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ABSTRACT

This thesis studies the influence of axial force on the dynamic response to
moving concentrated masses of rectangular plate incorporating rotatory inertia
correction factor, The responses of the elastic structures 1o moving concentrated
forces are special cases of such dj’]‘t‘:‘l]’ﬂjti-l] problems,

The governing e quation o [ this problem isa Tourth order partial differential
equation. The solution technique 15 based on the use of the property of the Dirac-
delta function as an even function to express it in series form. the versatile two-
dimensional generalized integral transtorm with the normal modes of the plate as
the kermnel of transformation and a meodification of the Struble’s asymptotic
technigue. By the use of this technique, one is able to obtain closed form solutions
for all variants of classical end conditions for this class of problems. The closed
form solutions are analysed and numerical analyses in plotted curves are
presenied.

The results show that as the axial foree {prestress), N, and N, foundation
moduli K and rotatory im:rliz-l Ro increase, the response nmplitudes of the
dynamical system decrease for both illustrative examples. However, higher values
of N, N,, K and Ro are required for a more noticeable effect in the case of simple-
clamped boundary conditions than those of simply supported boundary conditions,
It is also found that for both illustrative examples, the moving force solution 18 not

an upper bound for the accurate solution of the moving mass problem of a



rectungular plite under the action of @ concentrated moving load. This important
result also agrees with the result of similar problems in literature.

Finally, mn ull the illustrative examples considered, for the same natura)
frequency, the critical speed for the moving mass probleny is smaller than that of
the moving force problem, Hence resonance is reached carlicr in moving miss

problem.
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NOMENCLATURE

i, 15 the measure of otatory mertia effect

Ly 15 the height of the rectangular plate

Ly 15 the length of the rectangular plale

Ny 15 the the axial force along x-direction

M, 15 the the axial Torce along y-dircction

K is the foundation stiffness of the rectangular plate

Wix.wt) is the transverse displacement rectangular plate

D is the bending rigidity

Pix.y.0) 15 the concentraled load

M is the the mass moving load

v 15 the Poisson’s ratio

A( ) is the Dirac delta function

E is the Young's Modulus

pt 15 the 1mass per unit area

¢ is the constant velocity

Wilx)1s 1hc~_j"' normal mode in the direction of x-axis of the plale
@, i, are mode lrequencies the plate

{2, is the natural circular frequency

f. . 15 the modified [requency of the plate traversed by moving lotce
ar. . 15 the modified frequency of the plate traversed by moving mass

i, 18 the modified frequency of simply supporied of the plate traversed by

moving force
v, , 15 the modified frequency of simply supported of the plate traversed by moving mass
a’ s the modified frequency of simple-clamped of the plate traversed by moving force

. 18 the modified frequency of simple-clamped of the plate s crsed by moving

Mass

V' is the Laplase operaior.



CHAPTER ONE

L0 INTRODUCTION

For more than a century the analysis of continuous elastic systems
subjected to moving subsystems has been a subject of interest in many fields, from
structural to mechanical to aerospace engineering [13]. However, it is especially in
bridge engincering that this problem finds its widest field of application. Aside
from the presence of structural damage duc to environmental loads such as
corrosion, material loss and support determination, the dynamic excitation caused
by moving loads dramatically reduce the useful life of the bridge. In order to
recognize when the structure 15 approachmg an overstressed condition, 1t s
necessary 1o understand the complexity of the dynamic interaction between the
continuous svstem (bridge) and the subsystem (vehicle) moving on it.

Examples of structural configurations which may be elastic. inelastic or
viscoelastic, on which these loads travel includes beams, plates. shells ete. The
transverse motions of these structural configurations under moving loads are
governed by the fourth order non-homogenous partial differential equations whose
coefficients may be constant variable or singular. The vibrations of these
structures are examined only during the period of the load traverse. Once the load
leparts from it, the structure begins to vibrate in free vibration, and this process no
onger falls within the scope of our discussion. The attenuation of the whole
henomenon s greatly affected by the damping characteristics of both the

tructure and the materials.



In the analysis of the effects of vehicles moving over large-span Eridges,
Inglis[12] introduced a theory according to which the gravitational effects of the
moving load may be separated from the inertia ones. In the calculation, the force is
considered as moving along the beam while the mass of the vehicle acts at a
definite, constant point x,. The argument had been whether or not the second part
of the assumption is justified. The inertia action of the mass on the deformed
structure is described by [5] the 1Y Alembert’s principle as the product of mass and
acceleration. When the inertin effect of the moving load is considered, the
governing partial differential equation of motion becomes complex and
cumbersome and no longer has constant coefficients. In particular, the coefficients
become variable and singular. If the inertia effect of the moving load is neglected
in the governing equation, the problem is termed moving force problem and when
it is retained it is termed moving mass problem. Though, the problem, when the
inertia effect of the moving load is considered negligible and has been greatly
simplified, the following question arises: how safe is a design based on this
assumption? The justification of this assumption would have been established had
the solution of this approximate model been proved to be an upper bound for the

actual deflection of the elastic system. Thus has not been so

I=d



. Resonance: s a phenomenon that oceurs during vibration when the
frequency of the moving load equals the natural frequency of the clastic
structure. Practically speaking this means the state at which the
deflection of the elastic structures increases beyond bounds.

7. Critical Speed: This is defined as the speed of the load, which brings
about resonance clicets in the system.

8. Deflection: This is the vertical sag of structural members under load,

The deflections of slender members are generally higher than that of

thicker ones.

9. Amplitude: This is the maximum displacement in a structure subjected

1o dynamic loading or vibratian,

BOUNDARY CONDITIONS OF STRUCTURAL MEMBERS

Aside the problem arising from the inclusion of the inertia terms in moving
mass problems, difficultics often anise from the type of specified end-conditions,
These end-conditions can be classified [3, 9] into two, viz:

(a)  geometric boundary conditions,

(b)  dynamic/force boundary conditions.

: G - VLY,
the geometric conditions relate to the deflection, say, viv,r) and slope |:1 },
iy

{where x 15 the spatial coordinate and t the time) while the dynamic or force

boundary conditions



and shear force aj;{ff} .
X

f':l"'v{x..l'}

1 t

relate to bending moments

There are five end conditions that are of practical interest to an apphed

mathematician or an engineer. These are [3, 9, 4, 6, 31].
{1 clamped end conditions
(n)  simply supported or pinned end conditions
(i) free end conditions
{iv) sliding end condition and
(v}  non-classical end conditions.

The first four are known as classical end conditions.

At a clamped end, both deflection and slope vanish and at pinned or simply
supported end, deflection and bending moment vanish. Furthermore, bending
moment and shear force vanish at free ends and while slope and shear force vanish
at shiding end. Thus, in particular, the first four boundary conditions may be

written mathematically, in case of a uniform beam, as follows,

v {x,t) =@ =ﬂata;:lampcd end (1.1}
v{x,t}=% = 0 at a pinned end. (1.2)
ﬂl‘a{:{*’} . ﬂji{-‘f' = (at s frosiond (13)
o i"“’} - E;“j"} = 0 at a sliding end (1.4)



As an example of non-classical end conditions, we briefly discuss the
elastically supported end condition. Suppose a beam is linged or pinned a1 one of
115 ends and supporied by an elastic spring, with modulus k at the other end, the
magnitude of the sheanng foree must be k tmes the displacement, 1.e.

Pl v
TARL) o gy (1.5)

k] —

o

Thus, for such clastically supported end, the boundary conditions are

_;-I k} .
i) L[.l.l’} s Uf g :{:”’ ~ k"‘r’ [H.l:l =) “{H

3
dr [T

where k, is an arbitrary spring modulus,

Other examples of non-classical end conditions include excited or time dependent

boundary conditions.

In most of the work done on problems involving moving loads, methods of
solution had been suitable only for simply supported end conditions. Thus, there 1s
a need for method which 15 suitable, with or without consideration for inertia

cffects of the moving load, for all boundary conditions and structures that are of

practical interest.



1.2 REVIEW OF RELATED LITERATURE

The problem of the response of an elastic system (beam or plae] 1w a
moving load (moving force or moving mass) has been the objective of numerous
mvestigations in Engineering, Mathematical Physics and Applied Mathematics for
many years [6,31). In particular, the dynamic response of a simply supported
beam, traversed by a constant force moving at a umiform specd was first studied by
Krylov [15]. His results were obtained by using the method of expansion of
eigenfunctions. He assumed that the mass of the load is smaller than that of the
beam. Later, Timoshenko [29] used energy methods to obtain solutions in series
[orm for simply supported himite beam on an ¢lastic foundation subjected 1o hime
dependent point loads moving with uniform velocities across the beam. Kenny
[14] sinularly investigated the dynamie response of infinite elastic beams on
elastic foundation under the influence of load moving at constant speeds. He
included the effects of viscous damping in the goverming difterential equation.
Steel [28] also investigated the response of a finite simply supported Bemnoulli-
Euler beam to a umit foree moving at a I.:l;!iﬂ.‘.lﬁl'l velocity, He analysed the effects of
this moving force on beams with and without an elastie foundation, Usimg o
considerably simpler vector formulation with a Laplace rather than Fourier
transformation, Steel[27] presented a review of the transient response of the Euler-
Bemoulli beam and the Timoshenko beam on clastic foundation due to moving
loads. The problem of a eylindrical shell with an engulfing axisymmeine pressure

wave 15 shown to be gencrally guite analogous to Timoshenko beam. In a much



later development Oni [20] considered the problem of a harmomce tme-vanable
concentrated force moving at a uniform velocity over a finite deep beam. The
methods of mtegral transformations are used. Series solution which converges is
obtained for the deflection of simply supported beams and analvsed for varous
speeds of the load. Just as for elastic beams, the problem of dynamic response of
clastic plates to moving loads when the mass effect of the moving louds 1s
considered have only attracted the attentions of few researchers. Among the
carliest researchers into this subject was Holl [10] who selved the problem of a
rectangular plate carrying uniformly moving loads. He concluded that a critical
velocity existed for each mode of wi;:-uln:m. Livesly [16] on the other hand,
considered the problem of o umilormly traveling load on an mfinite plate and
showed that there exists a certain critical velocity, beyond which stresses and
deflections become infinite. However, in these studies, the plates considered were
idealized by one where mass 1s approximately neglected.

Much later, Stanisic et al [26] made landmark feet when they studied the
two-dimensional problems of .ﬂr::-;uml vibration of plates under the actions of
loads, paying more attention 1o moving ‘mass. Only the inertia term that measures
the effect of local acceleration in the direction of the deflection was considered.
The method of solution was based on the Fourier sine transform technique suitable
only for simply-supported boundary conditions. The solutions so obtained were
shown to converge very rapidly, For a plate structure, without an clastic

foundation, Wu et al [32] used the finite element method to study the dynamic



response under moving loads, He examined the cffects of coeentricity, span length,
acccleration and mtial velocity of the moving load. The dvnamics of a plate
exccuting small motions relative to a reference frame undergoing overall rigid-
body motion was presented by Banerjee and Kane [22]

Also, Aiyesimi [1] studied the dynamic response of an elastic, sotropic
rectangular non-Mindlin plate resting on o visco-elastic foundation and under the
action of a force moving with variable velocity, His method was based on the
finite integral Fourier transform suitable only for simply — supported end
conditions. it was shown that there is a slight drop in the maximum amplitude for
the static load case before a steady stale was attained. The work of Stamsic ct al
(1968) was taken up much later by Gbadeyan and Oni |7] who studied the
dynamic analyses of an elastic plate continuously supported by an elastic
Pasternak foundation traversed by an arbitrary number of concentrated masses. All
the components of the inertia terms were considered and the rectungular plate was
assumed to be simply supported, the deflection of the plate was caleulated for
several values of the foundation moduli and shown graphically as a function of
time. As in the previous paper, the method of selution is suitable only for simply-
supported boundary conditions. More recently, Om [19] developed a versatile
solution technique for solving two-dimensional moving load problems for all
varnts of classical boundary conditions. The technigque involves the vse of the
modificd generalized two-dimensional integral transform to reduce the fourth

order differential equation goveming the motion of the plate o second order

9



ordimary differential equation which is then treated using the modified asymptotic
method of Struble, Nayfey [18], The clegant method in Oni [19] was extended by
Omi [21] to investigate the dynamic behaviour under several masses of rectngular
plates resting on a Pasternak elastic foundation and having an arbitrary end
supports. The solution method was based on the modified two-dimensional
generalized transform and a modification of Struble’s asymptotic method. It was
found that the critical speed for the system consisting of a rectangular plate resting
on Pasternak's subgrade and traversed by a moving mass 15 reached prior that
traversed by a moving force. Also, a two-dimensional theory, on the correction for
rotatory inertia, on flexural motions of 1sotropic, elastic plate under moving load
was studied by Omi [8]. The gencralized two-dimensional integral transform with
the normal modes of the plate as the kemel of trunsformation is used for the
solution of the problem. The results show that the moving force sofution is not
always an upper bound for the accurate solution for the plate problem. In o more
recent article, Hoang and Thambiratnam [11] studied isotropic homogeneous
clastic rectangular plate resting.r on an clastic Winkler foundation under a single
concentrated load. Finite strip method is employed. Numenieal examples show that
when the load moves with zero or a small initial velocity, the dynamic response of
the structure 15 steady and unlike the response due to the sudden application of a
load. Worthy of note, also, is the work n-I'SImdnam et al, [24] who investigated the
dynamics of plates under the influence of relatively large masses, moving along an

arbitrary trajectory on the plate surface. As an example, the dynamic response of a

10



rectangular plate, simply supported on all its edges, under a mass moving paraliel
lo one of its sides and also traveling along circular trajectory 1s presented by
means of operational calculus. Analysis shows that the response of structures due
to moving mass, which has often been neglected in the past must be properly taken
into account because iF oflen differs significantly from the moving force model,
Shadnam [25] m a similar manner, worked on periodicity on the response of non-
linear plate under moving mass. More recently, Oni and Omolofe [29] worked on
the flexural vibration of prestressed Bemoulh — Euler beam resting on elastic
foundation and traversed by muasses traveling at varving speeds. Closed forms
solutions were obtained and analyzed for both the problems of uniform and non
uniform — Euler beams. However, no attempt was made to extend the theory
developed in this study to solve the problem of flexural motions of prestressed
rectangular plate under moving loads.

