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ABSTRACT

The problem of flexural vibrations of prestressed Bernoulli-Euler beam
restmg on elastic foundation and traversed by concentrated masses traveling at
variable speeds is studied in this thesis. Both cases of uniform and non-uniform
Bermmoulli-Euler beams mvolving fourth order partial  differential  equations
having variable and singular coefficients are considered.

Foremost, closed form solutions are obtained for both the problems of
uniform and non-uniform Bernoulli-Euler beams. The solution technigue 1s
based on the generalized integral transforms, the generalized Galerkin’s method,
the expansion of the Dirac Della function in series form, a modilication of the
Struble’s asymptotic method and the use of the penerating functions of the
Bessel functions.  An important features of this robust techmique 1s that 1t s
applicable for all vanants of classical boundary conditions for this class of
problems.  The closed form solutions are analyzed and numernical analysis

plotted curves are presented.

The results show that for the same natural frequency, the critical speed
for the uniform Bernoulli-Euler beams traversed by moving foree 15 greater than
that under the influence of a moving mass for both uniform and non-umiform
Bernoulhi-Euler beams. Hence resonance is reached earlier i the moving mass
problem, The same results are obtained for the non-uniform Bemoulli-Euler

beams. Furthermore, for fixed values of axial force N and foundation modulus

ix



K in all the illustrative examples considered, the moving force solution is not an
upper bound for the accurate solution of the moving mass solution. It 1s also
found that as the axial force N and the toundation modulus K meoreases, the
amplitudes of both uniform and non-uniform Bernoulli-Euler beams under the
action of moving loads traveling with variable velocities decrease. However,
higher values of N and K are required for more noticeable effects in the case of
other boundary conditions than those of simply supported end conditions.

Finally, it is observed that relying on the moving force problem as a good

approximation 1o a moving mass problem is not only misleading, but it is tragic,



CHAPTER ONE

.0 INTRODUCTION

The response of structural and Mexible members o moving loads has
been the subject of numerous mveshigations owing to its relevance i many
dhverse  areas [1-3) [n most analvtical studies m Enpmeermg  and
Mathematical Physics, the structure has commonly been modeled either as a
beam or as a plate. In such structural members under the passage of moving
loads, the interaction between the passing load and the structure makes the
dvnamic response analvsis very complex. The application ol such moving
load problems include [4,1] the response of railroad rails 10 moving trains, the
response of bridges and elevated roadways to moving vehicles, machine cham
and belt drives, computer tape drives, floppy disks and video cassette recorders
(VCR), Moreover, in our time, modem means of transport are ever faster and
heavier, while the structure over which they move are ever more slender and
lighter. The dynamic stresses they produce are larger by far than the static
ones. This has contmued to metivate a lot of research activitics 1 this area
Nevertheless, it appears that most of the recent studies focus on numerical
simulations, possibly meluding the effects of tram mass inerhia; couplmg with
the train cars suspension systems, tracks stiffness, damping and roughness,

especially lor ballasted tracks, or rail wheel comtact [3]  Comparatively, few



studies concentrate on analytical developments. in fact when these are
available, the inertia effects of the heavy mass are neglected  However, there
are clearly many problems of great physical sipmificance m which load mertia
15 not neghgmble and alters the dynamic behaviour ol the system signilicanily
|5 ] Examples include the slab tvpe bridges on which velicles or trams travel
and the decks of ships on which amwcrafts land.  These may be modeled as
moving masses on plates which certamly have under laying beams as supports
The fundamental mathematical complexity encountered in this problem hies in
the fact that one of the coefficients of linear operator describing the motion is a
function of space and time. This 15 caused by the presence of a Dirac-delta
function as a coefficient necessary for a proper description of the moton
Physically, this term represents the miterplay of mertia forees due Lo moving
mass inertia.  Furthermore. the problem of assessmg the dvinamie behaviour of
structures  carrvimg moving  loads has been almost exclusively reserved m
literature for moving loads moving at constants speeds [6], The more practical
cases when velocities at which these foads move are no longer constants, bul
vary with time have received hitle attention i Iiterature.  This may be as resull
of the complex space-time dependencies inherent m  such problems.
Specificallv, even when the mertia effects of the moving load 15 neglected.
analytical solutions involving mtegral transform are both ntractable  and
cumbersome [7]. Howewer, such practical problems as acceleration and

breaking of automobile on roadways and lighway bndges, takmg oll and
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landmg of aircrafts on runway and breakmg and acceleration forces m the
caleulation of rails and railway bridges m which the motion 15 not unilorm, but
a function of time have intensified the need for the study of the behaviour of
structures under the action of loads moving with variable velocities.

It should be remarked, at this juncture, that the behaviour of stroctural
members differs from one end support to another. The end support conditions
most commonly encountered m the analysis of structural motions arc
(a)  Sumply supporied end,
by Clamped end.

{e) Free end,

(d) Rayleigh end.
These are classified classical conditions.  Other boundary conditions may
anse, which are called non-classical end conditions. These are nol covered in
the theory proffered in this thesis. Among the classical end conditions hsted
above, employed most frequently 1s the simply supported end conditions m the
analvsis ol structures under mowving load. In almost all cases solution
lechmques employed usimg these boundary conditions are nol suitable Tor other
boundary conditions

This thesis therefore, is concerned with the flexural vibrations of
prestressed  (uniform and  non-umform) Bernoulli-Euler beams resting on
elastic foundation and traversed by masses moving at variable speeds.  This

work incorporates the mertia effect of the moving load, the effect of prestress
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and the effect of elastic foundation m the govermng fourth order partial
differential equations of the dynamical svstems and sets at solving them. The
. abjective is to analyze in each case of the uniform and non-uniform Bernoulli-
Euler beams the effects of these parameters when it is bemg traversed by a

heavy moving load, moving al vanable speed.

LI  REVIEW OF RELATED LITERATURE.

