

3

d. = "'Vb i=I(3)r
I ~ »>

/=1

where kI = bg(x", z,,)

with the following constraints
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The method is explicit, hence

b22 = bJJ = O.

Simplifying (3.21), we obtain

Tn+3 = YII+J + Yn+3 Yn+2 w.k. + Yllt3 Yllt·2 W2k2 + YII-IJ YII1-2 WJ k3- YII+2 . (3.22)

The Taylor series expansion orYnt] about (Xnt'2) yields

I] !.I
1 / / 1 II 1 /II (I ~

)'11+.1 = YII+2 + 1)'11+2 + 11)'1112 +:2 )'11+2 + (5 )'11+2 + 0 1 ) (3.23)

Substituting (3.23) in (3.22), we obtained

I 2 1 .I

I' 1 II I /II 1"
T,I+J = YII+2 + 1YII+2 +:2 )'11+2 +(; )'1112 +o( I )

+

+

+

+

The Taylor series expansion ofk., k2 and k3 about (XnI-2,Zn+2), we have,

=
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+ (3_25)

Substituting (3.25) in (3.24), we have

+

+

+

+

Collecting equal powers of h, we get

+

+

+

+ higher order terms................................... (3.27)

Equation (3.27) is expressed in the form:

T I ' I 2 " 1.1 ttr I 1'+ 2 (I 1'+ 2)111-3= COYI1+2 + c, 1)',,-,-2 + C2 1 ),,,,2 + C3 1 )'''+2 C'> l2 7 + 0 1 . (3.28)

where Co = c, = C2 = c] = 0

but C4 =F O.

Thus the principal local truncation error For Family of three-stage schemes explicit Runge-
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Kutta method of order three is

Imposing accuracy of order 3,011 '1'1113, that is

Equation (3.27) becomes

............................. (3.29

Simplifying (3.29), we obtained a system of non-Iinear equations of the form:

WI -I- W2 -f WJ = I
/

w2<h + WJ<.l3 = ~

Solving the above equatjous, we obtaiII family of three-stage schemes of order 3 as:

Case (

<h = 1/3 ,dJ = 2/3, h.n = 213, bll 1/3

Thus, a 3-stage formula of order 3 is

29



- - - - - .- -~~ -- ~~-- ~~~--~ ~

'" '" '" '" . (3.30)

with

k2 = hgtx, + 1I3h, z, + 1/3kJ)

Case II

w, = 116,W2 = 2/3, W3 = 1/6

yielding a 3-stage method or order 3 as:

Y,,+3 = Y.....:.I'-'..I+=-2 _

1 + Y,,+2 (k + 4k + k )
6 I 2 3

'" . (3.31 )

with

CaseIII

w, = 2/9, W2 = 113, W3 = 4/9

Giving a 3-stage formula or order 3 as:

)'''+2Y,,+~ = ---_...cc.:..:: _

1 + l~~L (2k + 3k + 4k )9 I 2 .1

................................... (3.32)

with '
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k2 = hg(xn + Y;. h, z., + Y;. k.)

k3 = hg(xn + }4 h, Zn + 3ft k2)
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HASIC l'ltOI'EItTIES OF TIII~SCHEMES

Based 011 the mode of derivation of the new schemes errors can be generated

when they are adopted for approximation of solutions of ordinary diIlerential equations.

The magnitude of these errors determine the degree of accuracy of the schemes. Their

effect call be so disastrous in the sense that it can make the solution unstable.

Errors of numerical approximation techniques for IYPs ordinary differential equations

arises Irom different sources; namely modeling and solution processes. Existing

literature, [l lenrici (I Y(2). Fatunla (1970), Lambert (1973)J grouped the errors into round

ofT error, truncation error, mid discretization error respectively. Round-off errors is an

error introduced as a result of the computing devices such as the computing formula and

the computer Arithmetic. This can be expressed mathematically as:

Rnll = Ynll-Pnll (4.1)

Where Ynll is the expected solution of the finite diIference equation (3.4). While Pnll is

I I I,h. .
t ie computer output at Ire n I Itcrnuon. It is the amount by which the computed

I

approximation pnl I differs from the expected approximation Yn,", by the schemes (3.4)'ut"

point Xu II· The accumulation 01" these errors depend on many factors namely; storage and

manipulation of numbers that is, the way and lJI,HIlJCrSmachine operation arc performed.

Truncation error call be defined as the error introduced as a result of ignoring some of

higher terms of the power series (Taylor or Binomial) during the development ofthe new

schemes. Mathematically, Iruncation errors are defined as the amount by which the true

solution Y(xllllJ of the differential equation (I.J) fails to satisfy the difference equation:

(3.4).' 'For example, the truncation error of the scheme (3.4) can be defined as:

. Tnl 1= YnH II -I- YnW,klYn1-)'n (1.2)
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)
7f' -1/g(Xlh 7" = -Z" (X", )'n). 7." = y".

The bound for this locul truncation erroror the scheme (3.4) call be obtained by adopting

Taylor series expansion for)'nll and kj's about (x., y,,). Following Lambert's approach it

CClII be written in the form:

It is assumed thatY(x) is sufficiently differentiable, while P is the order of the method. In

(4.3) 'l'(x., Y(xn» represents the principal error Iuuction and ,!'(xn, Y(Xf1»h
PII is called

principal local truncation error associated with the scheme. It is the error introduced at

each step of the integration of the schemes. These values are often taken as the measure

of deviation or dispersion or the numerical solution from the exact solution of the

ordinary differential equations.

Error introduced as a result oftransforming a differential equation (\.3) into finite

difference equation (3.1) leads tu error En often called discretization error.

Mathematically, it is defined as

f n+l = y(xnl 1 - Ynll) .............................•. (4.6)

where Y(X"'I), Ynll are respective,ly exact and approximate solution atX,,4 I.

Since the numerical solution of the scheme (3.4) involves iteration process, there will be

propagation of error from stcp to step. Ell-or propagation means the process by which

errors mentioned earlier grow or decay from step to step asII tends to infinity. When

iterating with a numerical scheme, we obtained a sequence of valuesYI, i=J(J)n. Jfthe

value of YI has anerror and since )'2 depends Oil yr. Y2 will he subject to error and so011:

errors are accumulated and thefilial solution may he ill serious inaccuracy. The accuracy

of the numerical techniques will depends011 the magnitude of these errors. The smaller

the error, the better is the 1I111l1elical solution. A method is said to be accurate if the

magnitude of its error is small and inaccurate otherwise.
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'Ilte minimum basic propl'lly rcquitcmcut lill (J good uumcricu] schemes includeshigh order
,

uf HC(IIIHCY consistency. convergence aIII I stahility. Thc analysis of these propertieswill help

whether the IlCW scheme have the capability lu handle the types or problems envisaged.

Therefore, ill older to guar.uucc the quality of' approximatiou by a numerical scheme, it is

necessary to have estimateor these errors.

'lite error estimation procedure fill' Ihe schemes is based Oil Richardsou extrapolation

technique. whereby IIIC IllC;J\ n uncntion error is cstill1;ltcd lroru the difference between two

II
predictions lISillg the same SCIICIlIC with di llcrcnt step Si7.CS h and

2

If' Y"II designate thesolution hy single step size h. the local discretization error as defined by

(,1.6) call be written (IS suggested by Lambert (lln -"") as

),(,,,11) - YIIII zr: 'I'(XII' ),(,,,). hjh" I O(hl'l '). (4.7)

where P is refers to the order or accuracy and h as step size.

Sjmilarl y. suppose we compute anotherapprox imation ('vI"I 1 to Y(~IIII) hy applyiug scheme

(3.1) with »r: as stcp size then it lullows tlwt

. AI _.( . hi) h)" ()(I",I
.1(1/111)- /111'-':).\'/1"\(1/1)/2(-:2' -11 ) (4.R)

subtracting (4.7) from ('I.X) and simplifying, we obtained

l 2",1 ]
((I(x/I')'(\/1)h,III = IY,"1 - Jvl/lill 2,-;-;-1::::-1' . (4.9)

Therefore the local discrctizariou error of' the SChCIllC C;1I1 be estimated 10 be

1

- 2",1 -I
ellll::: 1.'\""1 -j\!'"I'_2/'ll-~- (tl.t)a)

'j he upproxiuuuion )'1111 rl(J111 stcp XII tu XliiI is accepted as a good upproximation to the exact

solulion. lllhe gloLJ<t1error is less than error tolerance (Tol). That is,
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1('",,1< '1;,/ .