The plate model under consideration gives consideration 1o the effects of
cross-sectional dimension on the response of the plates, This 15 so because, 1t 1s
well known that a typical element of an clastic system performs not only o
translatory motion but also rotates [30].

For simplicity in analysis two opposite sides of the plate are simply
supported and other (two opposite edges) supported at will. Infact, plate structures
of bridges are known usually to have two opposite edges simply supported and the

other edges are free [22]

11



1.2 OBJECTIVES OF THE RESEARCH

This study concerns the influence of axial force on the dynamic response

to moving concentrated masses of rectangular plates incorporating rotatary nertial

correction factor,

The specific objectives of the study are to:

(a)

(d)

ie}

ohtain the analytical solution of the faurth order partial differential
cquation with variable and singular coeflicients for all varionts of
boundary conditions.

investigate and classify the influence of axial force on the response [0
moving concentrated masses of rectangular plates,

clussify the effects of rotatory caertin and Toundation’s stitfness on the
response amplitudes of the rectangulur plates under the action of moving
loads.

examine the reliability of the moving force solution as a safe
approximation to the moving mass solution,

cstablish the resonance conditions for both moving force and moving
mass problems and the effect axial !brcr:}, rotatory incriia and foundation

moduli on the resonance conditions

1.3 GOVERNING DIFFERENTIAL EQUATION

A single differential equation goverming the deflections w of a rectangular

plate under the action of a moving load is obtained from a iwo-dimensional theory

of flexural motions of isotropic, clastic plates deduced from the three-dimensional

12



equations of elasticity. The theory includes the effects rotatory inertia and shear
deformation in the same manner as Timoshenko's one dimensional theory of bars.

The single equation is given by [17]

y pd . pht 8 ﬂln-'-'_.x. W, f',l-
I i N O el e i ® L
( oo D = :]u{ X, 1)+ pht

_EFI 'I:ﬁ.! _
[1 e ]P{x.m (1.7)

- 1

T

where V* = —;_;T-r ?;:‘T 15 the two-dimensional Laplace operator, o is the density

G 15 the modulus of elasticity in shear, D is the bending nigidity of the plate, h1s
the plate’s thickness, x is the position co-ordinate in x-direction, v is the position
co-ordinate in y-direction, t is the time, w{x,y,t) 1s the traverse displacement and

P(x,y,t) 15 the moving load.
Equation (1.7) is the two-dimensional analogue of Timoshenko’s beam

equation, If the shear deformation terms are omitted from equation (1.7), it

reduces to

[mﬂ o ;J Ve, )+ ph 2 < eyt (1.8)

Similarly, if rotatory inertia terms are neglected, equation (1.7) becomes

ﬂlw{x Y1)

DVw(x, v,t) + oh =P{x,y,t) (1.9}

f this rectangular plate is prestressed, two additional terms given by

13



-j,.' & 1 -_|! i E r |
_[Hlf 11-{1.1_1,rj+h,l C LU",'I"” {1.10)
g e

where N, 15 the axial prestress in the x-direction and N, 15 the axial prestross in

the y-direction are added to the left hand side of the equation
Equation (1.7) 15 the two-dimentional analogue of the Rayleigh beam equation

mn the one-dimensional theory of chtun-;l motions of elastic beams carrying
moving loads.
14 FEATURES OF THE THESIS

The procedure in the other sections of this study 15 as follows:
The initial-boundary value problem of axial force influence on the dyvnamic
response to moving concentrated masses of rectangular plates on a Winkler elastic
foundation 1s solved in general form in chapter two. Hlustrative examples
involving particular boundary conditions, numerical calculations and discussions
of results are presented in clapter three

Finally, chapter four of the study contains summary of research work,

contributions to knowledge, limitation of study and suggestion for {urther work



CHAPTER TWO

11 GOVERNING EQUATION

A rectangular plate of thickness h and lateral dimension L, and L, (Respectively
in the x and y direction in the rectangular axis) under the actions of a concentrated
load P(x, ¥, t} of mass M traveling from point ¥ = ¥, on the plate along a straight

line parallel to the x — axis with constant velocity ¢ is considered in this thesis.

Lr . Y=Y

'y

Fig 2.0: Plate structure carrying an arbitrary number N of the concentrated
masses M, moving at a straight line parallel to x - axis.

Neglecting damping and the effects of shear deformation, according to the two-
dimensional theory of fexural motions of isotropic elastic rectangular plate, the

transverse displacement w (x, vy, t), of the mid-surface of such rectangular plate

exhibiting anisotropic prestress is found by solving [17]

15



Fwlepd) o Enlxrn

r
[ D= 2l {:7]“.-"' wix, y.0) = [ N,

ay* toa
d H{'l_ I|'1...”. + K“'[-t. !,‘.f} = .f"[_'l.', 1 F} (2.1}
i d d
Where
_EW e _f_+f_J (2.2)
‘I 2{1 . r} \ o fﬂl-

E is the Young’s modulus of the plate, v is the Poisson’s ratio, t is lime, x is the
position coordinate i x — direction, vy is the position coordinate in v direction. j is
the mass per unit area of the plate and R, is the measure of rotatory inertia effect.
In this system, when the mertia effect of the moving load on the transverse
displacement of the rectangular plate 15 taken into consideration, the load

P (x, v, t) takes the form

Plxvit)=Plxva] 1= X :3'_'1 +2¢ "ﬂ- 4+ i] (2.3)
g\ar exelt ar
Where
Prix, v, ) =Mgd (x—ct)& (y-v;) (2.4)
M 15 the mass of moving load and & () 15 the Dirac delta function defined as
L H P,
.:?{x—rf}={ e (2.5)
Wy =of
With the propertics
() [al)=1 (2.6}



(i} S-x)=d(x) (2.7)

" Dk<a<h
(i) ol =k} ) ={ f{kha <k < (2.8)
. Da<h<k

Furthermore, two opposite sides of the plate are simply supported and the other
two opposite edges are taken to be arbitrary.
Infact, plate structures of bridges are known usually to have two opposite edges
simply supported and the other edges free

Thus, at edges y =0 and y = L, the following conditions pertain

w(x,0,1) =0=wx, L, 1) and

1

w(x, 0, 1)=0= -_;11 W (X, Li.t) (2.9

'h I
For simplicity, the associated initial conditions are

Wik ¥, =0= [ % ey =8 (2.10)

l"\-:.r'\-:l

Using equation (2.2) , (2.3}, (2.4), in equation {2.1), the governing equation of

motlion, afler some rearrangements takes the firm

L-|-| t-:'-l ﬁ'i ) :?.1
I}n[ﬁh_l L 'r'_}'l' EE;:‘%nz. I.|'{.'|.1_'IJ1{}-|- ;F ||-'{-'I.._I.’,.f.]} L J:..."‘ F ll{i._r_."}_

i e 2t .
.I'l."_:' ﬂf? H{I,P!-'.FJ+ K,,w{.r, }I‘,.F}— &, ;;—‘ L lrll.t,J-', F}-I- %H{.I‘,J',f}+ %ﬂ'{ =g };'F[_r -1 'r,}'

a 2 &

2.11})

Where



2.2 ANALYTICAL SOLUTION PROCEDURE

[n order to solve equation (2.1) subject to the end conditions { 2.9}, in the first
instance, a transformation technigues based on the two dimensional Fourier sine
integral transformations is employed. This technique is termed Generalized two-

dimensional integral tansformation and it is defined by

Lok .
wljkit) = _[ _[w{.r,_-.-,:jwm ’:r’—“u; (o Jedueds: (2.13)
3,

with the inverse

11{1‘..!'.1"}=ii:iiH{_..".A‘J}sillﬂlr,[r} 2.14)
ot A L L
Where
] "
w, = [l (x )i (2.15)
4]

and Wi(x) is the J" normal mode in the direction of x-axis vibration of the plate,
This is obtained from the equation governing the free vibration of plate. 1t 15 given
by

[ a.x 7.x 7 x :
W (x)=Sm——+4 C&sl + 8 _:;';;1er + C‘.E."usfrf; (2.16)
' L ; L , L ' L

L.} L] L L]

Where

I 1 !
o =L|[£‘*:-EEL:I ] (2.17)
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And

Kt 162 1.|I'- : :
N .|r.I e -+ 4 1-1 I'E}
# [ E ik
Are mode frequencies and Aj, B | and €] are constants and D, = D/, The
patameter €, is the natural ¢ircular frequency defined by
T 'JL P .kdﬂ'-l
: gL ad ekt A (2:1%
i ﬂl[ L.] : L: LI T L,: h }

The funiction (2.16) satisfies all classical boundary conditions for this class of plate

problem in the x direction.

Applying the generalized integral yransformation (2.13) to (2.11), equation (2.11)

can be wrillen as.

p.z.(0.L, L, )+ D, ik L )+ U k)= NeH kL L )-
Ntk Lo Ly )~ Rk Ly Ly )= RH ik, L. L,) (2.20)

[u (pke,t)+ Gy pdeat)+ Gy (pokt)] = f am’T—"‘ W {ct)

1

Where

3w iy
Z (0L, L, )= J[Hf{ }‘ W ) ()2 - e () - (2.21)
' ' dh

kim? ow i
LI FR H"’{ }+-1T—H" |:.I'}Irlr':| SHTT

v

Hik L L, } ”u-w'*{r}mn—:may——— _”11 W) {x ]"mr—' - glvedv +

na vopn



_L - .”“ W, {x]ﬁ'ru—drd\

H ik L1 )= J'ja“’{"*”} . 4 (x by

L

Hljk L L )= _[j “":”’ :_-H’{ vy
oo - T

TR ANA Ha ““{“"’ gk wn Ny

A S
v i wl, 1.*,.r]l ::}
et L )= i W (3 ey
i ] r_j! -l:-'f!@":l

i(pok.t)= J'J"i'h—r.r}n‘rb -w) 2 ";rjj: i I} L. B (i kb

. .LL 2wl ol Yo KA 10 2 g
G p.k,t)= Er‘[jﬂi tntf}b[b W Nin Z Hlf:.x}dwﬂ

U I

Ey by I
Gi{p,k,t} =g’ _[ Sx - u:.t}J{_} - pl}g u{i 4 r] i [r}f;dl'
(L]

it is remarked ot this juncture that when *

wlx, 1,t] = Sin %IP"JL‘ )Sint2, 1

Where

20

(222)

(2.31)



is the natural circular frequency of a rectangular plate 15 substituted into the

equation of free vibration of plate namely

i 4 ] 2 i 4+ ws
r?*u{.r;_].,.rj_'_zﬂ 11{;::,_1-",.rj+ &*WE:I:LJ 1) '+Fﬂ W |:.1.:;| 1) = p (232)
ox ox gy ay ar
One obtaing
¥ .1 i3 b4
ﬂ H.-In {_T]'— I lk ir “.r:l{x} 4 'k_"'IT_ ”..-I--' {1} £ % J.;.r._, ”,ﬂll {1} - L!I: i”'I_I [:_1.} ::.33]
L L L,
Faecia s . kmy
On multiplying (2.33) by n{.r,_r,fhm-}-—
And integrating with respect 1o X and y between the imits o, L, and o, Ly
respechively, elearly
km kit hh km
A X i - il i I i LA
e ewl " (x Win—— vy — 2 — wll' T L jSin —— elxely +
o v sty =25 ] s
i
PR i, ;
+ k—’?—— J.J.wfﬂ {xl‘:’:’ni—mmd_ﬁ- = el k.t (2.34)
Consequently,
{2.33)

H ik LL, )= %ﬂfju{.;}hr}

In order to evaluate H; (j,k,Ly, L), it is noted that for any arbitrary subscripts j =
p.k=q, cquation { 2,14 ) can be written as

2.36a)

= L 0 1Sin :EP v, {x)

L, w, .

It follows that



To evaluate integral (2.20) , use is made of the property of the Dirac Delta

e

funetion as an function to cxpress it as a Fourier Cosine Serics, namely

Al ~gi)= LL.-‘- f—lzim “fl{-l’.'n_'-'? (2.44)

Similarly,
HaY o WY a4 1c
Sy - }-—~—+—Z{m‘—{mT (2.45)

It follows from (2.14), that

w, {5, 91) = iZ—aa (p.a. !]Sur—- W] (2.40)

=l gel
Thus, using (2.44), (2.45) and (2.40)

la— et ]l —w v, (x, 1.1)

ZEZZ S le{F s f}fﬂh—ziww J:%{cns J:IT' F["J,{I}][uus%}: sin ?

f AY vl il

4 Liii H uﬂ,{p,q,f)ﬂﬂﬁ“[‘ﬂ{tu E |[ }}-’.Lnﬂ

¥
L."I-I'-r_l el n=1 Wy

4 i

4 @ m. HEY . s
4+ — ‘—Z ZFF I, {F1 ‘J'J{Lﬂﬁ ‘L_"‘“ r:.f. }ij'rl'x}

(2.47)

el TV

. 4 - - L L]
Lr,{p,k.f}=—-—zz 25— u g, f::l'l:ﬂb—'L'—Cﬂh .
» i Ay
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v

= [rLUE—w (x {r}itj,[r sin (m: H,r}m 'T"I:{l.'