The problem of the response of an elastic system (beam or plate) 1o a
moving load (moving force or moving mass) has been the objective of
numerous investigation i Engmeerng, Mathematical Physics and Apphed
Mathematics for many years [7.8]. In particular, the dynamic response ol a
sumply supported beam, traversed by a constant force moving al a umiform
speed was first studied by krylov [9]. His results were obtained by using the
method of expansion of eigenfunctions. He assumed that the mass of the load
1s smaller than that of the beam. Later, Timoshenko [10] used energy methods
o obtain solutions in series form for sinply supporied finite beam on an
elastic foundation subjected to time dependemt poinls loads moving with
uniform velocities across the beam. Kenny [11] similarly mvestigated the
dynamic response of infinite elastic beams on elastic foundation under the
influence of load moving at constant speeds. He mcluded the eflects of
viscous damping i the governmp differential equation.  Steel [12] also

invesligated the response of a finite simply supported Bernoulli-Euler beam to



a il force moving at a uniform velocity. He analysed the effects of this
moving force on beams with and without an elastic foundation. Using a
considerably simpler vector formulation with a Laplace rather than Fourer
transformation, Steel [13] presented a review of the transient response of the
Euler-Bernoulli-Euler beam and the Timoshenko beam on elastic foundation
due to moving loads. The problem of a cylindrical shell with an engulfing
axisymmetric pressure wave is shown to be generally quile amalogous to
Timoshenko beam. In a much latter development Om |14] considered the
problem of a harmonic time-variable concentrated force moving at a uniform
velocity over a finite deep beam. The methods of mtegral transformations are
used. Series solution which converges is obtained for the deflection of simply
supported beams and analysed for various speeds of the load.  Just as for
elastic beams, the problem of dynamic response of elastic plates to moving
loads when the mass effect of the moving load 1s neglected has been tackled by
many authors. However, in comparison, plates subjected to moving loads have
only attracted the attentions of few researchers. Among the earliest rescarches
into this subject was Holl [15] who solved the problem of a rectangular plate
carrying uniformly moving loads. He concluded that a critical velocity existed
for each mode of vibration. Livesly [16] on the other hand. considered the
problem of a uniformly traveling load on an infinite plate and showed that
there exists a certain critical velocity, beyond which stresses and dellections

become infinite. However, in these studies, the plates considered were



wealized by one where mass is approximately neglected. Much later Stanisic
¢l al [17] studied the problem of a simply supported non-Mindhin plate under a
Multi-masses moving system they made use of an approxunation of the Dirac
Delta function and obtamed m senes form a closed form solution ol the
dynamical problem. For a plate strocture, without an elastic foundation, Willis
el al [18] used the finite element method to study the dynamic response under
moving loads. He examined the effects of eccentricity. span length,
acceleration and mitial velocity of the moving load. The response to moving
concentrated masses of elastic plates on a non Winkler elastic foundation was
later taken up by Gbadeyan and Omi [19]. They found that, for the same
natural frequency, the critical speed for a rectangular plate resting an a
Pasternak foundation and subjected 1o a moving  mass 15 smaller than that of
the same plate traversed by a moving force. A one-dimensional analogue ol
the work in [17] was taken up by Milomir et al [20] who developed a theory
describing the response of a Bemoulli-Euler beam under an arbitrary numbe
of concentrated moving masses. The theory 15 based on the Fourier Technigue
and shows that, for a simply supported beam, the resonance frequency 15 lower
with no corresponding decrease i maximum amplitude when the nertia 15
considered.  The analytical and numerical solutions were shown to converge
very rapidly.  This work was later extended by Stanisic et al [21] to include all
the components of the inertia term. Their method of solution as with other

references earlier stated is swtable only for simply supported end conditions
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This deficiency was tackled by Sadiku and Leipholz [22] on the dynamic
analysis of an elastic beam traversed by a concentrated mass. He developed a
robust technique capable of solving Bermoulli-Euler moving load problems for
all vanant of classical boundary conditions.  The technique mvolves
transforming the differential equation by using the Green’s function of the
associaled moving force problem.  Although, this work is impressive, its
application is limited only to the case of beams executing flexural vibrations
according o the simple Bernoulli-Euler theary of lexure.  Also 1o the best of
the author’s knowledge. this technique has not been extended to a two
dimensional moving load problems. To this end a more robust technigue was
developed by Om [2] and Gbadeyan and Om [23] to solve the problem of a
finite umiform Rayleigh beam ( a thick beam ) under an arbitrary number of
moving concentrated masses.  The theory advanced involves the development
of an analytical versatile technique which is based on the modified generalized
fimite mtegral tr;nsﬁ:rnn and the modified Struble’s method.  An mmportant
features of this technique is that it 15 applicable to all classical end conditions,
as well as both thin and thick beam movmg load problems. A two-
dimensional analogous of this technique was employed by Oni [24] to solve
the problem of the dynamic response of an elastic plate under the actions of
several moving concentrated masses. It was observed that, for the same
natural frequency, the critical speed for the system consisting of a rectangular

plate resting on a pasternak’s subgrade and traversed by a moving mass 1s



smaller than that waversed by a moving force for both simply supported and
simple-clamped rectangular plate,  The analysis [urther show that for both
simply supported and  simple-clamped rectangular plates. the response
amplitudes decrease with an increase in the value ol shear modulus for the
fixed value of foundation stiffiness. However, for simple-clamped rectangular
isotropic plate, preater values of the sub-grade’s shear modulus for a fixed
value of foundation stffness are required for a noticeable eflect on the
respanse curves due to moving force or a moving mass.

It should be remarked at this juncture that in all the alorementioned
mvestigations, the problem of assessing the dynamic behaviowr of structures
carrying moving loads has been vestricted to the case when the loads are
moving at constant speeds.  The more realistic cases when velocities at which
these loads move are not constants bul vary with the time are almos! virtually
absent in literature Oni [6]. This class of problems was first tackled by Lowan
[25] who salved the problem of the transverse oscillations of beams under the
action of moving varable loads. Much later Kokhmanyuk and Fihppov [20]
treated the dynamic effects on the transverse motion of a umform beam of a
load moving at vanable speed.  In a more recent development, Ghadevan and
Avesini |27] undertook the analysis of the dynamic response ol Hmte beam
continuously supported by a wvisco elastic foundation to a moving load al
variable speed. Only the force effect of the moving load was considered and

the method of solution is only suitable for simply supported boundary




conditions. 1t was found that the period of the resonating vibration decreases
with mereasing value of lateral frequency of load. Om [6] made a bold
attempl more recently on the motions of a umform beam under the actions of
a mass traveling with vanable velocity, However, his method Fals 1o cover
the various practical cases of all classical boundary conditions, In particular,
Ins method of solution 15 only switable for simply supported end conditions and
beams with umform cross-sections.  Thus, this study presents the problem of
both uniform and non-uniform beams under the actions of concentraled masses
whose speeds vary with time. The beams are assumed to be under tensile

stress and on elastic Toundation.