Experts like Lambert (197]). Gear (1<)71), l lindmaxh (1983) have found this Iorm of error

estimate to be adequate lor ordinary differential equations. This estimate Gill then be used to

choose reasonable stepsize that will accelerate convergence of theshcme.

4.1 OHIH:1t OF ACCl11{ACY AND Ji:){I{()J{ CONSTANT OF TIII~ SCIIEI\IES

Setting r=l . we can estimate the order and the error termor our method. The

corresponding error equation(:1il) is

'1;,., =y""lll II'Ji,.I'"I-y" . (4.10)

l lut T -I I' 1 IJ
" 1 I" 1'11)(11"'1) ...IU 1111'-' c., )'(;;11) CI 1.\' 1\11) C2 r .1' C" I )'11 . \ «I. I 0(1)

Silllf1liry VI. I 0) and u)llecting equal IH1\VClS(1("h. we have nn expression similar to equation

(il.l On).

Defin it ion

According to I.aiuhcrt (197<) ,I numerical lonnuln or type (.1/~) is said to bc or order P, if Pis

the I"rgcsl positive integer Ill! which the constants c"=c 0, P = 0, 1.2.3 ... III

Thus illlposillg aC(;,J,acy or order one nil T1l11, we have. '1'1111 :=-:O(h\ then equation (3.8)

That is C2 =Cp'I=\l2 t ()l lcncc, pi I =2. p= J

The result above shows Ihal the method (Jil) is of" Older p=I with principal truncation error

Similarly. selling r=Z, imposing accuracy or order tW(l Oil "11112• we !J(1\"e.

"1"1112 = 0(11 '). equation (.1.15) yields,
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substituting for the values ofWI, W], wj, dl and dJ• we get into the equations, we get

CI = 1-1 = 0

C2 = Y:z - Y:z . t = 0

C3 = ]16 - 1/6 = 0 but C-1 f 0

The local truncation error tcrm is

C4 = (-1/24 + l/6 + ~) = 3/8

That is C4 = Cp+1 = 3/8 :/:-0

Hence C3 = cp+ I = 4, p + J = 4. P = 3

Cp+ 1 = C4 = 3/8 :/:-o.

The results obtained shows that the orderp of the scheme (3.20) is 3 and the error

constant Cp+1 = 3/8. Since the schemes are of orderp =3;::: I. the schemes me consistent.

(Lambert (1973».

4.2 CONSISTENCY

Consistency is the property that ensures that the formula exactly approximates the

differential equation.

/

4.2.J ONE-STAGE ~CHEME

Here, we demonstrate the consistency of the proposed one-stage scheme.

............................... (4./2)

To achieve this, we subtractYn from both sides, to get,

11)' Y
J'" i 1 - Y 11 = "", (4. I 3)

)' - hv
11 J /I

Dividing both sides by h. we gel

,
Yn+1 .- y" y.,Yn=

h Yn - hi,
......................... (4 '4)

Take limit on both sides of(4.14) as h tends to zero. equation (4.14) we hn'e

37



- - ~- --
- - - - -- - - - - - -

. suggesting that the method is consistent.

4.2.2 TWO-STAGE SCHEME

Recall the two-stage scheme in (3.16) is

Y = Y";I
,,+2 1 k+ ),,,Ii 2

(4.15

Subtracting YnH from both sides, we get,

Yn+2 - Yntl

Yn;2 - Yntl
Y,,;I!1-1- Yn+lk2J

1 + )',,+,k]

Yn+2 - Ynt~1
= - Y II+Ik2

1+ Y,,+lk2

dividing both sides by h, andtake limit as h tends to zero on both sides to get.

as h tends to zer(';, equa~ion(4. J 5) becomes

Yn+2 - Yn+l 2 ( )
h = -Y 1"lg X"'Zn'

2
= y n+l f

2 J n+1
y n+l

Y:+l = fn~1

4.2.3 General Case

Recall that equation(3.1 ) is

Subtracting Yn+r~1 from both sides. we get.
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Yn+r-I
Y,,+r - YI1+r-1 = r - Yn+r-I

1 + Y"+r-I I w.k,
'=1

r

Yn+r-1 - YI1+r-1 - y2 n+r-I Ll1';k;
'-1

1+ )'n ,,-II w;k;
;=1

=

- y2 n+r-II wk,
_~ __ '=1

r

1+ Yn+r-I L w;ki
;=1

. ,
.with k, = hgix, + d.h, z, + Lbi) )

)=1

substituting for k., and divide both sides by h, to obtain

Yn+r - Yn+r-I =

r ,

y2n+r_1L whg(x" + dh,»; + Lhi)

- . '=~ j=l, X*
1+ Yn+r-,Lw,hg(xl1 +dh.e; + Lbijk)

;=1 /=1

h

as h tends to zero, the above equation becomes
. ,

r ;

y
2

n+r-ILw,g(x" -fd;h,zn + Lbijkj)

, '=1 j=1
Yn+r-l =

r

Y~+r-I = - y2 Il+r-1 I w,g(X,,+r_1 + Zn+r_l)
;=1

r

But L w, = I, and g(Xn+r-l, Zn+r-I
1=1

= j'(x"+r_I' Y,,+r-I
2

Y ,,+r:-I
(4.16)

substitute (4.16) in the above equation, we obtained,
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4.3 CONVERGENCE OF THE METHOD

As mentioned earlier, any error introduced at any stage of the computation which is

not bounded can produce unstable numerical results, hence it is necessary to examine

whether our methods are convergent. This section therefore examines the behaviour of the

, error generated by the proposed schemes.

4.3.1 One-Stage Scheine

Recall that the one-stage scheme discussed in chapter three is

2
, y"

Y"+I = hi.
Y" - UII

(4.17)

The theoretical solution Y(x) to the equation (1.3) is seen to satisfy

Y(.tn+l) = 'y
2
(X,,),' +T,'+I .

y(x,,) - hy (x,,)
(4.18)

where Tn+1 is the local truncation error substracting (4.17) from (4.18) yields.

2 . 2

_ - Y ~x,,) _ y" + T
Y(xn+I) Y"+I - ( )" 1 '(. ) !' ,,+1

Y x" - IY x, y" - lY"
(4.19)

adopting the definition in Chapter 3,

. simplify (4.19), we get,

f = y\x")(y,, -hy;,) - /,,(y(xn) - h)"(x,,) + T
"+ 1 ( ( ) I '()( I' ) n '·1'y x" - '.1' x" .1'" - 1.l'"

(4.20)

, Simplifying (4.20), we obtain.

(4.21 )
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Taking modulus on both sides (4.21) yields

2

(,,+1 ~ +-1Ie " 1+ T,,+I
y,,-I

(4.21a)

(4.21b)

Then, the inequality (4.21a) becomes,

le"+II~kle"i+IT,'+11 ; , . (4.21c)

Therefore,

En+! < k En + T, n = 0, 1, 2 ...

E! < k Eo + T

Substituting for the value ofEi, we get,
'. /

E2 <kE! +T =.k(KEo+T}+T

Substituting for the value ofE2, we get,

Continuing in this way, weshall obtain

n

En < KnEo + Ik'-IT .
;=1

Since K < 1, Then asn -) CfJ

Urn En -) o. Hence ell -7 0,
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This indicates that the schemes converges. According to Henne(1962). Lambert (1973) and

Fatunla (1987), a consistent and convergent method is stable. Hence, the new scheme is

stable.

4.:::.2 General Case

Recall that the general scheme is

YII+r-1
Y,,-+r = r

1+ YII+r-1 I w;k;
;=1

(4.22)

The theoretical solution Y(x) is seen to satisfy this equation

Y(.m+r) = Y(X,,+r_I: '-+T,'+r (4.23)

1+ Y(XII+r_I) I HI;k,
,=1

Subtracting (4.22) from (4.23), we get

Y(X,,+r_I)
Y(.m+r) - YII+r = ,.

1+ Y(XII+r_I) I HI;k,
,=1

)'11-..,--1 .--~-,'-. - + T,,~,.

1+ YII+r-1 IlI',k;
,=1

(4.24)

Adopting definition (2.6) in (4.24) and simplify, we get,

Y(XII+r) - YII+r = i!."+r

f. Y(X,,+r_l) - Y"+r-I T
n+r = r + n+r

(1+ Y(X,,+r_1 )(1+ YII+r-l) I 111,k,
,=1

Simplifying (4.25), we obtained

f.,,+r = , f.,,+r_1 r + T,l+r .