¥

_f' sin o ;{‘I]ml sin kL ] ZEE w,{pq. r]'u:asrTrﬂ'_I

LIL.‘ gl gel nrl |

¥ sin —ch’]

[.[L EDEEW{:PF (x :](r'x‘]:r sin -

+'l—iiiﬁ-ﬂﬁiﬂ-w}cuﬂmf"[f : {’“’;“j nt 2
] : g i

Ir.'.‘
play mel =t m=l | It ¥

- I " sin n ll’r]ml sin T} I ""J.][ I F']f’r[r]ﬂl'r,f.?']]

+——§:E ) {p,q.r{['sin%ismi—‘f”—cf}-j[f'u«',{x]wr,{.v}ﬁ-] (2.48a)

*. pab el Wy

Which when simplified and rearranged becomes

. 4 T nat ., kmy
Glpad)= “—u | p.g.tpeos—sl :
Apkat) IL ?_;,WME_I " (p.g.theos i

}:Z u {p.q.r}msﬂLﬂh[ﬂ, e

: .I' pald u'-'l.

sm%ﬁ[n.ﬂr'. p}+

L

_2 - m
—EEL ot Jsin 1% f'lUJ-’}'f Z"—:r,, paganli.p) (2.48D)
L1 pelba=l W L L LL =1

¥

Where Alj, p) is as defined in (2.440) ard

Alr, f, p)= fcmﬂtu (v (x b (2.49)



Using similar argument in the evaluation of G.(p.k.1), the following results

Ziire obtained from G,(p.&.1) and G,(p, k1), namely.

nact . ka4

Gy, ) = --—EZZ o U (p.q. I}L.m: sin .E.- sin L.

I—.LT p=l gl niml 1 4 ) i

.-"L{r: I +—ZZ L, (p,k.i n:'.m—-—i-—.-".{.u op)

| el =l 11‘

ili Ap.q r}smkfism L. A, p)+ ——E"E—u (p kW (. p)

"r"r'r"'l. | (] T "‘rl “p el r
(2.50)
where
o =
"Wi.p)= "W {x)—W |xkix 251
M= [ Ax) I (xR (2.51)
A, £ p)= ‘L( Ens—H" r)— gy (x kv (2:52)
e T
And
Glpt)= i ZEZ“”’{P gt Jeos o sin A0 o I A2, o )
'L pel g I1’| _LI Ll. ‘T"'r
e —lz "t—u[;uk .r:ILns—.ﬁ. w fy ,rr}+——- EZ——H puaf d bsin -ll#l—'-
-'.=|r|l||l -. I|'|--|l||l ‘,
E-In—r"lf{_,.' }"‘L_““'Z‘E_”{f‘ kW i p) (2.53)
iy pet W
where
. d* i
AL p)= -[IFJ{I}E:TFFP{.\'IHI' (2.54)

25



Nn j.p)= [cn:-.--——lb (x }—--— N

———
[
A
T
—

Substituting { 2.22 ), ( 2.23), ( 2.24 ), ( 2.25), ( 2.26 1,(2.27),(2.28) and ( 2.29 ) into

equation { 2.20 ) after same simplification and rearrangements yields

w (ko) [ﬂj. + K’}rb’.k..’}+ DWE,{{!I.L.LL}

—i—u{p,k f{h’":\i[‘p,;] N s

p=l I-'_

ﬁ{rh f}]

i
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-R Z"E—H (. k :{A (. ]—i—h{p }

Jt i T Ak
) { & i, (Pt Jeos ”fm sin A, sin ﬁf' Al 1, p)

ik v, =

E i

+1§:Z 2 u, ok, r}cuh

Fqllnl .D

M:H.J »)
:i:i._i' (proigt Jsim kL 'r"m{r_..l p) z £ rr,,{p,i it p)

ol )
=l g=

i IZ z ——u" {p, i f}:n

b=t =l )

Mu

= : y k i ; ¥ :
z..&u_{p,q,:}cos"m sin 2L gjpy 10 Aln, . p)
W L L L

Lkl i T T P

)

rzzziu,{p.qff}-m—mn '.-"L{_,r 7+ ZLE! (p ket (. ﬁ}]

I:l"'lq-l o J""

L

pel gt unt W '1 i #

+e:{4zzzi{f{p .r;.-'}t:m."nﬂ s5im km1 ‘I:G' Aln, j.p)
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+EZZ £ wl ok r]cmf—ﬁ (i 1. 1)

- eyl W,

i

+IZZT::{ﬁ S F}.':m—-—sm T" Nl p)+ zil"{)"‘*;‘*!.l'f[_n"-!"}‘
pal el Jr=l .““u

_Mg o ko W, (ct) (2:56)

u Eep

It is remarked at this juncture this £, 0,£..L, )=0 forall classical boundary

conditions.

it can be shown that p™ normal mode in the direction of x — axis of vibration of a

plate 15

; x x . . X
H’F{r]l =gina, —+ A cosa, T + 8 sinh fi, % +C, cash f, ;—

LM =y o I

Thus,
o . .
%H"ﬂ{:kl—f[ms i —E:—;Ir, s, i+ Eri;:cnsh ﬂﬁiﬂ'ﬂ ff:sinh i LLJ
{2.58)

d’ an| x x . o x: o
S (=)= T»[— sin e, 7 A cosa, 37 a ﬂ—’;smh Fil I +( uf cosh /7, ."_

{2.39)

Consequently,

LG )=+ Aty + Bl + Col 4 A J + Ay A, + A By T,

$ A Cody + B I, 4 B A+ BB+ B Coly
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$C 1,y + C Ay +C Bl + C.C Ll

: -

=

A(ip)= ‘:—“ (1, = Aty + Byl + Culy + A dy = A, A+ A B,

w A Culy Bl = Bl + BBl + B8O,

€l = C Al + € Bl + € Chiy

2
RINIE FT"F = Audy + Brly + Cpdy — Al = A Apd + A B.I,

£

CAC =B~ B AL+ BBl 4 B O

_f-'.-‘ru _{:I.'Arfu +'C,-E.r-f|a +C_|CJ'I||:

At 7. )=l + Ay + Bl g + Colig + 4, L+ A A + A, B,

3 A Ol + Bty + B AL ¥ BB, 0+ 8,01y

$ Ol 4+ CAplyy + C Bl + C,Culy |

LF

Alnsop) = 22 [0 = Aphs + Bl + Gl + Ay = AiAslyy + 4By L

L

]

5 € dy =€ dply + C Bulyy + CC ]

And

ﬂrl:”-.’.vﬂ.}= %&'[_ "r|':| =, "'Irfu + Bp‘r:u ¥ 'Err":u _"'If‘r.'ll - "‘T.'";P‘rzz +"1.iHJJ.‘|

+ 'lfllﬂ.l"fli - HJ-.IrJ:‘ _Hia‘irli.:i 'r' HJEF"TJ'-‘ + H.'[-I"I!“

~C 1y = CiApdsg + CiBply + C.Cl)

28

(2.60]

(2.61)

(2.62)

(2.63)
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Where
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3 X
[ Cﬂ:—-ﬂmh b P giptdy, Iy= E ﬂﬂsﬂﬁmhfﬂﬂ =
L L L L

Ll E T r
" X ' . o
L= Cos PP sinh P2 sih P dr, 1= [ Cos"sinh 225 Cost P2
L £ E ey L, L, L,
x
f = I Cﬂﬁ—-—fﬂﬂhi _F E'mi'?-—i :F:-—Fm Lx;il‘
: x 1 | X :
Iy = [ Co E{Tﬂsh A, xSIﬂFIEF—dJ;, fo = E Cos E{:‘mhﬁ—f- Cﬂsh—ﬁfﬁdr.
.: L':' L: L.I: L:

In order to solve equation (2.56), in view of [5], it is arranged to take the form

k) i)~ R.5 Lo k) K.5) |
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3 Ll NN 1)

i Wy
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nmet kA e @
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|||. i’

+Ziu— EP’“}"'-{FJ}*'EF[“ZLE u[p,q‘:}cus

p-: mal g=| aul 1

h{H Jp)
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30



kv, . qay

{4}:22—~{wim i 2 00 r. )

pral g=l wal '| i

rEZIZI:I .u{p,.ﬂ'..r}-:u.a i . fop)4 ?ZZ - n{lr,-,.t.r]lmll.ﬁ:lﬂ' ':\Jlll'r: AL p)
Felne B i

|I||,|||| 5

}_“f— dp kW {p, -".]'__ i kmt“ c.) (2.66)
pe H J LI.'
Where
M= o (2.67)
gl 1L
And
Y]

Equation {2.66) is now the fundomental transformed equation of our problem,

when the presressed plate has arbitrary end support conditions along x — direction.

.3  SOLUTION OF THE TRANSFORMED EQUATION
In this section, two special cases of equation (2.66) are discussed. They are

termed moving force and moving mass problems,

1.3.1 RECTANGULAR PLATE TRAVERSED BY A MOVING FORCE

PROBLEM

In this section an approximate model of the differential equation descenibing

the response of a prestressed rectangular plate with rotatory inertia eifect and

3



raversed by a moving force may be obtained from equation (2.66) by

sefting T, =0
Thus, setting, I, =0 equation (2.66) reduces to

m k.i! I
u, (S k1) + ) Lr;k.f]—HHZH—",'HHMJ{M':;:J}——f—rﬁ{p,.ﬂ,}—
=l 3

,

i 2 o (p.k r}[N A(p.j)-N" ‘EL Alp,J ;J M8 o T”' W (c. (2.69)
7,

k8

The equation represents the classical case of a moving force problem ol the
system. This is an approximate model, where the inertia effect of the muviﬁg HELS
is assumed to be negligible. Obviously, an exact analytical solution of this
equation is not possible. Consequently, an approximate analytical solution

technique which is a modification of the asymptotic method of Struble discussed

in [7] and [23] shall be used.

Incorporating the rotatory inertia term and rearrange equation (2.69),

E 1
u ik u (k) + ﬂ!aZ:;-ﬂ (p.k. I}{—Emﬁ{ji N=N(p, J}]

=l ¥

2.3
Z ulp.k.t {N N(p. - N, L-—ﬁ{p,j]] ZPS;MEELW{L 1 (2.70)
=i W, L. = L.
Set
£ =% (2.71)
=0, pe=i (2.72)

a2



"- 3 b ii i ﬁ':.- 2
{m ’”[ ',-—M:n—m: :}Hn,a_x.mn»{u;_, *“[n..'r{ 5 - J,.T
T L i i

Fi
u (k) + T Z“{[%— Alp. )= Nip, ;}Ju (oakat) =

pml W, ¥
pwl,

-

A
k! Al p, ;]]} P, Sin :I’Il’r{r.r]l {2.73)

ﬁu {p,.ﬁ:,r{h"."h:{pij}—ﬁ" ;

By means of this technique, we scek the modified frequency corresponding
to the frequency of the free system due to the presence of the effect of rotatory
mertia. An equivalent free system operator defined by the modified frequency then

replaces equation (2.69), To this end, we set the right hand side of (2.73) to zero

and consider a parameter 4" <1 for any arbitrary ratio 1"+ defined as

. (2.74)
1+ =
So that
r-=£+|:}{,-u’ (2.75)

Substituting equation (2.74) into homogenous part, of equation (2,72 vields.

Fi Ji! ¥ : ¥ ,-r-" '+ BT [IPRLFORE ..a"l".l"r: :
_.!l[ s & == ] 3 4 _‘_.l Ty
[H [.1 MLS =N :1]}%{:-#-*“{&... Oh ['*.e*- (fef) = N AL

w, We .

k: & 3
u (k) + a0 Y2 { {Tf—nrp.ﬂ—wmn]

et W
pef

1 n kil
il (. k !{N h’{p,;]—N”I—Mﬂ .r]l” 0 {2.76)

=
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Approximate Analyvtical Method of Solution

=
When A" is set to zero in equation (2.70), we obtain a situatton corresponding o

the case in which effect of the cross sectional dimensions of the plate 15 regarded
as neghigible. In such a case, the solution is of the form

u, (f &, 0)=C,Cos @ t—p,) (2.77)

Where
C, et ganelgh . dre constants.

Furthermore, as 4" <1, stubble’s technigques require that the solution of equation

{2.76) can be of the form.

il ok t) = A0 Cas et =g (fobt)+ Zu (fukat)+ O (2.78)

Where

Al gk, t) and @( /. k1) are slowly varying functions of time or equivalently

AAGLLD . ocx) and AR | ey (2.79)
dt :
‘{ﬂ_‘fjft_"r_] = ({4 and i"’.“!"[.-f.-..*.-”. = (HA) {2.8(})
it ift

Mifferentisting equation {2.77) first and sccond time one obtains.
,',.U'_k_,r}= }U.k.rk?ua-[{a,‘r—#I[j.k.r}+ H{J.k.f]{{;;{_.f.-’m,}—ﬂ# }J'
Sinler ot~ Gk, ))+ 2 a0k t) (2.81)

And
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_JT{:,M}= [2 fr{_,r'.k,r}+;[,r'.k.r}+ .—F{,r'.-‘e'.r}gl,'_,r'.,k,f] -2, .I-'!{j,ﬁ,::l]xf'n[rrﬂr SN

il i i 7
$ 24056000k Day = ACL k) = a x A k) + _:U_.k,f}j{_'m ler ot — @i kor))
w2k ol f (2.82)
In order to obtain the modified frequency equation (2.78), (2.81) and (2.52) are

substituted into the equation (2.76) and one obtains.