.2 OBJECTIVES OF THE RESEARCI
The specific objectives ol this work are to

(a) obtain closed form solubons of the fowrth order differential cquations,
wilth variable and singular coefficients of  wniform and non-unitform
Bernoulli-Euler beams for all vanants of classical boundary conditions,

(b}  determine and classify the axial force mfluence on the response o
moving masses of both uniform and non-uniform Bernoulli-Euler beams
resting on elastic foundation,

(¢) classify the eftects of the elastic Wimkler foundation on the transverse-
displacement response of both Umiform and Noo-Uniform Bemoulli-

Euler beams for all variants of classical boundary conditions.



{d) indicate the reliability of the moving force solution as a safe
approximation to the moving mass problem.

{e) establish the resonance conditions for both moving force and moving
mass problems and the effect of axial force and foundation moduli on

the resonance conditions.

13 DERIVATION OF GOVERNING DIFFERENTIAL EQUATION

[Lﬁt us consider the motion of a straight, non-uniform beam as shown below in

the diagram (fig la).

VX
g1 ]|
A J ‘ El(x), M[x} A X
X o dx
= L =
Fig la: Beam properties and coordinates

“The significant physical properties of the beam: flexural stiffness £/(x)and the

mass per unit length M (x), both vary arbitrarily with position x along the span

L. The transverse load P(x.)is assumed to vary arbitrarily with position and

F.HII]E and the transverse displacement response F(x,r)also is function of these
variables. The end-support conditions for the beam are arbitrary, although

they are pictured as simple supports for illustrative purposes.

Consider a free body diagram shown below (fig 1b).

[0
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Fig |b Forces acting on differential element.
The equation of motion of this simple system can readily be derived by
considering the equilibrium of forces acting on the differential element of the
beam shown above in fig 1b. Summing all forces acting vertically leads to the

first dynamic-equilibrium relationship.

r+}":ir—[r+a—r_dr]—,ﬁfir=ﬂ (1.1)

o
in which fdxrepresents the distributed transverse inertia force and is given by

the product of the differential mass and the local acceleration:

fiis =mm.-¥ (1.2)

Substituting (1.2} into equation (1.1) and simplifying yields

Jps
I P s (1.3)
dx ar’

which may be recognized as the standard relationship between shear force and
ransverse load but with the transverse load now including the inertia force of

he accelerating beam. The second equilibrium relationship is obtained by

11



summing moments about the elastic axis at the right hand lace of the segment
as follows:

.‘H-Ira:.l’:—rM+ﬂn’rJ 0 (1.4)
| e

where it has been noted that the distributed lateral force makes only a second
order contribution to the moment. Simplifying (1.4) one armves at

i
— =7 1.5
P (1.3)

No mertia force contributes i this case to the moment equilibrium.
Differentiating (1.5) w.r.t x and substituting {1.3) vields, alter rearrangement,

&M i (1.6)

—t—=F
e o

Finally, mtroducing the basic moment-curvature relationship of elementary
.-.-'__.!_1-..__'

beam theory that o

M _Hm —_— ~ =] (1)
ar b =
i w S

leads to the partial differential equation of mation for elementary case of beam

flexure.

f_[,.l e ].f-' g ] Mg,; = P(x.1) (1.8)
Ey o o

Now, if this beam is subjecled to a force parallel 1o its axis in addition to the

lateral loading, the beam in fig, la becomes



F[ir.f}
LIt
v =Y
s IF{IJ_} _ |
A
Fig. lc

In this case, the local equilibrium of forces is altered because the axial force
interacts with the lateral displacements to produce an additional term in the

moment-equilibrium expression. A free body diagram ol ligure le 15

presented below.

oM
P(L-’_)_ : P iw’+ B clx

i
=
=
=
x— %
¥ __
-

Fig 1d
It is apparent in fig 1d that the transverse equilibrium is not affected by the

axial force because its direction does not change with the beam deflection;

then equation (1.3) is still valid. However, the point of application of the axial

I3



force changes with the beam deflection so that the moment-equilibrium

equation now becomes

] -
A 4+ ey — ."‘l."[.\':li;r— - Iru‘Lf b El_ll—{n'r] ] (1.}
[ LY [
this implies
-l r - |
T = .I'I'rl{.'l.'}'r! + ”jf (1.10)
X i

Substituting the modified expression for ¢« mto equation (1.3) and proceeding
as before gives the linal equation of motion including the elfects ol axial [orce

8

-1

i

I:h':

Gl

o il a0
— |4 Mix +Mixy—=PMxd (1,11
£ ] o ll WX} o ] W . ) ; )

i
&

[.I"Jt.r:

When £f(x), M(x)and axial force N{x)are assumed to be constant with respect

to time and position, equation {1, 1 1) becomes

'_l" F “Ty q.__'r.
ErZl  neY e < pixy (1.12)
o o (&

14 FEATURES OF THE THESIS

The procedure adopted 1n the remanmg part of this dissertation is as follows

In chapter two, the imtral-boundary wvalue problem of prestressed umfomm
Bemoulli-Euler beams resting on elastic foundations and traversed by masses
moving al variable speeds 1s solved i general Torm,  Hlustrative examples

invelving  particular  boundary  conditions, numernical calculations  and

14



tiscussions of results are presented in chapter three. Chapter [our considers
e mitial-boundary value problem of prestressed non-uniform Bermoulli-Euler
beams resting on elastic foundations and traversed by masses moving af
viartable speeds. The closed form solution is obtained n general form. This s
followed immediately by illustrative examples involving the various classical
boundary conditions, numerical caleulations and discussions of results in

chapter five.

Finally, chapter six of the thesis contams the conclusions and

suggestions for further work.



CHAPTER TWO

UNIFORM BERNOULLI-EULER BEAM RESTING ON ELASTIC
FOUNDATION AND UNDER THE ACTION OF MOVING
CONCENTRATED MASSES. ,._..__\

k\

In this chapter, the problem of the dynamic response to E'DI‘:GLI‘I[

|:|I-.l

.1 THE GOVERNING EQUATION,

masses moving at non-uniform speed of uniform elastic beams resting on elastic

foundation is considered. The fourth order partial differential equation

governing this problem is given by

e i

& [H ﬁ"':'T'”]-M‘H"f"}w.’ D oW =P 20
i e 3

where x 15 the spacial coordinate, 1 1s the Time, V(x.1) is the Transverse

Displacement, E 1s the Young's Modulus, 1 is the Moment of inertia, o 15 the
mass per unit length of the beam, N is the axial foree and K(x) 1s the elastic

foundation,
The moving load on the beam under consideration has mass commensurable

with the mass of the beam. Thus, the load P(x.t) takes the form [2]

M rﬁ‘!'h-’][i——li{”:‘ (2.2)
g o

where Lhe continuous moving force P,(x,r)acting on the beam model is given by

Poix,t) = Mgd[x - f(n], (2.3)