(I + J!cw+r-I Xl + YI/+r-I)I HI;k,
1=1

(4.26)

r

Let P = (l + Y(XII+r_I) I It';k; , and
;=1
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r

Q = (1 + YII+r-I) I wk,
;=1

Substituting for P and Q in (4.25), we obtain

£ = £1I+r-1 +T
11+" PQ lI+r .................................. (4.26)

withp> 0, Q > 0,

Taking modulus on both sides of(4.26), we get

In < £11.+r-11 IT I
.tn+r - --+ II+r'

PQ
....................... , . (4.27)

1 . 1 I
Setting -= -=-=K

PQ PQ PQ

Then

.. , . (4.28)

Let T = Sup (Tn+r) andK < I.

Similarly setting :

En+r= Sup £11+1' then the inequality (4.28) modified into

,

En+r c:; K Eil+r-I + T, hence,

Setting r= 1, we get,

En+r s K En + T

2 .
En+2 c:; K En + KT + T

Continuing in this way, it can be shown that.

r-I

En+r sxt; +IK'T

43



I 1

No 1(' I [' «:« ,,""L-r,/,:~O\V, 1/" < "1I1r < 1\ "II·f L...J C\.

r-n

(4.3U)

Since K < I, hence

As II ~ ex)

.' ....•

I lcnco f' IIIr ~ o, It ~ 00.

This shows that the general method is convergent.

4.4 AHSOLtJTE STAUILITY PIlOrEltTIES OF TilE MJi:TIlOD

T(} understand the meaning of absolute stability, we adopt the following definitions;

Definitiuu I: A numerical method is saidto be A-Stable if its region of

absolute stability contains the whole ofthe left-hand half-plane Re h A<U (Lambert,

1973).

Ul'finitiolJ 2: The scheme (3.4) is said tobe absolutely stable if a point (7., J.1 (z) lies in

the complex Z-plalle, that is, if the stability function satisfies,

I ,LI (1.) \ < I , (4.31)

'I he corresponding regionH or absolute stability of the scheme can he defined as:

R= ~l.: \ II (Z)\ < I}. , ... ,., ..... ~." .. , .... , .. ,(4.32)

Ul'finition 3:

The numerical scheme (3.4) is said tohe A-stable if the region of absolute stability AS;

specified in (4.32) includes theentire halfofthe complex plane denotedby

AS = (dZEC and Re(z:) < O} : .
, .

(4.33)

A-sla'?i/ily properly is one of tile ues;,ltl~'e propertieslor arty numerical methods both

sti If and non-stiff ordinary differential equations as suggested by Dahlquist (1963.).
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\ \: \','II1'1'lC till' ~;"il;11)ility 1)1' the new schemes, weapply them to solve the Dahlquist

(1 }(iJ) ~(:)lliJi.(y scalar lest. itliti:11 value problem.

,
, l'!' = , ['. l' ) -r- 1'( i .• ~ _ f YO . t)

(4.3"*)

under the :1SS11111pfiol1 tll:1t 1\('( ,1.) S 0, (A. is a complex constant with negative realpart).

4..tl ONE-STI']' SCHEME,

i\ one-step fll'plicatit ll1 {If the scheme (3.9) to the stability test equation (4.34)

yields

Yn I' [
, I ]--1'
t- J..h . n

(4.35)

where __J __ is called slahilitv function.
J-A.1l -

For the convergence of thesolution of(4.35)

",I(Z) ,= I 1_IAll 1<1 : (4.36)

setting z = A.h, then equation (4.36) becomes

I I I,._-- <'1-z .1 ,..

Interpretation of (4.37) 'ields

I
- I < -- .._- < 1

1-7

Simplifying, we get

z < 2 and r. < 0, the stabiliy region is the intersectionof the two setsas shown:

fig4.1

The double shaded. region (-co, 0) represents the re.gibll of absolute stability (AS).

fig 4. i: A-stability region of the one-stage scheme
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This implies that the interval of A-stability of the method is (-OJ, 0). The analysis indicates

that the scheme(3.9) is A-stable because its region of absolute stability include the entire half

lefthand of the complex plane (Dahlquist(1963».

4.4.1 TWO-STAGE SCHEME

The Two-stage scheme(3.16) is

Applying this formula to the Dahlquist (1963) test equation (4.34). we obtained,

(4.38)

Equation (4.38) modi fled into:

(4.39)

-I .
But g(Xn+l, Z,lI·l) = --2 ./(X,,+I'Y,,'I) (4.40)

; Y,,+I

Substituting (4.40) in (4.39) and simplify. we get,

(4.41 )

The stability function of(4.41) is
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1
I-'(z) = --2 (4.42)

1- z

Equation (4.42) gives a stable solution if

.11-'(z)1 <1,z <0,

That is I ~ z21 < 1 (4.43)

Simplifying equation (4.43), we obtained,

1
-1<--<1

1- Z2

-1 - Z2 < 1

z< 12·

, (- oo,.fi) and

1 + Z2 < I .

z<o

(-00,0)

Meaning that the interval of A-stability of the scheme (3.16) is(-00,0) .

47

Recall the Two-stage scheme (3.18) is

)J = YII+1
11+2

1+ YII+I (k +k)
2 1 2

Applying equation (4.34) in (3.18), we have,



Y,,+2 = ~y-"--,,+'-'--I-------

1+ Y;+qhg(x,,+I, Z,,; I) ~ hg(x" + d.h, z" + b21kl]

(4.44)

Equation (4.44) modified into:

Y"'12 =---
1 Y"II 1(/ / 2) ( )+ 2 /l. 1+1 g X,,+I'Z,,+1

(4.45)

-1 .
But g(Xn+l, zn+d = --2.!(X,,+pZ"+I) (4.46)

Y,,+I'

Substituting (4.46) in (4.45) and simplified, we get

(4.47)

The stability function of (4.47) is

J1(Z) = 2
7 7

1 - -,- -
2 2

. (4.48)

Then, equation (4.48) gives a stable solution
;

. 1J1(z)1< l,z < 0, That is, if 1----)1 < 1
Z z:

1----
2 2

Simplifying (4.48), we have,

1
-1<---, <1

Z z:
1-----

2 2

Z Z2 Z Z2
- 1(1 - - - -) < 1 < I - - - -

2 2 2 2.
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Z Z2
-1+-+-<1

2 2

Z2 Z

-+-<2
2 2

Z2 + Z < 4
, ,

Z2 + Z - 4 < o.

Applying the general formula to solve the-equation, we have,

- b ± .),/ - 4ac .
Z = .a = 1,b = 1,c = -4- Za:

-1±-J1+4xlx4.
=

2

-1±-Jl7
=

2

-I ± 4.1
=

2

z = -2.5 or 1.5
,;

'z < 1.5

(-00,1.5) and

J
Z z-

1<1----
2 2

J
Z z:
-+-+1<1
2 2

Z Z2

-+- <0
2 2

2
Z + Z < 0

z<o
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The interval of A-stability of the scheme (3.18) is (-00, 0) (see fig.JI-'2-).The stability

property of three-stage scheme follows the same procedure. Hence the methods are

convergent and A-stable.
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Fig. 4.2: A-Stability Region or two stage Scheme



CIIAPTER FIVE

APPLICATION OF TilE SCHEME

JI\ order to make the scheme problem applicable there is need10 translate the new numerical

Iormula (J.el) into computer programme. This involves the writing of the formula (3.4) in

computer algorithm called pseudo-code.

Some of the computer languages that areavailable are FORTRAN, BASIC, PASCAL,

CUPPER, DBASE and so on but this thesisadopts the Fortran programming language

To achieve the aboveobjective, the following steps are adopted.

(i) re-writing the lonuula in an algorithmic form

(ii) trans\clting the algorithm into a computer nO\\I chart

(iii) converting the now chart into computer code

(iv) . 8pplying the code to solve somesample problems Oil a digital computer

The results are as discussed.

5.1 ALGORITHM OF TIIJ~ METIIOI)

..

A set uf steps taken to obtain the solution or a given problem is defined as the

algorithm of that problem. Thus in this section, we develop thenumerical algorithm for

implementing the Explicit Runge-Kutta schemesdescribed ill chapter three, most especially

formula (3.4) ami adopt the error estimation discussedill chapter four and the step size

control measures.