2a, A7 kSt ot — B0 k0 )+ 2407 k)P K e Coslee yt = g, k.04

i . ) ..lr . : L
II-I.IJ. HU.I&.I}-I' r:r:*-ﬂ- HI fJ.R.-f}_ %[ﬁ. ﬁ!{.,lrvkq!] -N Tj‘raﬁl{_}ukq!}Jr—
11’11 /] i
Ii'u o &—.-\-[;:. =N [p,,r!l. ——El..n'u".M;:' =N — Al “nr
ol 7 'L‘ 0 ”

A koo Xoosle 1 — g0 s ko)) =0 (2.83)

where terms higher than { 4" ) are neglected. Now, since only the terms involving
Sinlee ,t = @ik, 0)) and Cosle ¢ - 6(1,k,1))
contribute to the vanational equations deseribing the behavior of A (), k. 1) and

@/, k. r), equation (2,83} reduces to

2ex f}f_,r..n‘:.ll‘a“m{aﬂ:—#u[_.nk+I]|:l+Estr+k,|f};-:_,i,.i',u @, Cos l&”;-—.p:{_;,i,rj]-

S i.’-{ (L A ) - n{;:.n]——,[wnu 1 J) = N'; -"'nllﬂ_.f]i”it-:?iﬂﬁf — 4. h0)=0

(2 .54)
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The so-called variation equations of this equation (2.84) are obtained by setting
the cocfTicients L’.'ns[urj,r - ,.-'.e':,r]J and Sin |iu".r — @Sk JJ o fern

Thus, one obtains

2 @ A j k) =0 (2.85)
And
2A( 1.k 1) ﬁ"{;‘.k.rmd—.ai[_:'.k.r}r*:—I“[rrj,g,m—ﬁﬂ.{fi =) (2.86)

.

Where

() = %?”? AL = NN 2.87)

Gty = NMT_:‘.;‘]—N;'%MLH (2.88)
Solving equation (2.85), one obtain

(2:59)

-"q{.lr'l ;iJ} ={.|,|

where (', 15 a constant

The first order differential cquation {2.86) describing the behavior of g /. 4.0)

implies.

s kt) _ Ap o i i
dr 2w, {ﬂ;ﬂ,m - Dha Gl ()

hence,

it



(2.91)

A |
Kot )= = O ) =——C (1)t + ¢,
#ls k1) _{,.u: mmf” ¢

15 eonsidered, the st

Therefore when  cross  section  dimension

approximate to the homogenous system 15

il ki) = C',;‘:'ﬂ-'-"[ﬂ,.f —ﬂ,}' (2.92}
where
-'H.li _ﬂ'ﬂ[ 311-", [Qu{” ;J:‘Jﬂi 'QH?J (2.93)

represents the modified frequency due to the effect of rolatory mertia of the plate.
It is observed that when 1" =0, we recover the frequency of the moving force
problem when rotatory inertia or cross-sectional dimension (csd) cffect s

neglected. In order to solve the non homogencous equation (2.69), the differential

operator which acts on  wij.k,¢) and u(p.k.0)is replaced by the equivalent free

system operator defined by the modified frequency #, ie.

L R0+ Fan (ka0 = PV W () (2.94)
Where
V(v )=5in kf‘r' (2.95a)
W et} = Since b + A Cosar t + B Sinhf 1 + O Cosh i i (2.95b)
A
ags ‘;:*" s, =¥ - (2.96)
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Therefore, equation (2.94) becomes
w Lk + B ul bty = BV, (0 NSina 1 + A Coser 1+ B Sinhf3 1+ € Cosh 1

(2.97

Where

In order to obtain the solution of equation (2.97)

(~}= [[-}ﬂ'”d{ (2.98)

Where 5 15 the laplace parameter in conjunction with the transformed initial

conditions

ul jokot) =0 =t k.0) (2.99)

Thus, one obtams the simple algebraic cquation given by

r;[_,l,.ﬁ,]'jl:

R ) o B B R (2.100)
I N A e L L

3y further re-arrangement of 2.100 we have
Rhln)_a  PHRU4, S
ST+ 05 8 +a; ST+ 8 +a

i AL N AR
Sy pl o8 —ps e gl St |

rr{.,l'.k..‘}=
(2.101)

iext, is to find the laplace inversion of 2.101. This can be done by adopting the

llowing representations:

;I.'.!-ﬂ= —,EL?_1_J}-::R]=F‘;J'—{'P[} (2.102a)
L R g i o
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= i’ + I
;f_.{s}=fﬁi'{'1'}f—' (2.102h)

5

£ ()=

i +u;r 5i+ g
2 ."-r’.j,r Pr.Fl {-pl i
. et 2 lf'_i {2.102c)
g}{‘s:'l S]- —,ﬂ_:.- Jr1{'f1'| S: 'I'ﬁ;
= 5 & Plli-"‘ L‘..Ik'-. 4
_ . Wl ol 2.102d)

The Laplace inversion of el f k1) is the convolution of _,;"'{.':} and ;;r(s} defined as
fls)*gls)= [ft-rig (ndr (2.103)

foralli=1,2,3,4andj=1,2,3,4

Mow,
BV {.V| } . i/
[y g (£)= _",3— _[.Emﬁjll (r—r)Siner g ralr (2.104})
gk
S5, ls)= -F%*{y'-! [Sa'rrﬁr_* (¢ —rXoser rdr (2.105)
i
P.¥, ) e it
fi(s)*g,(5)= _f}_ j‘.‘jmﬁu (t—r)8inh 3, rdr {2,106}
ok
Fils)+ g, (s)= ‘F%I:v,_} ‘[Sl'uﬁm (t =) oshf  rdr (2.107)
il

Thus, ul j.k,1) is casily expressed in the form below
i, ks0) = (5 1 (5) + 0, (5) 11, () (2.108)

Where

(s} = filsh=&,(s) (2.10%a)
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1w (5) = frls) % g,(5) [ 2.109b)

1,(5) = filsh*=g,ls) (2. 10%c)
i (5= f(s)y*gls) (2.109d)
Consequently,
C ] Cos - 2
u(s) = =p, Vi (3 Sin ’ﬂ""iI— LT LB .8 7 = 2
2, Bute | Pa Tl
_p, {,1-';]'&’5‘&5'“ St 0y )= B Sia( B, —et M (2.110)
Eﬂ,i ﬂu. iy -H;r_u'.'.f
AR Voin 3, 4| Sin(f,, +e Sin( B, —a, N Cosfi
ir_'{-”:_ : =tr —_— g ———
Z.I'rj_.'.i- Jlr';r'.-'l * ':?El" ﬁr--’- —&y 2
Cosi {--::ufJL,.,'I-"_i_'lf'r:r.'ﬂ,l":Fl,.I —ﬂ'ﬁ,}r_ 11}?”1 ] 2.111)
Pyt By-ay By %
ﬁJ.F |_ﬂ.u ]
uyf5) = Sinhf = Sinf 4 (2.112)
=B By
w8y =——= Coshfl 1 —Cosf 1t (2.113)
(B +ﬁ,.;r[ g 2

Subsisting equation 2.110 - 2.113 in equation (2.108) after some rearrongement

one obtains

PV Ay )8
] {J-‘j;‘.r‘] FI"'I [J"|} S"’”'I F——a--."jm}':].' i .|._r.-| Elﬂ.iﬂ' t—=A fﬂ"-’ﬂ, i ] - i u{:|"4|r ,-,l! -
£ BB+ B

I{ﬁrk z: E‘.,.r

ik

rﬁu Sinhf ¢ — 8 Sinf 4+ C, Eﬁﬂiﬂjhﬁr[_c %—f_mﬁ“ ] (2.114)

i | o
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Which on inversion becomes

.I|||-I Itﬁ”"ﬂ' ) |

ok N

[ cr )
W {'r pol )= ZZ‘ s Xl {J-‘i—m[ \'J'rrr:“.-"—ﬁ'f .‘l.'."rr,."irﬂf'+.-rI,l.‘_'r'r.~:u-r— I Casfl ”

‘riﬂ{h}ﬂ.r Bfaﬂni _ . C‘r-,n'-r-'lﬂ J'H“ l
+Ei.ﬂ,;'.rﬁ.:.r s [ I Stahg 1 — B Sinfd 1+ 7 Cashtfd 1 _..-‘_E TN l

h.ii.‘j'mkm W (x)
L L

¥ ¥

(2:115)

Equation (2.115) above represents the transverse displacement response of a

rectangular plate having arbitrary edge supports and traversed by a moving force.

231 RECTANGULAR PLATE TRAVERSED BY A MOVING MASS

PROBLEM

In this section we scek the solution to entire equation (2.66] when no term
of the coupled differential equation 1s neglected.

Clearly, an exact analytical solution to equation (2.66) does not exist. An
analytical approximate method is desirable as solution so obtained often show
vital information about the vibrating system. Thus, the approximate analytical
solution method of Struble techmque that has been used in sobving coupled
differential equation in the moving force problem i1s employed to obtain its closed
form solution. When the terms representing the inertia effect of the moving mass,

15 neglected, one obtains equation {2.69). The homogenecous part of this equation

can be replaced by a free system operator defined by the modified frequency #
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due 1o the presence of the cffect of rotatory inertin and the shear modulus,

Therefore equation 2.69 can be rewritten in the form.

i L;,.#,r}+‘:’i|, i (k)T 4222 -—n {p,q.f}( ﬂ'.'.'-'—'"

=l {-\.r| =]

Stk S, () 25,3l ko8

A o) ”EZ i {F-wl‘?m— L Sin 'TJ‘ A i) *Z— upkat ) Uy

p=ly= 1 1 = '1IP

13

b g=1 P

km
r[dzzz n' {_p q.r]( f}s—h-—ﬁ'rn—;—.':m i '.u"n. {n i)

*12.2';_“ (oot 0 m:— EN (a1, 7, )4 ZZ—H (.4, ::L"-.ru—' Sind21p (j.p)

|l.l|||l I.|1I-|-| r

+E£r: (p keI p]}+c’{4ﬁ£2—u (gt ) m— “:.rr F‘mr ‘If_ La? (ms )

|:||ll rl-'||'|l|“' &

+EZZ-—H . r}.’_m .-"ni{,rifah Z-,_.-" {_p,.k..l'}.-"n: U-.” = FLSH!%

=l =l “ el " q

(2.116)

Which can be further rearranged to take the form

21“ Ak Y
i, o kot) + H errl tﬁ' TR }hkrl R

I o .1- 1

- 'E. |

T, (R | ' .
4ZZE i l:g:.qn.r}Ca.-: = Sin :}'hru qf'ﬁ (n, 1. p)

W 51

=i g=1 wel
e el

+2ii "irr (p ket ) m”"—-h (n, f.p)+ EZE

Fal o=l “I" - I'J'II .I'|
e jank
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.‘Er'ni'r?'—h {_.l‘.,n}-r- iiuﬁ{p.#.n’}h (7. p)+2c 4222 £ At )oos E'r .
JF d n--l.-.l =l ¥
g

g=l " -r '
LT,

.5:'!1"‘ﬂ Sin 2y (4. )+ IEE—U (ke s ""‘L {n,.p)
L IJJ F-LH- 0
P

+IZ£— u :,r,:‘}wn D Sin ‘T" AlLpl+ *[—fl-, (poka W (4 p)

i -+ e
|42 33w (el DN (o .1)

F-]{-lnil
e Ll

. KTy,
A (n, ;,;}}+1£Zi{m LAz (n. 5ok (ks r]+222w I lp,rjr,.r;LS'm_L.‘-n

el =l i

;:.Jhl iyl
T'L, bl A <
.':.m-ﬂﬁll:_; ) z—u-u (p k) (0] | = Sin—2 W (e.r) (2.117)
p=l ¥ ruRI LI'
e
Equation (2.117) can be r_cwﬂtlen as
dulfk.t), 2R, du (ki) B+ TR i kb Z
ot I+-IR ot 1+ 1.8, : ';"'1
Py

R gk ity (o) + Rt Jok I oot + Ryt R (poaet) ] =

LT L T @.118)
1+,R, Ly
Where
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= c’|i4 # Cox Hfﬂ Sin kz}l' A, i)+ Ezii m—-f— A o, )
A=l ay

W, " PECEL .

-—*”smﬁf’—'f (1.0)+EN (;_f}l} (2.119)
W,

‘l
i

[ 3

:Er[ﬂfz £ Cusn:'r.&' i kf' A i)+ EE e it : ml (. . )

=l 'H"I T ¥ .I .
+ES:'H'~’L;‘J"' A (o )+ LA {M}} (2520
I.L'I. - 'I-l'|I 1
oy W Lp
r ==_if_ (2:122)
pl L

k
R[P (e Hc:l 4}:"—-{:'”””? S f' '-?.r.u L il A (n, f. ,u]l-l- "'Z—Lrn—f ,1. {ar L ,e:]

a=l r

4 Z&L.THIELSIHE—JM!'L U,;J}'F—'P'Jlll. {j_;]} |:.11.:t3.:|
W, L. L, W,

{
.H'[F gt .i:] lr{ z L E‘Cuvf—!-ﬂ.?::i?‘—ﬂn : ‘h' [n _.r.p}+ "E LA gy, T ”:E

ne=i “I | r ¥ wiwj J" o

A, f, p)+ 'a"—.":n'.rr"{"II L S ’r;m A (. ,r:}+—ﬁ' (i) (2.124)

n I i Yo

wml 11p r

- FTI‘I'
Rp.q. k)= gl|i¢zi[‘u "f:"’ Sin km"l — 8in—=< ql:}' A {m_;.p]li- EE—E o I

n ¥ 'r r

An, j.p)+ E-E.Smﬂ.‘i'm S 2w, f, p)+ Hp A (2.125)
w, L L, W,
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Now in order to obtain a modified frequency corresponding to the frequency of the
free system due to the presence of the moving mass M, the homogencous parl of

equation (2.118) 15 considered. An equivalent {ree system operator defined by the

modified frequency then replaces equation (2.118)

To this end, the right hand side of equation {2.118) to zero and a parameter

421 13 considered for any arbitrary mass ratio T, defined as

TILT Y (2.126)
1+1,

it can be shown that

I =A+a(d) (2.127)
Thus
i - .
=]—AR +o{d) 2,128
1+ R, | +of) ¢ )
Where
f AR LD 2:129)

Setting A = ¢, case corresponding to the case when the inertia effect of the mass of

the moving system 15 neglected, the solution of equation (2.78) can be written as
(. kit) = CyCos(BTt — ¢ (k1)) (2.130)

Where ', and ¢, are constants

smce 421, Struble's technique requires that the solution of equation (2.118) be of

the form



Wl fkit)=A {_,l',h:]f‘u_-.-{ﬁl,: ~ ¢ (k) An (7K 0 )+ 0(d) | (2.131)
Where A (/. k.0) and ¢ (7, k.¢) are slowly varying functions of time.