X : y 7 "
g 15 an acceleration due to gravity and s convechive acceleration operator

defined as [ 7]
L. $0K -+[M”I AT o
de 0¥ et Owid at- ) i

where f{t) is given by
S = &, + ¥sin §i (2.5)

where x, is the equilibrium position of the logitudinally oscillating load, v is the
longitudinal amphitude of oscillation of the load and B is longitudinal frequency
of the lvad, The load on the bieam is assumed to be of mass M moving wilh non-
uniform velocity, Time t is assumed to be limited to that mterval of time within
which the masses u are on the beam, that is

D< flry= 1, (2.6)

and &x - firyis the Dirac Delta function defined as

RRTPPI U LU (3 =
dle-sin)=q Sor AU (2.7)
with the properties
(1) F{-x) = 5(x) (2.8)
i, k<a<h
() Em[.r k) (xyde =1 fik), a<k<h (2.9
0, a<h<k

In Mechamies, the Dirac Delta function &S{cxjmay be thought of as a wml
concentrated force acting at point x = 0 Frybal [ 7 ]

In tlis chapter, the Bernoulli-Euler beam under consideration is assumed 1o be
uniform, which implies, the beam’s properties Young's Modulus E, the Momen

17



of inertia [ and the mass per unit length g of the beam do not vary throughout
the span L of the beam,

For simplicity, in this problem, a constant elastic foumdation 15 considered.  That
-

Kix)=K (2.10)
‘where K 15 the foundation constant,

Substituting (2.2 ),(2.3 ), (2.4 3, (2.5 ), and (2.9 ) into (2.1 ), one obtams

B L U i 1) WO ) (P : [ 01 (x,0)
; _N J AMA R P P a A5t
T = = + g = by KU (ma )+ My — (5, + pSif .'Jl =
+ o5 0 oy [T 'r}+{,:g'1 sfit) L {1 i — i St ——] Mudx —(x, + mi)]
' (2.11)

The boundary conditions of the above problem are assumed to be arbitrary, that
15, it can take any form of the classical boundary conditions. The nital

conditions without any loss of penerality 1s given by

N (x.0
T o el (2.12)

i
11 METHOD OF SOLUTION.

In this section, a general approach 15 developed m order 1o solve the mnal-
boundary value problem n equation (211} An teresting feature ol tlus
lechnique is that 1t 1s capable of solving moving mass beam problems mvolving
()  Uniform beams other than Bermoulli-Euler beam,

(n)  Any choice of classical boundary condition ofien encountered m practice.

{iii)  Moving loads moving with constant or variable veloeities.



The approach mvolves expressimg the Diac delta fiunction as a fourer cosime

series and hen reducing the modified form of the fourth order partial
differential equation above using the pencralized fmte mlegral ransforms. The
resulting coupled transformed  dilferential  equation  having  some  variable

goefMicients is then solved using the modified Struble™s asymptotic technique,

13 THE GENERALIZED FINITE INTEGRAL TRANSFORM
METHOD.

The Generalized finite integral transform 15 one of the best methods used n

handling  problems mvolving mechanical vibrations.  This imtegral transform

method is given by

V(1,8 = f Pl ey (2.13)
|
wilh the inverse
X )= E i{‘. P i) qx) (2. 14)
i |l -
where
yo= I" S (el (2.15)

Equation {2.13} 1s the transformation of the function Vix,1) while equation

(2.14 ) is the inverse of this transformation. 1 (x) is any fimetion chosen such

that the pertinent boundary conditions are satisfied.  An appropriate selection of

| &



nctions for beam problems are beam mode shapes.  Thus. the mth normal

made of vibration of a uniform beam
{x) TE.‘“%+-“’MEUE%+H“5iIIh :{;;'I L.;p:.'.,| {'.l' ]{-,.}

5 chosen as a suitable kermel of the im::gral transform (2.13) where. 415 the
mode frequency, Ay, Bu, C are constants, The paramelers A, A, By, and C,,

are obtaed by substituting (2.16) into the appropriate boundary conditions,

14 OPERATIONAL SIMPLIFICATICHN.

:.-.ﬂ}' applying the generalized fimte mtegral transform (2.13), equation (2.1} can

be wrilten as

(2.17)
where
‘ padl gl el (2.18)
M T it
I
A0 ol (x. il (x) | Pt () /(%) I
- 5 I et b L R
o) [ a5 ul e s n® m 8
(2.19)
.11 = I Vix.t % (2.20)
T [.'f i
= ek (2.21
i = P UL (2.21)
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l-l'.'}”{ Wil

qn=[ —ﬁ[a (v, + i)

L Ay Tpor
(1) = wﬁ[r— (£ + Ip:‘ﬁuﬂ.']wf‘—”f P (e
g M 5

=] MU (o psiop 0

= "’-flg-"”’ﬁ’ﬁ{ R T)) & “”H,,me
| 4

It 1s well known that the natural modes

; ooy, A
i (x) =Sil'|"1}—"r+ A, cns% + H_sih % pi r;{_:.sh%

satisfy the homogeneous differential equation

L't )
I E - I (xy=10
I'.I l!;mﬁ ﬂl{ }

T

(2.22)

(2.23)

(2.24)

(2.25)

(2.20)

for the Guler’s beam. The parameter w, is the natural cireular liequency

defined by

Equation (2.26 ) implies

4
[ e i*_;{” bty :—: [ Ve, (v
Thus, by (2.13),

i U}— m i (1)
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transforms,
g
e =% S0 ()
4 Ij.
Thus,
2 V= EFih I
! Lo fl l_f_\'

Therefore, the integral (2.21 ) can be written as

A, (1) = E I;Jr.-}_r ”” ["}n (i Jely

used to express it in Fourier cosing series namely

obtains

0= 73 -

_E o My r.l-tﬁ.f / fﬂ____[_.‘lj
- 40- z Fi_' it b T ;L[ 00 ey

22

Bly—(x, +sin A= * ‘E L’**S%H.ﬁrsfnﬂmm%’zf

Since P(k,0[2] is just the coefficient of the generalized finite integral

(2.30)

(2.31)

(2.32)

Similarly, the property of the Dirac Delta function as an even function can be

(2.33)

when use 15 made of equation (2.33) and L"i‘[lli][l;ﬂn (2.30), 1n equation (2.32), one

"{.ii' I{I (! (el + Zz hn—-{\' + ﬁmﬁ.filf im—-h Ax A x )y
fl.."r-fl]'

Using similar arguments in (2.30 ) and (2.33) it is straight forward to show that