The algoritlun is given below:

STEP I: Declaration of variables

STEP 2: Deli IlC fuucti 011

F(x,y). y exact
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STEP 3:

STEP 4:

STEP 5:

and forj

Selection of input values

Initialise variables by setting

n o (counter)=

x =

Y = Yo

H hOld

P = o

Compute the approximate values ofY(x), by adopting routine EXPRK (x, y,

For i = 1, 2, 3 do

= 0.0

= 1,2,3 define

Set Zn =

Zni

Xi = xn+D.h

=

Then, for I= 1,2,3 do

Yn+1 =

t; , 53



Xn+J x., + h

Y(xn+J)

Return the results'

Else, for i= 1,2,3, do

Repeat Step 5.

STEP 6: Estimate the local truncation error (L.l.E)

~Jsing subroutine ADAPT (x,y, h, tol, Lte, Hnew, Yn+l)

Set YIlCW = Y + hf (x, y)

Hllew = 0.5 X hOld

x, + hncw

SET

Lte
[

2"" J
[Y3 - y,J 2"+'-1

D01d =

(Dl1cw/ )ro;

While (Oold < Onew)

Then
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(

ELSE

SET

STEP 7: While (L.T.E < Tol)

Then

Return the results

ELSE

STEP 8: Adjust the size and replace hOldby h
1le

\\,

And repeat step 6 and 7.

STEP 9: Output the results

STEP 10: Stopping Criterion while (x, < Xlast),Then

SET:

== Xn+1

Yn Yn+1

hOld ==

N == n+1

and repeat step 5 - 10

ELSE

STEP 11: STOP

5.2 PROGRAM FLOW CHART

A computer flow chart is a diagrammatic representation of the algorithm or the plan

of solution of a problem. It describes the process of solution, the relevant operations,

computations, point of decision and other information at the point of solution.
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Flow charts are of particular interest because of its documenting feature. They can be

constructed by using geometrical symbols, such as squares, rectangles, diamonds shapes or

circles (see Fig. 5.1). Each symbol represent some activities which could be input/output of

data, taking a decision, terminating the solution and so on.

These symbols are joined by directed line segments to indicate direction of flow. The flow

chart of the above algorithm is given below:

"

56



Fig. 5.1: FLOW CHAR TOF THE IMPLEMENTATION

DECL;\RJ\ TION
or VARIABLES

INPUT
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(

LOCAL ERROR
ESTIMATION

NO
LTE <TOL ADJUST THE

STEP SIZE

NO

REPEAT
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5.3 rROGRAlVIMING IMPLEMENTATION

This section considers the computer implementation of the above algorithm. The

implementation is done in avariable step size. The program is in three modules namely:

ruuc, EXI'RK and ADAPT respectively.

The program starts by declaring the value of variables in double precision mode in order to

reduce the round olf error. Aller this, the program chooses initial estimate for the variables

and the subroutine F{JNC evaluates f(x, y).

This was followed by adopting the solver called EXPIU<. tu calion subrouterUNe to supply

the value or the slopes or the integral curveor the solution; and 011 the receipt of the

estimates, EXPIZK generates the approximates solution )'1\11 tuY(xj at XI\II and called 011

routi Be A DA PT to estima: e the va lues0 f tile error (LTE) associated wi th the computation.

On the receipt of the error estimatefrom the subroutines ADA PT, thenEXPRK test for

convergence of the solution by comparing the magnitude of the error with allowable

tolerance. As SOOIl as the condition I/Jfi< 1;" is met. the program will ask whether the end

point is being reached. if yes .. it will output result. Otherwise, EXPRK will go the next step
~

to generate the next roundor approximation to the solution. The process wil] be repeated ami

continued until the upper end point is reached.When the program reached the end point

(XI~~I) it will stop the process.

S.3 NUMl~IUCAL EXPEIUI\'Il~NT ANI) R'~SlJLTS

To lest the performance or the proposed schemeOil 11011-Sti1Tand stiff IVPs or ordinary

differential equations, we consider thefollowing sample problems taken from Okunbor

(1985).
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Problem I:

Consider initial value problem

(5.1 )

where A is a complex constant with negative real part i.e.Re( A) < o.

The theoretical solution is

3 A..~
y(x) = X +e (5.2)

which has two parts, the transient partt" which decays rapidly with respect to x while the

second part x3n varies slowly. This behaviour is characteristics of stiff equations.

The numerical results forA\ =-10, A2= -l 00, A3:: -l000, are shown in table 1-5.

Problem 2:

The second sample problem considered is the initial value problem

, It,
y = 4xy ,Y(o) = 1 ".. (5.3)

defined in the interval 0sx ~ 1,

The numerical approximation of the solution by the new scheme with stepsize h= 0.1 is as

shown in tables 6, 7 and 8.

Problem 3:

Third problem solved is the linear mildly stiff IVP in ODES of the form:

y' = -IOOy,y(o) = 1 (5.4)

The problem istaken from Jain (1979). The exact solution is:
"I

Y(x) = e.-IOOX in the interval 0 ~x ~ I, steplength h = 0.0001.

The problem was solved by method with stepsize h = 0.0001.

The results is as shown in tables 9, 10 and 11.

,:
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5.5 DISCUSSION OF RESULTS

From the results in tables I, 2, 3 ...II, we observed that the proposed schemes

converges rapidly. The numerical solutions tends to the theoretical solution as the steplength

tends to zero. The schemes are accurate, stable and convergent. The schemes compares

favourably with the existing Runge-Kutta schemes of the same order.
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TABLE!

NUMERICAL SOLUTION or PROBLEM I BY THE ONE-STAGE SCHEMES

\N l'tH )..= -10,

Variable Exact Solution Numerical Solution by the proposed Numerical Solution by One-Stage

Step Size One-Stage Scheme Classical R-K method of order one

h "\'(x,,) lONE-STAGE' Error )'11 Error

I)''' CII C"

0.001 0.999000499 I 0.999000999 0.0000005 0.999000000 0.000000499

0.0005 ().99950()1~' I 0.999019029 0.000481096 0.99899104 0.000509085,
, - - ---- -

O.()()()2:,) • o9()()75O() ~ 1 . O.9()()01092() 0.000739105 0.99S9~Q937 O.0007()7094

(1.000125 0.99(87)()()7 0.999003634 0.000871373 0.998975646 0.000899361

0.0000625 0.999937502 0.99899707 I 0.000940431 0.998969082 0.00096842

0.00003125 0.99996875 0.998991172 0.000977578 0998963183 0.001005567

0.000015625 0.999984375 0.998985867 0.000998508 0.998957877 0.001 026498

0.000007812 0.99992187 0.9989~ 10797 0.000940773 0.998953108 0.000968762

0.000003908 0.999996093 0.99897681 0.001019283 0.998948821 0.001047272

0.000001953 0.999998046 0.99897296 0,001025086 0.998944971 0.01053075 .••••J""''''

~,~. ~t},."



TABLE 2

NUMERICAL SOLUTION OF PROBLEM 1 BY THE ONE-STAGE SCHEMES

~'\li'lH A= -100

Variable Step Exact Solution Numerical Solution by the one stage Numerical Solution by one stage classical R-K

Size scheme and error method and error

h Y(xn) Yn Error Yn Error

en en

().()I o.()()()()4 nll o. ()()()()()()O~)<) 0.0()()O4917() O. ()()()()()()()()() n.()()()()4()~D3

0.005 0.995012479 0.990009409 0.00500307 0.9899104 0.005102079

0.0025 0.997503122 0.989928388 0.007574734 0.989829372 0.00767375

0.00125 0.99875078 0.989855486 0.008895294 0.989756464 0.008994316

0.000625 0.9()9375195 0.98978985 0.009585345 0.989690824 0.009684371.
0.0003125 0.999687548 0.989730858 0.00995669 0.989631829 0.010055719

0.00015625 0.999843762 0.989677808 0.010165954 0.989578775 0.010264987

0.000078125 0.999921878 0.989630114 0.010291764 0.989530179 0.010390799

0.000039062 0.999960938 0.989587251 0.010373687 0.989488214 0.010472724

0.000019531 0.999980468 0.989555165 0.010425303 0.989449709 0.010530759

.~
I

.
t. ~:

.' ~ • -,:' 62
Ie ..