The main objective is to obtain the modified frequency. To this end,
equation (2.131) and its dernivatives Hn‘:. substituted mto the homogenous part of
equation (2,118). The resulting variational equations describing l.hc: behaviour

of A {j. k) and ¢ [/, &,¢) during the motion of the mass determine the maodified

frequency.

Thus, substituting equation (2.131} and its derivatives into the homogenous
part of equation {2.118) in conjunction with the expanded expression in equation

(2.127), and (2,128) one obtains
[2 A (kg Uikt 4 Uik, ) (fka)-24, 4 I[,r}.’-:.r}}"?:'u{l.-’fﬁr—ﬂ (k1))

J{z.{ (Goka)d okt ), — A Gt} (iokt) = L4 (ikot)+ A I[,r,k.r]'J &
Cas( Byt - (f o N+ A (ko0 )+ 2R, { A (jk0)Cos(B, - (uk0))+
AL d NS (k)= 8,08 = (ko )+ A:'i,{_;;a:-,::}

(7, + AR, = A7 R A (o )Cost o0 =@ (oot D+ Au, (o ko0) +

'{'i-z {R| {f}l‘ft.i'.u'k){].[z :I {f’lﬁ':'l']""a'! {..'hr,,l.f}E (fr,:j..l'}zﬁw ;‘LI'?.-:,I'.I]-"

[l |
e lged
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Sin( [T - f_ﬂ.:lf.,.l':l']+

]2.-'[“..“ II';l:p.rr.r'l ﬁH * "J.I!r.u,r]él- {F.tj.f}"‘ flrjr-:\l"r |:_Ij~ff.,f']+ "':II {.F'l‘f"r}}'
Cos{ 1 —9 (p.g.1)+ iﬁ.{;}.q.r}lfTICR,{,.'J,:;._.E,E}{;! (pug tJCs( 8,0t =)

A {p,q.r{é {p,g_;,:}—ﬂ”:lﬁm{ﬁmr - I[p,ajr‘,uf]]wiaﬂe {p.f{.!}]r

LCR(page A (pogatNCas( 0 = @ (poat)+ A (pogut)f =0 (2.132)

Further, simplification and rearrangement yield

2, 4 (k. t)Sin(Br—¢ (iskot))+24 (ik)g (k108 Cost Bt —¢ (ko)) A0 (ki)

+APLU, (ke n)+ AEi{—ﬂL.«l (g, £ sl fi 1 — ¢ (pog DR P i K)

=1 g=1

+ ECR,{F,Q._:J:];?" A {p,r_:..f].‘ﬂ'rfﬂﬁ#: -.;ll"{p,q.r}jl

+ C'R (pog, 1. kA {p,q.-’]['u.r[ﬁﬂl'—g! [p.q..r]j}:ﬂ {2.133)
At this junction, it is noted that

oy n;u'i."i' Stn(fi 4= {.r:r.:l,r,."}:i

=%{Sm[ﬁ”.r - g Lr.r,q,!]+ %{]+an[§”£ ~¢ (pogat)- "Lﬂ]} (2.134)
And

Oy EF Cﬂ'-‘-'{ﬁ,.,f —g {.F""-"?""r]}
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| )
= -_-J-{C'ﬂ.v{ﬂmf—rﬁ (pg.0)+ %{}+fﬂ.'§|:ﬂ‘“r ~dp.g.i)- {I-;E ]|~ 42.135)

It should be noted that only the terms involving .':;J'J'riﬁl,.r—l.ﬂt,f.r'{..l'}]
andi‘us[ﬂﬁr—é {_,r',k:}l contribute to the wvariational egquation describing the
behavior of A(j. k) and @¢(f, k1), in view of equation (2,134} and (2.133),
equation (2,133} reduces to

28, A (ko )Sinlgat - ¢ (k)] + 24 (fok ) ikt ) 2, Coslff o — (fk )+ A (ko)
s At (foka)+ S, (kA (k)o@ -9 Uikl
+8. (kA (k. n)sinlg e =@ (ko)

5.k ok osl e —¢ (Gika))=o (2.136)

Where
; ) 2u ;I'f‘:-"'m e il N .
S (k)= —Af | —Sin ‘r—ﬁ Uil +—A ks i) (2.137)

W, ol Wy
8,0/ k) = 2c4 ﬁ"‘”[z.s.'m’ Em) (i) A [_,r',j]J (2.138)
W, L,
S (i) =.-:=-*‘i[13m’ *::“ A )+ A [;._;‘}} . (2.139)
wl’ i ]

The varigtional equations of this problem one obtained by seiting the co-efficient

of SinL,dIrt:—;d:,,_, 1,,] and Coxjfi i —¢ [;‘,k,:]] in equation (2.133) to zero

respectively.,

Thus, we have
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—240, A (fkeot)+ 8,0 (k1) =0 (2.140)
And
-2, 4 (i) Gkt )+ (5, 7k )+ S0 (kat) =0 (2.141)
Solving equation (2.140), one obtains
A [ k)= e i {2.142)
Where €° is a constant and

. (2.143)
25

The second differential equation in @( /, k.¢) implies

fd (/. k. T it
dé (s r_}= t'r.ﬂ___+_‘\‘,_] (2.144)
olt 2p
Henee
o JS‘ ..k J..;' ..k
PR Ml AL A ]]"q,qg.ﬂ (2.145)
21,

Thus, when the effect- of the mass of the particle 15 considered the first

approximation to the homogencous system is

w (j.kt) = ORI Coslar i - g, | (2.146)
Where
@y =ﬂ..[I+{hl"hf}jx'{hk}} (2.147)
243

Is the modilied frequency corresponding to the frequency of the free system

due to the presence of moving mass. It is remarked ot this juncture, that this
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modified frequency has m it the effects of the foundation modulus, rotatory inertia

and foundation stiffness.

In order to solve the non-homogeneous equation (2.118) the difierential
operator which acts on w(7,&.¢) and u(p.q.0) isreplaced by the equivalent free
system operator defined by the modified frequency w, 1e.

Uikt )+ e (et )= dglal oV, (v WV (e (2.148)
¥,(v,) is defined in equation (2.95a) and 1, (e.¢) in equation (2.95b)
Therefore, equation (2.148) becomes

Uk )+ el (k) = Aglalyl (v, H_.'ﬂua'li + A Cosa d + B Sinf 1 + E"th‘m.l':ﬂ..rl

(2.149)
From equation above, it is noticed that equation (2.149) is analogous to equalion
(2.97) with e, and Aglxfy replacing #, and F, respectively

Therefore the solution to (2.149) 15 given by

Agl LIy o
gh Ll ) .'_i‘r.fn:-l'l,.,.l"——"r.'.‘f.hrm 4+ A Cose ! — A Coser t

k.t : N : “
[ [l‘l } I:E”I fl‘;’] | f:l_]-l‘ s J i I im ]

Agl LV
i {}"] S ."j'm.&ﬁ t =B Sinew, 1+ C, — Coohfi g -C el 7 L Cose, !
EI"I'J‘I #{yﬂ 4 ml.* } ﬁﬁ? ﬂ'r

(2.150)

which on inversion becomes
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2 g Agl LV \y o .
W, gt )= EZ ‘I gh, L Vi) "mm‘,.r—;ﬂ-.'-g'{rrmd:+.al|{_'r_r.m:-ﬂr—,-rf{'.:u:ﬂ::'lf.r +
i

f=l Bml ..E-ﬂ-', G_}}

Lfi e |
Ak "bmfrﬂ f =B Sin i+ C, Mfﬂsfrﬁ t=C —fmf'l, .’-I .
'Iwu‘.-ﬁnf + ﬁ}[ . |"r|,r ¥ J'!’Inu ‘ _:Ii

.ﬁn%ﬂm?wf{x} (2.151)

Equation (2.151) 15 the transverse displacement response of a prestress rectangular

plate (incorporating rotatory inertin effects) and having arbitrary edge support and

under the action of & moving mass.

The constants A, B;, and C, are to be determined from the choice of any of

the classical supports conditions.
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CHAPTER THREE
30 ILLUSTRATIVE EXAMPLES, NUMERICAL CALCULATIONS
AND DISCUSSION OF RESULTS
31 ILLUSTRATIVE EXAMPLES
The foregoing analysis is illustrated by various practical examples in this
section. The classical boundary conditions such as simply supported boundary

conditions and simple clamped end conditions are taken into consideration,

A A

Fig 3.0(a) Plate under the action of moving concentrated masses having
simple supports at all its edges. P denotes the load on the structure.

AN [

ANAN AR LI
LI AULRRRRRAAY

Fig 3.0(b): Plate clamped at edges x=0, x=L_with simple supports at
edges y=0, y=1 A typical example is bridge
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1.2 SIMPLE SUPPORT AT ALL EDGES
A prestressed rectangular plate under the action of moving mass having simple

supports at all its edges has boundary conditions given by:

wloant)=0, wll nt)=0 (3.1a)
wix, o) =0, 11'{;1.',1’.}_,.rj={1 (3.1b})
5%“{”1}'1’}:”- ;:—_,\1'ELI.,_E’,I}='D {3.2a)
%;"{x,”,f}ﬂ;. S_:u-[x,;.1.;]=n (3.2b)

Hence for the normal modes

w (=0, wil)=0 {3.3a)
w0y =0 ,m (L )=0 (3.3h)
& a
11-7""{”’1 = () _Ewl,“_t}z{il (3.4a)
_31

£ w0y =0, —1| (z,)=0 (3.4b)

Now we make use of boundary condition given by equation (2.98)

4,=0p8 =0 C,=0and &, = jx (3.5a)

A, =04 =0, and €, =0and a, =kx (3.5b)
Similarly,

A, =0, g =0 C,=0anda, =px {3.6a)
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A, =0, B, =0 C =0 and e, =qa (3.6b)

Also

L, a7

; 4 2
When we substitute equations (3.3a), (3.5h), (3.6) and (3.7) into the transformed
equation (2.56) the transformed equation for a prestressed rectangular plate,
having simple supports atall its edges is obtained

Namely,

(ke ey 7k J"}+2—u (. k)X, + R E E o Xk

ek ¥,
{[#Zzzi”w{ﬂ i, F}"T?n———.?m .f.- 1 X+
el g=1 =l !

gandy

Eiii_‘“ (gt )X, “'Z w, Lk M+ LZ-—H,,{p,f; r}&ru P Sin

] e P"l el gl J|

i Er[di iz_” {F‘ fhik (il n:rc': ?kjﬂ' Sin %’-'-"J,_ X, + EZZ'I—H {p k r]t ki
)

gl el el ¥ pul st Vg

TF' "'-I'HI‘?HTI X +Z il Ap k. r]X,

ZLZ_” {Fuffr

|I|11 "

_!,1[42 ihi ‘fp 'IT r-}'?‘"'lr .”" ff-l'l ’l_.-

Fel priasl v -y 4

EZZ—l;{F1k (X, +122i” {p.q,!}.ﬂm—" '-?.'m“r?' X, +

all ai=l Aull g=l

aed

'I.



Mg by
L {p.k,n’]k"T]:Z P E o : i (eur)

o |

ue(E 0 )
X, f'm%?ﬁ., |
X.o= % !,

X, =Cos HMT; PL;:- f i

X, = "?:;: I

Using (3.5a) and (3.6), itis easily shown that

L,
b= -F".l

0, i

I 1 = Ln'm

P e

A Pt j=odd
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(3.8}

(3.9a)

{3.9b)

(3.9¢)

(3.9d)

(3.9¢)

(3.91)

(3.9g)

{310

(3.11)



0, if pxj=even

o=
18 L ; ; 4
i Pej=odi (3.12)

_. _.-H{rr+{.r—,|] 4 113

iy {1y g2, 1) [JI-|_{F+P}I =7, I_{H F}_ = J] (31200

Ml 1 ;]'[—-i"LJ f3|3lﬂ
pR =1

Substituting 3.10 - 3.12 into 3.8 after some rearrangements one obtains,

i 3

3 : 3 g
u,fkt) e (poesr)+u U'k';{ﬁr 'I;f +N, E;f ]4“ Ry, (& f{ : +_,|Tf_]+

.|{{4ZZH.. Kk, !l“ml——'ﬁm "m'l-" T:erf‘l Sin 'ffI

p=1gnl ] i

‘i‘m—- +"£.!e,, {Jr: :,r..r]l.'i'm——Sm IrL +u L p.k, 1)

r

+ Iiu" (o, k.t k-?m
=l

_n

5" 26 1 ok W asi RS LU i + hu (k. r}f::-:-—r+
= L I

el p=k nak i “y I"""IrI i

}_‘Ezu,u (1, qu}qu@' Sin f‘ +Z¢u: (p.k I}]

sl gel

ot

(J;E;;;E': ul g, f:i‘w.lr—-- Sin Ffr-'\m—z?' Sin—d 4 Fz-:‘:')_:"l a ok .I':l."'n.IH—- Sin = ‘I—+
ZZu{qu 1S .E:m Mnk—* En Lok, r}'i' = 2T, hmk—-—hmﬁﬁ—r
’_i‘..| o Ll’ L L-

{3.14)
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where

b, p. ) =B, 1;5. (3.15a)
alp.i)=a ";—’? (3.15b)
i 7 ”_1 + g ,?'3
by(n.p, )= 'i: _1F : } — ] (3.16)
:r{t.rr+ 7:3 R {u—;:}' = b
i s J}=[—LJ (317
e
O . T L i
¥y= T s, 20 (3.18)
A
=—= M (3.19)