(2.35)



o cintiid ik R T R B Nt A af /
‘=L (e hefy

IE M[}ﬁmﬂ.r]!{k “r ! {'rj

(2.36)
+EE L'm—{:::"-r-;mnﬁ.r]_[ i Hm:” “]!J A }dr]
Mt Sinfis todl (x)
f; P L ”[-{ e ARG
(2.37)

+'EZ Cos 25 (x, + Fﬂ'mﬂf}‘.[r -I"':J.'.'”EMUW{HJT
null -f;- . I|rr ﬂt’r

'mming (2,290, (2.32), (2.34) (2.35), (2.36) and (237} into (2.17), aller

some simplifications and rearrangement yvields

Tl F:'.
Falm 1)+ ——=F(m .-+—r 1) -— I '(k k
Falm,) i (mt) 4V (o) JZ (k00 (k)

,.{.l- M k) + FZZ 1* AV (k) m—- {r b ysin i)
.‘Tlrﬁ mﬁfz Pk OH (k) 4 ——-rﬁmﬁrzz U (kO (e, ) e ---.:r by sin fi)
| (3 s e ) Z ¥ (h,3H (k) —f;r;ﬁ usfiry EZ POk i ki m—I['L t psin fir)

: ;-g!il'.EmrﬁfE ik, 0, (k, milu-—rﬁ 'uu,ci:‘zz Vi, M Gh,m e m—["r,, + ysin fir)

=1 el il

M
il
M
ul.

3 E|.’.".|[.1|;,-rr;,te.‘r'.r'.u'ﬁ;‘Jf_]
i I"

(2.38)
1 ETE
Lk ) = }' U, (ol d kel (2.39)
b | i
Hh.m) = — .[. RTINS (2.40)
v | ¢ WA
Hik =— ; o) oy —u
H{km.m r.ll'.rh'[' U ()l () T fx (2.41)
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I
(%)

[0, e, (one

H (k) =

il

(AT RE 'm-?utr

_ Ii.;i'fi']_- | L'r' .'.f‘"f;}rfm{r]m‘.

Tx)

r.(x)

B "
() = —— [ 11, (el T, (o) 'mr$m

_____

[ AP
‘”’T:?}f INESIREST

rfx)

':':; }?il',m:u] =

f (f, (e (s 'Tqrnﬁc

(2.42)

(2.43)

(2.44)

(2.45)

(2.40)

(2.47)

Using {2.16 ) and its derivatives in infegrals (2.39) to (2.47) one obtams

£, ()8

I
r{x)

_., l-{il m} =

7, (x)

+'HI AM'FIH + 'HJ. Bl HI{-.n.-I’I: + E‘I "’|1 o R L G T T L 'rr-.]

+ BeA L+ BB BC Ol O A A OB 400

$ By Al + BB+ BOC T+ Ol 4 AT, 4B+

R :
e - It s =8l =l =Ll ~ A~ A B~ A, + B,

[I, + AL +B L0 L AL+ A AL + AR L + AC L+ BT

Hik ) = ——[ o+ A+ Bl 4Ol 4 Al + A M et AR A Bt A



= | = =gt b =, B, = A E A d 5 20,30,
T (x)d ' '

l:ml-"‘lanﬂrlll " f'l'erll If:.{ Im'ill: 1 'HJ "rl: I 'hll "‘L"ru + HJ: Hru"fu + Hl:t l:."n.

(2.51)

(k) = A [ = b= AASy = AR = AC T A B O]
g e gIA ' '
R NS o A Y S - T SR G e R R B Al S e A H,{'_‘.fl_,]

(2.52)

B0 = — [ 1, = Aty = Bl = Ol = A= A AL~ AT~ AL, 2T,
r (¥

IS T ) A G N S N S N R G

I

(2:53)

- E
-.-. Imi".: = m{_ IF|'|I = -"1_“ "ru = If';---"rl-.-

FB AL+ BB 4 BO Ly + Oy + C AL + OB O]

_r-.-'r:l-_""lu‘rzl = "‘.."'1.1"'..' = .-'I, Hur;:'l _H: 'F.'-I * "d'.'”m"r:'-

(2.54)

B = — | S A AR = LA AL VL, Kb e,
- ro (¥ " :

Cod Ly + O OO+ B+ B A A B R L 0T,

—_

(2.55)

jfrﬂ',m_“} = ﬂx} U —tedis— A = A Bulia — AT ity # A + Bl 2 O 4

eSS

FO W +C A+ OB +fT.'l”..f;|.- F L+ A BB H;f...-”u]

w17 s

(2.56)

]
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L T
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:erd
I

Lo o

I, —L {u.'ul' !

=£' {'enx ";Ir S i;i Sin % o,

LI (s
Iy = i f:‘m?t m%ﬂ—-ﬁm'ﬂﬁdx

L fur.l.-.

; L I
=1 Cos AT
E, i o :

5!”—.5#?1: A;‘ d oy,

[ m’

J}r 1] "i; iy,

J

A L sin j“rdr i
I !

= I Cos % ; Em‘fﬁﬂ} J:u.r.-.l';l"—dr

Iy = f {‘os H}E St m% Nrerds A .?E el

Fro= _[r RYTT, 'I-‘-fr‘.-u el ey
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Lieatpamnd
= S = 4 rf o] AT el
' 'r / i
T o, A
‘I” = v[l -I.";-'Irh_;-_‘ { I'J-'n“.f—;l—rtif_

P

—-Ir i —— il
I
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I'"'n.'. il ‘sl il Sty Ant ey, J. [ m—{ J_-ul':——r exnly - 'J"'
e k 1. f /

(2.37)
hie solutions to these integrals are listed under the appendix

view of equation (2,16 ) we have

L. ksl = .‘.'n'm% (x, 4 psin )4 A [ aiy —-'-{'r Fpsin ffe) B ‘n.-r.u".r A X, Fysin i)

1 ey ’i’" (%, + psin )

(2.58)
JSing (238 ) in (2.38 ) one obtains

m.’}l+[m: AR I S ET T
it i

i Vulh ) 23S (k0 0, (h i m—----{x. +ysin fir)
®m g |
:u n.fﬂrz P kR G ) 4 Ak rr\ﬂflz 1,0k, R T -:--- (x,, + ysin ﬂ:}

+a i) E P (A (e m)+ 208 s iy ZZ Ik, O ke i win 22 l[-r 1 psin fiv)

o |

LR |

=25t 'iu.ln,{!'.rT Pk, R )= 2t .‘ﬁmﬁ';zz ik, PV CR nir ) s .fl L, ;rsdnﬂr}r

_' -,'.;'.-‘,.;.F".{LI + ysin fin )+ Aoy 1 (v, + psin e n '-.m.ﬂ.'---"-’-['r brsin ) 0 ok = Ay '[e\'.. by s

{2.59)
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M

= 2.60
= (2.60)

Equation (2.59) is the transformed equation govering the problem of a uniform
Bemoulli-Evler beam on a constant elastic foundation.  This coupled non-
homogencous Second order ordmary differential equation holds for all variants

gf the classical boundary conditions

SOLUTION OF THE TRANSFORMED EQUATION

In this section, two special cases of  equation (259 ) are considercd
Muoving force problem and Moving mass problem.