(0.. 0.
"". ..
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TABLE 3

NUMERICAL SOLUTION OF PROBLEM 1 BY TWO-STAGE SCHEMES WITH

A = -10,

Variable Exact Solution Numerical Solution by the Proposed 2- Numer-ical Solution by the 2-stage

Step Size stage scheme of order 2 classical R-K method of order 2

h Y(xn) Yn Error )'" Error

EI E2
---

(LOO1 ().()t)()(J004»» o. ()()()OOO()()() 0.0000005 O. 9l)l)0()05()O O.OOOOO()O()()

0.0005 0.999500125 0.998004986 0.001495139 0.998001999 0.001498126

0.00025 0.999750031 0.9997007479 0.002742552 0.997004496 0.002745535

0.000125 . 0_999875007 0.996010968 0.003864039 0.996006642 0.003868365

0.0000625 0.999937502 0.995015953 0.004921549 0.995011133 0.004926369

0.00003125 0.99996875 0.99402143 0.00594732 0.994016619 0.005952131

0.000015625 0.999984375 0.9930279 0.006956475 0.993023099 0.006961276

0.000007812 0.999992187 0.992035362 0.007956825 0.992030572 0.007961615

0.000003906 0.999996093 0.991043814 0.008952279 0.9910383496 0.008957744

0.000001953 0.999998046 0.990053257 0.009944789 0.990048494 0.009949552

\, r •.•



TABLE 4

NUMERICAL SOLUTION Or- PROBLEM I BY THE TWO-STAGE SCHEMES

\l,J Ii \'1 A= -100,.

Step Size Exact Solution Numerical Solutionby the Proposed 3- Numcrical'Solution by the 3:..stage classical R-K

stage scheme of order 3 method of order 3

h Y(xlI) Yn Error YII Error

Ell Ell

0.01 0.990()49~33 0.999000999 0.00g951166 0.999001099 0.00895 12(»)

0.005 0.995012479 0.989119683 0.005892796 0.999000099 0.00398762

0.0025 0.997503122 0.979431928 0.018071194 0.99899909 0.001495968

O.()OI25 O.99X7507X O.W)932107 0.02942971 O.99X99X97<) (L00024X 199.
0.000625 0.9YY37519Y 0.960614796 0.038760403 0.99S997S54 . 0.000377345 .!;.

0.0003125 0.999687548 0.951474789 0.048212759 0.998996704 0.000690844

0.00015625 0.999843762 0.942507073 0.057336689 0.998995499 0.000848263

0.000078125 0.999921878 0.933706821 0.066215057 0.998994271 0.000927607

0.000039062 0.999960938 0.925069385 0.074891553 0.998993041 0.000967897

0.000019531 0.999980468 0.916590289 0.083390179 0.998991805 0.000988663
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TABLE 5

NUMERICAL SOLUTION OF PROBLEM] BYTHE TI-IREE-STAGE SCHEMES

W l'[li A = -1000.

Variable Exact Solution Numerical Solution and error by Numerical solution and error by the 3-stage classical

Step size the proposed 3 stage scheme R-K method

h y(xn) Error Error
~

Yn Yn

.r En En

0.1 0.904837418 0.999000999 -0.024163581 0.999001 099 0.008951266

0.05 0.951229424 0.98119683 -0.029.67406 0.998999009 0.00398653

0.025 0.975309912 - 0.988142292 -0.01283238 0.998998989 0.001485867

0.0125 . 0.9875798 0.987166831 0.000410969 0.998997864 0.000247084

0.00625 0.99376949 0.986193295 0.007576195 0.99899675 0.000378448

0.003125 0.996879877 0.985221676 0.011658201 0.998995704 0.002120224

0.0015625 0.99843872 0.98425197 0.01418675 0.998954940 0.000888822

0.00078125 0.99219055 0.983284172 0.016319279 0.998942860 0.000979018

0.000390625 0.999609451 0.982318274 0.017291106 0.998937621 0.001023317

0.00019531 0.999804709 0.981354272 0.018450484 0.998921542 0.001058926

//

. "
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TABLE 6

NUMERICAL SOLUTION OF PROBLEM 2 BY ONE-STAGE SCHEMES

Step Size Exact Numerical Solution by One-Stage Numerical Solution by one-stage classical R-K

Solution Scheme method of order one

x y(xn) Yn Error Yn Error

'En En

0.00 1.00000000 1.00000000 0.000000000 1.000000000 0.000000000

0.10 1.02010000 1.041666667 0.021566667 1.040000 10.0199

0.20 1.08160000 11.130260646 0.048660646 1.080792156 0.000807844

0.30 . 1.18810000 1.222232398 0.034132398 1.205545541 0.017445541

0.40 1.34560000 1.371051285 0.025451285 1.381221282 0.035621282

0.50 1.56250000 1.588050082 0.025550082 1.616272024 0.053772024
-

0.60 1.84960000 1.887631698 0.038031698 1.921390474 0.071790474

0.70 2.22010000 2.287161794 0.067061794 2.309510318 0.089410318

0.80 2.68960000 2.806829341 0.117229341 2.795816658 0.106216658

0.90 3.27610000 3.469520981 0.193420981 3.397761704 0.121661704

1.00 4.00000000 4.300729226 0.300729226 4.135082445 0.135082445

&.&. .-{i
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TABLE 7

NUMERICAL SOLUTION OF PROBLEM 2 BY THE TWO-STAGE SCHEMES

- - . ~ .- . -- - -

Step Size Exact Numerical Solution by 2-stage Numerical solution by the 2-stage classical R-K

Solution scheme of order 2 method of order 2

X y(xn) Yn Error Yn Error

En En

0.00 1.00000000 1.000000000 0.00000000 1.000000000 0.000000000

0.10 1.02010000 1.041666667 0.0215666667 1.020000000 0.0001

0.20 . 1.08160000 1.062915946 0.018684054 1.081389262 0.000210738

0.30 1.18810000 1.210513565 0.022413565 1.187734666 0.000365334

0.40 1.34560000 1.389126338 0.043526338 1.344985881 0.000614119

0.50 1.56250000 1.573134002 0.010634002 1.56147984 0.00102016

0.60 1.84960000 1.832273071 0.017326929 1.84794486 0.00165514

0.70 2.22010000 2.182707451 0.037392549 2.217504127 0.002595873

0.80 2.68960000 2.771141127 0.081541127 2.68567846 0.00392154

0.90 3.27610000 3.649099906 0.372999906 3.270388416 0.00521584

1.00 4.00000000 4.941190135 0.941190135 3.991955811 -- .-
, , 0.008044189

, .
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TABLE 8

NUMERICAL SOLUTION OF PROBLEM 2 BY THE THREE-STAGE SCHEMES

Step Size Exact Solution Numerical Solution by the 3-stage scheme Numerical Solution by the 3-stage classical R-

of order 3 K method of order 3

x y(xn) Yn Error Yn Error

En En

0.00 1.00000000 1.0000000 .00000000 1.00000000 0.000000000

0.10 1.02010000 1.04166667 0.02156667 1,004286524 0.015813476

0.20 1.08160000 1.062915946 0.018684054 1.062915946 0.018684054

0.30 . 1.18810000 1.08340855 0.10469145 1.055797815 0.132302185

0.40 1.34560000 1.14881417 0.19678583 1.050542811 0.295057189

0.50 1.56250000 1.27095237 0.29154763 1.042177686 0.520322314

0.60 1.84960000 1.484751492 0.364848508 1.03084787 0.81875213

0.70 2.22010000 1.84914248 0.37095752 1.017567706 1.202532294

0.80 2.68960000 2.497480123 0.192119877 1.003536891 1.686063109

0.90 3.27610000 3.746227027 0.470127027 0.990190056 2.285909944

1.00 4.00000000 6.521358813 2.521358813 0.978864797 3.21135203

flR
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TABLE 9

NUMERICAL SOLUTION OF PROBLEM 3 BY ONE-STAGE SCHEMES

Step Size Exact Numerical solution by one-stage scheme Numerical Solution by one-stage classical R-K

Solution method of order one

h y(xn) Yn Error Yn Error

En En

0.01 0.990049833 0.990099009 0.000049176 0.99000000 0.000049833

0.005 0.995012479 0.980296048 0.014716431 0.98010000 0.014912499

0.0025 0.997503122 0.970590144 0.026912978 0.97029900 0.027204122

0.00125
.