]

= 21
Equation (2.14)} 15 now the fundamental equation of our problem when the
prestressed rectangular plate has, simple support at all its edges. In what follows,

we shall discuss two cases of the equation.
321 SIMPLY SUPPORTED RECTANGULAR PLATE TRAVERSED BY
MOVING FORCE

An approximate mode! of the system when the inertia effect of the moving

mass M is neglected, 1.e when I, =0 is the moving force problem associated with

the system, Thus, the differential equation reduces to

W ' T L ! . ..l W
w, (ko )+ aun (ko) = ﬁh‘nr—F—.‘v‘arr-‘fE!— (3.20)

where
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34 I
ol +[N., -"r’_,’ +N,‘l-;f-}1'
ay =- 5 (3.21)
| £t
L, L,
o a, — (3.21)
14+ Ry ¢ J .:r -i-RiE
L L

In order to solve equation (3.20), the method of Laplace transform defined by

(~) = [ (ol "ar (3.23)

Where s is the Laplace parameter. Using (3.23) in conjunction with initial

condition

wl j k0) =0 =un(,&0) (3.24)
Thus, we obtain the simple algebraic equation given by.

oE lﬂ I"'.'[.}'J E’t.'.f [-315-:'

Wejdah = 2
& +ch, s +ay

The problem teduces to finding the Laplace inversion of (3.25). In order to do this,
we adopt the following rf:pn:séntﬁ!iﬂn.

f{ 1=ﬂf‘i (3.26)

(s)=
gin=g
So that the Laplace inversion of U(j. &%) is  the convolusion of fis)and

g {x)defined as

g1+ gls)= Ef{r—r}g[rj.rh‘ (3.27)
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Consequents,

ko) = Mr&-nm‘ rSinfa  t — o r)de (1.28)
|'\]

Carrying out the integration, it is easily shown that

il jk.t)=FF (_1-.]--(‘;., I - }[.ﬁ'farﬁﬁr - ?.ﬁrrﬁr:‘rJ {3.29)
ATy A

This inversion becomes

a7, im )y ] i
w e )= Stna - ——.'.'I-Hr-rlrl { Ei'm B s (3.30)
.-E-;‘I-Z-J:{Et’# aﬁ}[ ! L : f .l'_~ o5
where
= (3.21)

Equation (3.30) agrees with results previously obtained i hiterature when [, =
12 sef to zero and 1t represents the displacement response of the plate model due to

moving force.

322 SIMPLY SUPPORTED RECTANGULAR PLATE TRAVERSED BY
A MOVING MASS,

This section is concerned with finding the solution to the entire equation

(3.14) when no term of the equation is neglected. In order 1o solve the boundary-

value problem, we use the modified asymptotic method of Struble already alluded

to. To this end equation (3.14) is arranged to take the form
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TR e e 1}
d: i Ukt =0F VY FTLH(1)
= _,r.r:lr'r W Lo, L ko
= L w, (poig.t )Sin hY Sin Sin
1+, H. (1) ,.E.:Z L, L, L,

el gl
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IFEFIHI {P‘k } ! LE JLl g 'L1 L.-.
4

km
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gy

538, (oo ek

pai m=l
adl

iilu (e 04, {pﬁ;,.r).‘rm—m:r 7 +Zu (s (p5d) |-

- =i
pal gl | [y

F=igak

Z,r u (7, q,a‘].‘:' i .S'm:*rf" + ZF‘ u gk, ::L':Tm—-

¥ .I"I |

<y qrl o

.,.u.l

pret . qmvy o kA
.'i'm— —+EZZPIH {p .1 )Sin —-—ﬁrn—!—-'im : 2L Sin—=-

pul =l oy i

PElgad

{ Fiid
ki, Sin F Liaad

= PSin

where

00

(3.32)



dat Il ke o . A
H. )= # Sin® E' + & JE 25in° =ﬂ3fa: _m_ 1| (334}
L k. L, L, |
|
By = .
H (1= s Ezb}{u.j.j){'m"—m-.ﬁu +Eb (n, 1, ICos i (3.35)
'L: | L-. L| =i -||r'r
. Jemy k
H (=4 Sin’ i S i +l.‘fm! i Er ! .S' S -&+l (3.36)
L. L. 2 L. L4
2
bln i )= r 3.37)
1oy ,r:I' f.rlu +32 jul.u’—Zjn] L '
(3.38)

a,(ff)=0
Thus, considering the homogenous part of the equation (3.32} and going
through the same arguments and analysis as in the previous section (2.1}, the

modified frequency corresponding to the frequency of the frec system due to the

presence of the moving mass is

1"”‘3"[1 2eia’ ) ]1 (3.39)
|

In order to solve the non-homogenous cquation (3.31) the differential operator

which acts on u (j.&.7) and u (p,q.t) is replaced by the equivalent free system
pperator defined by the modified [requency. »,

1
d—ll’ )i Uikt =€ Lr.f,u;‘,ﬁmkiﬂfﬂ {3.400)
at” ;i L {

i
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Obviously, we can deduce that cquation (3.40) is directly analogous to equation

{1.18). Hence we have

cLlgh {'JHILTJF——' .Er.u;r'H] (3.41)

wliht)= -[74}

which on inversion takes the form

el Lok 2= 1 ik Sinjax
wix, 3. 0) = -')’—-—jg! ! ZZ [.’:i'a’uaﬂ,{ -{—"'".E.';';;}-ﬁ;i| Y Sy {3.42)
_“u‘ l|'-|ﬁi| .r.d._ .Ir.-'l. 'LI

31 RECTANGULAR PLATE CLAMPED AT EDGES x=0, x=L, WITH

SIMPLY SUPPORT AT EDGES y=0, v=14
For a rectangular plate clamped at edgesx =0, x=4 with simply supporis at

edges 3 =0, ¥ = , the boundary conditions at such opposite edges arc

u{{:l._r,.r:l =10, wl[.fl .._jf,f} =) (3.43a)
wlx,e,t) =0, wlxd, )=0

3“'{4::!1 1.-'111} D ﬂ'n{f,,y,f‘} L

it ! -
i ul[ a, :} 3M1| 0 (3.43h)
*'-_-'j .:'.!1.-! N

Hence, for have the normal modes we have

1|’J|:r.l}=ﬂ. “’;U.}=ﬂ
w, (e)=0, w,{l)=0 {3.44a)
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awlo) awll) o

L]

dx dx
l._".i:r“".l- {”] e U a!h'li {'rn} ;_ I:}
'E-hll o a!r: :

Our inttial conditions remain as

Elull:_r,_r. ::I'ﬁ

1+{.=:._'|-',u}= 0= >
[

(3.44b)

(3.45)

Using the boundary condition 3.43a and 3.43b in equation (2.16) the following

values of the constants and frequency equations are obtained for the clamped

edges

@, . i 2 B :
tginh f;, —sina, * sinh g, —sina,

A== = K, =55

i
cosa, —cosh &,

B——i B .
/ ﬁr » ﬁ,-
4,=-C, A ==C,

The frequency equalion of the clamped edges

2, B e
2—-2cosa, cosh 3, +[:E]i——’]sm o sinh 7, =0

] ﬂln’

From simple support edges, it is readily shown that

.-*T‘={J ..-'|F=|.-.|
{r=ﬂ {""=II_‘.|
B =0 8 =0

With the corresponding frequency equalion given by

(a3

coser, —cosh f,

{3.46)

(3.47)

(3.48)

(3.49)

(3.50)



{3.51})

(3.52)

For the chosen boundary conditions, it is required that the entire equation (2.536) s

solved and considers only one mass M traveling with velocity c. First, the case of

moving force is considered.

331 SIMPLE-CLAMPED PRESTRESSED RECTANGULAR PLATE

UNDER THE ACTION OF A MOVING FORCE

The differential equation describing the response of a simple-clamped rectangular

plate under the action of moving force may be obtained

Thus, setting £° = 0, equation (2.56) reduces to

- E k." 3
w,(f k) + P Lr',k..f}-;.:"Z:iulr{ﬂ,k,.r{ﬁ‘fp,j}— %h{p.j]r] -
pa W ;

i

7 1
L
L]

¥ {p,ki}{ﬁ‘.'ﬂ;{;h H-—NF%MP-H} = R-.Sffﬂzﬁ”ﬂ{ﬂ-”

pecll 8

where
= M
P
lu'!'llr‘r
g =, + K
F, = E
il

6k

{3.53)

{3.54)

(3.55)

{3.00)
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w [' )< hl11—+r“! wsf—+£:' 'rl!]h!—+-|: cosh ———

(]
o
e

5 gl

Equation (3.53) is clearly analogous to equation (2.69) in section 2.1. Thus,
similar arguments n this section, the modified frequency corresponding to the

frequency of the free system due to the presence of the rotatory mertia factor:=",

becomes

T r.||l 'ﬁ'- 2 ] z ¥ r 'k:" :
a, =48, 1——"“ - a"..{,r, ,r} A [,r _.r} = N?.ﬁ. tp._:j—."l.l':’—_,T Alp. i)
2w, || £ =4 7, [J

e

(3.58)
Thus, in order to solve equation (3.53), the differential operator which acts on

ul i k.t) and wlf, p.t) can be replaced by the equivalent free system operator defined

by the modified a”,, i.e
ﬂr—u{_,r,.i -'}+c:r, ) *u{_,r',k.r}f AT :lff"J [c!} (3.59)

a{:r}- qu.._ (3.60)

Obviously, equation (3.59) is directly analogous to equation (2.97). Hence. solving

{3.59) i conjunction with the conditions; one obtams

AL K iy
wl f k1) = - —f-,-*{ ) [n.-{::nsa 1+ 4 coser, .'+.r:‘.lmrluf-—--;'f- siner)” 1
{ﬂ:'; i "“'u') et J
fl
e .E:' Zed X ginh Bt — 8 sina, 1

LJI{Jjjl'-l-ﬂclJ.}
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ﬂ'" Ir!lb.
4 € =L cosh g0~ C, IEI"-{-msa"_';.li.r - (3.61)

] if
Where
W (cr)=sina i+ A, cosa, + B, sinh pt+C cosh @1 (3.62)
T ij (3.63)
2
Ay = i {3.04)
LJ
Which on inversion gives
ap v (s ) el ]
W e
wlx, o) = —Aels ; {- Acose 0+ A cosa, |t
Wk, ggkllrﬂ_’h,—a” r e
.\‘l L
i . i
+sina  f - .:‘r sl il |+ ——= ﬁ;"’ = [E.- /2 ginh 0 = B sina. 1
i il A Eﬂlr.jﬂ' [IH;.I- +EI‘.J.'-J ')
ﬂ_}l [rjl'.
+C, el cosh f.1—C, —=cosa,,f |®
.ﬂﬁr i '] ﬂ_ﬁr i
(3.65)

r X &.X K .
W' gin—— + A, ——+8, sinhff—’j-+i'h,cmh£’:
L Ly . L

<y ¥

g —
L'l'

The equation above, (3.63) represents the transverse displacement response of our

plate model when it is under the action of a moving force.
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332 SIMPLE CLAMPED PRESTRESS RECTANGULAR PLATE UNDER
THE ACTION OF A MOVING MASS
The term moving mass problem refers to when £° # 0 e when the nertial term is

retained. In this case, the solution to thr.-: entire equation (2.66) is required. Here we
~apply the same argument in the previous section when we neglect the inertia term,
the homogenous part of this equation can be replace by a free system operator
defined by the modified frequency ', , corresponding to the frequency of the free

sysicm due to the presence of the effect rotatory correction factor, Thus, equation

(2.60) can be rearrange to take the form

w (f k1) 1--’1 *u [r,r, ,-':J-I-r' 4222 ~ H"[p,q,.r}[ [l iaioa ffmfm b”;f"rm' A, p}
¥ 2

=l =l :-l

+EZE u"{p,k_.rk'u.&'lﬁ A fop)
"

el =] J.

+EZ_Z—H P, r;lgin—yﬁrnqﬂ' AL F}'"ZW; u pk A ()

pel =t Wy P
26 433N L (pog,t) Cos 2 Sin kay, -‘?m TN (wjop +"TZJ—” (k1)
ey Ly Ly gt n—f !
Cog 2L g (m, 7. )+ EZZ—H pugat in—= i T LU AL p)+ Z‘:inr{,rl,ﬂ..fil.-‘h' !'.l.,.”]-|
Lx p=lg=l g Ly Ly pet W 4
+c’{dﬁ: ZZ iu (p, qJ}C‘m ..Sm 'T" Sin f"IL 1 (. f. p)+
pel gel wsl _L _i'

a""l.!fj 7+ Z_‘IH (P k)N (f.p)= E-_-Tfr::{:?!li",t{',?}

el Wy i

EZ Z 1 1{;} f;,f}' n'.:.