241 The Moving Force Problem

g &, = 0m the ranstormed equation (2.59) yields

P, 1) {m.:' F iJI"'tm.f}— EZ (k. ()
u F LT

E—if[.\'rfr"}—“l:x“ + ) 8in ﬁr]l b e ifr!'lﬁx,, v psin fr ) 1Nk 'j"' {r,, b s ,I’L'] HUT Cend) ’:" (%, + ysin
i i ; .

261)
s represents the classical case of a moving force problem associated with our
ystem. It s an approximate model, which assumes the ineria elfeet of the

loving mass as negligible.  Evidently, an exact analytical solution 1o equation
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{161) is not possible. Though the equation vields readily 1o numerical
techmque, an - analytical approximate method is desimble as solutions so
oblined ofien shed light on vital information about the vibraling system. To
this end, we are going to use a modification of the asymplotic method due to
‘Struble’s often used in treating weakly homogencous and non-homogencous

Stthinear oscillatory systems,

Far this purpose, equation (2.61) is rearranged 1o take the Torm.

; .{m,r}+[mj + E - & H (m, m}Jf:tm,f:l —.:'5: I_'{klf}.n'f_,{ﬁ',.-uil
M il

: f{.&'}'ﬂ%{xﬂ +psin )+ A 'n.-.'-':r *(x, + psin Gt)+ Hm.'a':'u.fr:}!! (X, v psm ) Caxh J}f‘—{-. + ¥ %in
u £ i

(2.62)

(2.60)

.F;{m,fh [m;:, hE'H.r{m,m}} (o) —g‘lz F_'{.E,IJH_,H',.-::J

-,'f[.ﬁ'.r'nf:! [, 4+ 2sin ffr)+ Aoy ‘1;5" (r = rsin fehs # Sink ‘:"-'-h',_ Fvsin M) O i ’j;{w. 4 ysin
il : ; ! A

(2.04)

= w4 -Ik (2.65)
T,
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"E:r this technique, one seeks the modified frequency corresponding 1o the
frequency of the free system due to the presence of the effect of axial foree N,
An equivalent free system operator defined by the modified frequency then
replaces equation (2.64) ). Thus, we set the nght-hand-side of (2.64 ) 1o zero

and consider a parameter 4<1 for any arbitrary ratio £ delined as

P
[ 3 (2.66)

50 that
£ =n+iKy) (2.67)

Substituting equation (2.67) into the homogeneaus part of equation (2.64) one

obtains

#-;--v-+[!'H_;.—IJH“{IH.M}}_TM.”—J'j'lz Vik M (k) =0 (2.68)
it =t

When ¢ is set to zero in equation (2.68) a situation corresponding (o the case m
which the axial force effect is regarded as nepligible is obtained, then the
solution of (2.68) becomes
Vil 0y = €, Cosleat o, | _[z 69

where ©, an, e w, are constants
Furthennore as 5+ Struble’s techmique requires that the asymplotic solutions
of the homogeneous part of the equation (2,64 ) be of the orm

Vi) = ."'n[m,f':lf'ﬂ.ﬂ'lmm.f ;f-im,.r}li+ b, i) (2.70)

where A(m.ryand @(m, are slowly varving lunctions of time or equivalently,
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dAGm.1) A A1)

— AL AT
ol il
el ) : o “im1) :
ENAY, —— —s (A 2.7
R A) I (4) (2.71)

where — implies s of ™

I view of (2.70), it can be shown that

'ty : - o
= A, ) aslw 1 — gim )|+ Aim, 15 - gb{am,
- (et} m[ﬂ_ﬂ,: i IJ]+ "nim_r,lf.’r{m 1 m[arm I i .r}] (2.72)
_Mm,.f}mﬂ.‘:'m[mﬂ.‘ —.pi{m,:]l]l i V1)
and
.d.i;?"” = Almr, f]{'u.';[m,‘, fi= #[m,.",l]-l- Mm.!};&fm,r}.mrlmm /- Mﬂr..f]l]

- rz.l"f.-"l.[uu}._‘.'m[mm: - g‘ﬁ{!ﬂ,”]-l’- ﬁl[m,rJﬁ{m,:}.‘ﬁ‘.-u[n.uwf p'll{m_;}l
+ ﬁ.imJ}ﬂ'—{m.I}.'}'HrIm,,,f dltmﬂl Mm,r}{;;"ﬁ{m,f}}'t '-'M'[ru,‘,r dlim 1 r]
b A e, Bl £ ) 'n'r['n'“,.f ﬂau.-‘j] f"l.{m.r]m,,, .\'ru[r'uw! ;.ﬁqu.wi

(2.73)

homogeneous part of the equation (2.64) one obtains

-:‘.'ﬁ{m,.f'.lur,,,-gﬁ'[m,f}{.'m[mwr—qi[m,r]J. 2.-'iu{m,:}ruﬂ.‘:'.f.rilmm.f qﬁ{m_;}i

2.4
—qH,,fm,m'_:."'l.{m,.r}:"m-[&.:ﬂrJ' — i .'rr_”]— 0 { )

[elining terms 1o o(n) only.