0.99875078 0.960980341 0.037770439 0.96059601 0.03815477

0.000625 0.999375195 0.990099009 0.009276186 0.950990049 0.048385146

0.0003125 0.999687548 0.980296049 0.019391499 0.941480144 0.058207404

0.00015625 0.999843762 0.970590148 0.029253614 0.932065342 0.06777842

0.00078125 0.999921878 0.960980344 0.038941534 0.922744688 0.07717719

0.000039062 0.999960938 0.951465688 0.04849525 0.913517241 0.086443697

0.000019531 0.999980468 0.942045236 0.057935232 0.904382068 0.0955984

//'
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TABLE 10

NUMERICAL SOLUTION OF PROBLEM 3 BY.THE TWO-STAGE SCHMES

Step Size Exact Numerical solution by the 2-stage Numerical Solution by the 2-stage classical R-K method of

Solution scheme of order 2 order 2-

h y(xn) Yn Error Yn Error

En En

0.0 I 0.990049wn ().990099009 0.000049176 0.994950005 0.004900172
--- --.

0.005 0.99501247<) 0.985080267 0.009932212 0.989926002 0.000123831

0.0025 0.997503122 0.975367836 0.022135286 0.979926759 0.017576363

0.00125 0.99875078 0.965727422 0.033023358 0.970032923 0.028717857.
0.000625 0.999375195 0.956182622 0.043192573 0.965133771 0.034241424

0.0003125 0.999687548 0.946732492 0.052955056 0.955386885 0.044300663

0.00015625 0.999843762 0.938355346 0.061488416 0.945738432 0.05410533

0.00078125 0.999921878 0.929082045 0.070839833 0.940962925 0.058958953

0.000039062 0.999960938 0.919962746 0.080017722 0.93146014 0.068500798

0.0000 19531 0.999980468 0.910871894 0.089108574 0.926756732 0.073223736

l .•
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TABLE 11

~ NUMERICAL SOLUTION OF PROBEM 3 BY THE THREE-STAGE SCHEMES

""'----=

Step Size Exact Numerical solution by the 3-stage Numerical Solution by the 3-stage classical R-K method of

Solution scheme of order 3 order 3

h y(xn) Yn Error Yn Error

En En

0.01 O.()90049 Xll ().()()OO99009 0.000049176 0.990099009 0.000049176

0.005 0.995012479 0.985080267 0.009932212 0.99009809 0.004914389

0.0025 0.997503122 0.97547248 0.022030642 0.99009708 0.007406042

0.00125 0.99875078 0.965955665 0.032795115 0.99009607 0.008654715

0.000625 . 0.999375195 0.956440852 0.042834343 0.990095051 0.009280144

0.0003125 0.999687548 0.947210257 0.052477291 0.990094021 0.009593527

0.00015625 0.999843762 0.938221515 0.061622247 0.990093009 0.009750753

0.00078125 0.999921878 0.929068582 0.070150198 0.990091959 0.009829919

0.000039062 0.999960938 0.920072981 ... 0.079887957 0.990090906 0.009870032

0.000019531 0.999980468 0.911135472 0.088844996 0.990089839 0.009890629

..
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TABLE 12

NUMERICAL SOLUTION OF PROBLEM 1 BY ONE STAGE SCHEME USING RICHARDSON ERROR ESTIMATE

TECHNIQUE

H YEXACT NUMERIVAL VALUESOFYL L.T.E ERROR

VALUE, Y N

0.001 0.999000499 0.999000999 0.999500249 0.000665666 0.0000005

0.0005 0.999500125 0.999019029 0.998501746 0.000068971 0.000481096

0.00025 0.999750031 0.999010926 0.998002746 0.00134424 0.000739105

0.000125 . 0.999875007 0.999003634 0.997503995 0.006661853 0.000871373

0.0000625 0.999937502 0.998997071 0.997005492 I 0.002655438 0.000940431

0.00003125 0.99996875 0.998991172 0.996507239 0.00331191 0.000977578

0.000015625 0.999984375 0.998985867 0.991549491 0.000991516 0.000998508

0.000007812 0.99992187 0.9989810797 0.991053964 0.001056948 0.000940791

0.000003906 0.99996093 0.99897681 0.990558683 0.001122416 0.001019283

0.000001953 0.999998046 0.99897296 0.990063651 0.001187907 0.001025086



TABLE 13

NUMERICAL SOLUTION OF PROBLEM 1 BY TWO STAGE SCHEME USING RICHARDSON ERROR ESTIMATE

TECHNIQUE

H YEXACT NUMERIVAL VALUES OFYL L.T.E ERROR

VALUE, Y N

0.001 0.999000999 0.999000999 0.999500249 -0.000570571 0.000000000

0.0005 0.999500125 0.998004986 0.998502371 -0.00056844 0.001495026

0.00025 0.999750031 0.997007479 0.998250313 -0.001420381 0.002742552

0.000125 . 0.999875007 0.996010968 0.998247571 -0.002556117 0.003864039

0.0000625 0.999937502 0.995015953 0.998220139 -0.003661926 0.004921549

0.00003125 0.99996875 0.99402143 0.997968336 -0.004510749 0.00594732

0.000015625 0.999984375 0.9930279 0.997716661 -0.005458584 0.006956475

0.000007812 0.99992187 0.992035362 0.995206869 -0.003624579 0.007956825

0:000003906 0.99996093 0.991043814 0.992709676 -0.001903838 0.008952279

0.000001956 0.999998046 0.990053257 0.990224977 -0.000196251 0.009944789
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TABLE 14

NUMERICAL SOLUTION OF PROBLEM 1 BY THE THREE STAGE SCHEME USING RICHARDSON ERROR ESTIMATE.

I TECHNIQUE

STEP SIZE YEXACT NUMERICAL RICHARDSON'S L.T.E DISCRETIZATION

SOLUTIONY N EXTRAPOLATION ERROR (en)

SOLUTION YR

0.001 0.990049833 0.999000999 0.999500249 -0.000532533 0.008951166

0.005 0.995012479 0.989119683 0.998863792 -0.010393716 0.005892796
..

0.0025 0.997503122 0.979431928 0.998726622 -0.020581006 0.018071194

0.00125 . 0.99875078 0.96932107 0.998589491 -0.031219649 0.02942971

0.000625 0.999375199 0.960614796 0.998452397 -0.040360107 0.038760403

0.0003125 0.999687548 0.951474789 0.998315341 -0.049963255 0.048212759

0.00015625 0.999843762 0.942507073 0.998178323 -0.059382666 0.057336689

0.00007812 . 0.999921878 ' 0.933706821 . 0.997995326 -0.068574405 0.066215057

0.00003906 0.999960938 0.925069385 0.997858395 -0.07764161 0.074891553

0.00001953 0.999980468 0.916590289 0.997721494 -0.081131205 0.083390179

.----
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TABLE 15

COMPARATIVE ANALYSIS OF THE PROPOSED SCHEME AND CLASSICAL RUNGE KUTT A METHOD ON

PROBLEM 2

PROPOSED SCHEME RUNGE KUTTA METHOD

X YEXACT ONE-STAGE :rWO- 3-STAGE ONE-STAGE TWO-STAGE 3-STAGE

STAGE

0.00 1.00000000 1.0000000 1.00000000 1.00000000 1.0000000 1.0000000 1.0000000
I

0.10 1.02010000 1.041666667 1.041666667 11.04166667 1.040000 1.020000000 1.004286524

0.20 . 1.08160000 1.130260646 1.062915946 11.062915946 1.080792156 1.081389262 1.062915946

0.30 1.18810000 1.222232398 1.210513565 1.08340855 1.205545541 1.187734666 1.155797815

0.40 11.3456000 1.346051285 1.342126338 1.34001417 1.341221282 1.344985881 1.320542811

0.50 1.56250000 1.568050082 1.553134002 1.27095237 1.566272024 1.56147984 1.542177686

0.60 1.84960000 1.857631698 1.832273071 1.834751492 1.841390474 1.84094486 1.83084787

0.70 2.22010000 2.227161794 1.182707451 2.04914248 2.309510318 2.217504127 2.117567706

0.80 2.68960000 2.606829341 2.471141127 12.437480123 2.695816658 2.68567846 2.503553689

0.9 3.27610000 3.269520981 3.249099906 I 3.246227027 3.397761704 3.270388416 3.260186001

1.00 14.0000000 4.100729226 4.041190135 3.90012783 4.135082445 3.991955811 3.978864797

'"f""
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TABLE 16

COMPARATIVE ANALYSIS OF THE PROPOSED SCHEME AND CLASSICAL RUNGE KUTTA METHOD ON

PROBLEM 3

Variable Step Exact PROPOSED SCHEME .. . .. CLASSICAL RUNGE KUTTA METHOD

Solution

x Y(xn) ONE-STAGE TWO- 3-STAGE ONE-STAGE TWO-STAGE 3-STAGE

STAGE

0.01 0.990049833 0.990099009 0.990099009 0.990099009 0.990000000 0.994950005 0.990099009

0.005 0.995012479 0.980296048 0.985080267 0.985080267 0.98010000 0.989926002 0.99009809

0.0025 0.997503122 0.970590144 0.975367836 0.97547248 0.97029900 0.979926759 0.99009708

0.00125
.