.l""il"

[3.60)
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When we consider the homogenous part of equation (3.60) and going through the

2.1

same arguments  and  analysis as n section 2.1, the modified [requency

corresponding to the frequency of the free system due to the presence of moving

mass 15
S k)+S Lk
;-Ijll=a;.f“[1 [ L }T. 10 }]] (3.67)
Fer H
Where
2 5 K :
S, Lk} = ‘—”-ﬂ,.[ £ Sin* ==L A '[..r-f}+£-ﬁ {..hf}] (3.68)
w, L W,
And
S n_,_-ﬂﬁ[zsm i h’[,r'.jhh!{j,j}] (3.609)
) ‘r

To solve the non-homogenous equation (3.66), the differential operator

which act on ulj,k,) and w{pk.t) is replaced by the equivalent {ree system

operator defined by the modified frequency &), 1.2

ol kt) = e Lah O I (et) (3.70)

Mida

1
d_"”{.flleJ +
el

Obviously, equation (3.70) is directly analogols to equation (2.117). Henee, we

have
LL.zV, 74

HLI'. ' }— E ﬂg [}II}{ A cosee d +4, :us:z'“*.r Sindr, .r—~“—"'rq1;!.r_TH,:
g ™ '!:".ur PR
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el L gt Vv e,
s L “L—'] (H.- —Ldlgink B 1= B sineel, ¢

A G 1) -
aw ¥ Wit
Zu:l1 ”{ﬂﬂ. @ i

- II-'r::r.l |I2I:.r.'l s -
+C|—::crhhﬂarr—ﬂ:ﬂ—msﬂ#_,_*t (3.71)
18 if

Which on inversion gives

wlv, 1t ) =4zl () EI [. - I = )f- A cosa o+ A cosa) f
F e

A J oy P
W 8, it T R Ba-8 sinal” 1

+5in g f ——— o "] +
ar W o . = £
g 20" |82 v B,

dr ir

w Er - E afr ,

+ 0, —pogh # ¢ -, cum;'.f_‘r]
A, By

3 r P X T ox
sinﬂ[sinf - +.-1J.c:usf;' +.Eil'lr5:inhﬁ£+_-|- E‘J.cuah'l—’ {3.72)
“y L} 1o

Equation (3.83) represents the response displacement of a simple - clamped

rectangular plate traversed by a moving mass.

34 DISCUSSION OF THE ANALYTICAL SOLUTION

In an undamped system as this, it is necessary to examine the phenomenon of
resonance. Equation (3.30) clearly shows that the simply supported elastic
rectangular plate traversed by a moving force will be in state of resonance

whenever

o (3.73)

o



While equation (3.42) shows that the plate under the action of a moving mass
encounters a resonance effects at

fae
Y = L_ (1.74)

L

Where

¥i =a;{l-r"sm*T’l[nfﬁ’;{:]} (3.75)

[t 15 obvious from equation (3.73) and (3,73) that 1n the same natural frequency,
the critical speed for the system of simply supporied elastic rectangular plate with
rotatory inertia. effect and traversed by a moving force is greater than that
traversed by a moving mass, Thus, resonance is reached earlier than in the moving
lorce system,

Next, the phenomenon of the resonance for the simple-clamped plate under the
action of a moving force and the moving mass 15 investigated. It is obvious from

equation (3.65) that the simple-clamped elastic rectangular plate traversed by a

moving force reaches a sfate of resonance whenever

n -'I‘E -
al, = J’L— _ (3.76)

While equation (3,72) shows that the same plate under the action of a moving

nass cxpericnee resonance effect whenever

Bl == (3.77)
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Where

FA N

L [j [ S.(7:4)+8, k) U i

Thus, from equation (3.76) and equation (3.78) it is evident that the same results

and analysis similar to those of the simply supported plate are also obtamed for

simple-clamped plate.

IS NUMERICAL RESULTS AND DISCUSSION OF RESULTS
In order to illustrate the analytical results, the rectangular plate 1s taken to be of

length £, =0.914m, and height £ =0.457m.1t 15 assumed that the mass travels at the

constant velocity 1.5m/s. Furthermore, E, y and 4 are chosen to be

2.100x 10 kg/ m” , 0.4m and 0.2 T::E]:Icﬂti":‘{:i}’. The transverse deflection of the
rectangular plate arc calculated and plotted against tme for values of rotatory
mertia &, , axial force along x-axis N, axial force along y-axis N, foundation
stiffness K., The results arc shown on the various graphs for the two classes of

boundary conditions so far considered
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351 SIMPLY SUPPORTED RECTANGULAR PLATE

Figd.1 and Fig3.2 display the effect of Rotatory inertia R, on the transverse
deflection of the simply supported plate for both cases of moving force and moving
mass respectively for fixed values of K, N, and NV ( K=2 x 10"N/m” and axial
forces N =2 x10"N and N =235 x10" N). The graphs show that the response
amplitude decreases as R, increases. The values of &, used are 10, 20 and 30

Figd.3 and Fig3.4 depict the transverse displacement response of the simply
supported plate in both cases of moving loree and moving mass respectively for

fixed valuesof N, N_ and &, for various values of foundation stiffness K. It1s

evident that as K increases, the response amplitude

decreases.
.03
—Fpai
.02 — a0
— =AM
0.0
E 4 o g
;I} ar 'III g |I
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-0.01 /

“h0a Figd.1: Deflection Profile of Simply Euﬁp-m‘hd Rectangular Plato Trasversoed by
Moving Foree for flxed Ka2x10® Nim” Nx=2x10° N Ny=2.5x10" N for various values
of Ro
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Figld.5, shows the deflection profile of the simply supported plate under

moving force for fixed value of K, £, and N, (K=2 x10° N/m’, & =10 and

N, =2.5x10°N) for various values of -axial force along x-axis &,, This is
repeated for B = 20 and 30 respectively in figd.6 and figd.7. Figd. 8, 3.9and 3.1
show the corresponding graphs for moving mass. Similar results obtained n figi.5,

3.6 and 3.7 are obtained. The analyses show that as N, increases, response

amplitudes decreases.

Figd. 11, displays the deflection profile of the plate under moving foree for
fixed values of Kand ¥, (K=2 x10" N/'m’ and N, =2 x10° N) for various values of
axial force along y-axis &V, . The analyses show that as ¥, increases, response
amplitude decreases. This analysis 1s repeated for & =20 and 30 in fig3.12 and
3.13. Similar results obtained in fig3.11, 3,12 and 3.13 are obtained m figd. 14,

.15 and 3.16
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Figd. 17 and 3.18 display the deflection profile of the plate under
moving load when N, and ¥, are increase simultancously while other parameters
Kand R, (K=2x10" N/m" and R, =10) are fixed for bath moving force and
moving mass of the rectangular plate respectively. For both cases, response
amplitude decreases as N, and N, are increased simultaneously Also Figl.19
compares the displacement curves of the moving force and moving mass for the
plate for fixed R, =20, K=2 x10"N/m’, N, =2 x10" N, and N, =2.5 x10" N,

Obviously, the response amphitude of moving mass 15 greater than that of moving
force problem. In like manner, the result also holds for other choice of values

of & , K, N, and ¥, ., This result shows the moving force solution 1s not always an

upper bound moving mass solution,
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3.5.2 SIMPLE-CLAMPED ENDS

Figl.20 and Figd.21 display the effect of Rotatory inertin ®_ on the

transverse deflection of the simple-clamped plate under the action of moving force

and moving mass respectively for fixed values of K, &, and &, { K=2x10"N/m’,

N.=2 x10" N and M=) x 10" N}. The graphs show that the response amplitude

decreases as the R, increases. The values of R, which are used are 10, 20vand 30.

Fig3.22 and Fig3.23 depict the transverse displacement response of the

simple-clamped rectangular plate under the action of moving force and moving

mass respectively for fixed values of N, , N, and B, (N, =2 x10" N, ¥, =2.5 x10"N

and £, =10) for various values of foundation stiffness K. The graph shows that as

K increases, the response amplitude decreases.
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Also, for various time t, figd.24 and fig3.25 show deflection profile of rectangular

plate under the action of moving force and moving mass respectively for various

values of axial force along x-axis, ¥ and for lixed values of K, N and R,
(K=2x10" N/m’, & =2.5x10" N and R,=10).It shows that higher values of axial

force along x-axis, &, reduce the deflection profiles of the plate in both cases
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Fig3.26, 3.27 and 3.28 depict l.h-J: transverse deflection of simple-clamped
plate under moving force for various values of N for fixed values K, &, and &,
(K=2x10" N/m “and N, =2 x10" N). This analysis is carried out for various values of
rotatory merbia (£ =10, 20 and 30). The correspondmg behaviors when the plate 15
traversed by concentrated masses are shown in figd.29, 3.30 and 3.31 respectively,

As N increases, the maximum amphitude of the plate decreases.
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Figd.32and figd.33 display the response amplitude when axial forces N,
and ¥ are increased simultaneously for fixed values of K and ® (K=2 x10" Nfmt’
and R, =10} for simple-clamped rectangular plate under the action of moving force
and moving mass respectively. Evidently, the response amplitudes decrcase when
values of N, and N, are increases simultancously. Finally, fig3.34 depicts the

comparison of transverse displacement of moving force and moving mass cases for

simple-clamped rectangular plate traversed by a moving load for fixed values of & .

I

N, N, and K{R =10, N,=2.5 x10" N and N, =2 x10° N and K=2 x10° Nfm"),

Clearly, the response amplitude of moving mass 15 higher than that of the moving
force. This important result show that relying on moving force solution as an

approximation to moving mass solution 15 scriously nusleading
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CHAPTER 4

4.0 GENERAL CONCLUTION
4.1 SUMMARY OF RESEARCH WORK

The problem of assessing the dynamic behaviour of prestressed [finite
rectangular plate under the action of transverse traveling loads is investigated n
this thesis. This plate model takes into consideration the etfect of the rotatory
incrtia correction factor which was neglected in the non-Mindlin plate model, In
addition, two opposite edges of the plnttr: are simply supported and the other two
opposite edges could take the form of any classical boundary conditions. This 15 so0
because, plate structures of bridges are known usually to have two opposite edges
simply supported and the other edges are free [17).

The governing equation is a non-homogencous fourth order partial differential
equation with vanable and singular coefficient. The main objective 15 to obtam a
closed form solution valid for all variants of classical boundary conditions at the
ends having arbitrary support condition. Unlike the method of Om [21], the
penerahized two-dimensional integral lruln:ii'unn with the normal modes of plate as
the kernel of transformation 15 used for the solution of the problem.

Firstly, a closed form solution to the eguation is obtained. The solution

technique 15 based on

(1) the modified generalized two-dimensional integral transform with

plate function (normal modes) as the kermnel of transformation.
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(1) the modified asymptotic method of Struble.
(i) integral transformation techniques and convolution theory.
The theory is then illustrated using some examples of classical boundary
conditions commonly encountered in Engineering practice, They are
(1) simply supported end conditions.
(11) simple-clamped end conditions,
Analysis of the closed form solutions obtained 15 carned out for the illusirative
examples. The resonance conditions for the varions end conditions are obtmned.
The influence of the prestress {axial force), rotatory inertia and foundation
moduli on the dynanie response to moving force and moving mass of prestressed
fimte rectangular plate under the action of moving concentrated masses s
investigated. The transverse displaccm;:nls for all the illustrative examples are
calculated and presented in plotted curves,
This study exhibits the following interesting features:
(1) The dynamic response amplitudes of  rectangular  plates
incorporating rotatory incrtia correction factor decrease with an

increase in the values of axial forces N, and &, when one is

varicd while the other 15 fixed for fixed foundation reaction

modulus K and rotatory inertia Ro fixed
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(i)

(1i1)

(iv)

(v)

(vi)

When the axial forces N, and M, (prestress values) are
snereased simultaneously, the response amplitude of the plate
decreases

For both illustrative examples considered, the moving force
solution is not always an upper bound for the accurate solution of
the moving mass problem. Hence the non-reliability of moving
foree solution as o safe spproximation to the moving mass
problem is confirmed.

Higher values of axial, forces N, andWN,, foundation reaction
modulus K and rotatory inertia R, are required for a more
noticeable effect in the case of simple-clamped end conditions
than for the case of simply supported end conditions for both
moving force and moving mass problems.

For fixed values of axial forces, N, and N, and rotatory inertia
R,, the dynamic response amplitudes of the rectangular plate
deereases with an increase in values foundation reaction modulus
K. similarly, as rotatory inertia £, increascs while other
parameters are fixed, the response amplitudes decrease.

For fixed axial forces N, and N, , foundation reaction modulus K

and rotatory inertia R,, the dynamic response amplitudes for the

91



moving mass problem is greater than that of the moving force
problem for the two illustrative examples considered.

(vit) In the two illustrative examples considered, for the same natural
frequency, the cntical speed for moving mass problem is smaller

than that of the moving force problem. Hence resonance is

reached earlier in the former.

4.1  CONTRIBUTIONS TO KNOWLEDGE

{a)  The study has provided analytical solution for the problem of the
dynamic behaviors under moving concentrated masses of rectangular
plate incorporating rotatory igertia correction factor for all varants of
classical boundary conditions.

(b) It also provided vital information on the effect or influence of axial
forces on the transverse deflection of the rectangular plate under the
action of moving concentrated masses.

{c)  Useful information has been provided on the effect of the foundation

reaction modulus K and rotatory inertia R, on the response displacement

of rectangular plates
(d)  Through the study, the non-reliability of the moving force solution as a

safe approximation to the moving mass problem was confirmed,
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fe)  The study gave useful information on the resonance conditions for both
moving lorce and moving mass problems for vanous  boundary

conditions.

4.3  LIMITATIONS TO STUDY AND RECOMMENDATIONS FOR
FURTHER RESEARCH
The axial force influence on the dynamic response 1o moving
concentrated masses of rectangular plates incorporating rotatory inertia correction

factor is the main objective of the study

[ustrative examples have been himited to classical boundary conditions
only. Non classical boundary conditions such as
{1) Elastically supported end conditions
(11) Time dependent boundary conditions are not taken into
consideration and such are suggested for future research,
Structures (plates or beam) on other uniform foundation models are left for

further research, Also plate models resting on vanable elastic non-Winkler

foundation and visco-clastic foundation are not taken care of in this work.

93



REFERENCES

[1] Aiyesimi, Y.M. (1989): On the dynamic analysis of elastic beam and plate
resting on viscoelastic foundation subjected to oscillating constant/variable
magnitude load. M.S¢ dissertation, Unilorin,,

[2] Banerjec A.K and Kane T.R.(1989): Dynamics of a plate in large overall
mation. Transactions of the ASME, Journal of Applied Mechanic 56:887-
8491.

[3] Bishop, R. E. ) and Johnson, 0. C. (1979): The mechanics of vibration
Cambridge University Press, 1960. Reissued with minor revisions.

[4] Craig, R.R (Jr) (1981): Structural dynamics, John Wiley and Sons: 187-234.