+Mm,rjruwiﬂm‘f J 'm{rr!"r.f —qi'!l{ﬂr,.r]l]— Mm,.rim;{ 'mifu“,.f q!i'f.r.r.r-f}lt :gr.:'[ l.m)

To ebtain the modified frequency. equation (2.70 ), (2.72 ) and (273 ) are
substituted into the homogeneous pant of equation (2.64).  Subsequently, the
variational part of the equation describing the axial force effect on the beam is

extracted.  Thus, substituting equations (2.70), (2.72) and (2.73) nto the



e variational equations are obtained by equating the coeflicients of

':‘_:-'. —gm, )| and Coslo, ¢ - ditm.r )| on both sides of the equation (2.74), Thus,

—Eﬁu{m,r}mﬁ =0 (2.75)

2A(m, e, giam, 1) - i (e ) A,y =0 (2.76)

Rearranging (2.75) and (2.76) yields

Afmry=0 (2.77)

Ba) = nH ()

o (2.78)
alving (2.77 ) and (2.78) respectively gives
A(m )= (2:79)
gl ) = %{Effﬂl + W (2.8())
i,

here O, and ware constants,

Ffiﬂ,a'l = I.":I:"n.'.{;m!— w",] (2:81)
ry = m.f]: : .fﬂ--fft*~"ﬂ] 28
it
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le variational equations are oblained by equating ihe coeflicients of
I'_'.!-rqﬁ[m,.'}] and Cile, 0 —gr.l[m,.-:] on bath sides ol the equation (2.74). Thus,

= 2A(m, 1w, =10 (2:75)

A (e e, ) = G A0 = 0 (2.76)
garranging (2.75) and (2,76) yields

Al 1) =0 (2.77)

i (m )

Sl 1) = (2.78)
”"ul"
Salving (2.77 ) and (2.78) respectively gives
Alm ) =07 (2.79)
Pty = ﬂ;‘;&m}; i, (2.80)
. th

Chand w, are constants,

lierefore, when the effect of the axial force is considered, the first

Plond) = C2Casly, 1w, | (2.81)
."’.y=mﬂ[l--w1 (2.82)
aat wf
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eesents the modified natural frequency due 1o the effect of axial force N 11 is
served that when 5 - 0. we recover the freguency of the moving force
blem when the axial force effect ol the beam is neglected. Thus. 1o solve the
ogeneous equation (2.64). the diflerental operator which acts on
miyanl ik, is replaced by the equivalent free System operator defined by
g modified frequency p o Usig cquation (282} the homogeneons parl ol
gtion (2 64) can be written as

7 i, .'J

2 ! () =0 (2.83)

fice. (he entire equation (2.64) takes the form

1
F {m. )= ! {.ﬁm"l‘ |I1. + rslnﬁ.r:I + A0 m = ["v.' + psin fir)
H (2.84)
+ H-.r-*'l"”"""f}," {x, + rsim I.I‘.I‘.f]' O fi (x, + psin I,u’fr]‘

panding and rearranging the RHS of equation (2.84) one obtans

el | ¥ ) = Ok i GSinge )+ e CaslCSmfie et ostrl¢iSanfe) v S sin 5]

{2.85)
i
= (2.86)
T,
l' -
[t ”"A_T =4 '*'f“"A_rJT e, = l.‘ﬁ'rr.r ﬂ‘i + A s A 1'
| Ak A 153
. :(H"I.‘;H.rhlr:.‘r +{- E |;1I|_]$ “.- - (HHII:' ‘I"J-"J.f— !,;_:'.rn f 1,1“1‘.;!";" ; _,;'rlh EEH?"
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; it = C Cosy, 0+ C Sy, 0+ D0OCoxy 0+ PAOSig, ! (2.88)

where C; and Ca are constants to be determmed using initial condhitions. The

inctions P(1) and Py(t) are respectively given as

F }=—-l-:-"l--j {a“.‘:.'.ﬂli[h'ﬁ'ﬂrﬁ!'I+u,t'n.i'FLf A5 )+ St T g A }.'ﬁny\,hﬂ (2.9%)
" rlv

J : i [EN P
=LJ- k SufCisinin)+ aCos{CSingie)+ S 4 Ko N Kasy o (2.100)
iy

o LA R BAUTE T, T L (2.101)
2 Z

I order to evaluate the integrals (2.99) and (2,100}, it 15 pertinent al this

Juncture (o state and proofl the following theorems,

THEOREM I

Cos(ZSinB) = J(Z) + 23, S (Z) on(2k0) (2.102)

Tavlor's expansion,

WY L s A
¢ _|+£|2l+3!| lr: i

(2.103)

';';'Pulting L= %inm (2.103), one oblains
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T

; A
el =E: o (2.104)
i y IE " '
ilarly, putting 7 = - . o (2. 104) vields
Fd ™
e ol ¥ 1)
i _Z.. i (2:102)
Multiplying equation (2.104) by (2.105) we have
- W o I
= I A 2. 100
: .Z.‘.‘ 241 n 27"l :‘ }

i order to obtain the (¢* yth term of the senes (2.106) above we replace r by

{ktm). Thus,

3 E‘H‘-rl'ljlhrﬂll [t ‘._]qnxm " [E-th.'nl 1 :
: = Ty o e e | 2.107
kE 'f'"'"l'ﬂ'+na]!#:,‘>:ﬁ 2% m [Z. 5 2 {k + o)l l: )
Evidently, the coefficient of (+*)th term can be wrillen as
o {_],"[?;Jﬂ”m._ b =) (Z) (2.108)
oo 2 ik omlt

Similarly_ to obtain (¢ “th term. we replace m by (k+r) in (2.106) and we oblain

:EI"

o e ri <,

-|Ea1 ¥ . ..-E.-I-_'- I
—=| 3 (Y= - ! 2.109
l EH '-|l I-{R‘I |V‘-_:‘ :I'[_}J [k-l]"lfl} ]' { }
It is clearly scen from the foregoing that the coeflicient of (+ ' )is given as

: -G | . :
S [ S O LA I 4 s I 2,110
P n[?_J Tren = W g =) (2.110)

It 15 well known that

JAZY=A{=10d (Z) (2.111)
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k 15 a positive infeger. Then using equations (2. 108) and (2110}, one

tains
E{I [ i
2L 5 AR (2.112)
L [
. . . .
ne + - ¢ inequation (2,112}, one oblains ,“".

i i 1

2T i 1 |I_
g L i I: Z El.fJJ‘{z] .f'_' = = {:] |q}
i o i

quation (2.113) can be rewnitien as

(2.114)
Since . (Z) = (—1)' S 02y, equation (2.114) can further be expressed as
e = s sin @)+ 1Sl ZXin i) (2.115)

{therefore follows that

(2.1 16}

Cos{Z5in () + iSin{ ZSin@) = S (Z )+ ZiSinf {2 4 20200 (2 )+ esnn3dh] (4)
+ 2C0axd@ ) (Z)+ 2055681 XY 200x00] () +-ovvranss

(2117)

Equating the real parts of bolh sides of equation (2.117) one ablams

! Fﬂ{l’:ﬁﬂﬂ] = J 2V 4+ 2Cox28) (Z)+ 20w (2) 4 2 0n00S (L) +emmreeees
(2.118)

Fquation (2.118) can be written as

ib

B g (2 20 v (e ) (e w20 el ™ a2 e

Casl 2550 0) + PN ZNindty = J (2] -LJ.{E][#'" —¢ "u!r J.[f-"-".llr-’”" e """|+ ..i'.1’5-','r[r.""J - ¢! '""il