0.99875078 0.960980341 0.966727422 0.965955665 0.96059601 0.970032923 0.99009607

0.000625 0.999375195 0.990099009 0.956182622 0.956540852 0.950990049 0.965133771 0.990095051

0.0003125 0.999687548 0.980296049 0.946732492 0.947210257 0.941480144 0.955386885 0.990094021

0.00015625 0.999843762 0.970590148 0.938355346 0.938221515 0.9320653420.945738432 0.990093009

0.000078125 0.999921878 0.960980344 0.929082045 0.929068582 0.922744688 0.940962925 0.990091959

0.000039062 0.999960938 0.951465688 0.919962746 0.920072981 0.9135172410.93146014 0.990090906

0.000019531 0.999980468 0.942045236 0.910871894 0.911135472 0.904382068 0.926756732 0.990089839
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CIlt\PTVH SIX

GI':NEHt\L CONCLlISION

6.1 ,'3I1I\II\L\H\'

lhc project has considered the design, analysis and implementation of a new class

ur explicit IZllIlge-l<ulla scheme for numerical solution or first order initial value

pIll I'klll~; ill ordinary differential equation. The IICW schemes an; consistent, convergent

and A-stable. Comparative analysisolthc proposed schemes with classical Runge-Kutta.

I uhlcs 15 -- I () indicates that. the performance or the IICW schemes isbeuer than the

existing Runge-Kuua scheme. Results ill Tables 1 - IIor the proposed schemes are

aCCUIClk. The advantages of the IlCW schemes over theexisting Runge Kutta schemes,

are that:

The interval or absolute stability or the proposed OI1C- stage scheme is(-00, 0)

which is larger compared to theabsolute slahility interval of (-2,0) for the one- stage R-

K method.

That is: the IlCW class or explicit Runge- Kutta schemes is ;\- stable while the

conventional Runge- Kutta methodsor the same stage and order is 1I0t A- stable.

6.2 LIMITATIONS

OIlC obvious drawback or the new scheme IS that it involves more functions

evaluation than the existing R- K methods.

Also its derivation and implementation is difficult and time-nconsuming but its high

accuracy and A- stability compensate for these difficulties
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6.2 Itli:COI\II\U:NDATIONS

(i) Adoptillg strategies which can help to lind appropriate balance between the. :

step size h, the order of accuracy, ami stability of the methods to achieve more

accuracy, efficient and effective schemes are essential.

These strategies include the choice of step length h as to satisfy

II = }~ f- O. This value of h will over step the point of singularity.
)'"

(ii) It is important to double precision aritluuctic to minimize the effects of round-

orf error. ..

(iii) Further research should look into higher stage methods with a view to Identify

\

the general order of the method.

6.3 CONTIHBUTION TO KNOWLl~J)GE

The new scheme shows that there exists explicit one-step scheme that are A-stable

contrary to Dahlquist (I96J) postulate. A new class of Explicit Runge-Kutta sehemss

valid for integration or non-stiff and stiff IVPs in ODES have been developed. The
.;

schemes will be quite suitable and useful in the solution ofODE problems arising from

nuclear reaction processes, economic system, population model and other dynamic

process such as heat and matter transfer, diffusion and pharmacokineetie theories, that

lead to diIfereutial of this type.

Consequently, the new scheme will be easier to apply11.))' solution of stiff ODES

compared to implicit methods which involves the solution of system of Linear algebraic

equation per unit step.
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APPENDIX I

C THIS PROGRAM SOLVES STIFF INITIAL VALUE PROBLEM

Y' = A(Y - E(X)) + E1(X)

C WHERE AIS A COMPLEX NUMBER WITH NEGATIVE REAL PART
C COMPARING ONE-STAGE EXPLICIT RUNGE
C KUTTA OF ORDER ONE AND CLASSICAL
C RUNGE KUTT A OF ORDER ONE

EXPLICIT REAL *8(A-I-I, T, X-Z)
C INITIALISE X, Y, H, TOL,XL

OPEN (UNIT = 3, FILE = MATHS OUT, 'STATUS = 'NEW')
OPEN (UNIT = 1, FILE = 'MATHS.OATA', STATUS = 'NEW')
WRlTE (3, I)

FORMAT (l2X, 'RESULTS OF EXPLICIT RUNGE KUTTA SCHEME OF
ORDER ONE AND CLASSICAL RUNGE-KUTTA SCHEME OF ORDER ONE')
WRITRE (3,103)

103 FORMAT ('/, ' 'I,)
WRITE (3,7)

7 FORMAT (6X, 'H, '20X, 'YEXACT', '13X, 'ORDER ONE',
13X, 'E2', 13X, 'CLASSICAL RUNGE KUTTA OF ORDER ONE', 3X, 'E3')
WRITE (3, 102)

102 FORMAT ('/, .......................................... 'I,)
HI 0.10-3 "1

."
8 HMIN = 0.19531250-5

TOL 1.00-3
X,L I.ODO

~o 0.000
Yo 1.000

1

C INVOKE SUBROUTINE EXPRK AND RUNKUT
C TO COMPUTE APPROXIMATE VALUE OF Y

CALL EXPRK (Xo, Yo, HI, TOL, Y(xn), E2, YN)
CALL RUNKUT (Xo, Yo, HI, Y(xn),E3, YP)

C CHANGE THE STEPSIZE TO HALF OF THE STEPSIZE
HN = 0.500 *HI

C WRITE OUT RESULTS
WRITE (3, 10),HI, Y(XIl),Y, E2, YP, E3

. 10 FORMAT (DI4,8, 7X, 5(016.8, 4X)
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Write (3,101)

101 FORMAT ('I, 18('-'), 'I, , 5(20('-'), 'I,))
IF (H1.LE.HMIN) THEN
STOP
ELSE
H1=HN

GOT08
END IF

END

C FUNCTION SUBPROGRAM TO COMPUTE THE FUNCTION OF F FUNCTION
F(x,y)

EXPLICIT REAL *8(A-H, T, X-Z)
F = 1000 (Y-X*3) + 3DO*X*X
RETURN
END

C FUNCTION SUBPROGRAM TO COMPUTE THE FUNCTION OF F FUNCATION
F(x, y)

EXPLICIT REAL *8(A-H, T, X-Z)
F = 100DO*(Y-X**3DO) + 3DO*X*X
RETURN
END

C FUNCTION SUBPROGRAM TO COMPUTE THE FUNCTION OF F FUNCTION
F(x, y)
EXPLICIT REAL *8(A-I-f. T, X-Z)
F = -1000DO*(Y-X**3DO) + 3DO*X*X
RETURN ,
END

C FUNCTION SUBPROGRAM TO COMPUTE
YEXACT FUNCTION YEXACT (x,y)
EXPLICIT REAL 88(A-H, T, X-Z)
YEXACT = (X**3.0DO) + EXP(-10:0*X)
RETURN
END

C SUBROUTINE EXPRK TO COMPUTE THE APPROXIMATE VALUE OFY,
USING
RUNGE KUTTA METHOD OF ORDER ONE
SUBROUTINE, (X, Y, H,v, £ 11)
EXPLICIT REAL *8(A-H, T, X-Z)