[5] Duromela, M. k. {2004); Rotatory inertia influence on the dynamic response
to moving masses of rectangular plate on a non-winkler elastic foundation.
M. Tech. FUTA,

[6] Fryba, L. {1972} Vibration of solids and structures under moving loads.
Groningen Moordhoft,

[7] Gbadeyan, J.A. and Oni S.T. (1992} Dynamic responsc 1o moving
concentrated masses on nun—Win}I;]::r elastic foundation. Jowrnal of sound
and vibration 154; 342-338.

[8] Gbadeyan, J. A. and Oni, . T. (1995): Dynamic behavior of heam and
rectangular plates under moving loads. Journal af Sound and Vibration 182

(5): 677-0693.

o4



[9] Hilderbrand, F.B. (1977): Advanced caleulus for applicarion. Second edition,
Prentice-Hall of India Private Limited. New Delhi | 10001,

[10] Hell, D.L. (1950): Dynamic loads on thin plate on elastic foundations. Proc.
Symposia in Applied Math. Vol. Ill, New York, McGraw-Hill.

[11] Huan, M.H and Thambiratnam, D.P (2001): Deflection response of plates on
Winkler foundation to moving accelerated loads. Engineertng struclires
23: 1134-1141.

[12] Jeffcitt, H. H. (1929): on the vibration of beams under the action of moving
loads, Philosophy Magazine No 45 b6-97,

[13] Jia-Jang Wu (2005): Vibration analyses of a portal frame under a maoving
distributed mass using moving mass element. /it Janrnal for Numerical
methods in Engineering: 2028-2052

[14] Kenny, J. (1954} Steady state vibrations of beam on an clastic foundation for
a moving load: Journal of Appl. Mech. 76: 3159-364.

[15] Krylov, AN, (1905): Mathematical collection of papers of the Academy of
Sciences, Vol. 61, Piterburg.

[16] Lively, R.K. (1953): Some noles on Mathematical theory of a loaded elastic
plates resting on an elastic foundation. Quart. J. Mech. Appl. Math. &: 32

[17] Mindlin R.D. (1951): Influence of Rotatory incrtia and shear on flexural
motions of Isotrapic clastic plate. Journal of Applied Mechanics 1&: 31-38.

[18] Nayfey, A.H. (1973} Permutation methods. Wiley and Sons Inc. New York.

D5



[19] Oni 5.T. (1991): On the dynamic response of elastic structures to moving
multimass systems. Phd Thesis, University of Horin, Tlorin, Nigeria.

[20] Om 8, T. (1997): On the thick beams under the actions of a vanable traveling
traverse load. Abascus, Journal of Mathematical Association of Nigeria.

[21] Omi 5. T.{2000): Flexural vibrations-under moving loads of isotropic
rectangular plate on a non-Winkler elastic foundation. Jowrnal of Nigerian
Society of Engineers 35 (1): 18-40.

[22] Omi 5.T. (2001): Effects of Rotatory inertia on the traverse vibrations of a
rectangular plate under moving masses. Journal of Modelling,
Measurement and Control, France. ) (56).

[23] Oni 5.T and Omolofe, B. (2005): Dynamic Analysis of a prestressed Elastic
beam with General Boundary conditions under moving loads traveling at
varying velocities. Jowrnal of Engineering and Engineering Tech, FUTA, 4
(1): 55-74,

[24] Shadman, M.R, Mofid, M and Akin, LE (2001): On the dynamic response
rectangular plate with moving mass, Thin walled struchires. 39: 797-800,

[25] Shadman, M.R, Mofid, M, Rofooei F.R and Mehn B 2002: Perniodicity in the
response of non-lincar plate under moving mass. Thin walled structires 40
283.295,

[26] Stanisic, M.M. et al. {1968): On tlml response of plate to 2 multimasses

moving system., Acta Mechanica 5:37-53.

Q6



[27] Steele,C. R.(1967): The finite beam with moving loads. Jowrnal Appl. Mech.,

34 111-118.

[28] Steele, C. R. (1971); Beams and shells with moving loads./nr. Journal of

Solids Structures T: 1171-1198,

|29] Timonshenko, 8. 1921: On the correction for shear of the differential equation
for traverse vibration of prismatic, bars, Philosoply Magazine Ser. 6, 41:
774-7706.

[30] Timoshenko, S, Young, D.H and Weaver, W. (1974): Vilwation problems in
Engineering, Fourth Edition. Wiley: 448-453,

[31] William W, Seto (1964): Theory and Problems of Mechanical vibrations
MeGraw-Hill New York.

[32] Wu LS. Lee M.L..and Lai T.S (1987).; the dynamic analysis of a plate under

a moving load by the finite element method. Int. Jowrnal for Namerical

Methods in Engineering, 24: 743-T62,

o7



APPENDIX
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&H+ET H

1|+ [I:ul'l -+, Ims.‘{nl‘[ ~ir -.-_z‘r]u I]+ {.ral'l! —~ i =, I] —cos\nll —a; + 12, J:l”

{nﬂ —E’I}’ —aj
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"

_5m2u]1+ﬂ -f-. | siuz{uﬂ—-uf}
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a, wa,
i, :.H'ﬂ-i-ﬂ“,

o, =l -
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coslull +a Jeoshhfi, + 1+ a—"}ﬁiﬂ{frﬂ +er, Jsinh ff, —1 J"

rL B s,
2|1 M +(ut +fT.-F o #,
[ul'! (74 ]

[‘H—Jr[m—u:—\}?(cm il = e J::nsh B, - ) Ueinlnll -, Jeosh & —1 ”

4

51_[;3 I:;'H" [cm{nn +; }siuh i, - [ﬂ I I; {Ir}shl{"ﬂ X, Jeosh 3, } ¢

il +a; f
1
[JHJI

i_‘;.[ﬂ: l{ﬁ" [qm[ul'l + X, }c:::-ﬁhﬁ.l'l,

FL

3 :-—;E = ﬂ-TF [GDS{HI'I - Er}ﬁinh JH.I' a3 !:”nﬁ_ HJEin(}I11 3 ﬁll’ }Euﬁ'h 'ﬁl" ]‘

[T+ “J_'},_-ug.tnﬂ + rr...]ﬁi"“ # ]

nfl+a, ]I'

]

+ o {"?’I’ 75 .r [s:in[nl'l -, }C::lsh 8- [ﬂﬂﬁ‘ ]cng{nﬂ & Jllbmh rip ]]

r

Ly [ B, 1 [cusl:nl'l + ﬁp}msh 8.+ {l“n,; i }sin{nl'l +1T; }.qinh A=l ]

2|+l +a,

L [msl{ui‘l -, }c{:sh = {nﬂg; trL]i:sin nll—ex I,]Isinl'- B~ I.”

it
lﬂr-!'l'IFJn—ﬂ'r,j 1

E_{ﬁr+ﬁ1,:[-—l]"sinhtﬁl+ﬁ ) (-, )-1)sinnls, - B, ]]

2| {ﬁf -|~J£.l’f,}: +n'TT? {ﬁ -8, ::I i

1[0, + .Y (1 coshlp, +8,)-1) (=) (1) cosh(p, - f1,)-1 W
2| |L,EJ'I|+‘{.I'}'-IHH '[,a’.i' -ﬁr}'-#h'“ :

L. [ A lrt.m.-rl'] +a }smh,&i —Eh-E :I

2| 8+ (al1 +a }! i 8,
i - [sinl:nﬂ -k, }siuh - {“nf; £ }ms[nl'l - :r,,]'c-:lﬁh 8,1 ﬂ

i ,I'_Jf +{ulT - o, F

ms{nl‘[ +d, }L‘Dsh i, - I]

P
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i+ "“*'—}sin{,rn +ar, Jeosh /1 J

ﬂas{nﬂ -r-::rr,]-sinh g+

L, A,
?[ﬂ: +[urt +IF[ g,

] [mﬁ{un —a Jsinh g, + G nI; ”—’]sin{uﬂ -z, Joosh /1, }]

e i
gl -a, ]

1 [(g 8,1 comlp, + £,)1), (7= ) (1) coshlp, -7 }—1}}
1 (g, +8, )+ (g.-p F+nmt?

i [(g +p, X-1)sinh(g, + 8,) ’ (g, - 5, X-1) sinh(g, - 8,)
2 (g +pJ+n'mt? (8 -p,F+u'Tl
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REM THIS PROGRAM IS WRITTEN BY ADEDOWOLLE ALIMI
REMIT IS WRITTEN TO EVALUATE THE TRANVERSE DISPLACEMENT
OF MOVING
REM FORCE PROBLEM OF RECTANGULAR PLATE FOR SIMPLY
CLAMPED END CONDITION
CLS
10 DIM WI(5), W12(3)
20 OPEN "SCMFR2.BAS" FOR OUTPUT AS #1
30 PRINT #1,
40FOR MM =1TO 3
50 PRINT "SUPPLY THE VALUE OF RO"
ol INPUT RO
PRINT "THE VALUE OF RO =", RO
"RO = 1)
7O LX = 457
B0 LY =.914
00 M1 = 240727
|00 MIU = 2758,291
110 P=8407.27 * 9.81 / MIU
1200 FX = 2000000
130 AFX =FX / MIU
140 FY = 250000H)
150 AFY = FY /MIU
160 GRA =981
170 X=LX /{2
130 Y =LY /2
19 C=1.5
200 E = 2.109E+04
205Pl=2217
210 F5 = 2000000
220 FU=FS/MIU
233 Y| = .4
230 LT = 2
240 D = 10000
245 DM = D/ MIU
247 PRINT #1,
250 k=1
PRINT #1, "THIS [5 THE RESULT FOR RO=", RO
251 AF(1)=1.5

752 AR(2) = 1.4
253 AF(3) = 1.2
254 BE(1) = 1.6
255 BE(2) = 1.7



256 BE(3) = 1.9

260 FOR 1 = 0 TO 1.5 STEP .1

265 FOR j=1TO 3

270 0P = * P1/LX

280 JK =k *PI/LY

290 1P2=1P " 2

300 JK2=JK"2

110 OME =DM * (JP2 22+ 2 * P2 * JK2 +JK2"2)
380 SA = SIN(AF(j))

190 SHA = SINH{AF(j})

400 SB = SIN(BE()

410 SHB = SINH(BE(}))

420 CA = COS{AT()

430 CHA = COSH(AF(G))

440 CB = COS(BE())

450 CHB = COSH(BE())

460 S2A = (SIN(2 * AF() / (2 * AF(j))

470 C2A = (COS(2 * AF()))/ (2 * AF())

480 BLA = (BE(j) * LX)/ (BE(j) * 2 + AF(j) " 2)
490 S3B = (SIN(2 * BE()) / (2 * BE())

500 C3B = (COS(2 * BE())) / (2 * BE())

510 ALX = AF(j) / LX

520 BLX = BE(j) / LX

530 JB = AF(j) / BE(j)

540 BJ = (-1B)

550 Al = (1B * SHB - SA) / (CA - CHB)

560 11 =X * (1 - SZA)

570 12 =(-X) * (C2A - 1)

580 13 = BLA * (SA * CHB - JB * CA * 5HB)

500 14 = BLA * (SA * SHA - JB * (CA * CHB - 1))
60015 = (-X) * (C2A - 1)

610 16 =X * (1 + 52A)

62017 = BLA * (CA * CHB + JB * (SA * SHB - 1))
630 18 = BLA * (CA * SHB + JB * SA * CHB)
64019 = BLA * (SA * CHB - JB * CA * SHE)

650 110 = BLA * (CA * CHB + JB * (SA * SHB - 1))
660 111 =X *(S3B- 1)
670 112 =X *(C3B - 1)
6RO 113 = BLA * (SA * SHB - JB * (CA * CHB - 1))
600114 = BLA *(CA * SHB + JB * SA * CHB)
700 115=X * (C3B- 1)

710116 =X * (S3B + 1)

20 UA=AJ * (12-14+15-113)

1415



70 UB =JB * (13 + [9)
4O UC=AT*2*(114+116-16-18)

7SO0 UD=AJ *IB * {17 -110-112-115)

TOUE=IB"2*]11

TIOUF=AJ* (12 + 14 +15)

TROUG=JB * (I3 - 19)

T GW=(I1 + UA - UB+ UC - UD - UE)
BOOGW2=ALX~2*(-l1-UF-UG+ UC-UD+UE)

10 JKW = SQR(OME + FU)

820 ECI = (JK2 * GW - GW2)

830 EC2=(AFX * GW2 - AFY * JK2* GW)}/ (JKW * RO)

840 BEJK = JKW * (1 - LT * (ECI1 + EC2))

S50 JFA=ALX*C

8§60 JFB=BLX *C

STOAP=2*P/{LX*LY)

BRO AA =1/ (BEIK *2-JFA ~2)

885 AX = JFA / BEJK * SIN(BEJK * 1)

890 AB = AJ * COS(JFA *1) - Al * COS{BEJK * 1) + SIN{JFA * ) - AX
900 AQ = BEIK / JFRB

QI0AC=1/({AO* (JFB "2+ BEIK*2))

920 X[ = BJ * AQ * SINH{IFB * t) - BJ * SIN(BEJK * 1)

930 AD=XD - Al * AD * COSH(IFB * 1) + Al * AQ * COS{BEIK * 1)
940 XC = A) * COSH(BLX * X)

950 AE= SIN{ALX * X) + Al * COS{ALX * X)+ BJ *SINH(BLX * X} - X
060 AG = SIN(JEK *Y) * SIN(JK * Y1)

970 BG =(AA * AB+ AC* AD)

Y80 WI(j) = AP * BG * AG* AE

990 NEXT j

1000 W =WI{1)+ WI{2)+ Wlu}

1010 PRINT t, W

1020 PRINT #1,1, W

1030 NEXT 1

1040 PRINT #1,

1050 NEXT MM

1060 END
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