Yn+1 = Y,/*2/Yn - H* YI~
I

£/1 = ABS(Yn- Y)
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C I
SUBROUTINE EXPRK2 TO COMPUTE THE APPROXIMATE VALUJ;~ OF Y, :
USING TWO STAGE EXPLICIT RUNGE KUTT A OF ORDE\~ TWO .•.
SUBROUTINE EXPRK (X, Y, H, TOL, TP, E, YN)
EXPLICIT REAL *8(A-H, T, X-Z)
AHI O.ODO
AH2 O.ODO
BII = 0.000
BI2 0.000
B21 = 0.5DO
B22 0.000
DI = O.ODO
D2 = 0.500

\'

12 XI = X + DI *H
X2 X,+ D2*H
z, l.ODO/Y
ZI Z~ + (Bll*AH I) + (B12*AH2)
Z2 Zo + (B21*AHt) + (B 22*AH 2)
YI 1.0DO/ZI

Y2 = 1.0DO/Z2

EHI -ZI*ZI*F(X), YI)*H
EH2 = -Z2*Z2*F(X2,Y2)*H
Al = ABS (EHI - AHI)
A2 ABS (EH2 - AH2)
IF (Al.LE.TOL AND A2.LE.TOL) THEN
Tsuv = 0.5DO*(EHI + EH2)
YN = Y/(l.ODO + Y*TSUM)
XN X+H

.;

Yp YEXACT (XN, YN)
E = ABS (Yp- YN)

ELSE
AHI EHI
AH2 = EH2
GO TO 12
END IF
RETURN
END

C
C
C

SUBROUTINE RUNKUT TO COMPUTE
APPROXIMA TE VALUE OF Y USING
CLASSICAL RUNGE KUTT A SCHEME OR ORDER TWO.
SUBROUTINE RUNKUT2 (X, Y, H, Yp, E, YN)

EXPLICIT REAL *8(A-H, T, X-Z)
AKI = H*F(X,Y)
X2 = X + l.00-3*H)
Y2 Y + (l.OD - 3*H* AK I)
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AK2
Tsua =
YN
XN

Yp =
E =

RETURN
END

H*F(X2, Y2)
(AKI + (2.0D-3* AK2»)/2
Y + TsuM
X+H
YEXACT (XN, YN)

ABS (Yp- YN)

"

C SUBROUTINE pXPRK3 TO COMPUTE THE APPROXIMATE VALUE OF Y,
USING THREE STAGE EXPLICIT RUNGE KUTTA OF ORDER THREE
SUBROUTINE EXPRK (, Y, H, Tol, Yp, E, YN)

EXPLICIT REAL *8(A-H, T, X-Z)
AHI = O.ODO
AH2 O.ODO,
AH3 O.QDO
Bll O.ODO
BI2 O.ODO
BI3 O.ODO
B21 0.5DO
B22 0.000
B31 1.000
B32 2.0DO
B33 = 0.000
DI = O.ODO
D2 0.5DO
D3 = I.ODO

14 XI X+TII*H
X2 X + D2*H
z, I.ODO/Y
ZI Zo + (Bll*AH I) + (B12*AH 2) + (B13*AH3)
Z2 Zo + (B21*AHI) + (B22*AH 2) + (B22*Al-h)
Z3 Zo + (B31*AHI) + (B32*AH2) + (B33*AH3)
YI 1.0DO/ZI

Y2 1.000/Z2
Y3 1.0DO/Z3.
EHI -ZI*ZI*F(XI, Y I)
EH2 = -Z2*Z2F(X2, Y2)
EH3 = -Z3*Z3*F(X3, Y3)
Al ABS (EHI-AHI)
A2 = ABS (EH2 - AH2)
A3 = ABS (EH3 - AH3)

IF (AI.LE.TL, A2.LE.Tol AND A3.LE.TOL)
THEN
Tsuu = 1.5DO*(EHI + EH2 + EH3)
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YN

XN

Yp
E
ELSE
AHI
AH2
AI-h
GO TO 14
END IF
RETURN
END

Y/(l.ODO + Y*T SU1\I)

X+H
YEXACT (XN, YN)
(Yp- YN)

£I-II
EH2
EHl

C SUBROUTINE RUNKUT TO COMPUTE
APPROXIMATE VALUES or Y USING

C CLASSICAL RUNGE KUTTA SCI IEME OF ORDER TI IREE
SUBROUTINE RUNGKUT 3(X, Y, H, 1'1'_ E, YN)
EXPLICIT REAL *8(A-H, T, X-Z)
AKJ
X2 ==

Y2

AK2
Y2

AK2
Y3

AK3 ==

TSUM ==

YN

XN

Yp
E ==

RETURN
END

I'

, I

I'
! !

H*F (X, Y)
X + O.SDO*H
Y + (0.50* AK,)
H*f(X 2, Y2)

Y + (1.000*AK2)

H*F(X 2, Y2)

Y + (1.000* AK2)

H*F(X 2, YJ)

AK, + (2.0DO*(AK2 + AKJ)/G.ODO
/

Y + TsuM
X + ~I
YEXACT (XN, YN)
ABS (Y» - YN)
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AP}lENDIX 2

C THIS PROGRAM SOLVES STIFF INITIAL

C INITIAL VALUE PROBLEM Y' = A.(Y - EX) + EI (X)

C USING TWO STAGE EXPLICIT RUNGE KUTT A OF ORDER TWO
C USING ERROR, ESTIMATES TO ADJUST THE STEP SIZE. THE STRA TEm

IS TO
C CONTROL THI; STEPSIZE TO GET MINIMUM ERROR

EXPLICIT REAL *8(A - H, T - Z)
OPEN (UNIT = 3, FILE = 'MATHS 2 OUT', STATUS = 'NEW')
WRITE (8,*) 'RETURN OF TWO STAGE EXPLICIT RUNGE KUTTA OF ORDER
TWO, ADOPTING RICHARDSON EXTRAPOLA nON METHOD TO ESTIMATE
THE LOCAL TRUNCATION ERROR AND CONTROL THE STEP SIZE
WRITE (8, 100)

100 FORMAT ('/" ' 'I,)
WRITE (8, 11)
FORMT (2x, ' H, YEXACT, VALUE OF

Y,* NUMERICAL VALUE OF Y, LOCAL ERROR
ERROR

WRITE (8, 120)

120 FORMAT ('/" 'I,)
Xo 0.000
Yo 1.000
HI 0.10-1
Tal. 0.ID-2
x. ).000

2 x, x, + HI
CALL ADAPT (X, Y, Tal, HN, LTE,)
CALL EXPRK2 (Xo, Yo, HI, TaL, YNP)
YN YEXACT (Xp, YNP)
E = ABS(YN-YNI')
WRITE (8, 3) HN, Xp, YN, YNP, LTE, E.

3 FORMAT (2 X, 6 (16.8, 4X)
WRITE (8, 100)

100 FORMAT ('t.. 6(20 (' - '), '/,))
IF (Xl'. GE. Xl) STOP
x, x,
Yo =YNP
GOT02
END

C SUBROUTINE ADAPT TO CONTROL THE STEP SIZE
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SUBROUTINE ADAPT (X, Y, T OL, HN, LTE)
EXPLICIT REAL *8 (A -I I, T - Z)
II 0.ID-3

7 Oil ToL*Y NP)

l-b 0.500*H
XPI X + H2
CALL EXPRK (X, Y, II, T, YPI)
CALL EXPRK rx, Y, I-h, T, YP2)

CALL EXPRK (XPI, YP2, I h, '1', YPJ)

SET LTE ~ (YN - YI) (2,2.':<~I)
DP ABS (YPJ - YPI)
ONP ABS (ON/Op)
EA = (/b.000*Op)/J5.000

IF (OP.LE.DN) THEN
!-IN H* ABS (ONP**0.2DO)
ELSE

HN H* ABS (ONP**0.2500)
END IF
IF (LTE.LE.E) THEN
GOTO 8
ELSE
H=HN
GOT07
END IF

8 RETURN
END

C SUBROUTINE EXPRK TO COMPUTE NUMERICAL VALUES OF Y
SUBROUTINE EXPRK (X, Y, H, T, Yp)
EXPLICIT REAL *8(A - 11, T - Z)

C INITIALISE THE VARIABLES
AlII = 0.00
AH2 0.00

C FUNCTION SUBPROGRM TO COMPUTE F
FUNCTION F(x, y)

EXPLICIT REAL *8(A - II, T - Z)
SET

E =
RETURN
END

Y/(l.OdO + Y*(-zl*zl*F (XI, Yr)* II t- (-Z2*Z2
F(X2, Y2)I i»/2.0DO
ABS (Yp- YN)
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