Cas{Z8inl) = J (Z)+ Zi S (Z W s 260) (2.119)
Ll

HEOREM 11

Sin(ZSind) = 13 L., (Z)Si(2k + 1)@ (2.120)
&

i establish theorem [ we equate the imaginary pars of both sides ol equation

2117), Thus,

BZ5000) = 2500, (Z) + 20 (Z)Si30% 21 (Z)SiS0 4 voasvervss (2.121)
in peneral gives

Nin{ Z5inil) = 2}: o AZ S0 2E 4+ )8 (2.122)
[RELL]

THEOREM 11T

Coas{Z0ox@) = [ 21+ 23 =10 (Z)Cax( 264 (2.123)
P

Sin(90 -2} = Cosf (2124}
Replacing @ by (90 - @) in (2.118) we have
Cos(ZC0s 8) = 4 (Z)— 20052600 (Z) + 20asd@] (7] - 200600 (2) 4+ e (2.125)

Equation (2.125) can be rewritlen as

Cox(ZCos@) = J A7)+ li (= 1), (20 a2k 8) {2.126)
(HEOREM TV
Sin(ZCas0) = 23 (=)' Loy, (2 os(2h + 10 (2.127)
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acing ¢ by (90-4&)in equation (2.121) one oblams

(S — ) = 280090 - 60,021+ 280390 = 600,021 + 28500 — 04 (2] b evmre

(2.128)
fiich can be written as
W) = 2T {Z)Cox B+ 2T A7)0 om0 4 AT K xS0 4o (2.129)
thich in general gives
SIn(ZCos0) =23 (~1)" Sy, (Z)Cos(2k + 1) (2.130)

Bl

liher useful relations that shall be employed in order to solve equation (2.85)

itten below
S ) r+0 (2.131)
4 =ity
e = J(Z) 42T L2 s 248) (2.132)
#-l

i) i;“'"':rﬂu:g}ﬂi .:—}‘11,,,{:5}3;.1;{35+|]1r.:-+1i (=0 (2 s 2k@) (2,133)
L |

theorems | and 11 and equations (2,131 and (2.133), equation (2,99) and

2.100) respectively become

== {EI[EZ oy (G)Sim{ 2k + |}ﬁf]*”n['*’-.ih':+12 Ay (GYCoN2h i
. o bl = i :

_+S,[I,,{U]+Ei (=0 1o, ACE)Sien(24 + 1) 30 + 1i (=)' T (0 o 2k
L] i1

+S:[f“{"ﬂ} hii (=1 £, (=080 2k + 1)+ ii {--]}I‘1’-,f'-{;',I{‘ﬂ'..'lkﬁ.f”."i'i'nl;l-'mn’rff
k=1 i1
(2.134)
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_.?*I{a,,[ Ei S ()8 (26 + I},E#-‘ + fr,[.f,,{ﬁ} + Ez o (G 'ﬂ.ﬂ.ﬁﬂi-‘
e iy 41 ]

*.5;[;,,{5}1« zi (~1)' L, (G)Sin{ 2k + D1+ zi (1) 1, (60X 'mzﬁﬁf’

-dn!n[ (=) I-EE (=T L (=N Si( 2K+ 1) fhe + 2"-" A O S m.ﬁﬁfﬂf ey folf
4 i
(2.135)

uating the mtegrals (2.134) and (2.135) one obtains

L, Sinlr  Sinhyi B 8 L Y S En'.h,r e
Y o G B ddend i BEAPCH T d Iy B LY st v
y ﬂuz 2t Jl: b, h ] ”||r {€i) h +Z =l i)[ b }]

k- i 'l Ir:'|
[ 10 L % (- uf“{m[”"“ ﬁ—’f’-‘] DNSIVAE Lot ‘;i’ﬂ

(2.136)

=i L |

¢ = G Cosbr Coshr _ Ninh Ninbr  Sibi
LR S A 1 il SR B Ll Bl
7, & FualO) = I [ ™ DAL M

(2.137)
b=y, (2.138)
b=y, +2kf (2.139)
by =, =248 (2,140}
by =y, +(28+ DA (2.141)
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b=y, 12k +1)8 (2.142)

_,"._-.-.. ting equations (2.136) and (2.137) into (2.88) we have

At ~hr N .
'.' I'} Cillosy 0+ Codiny, 0+ == {ﬂ'"z i [ A i -"[.F:’: .FJ
r k]

il "r]J

{ras - ' I _
ﬂr..:,.uu[w]-.-ﬂ.z LG ! “‘”’hl b ‘““.“E.. s ’JiJ
E = _ﬁ T B
: +?L.tﬁ)[m;f—b""}i] ‘-E (- n*:“cr:f}[ "“";_'.J’. ..“*“.*.".;:n_ﬂ?f]
i i Iy

"”"r-?’g h]-.r 'i.m{,v bW

+S':Z.. {-i}*fy,,{(.;[-_—-h g

{. > ‘1 I {' "ir-'\.
"'3!1..{—!5}[ rxﬁr;:_&'_l_‘]_ . 512 (17" -'r:;'l"ff{ u‘-ﬂ"l;: h 4 _:.t.\{}-'; h, ]f-‘
kad _ | A i

I ) )

]

Sy, — by ) Sy — b M
i, f,

(2.145)

ubjecting equation (2.145) 1o the initial conditions, one obtains

g O ) < - AT AN (LS
b= {a, % +u,§ J:'m{h, +ﬁj+ ) ‘.z (-1l {{,;[ P +.r;_:|

Y |r{r-" _T |
+§ ; 452””“’)[#}%"

i 1

(2.146)

-.;,:—*-—-—{ﬁ;z :‘rl I“ {{F.!ﬂ_ﬁ | {'h1;|ipnu;|} .;!z (- ” fﬂ I”.- }[lh }l_{hq_}'_!_}}

Fa #=0 i h,

by o] g =) = 2g)
+&I§:{!} foeo ik {:]{ h + h ”

(2.147)
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Balititing equations (2. 146) and (2.147) into equation (2, 145) and simplilying

(£ e L
. ..'i*-l {rlpﬂ'li;ﬂ{{})" HI{F" 'Eu} ¥ -:Fli' :[
Ay h

A - Cosfy —bYr—Cosp 1 Costy, —b ) —Cosp_t
4 ar,Y J:ﬂ[ﬁ}[ st Ll LB T ]
k-l 3 h. .
- Ay b =Ly, b )Siny t y Sin(y — &30 —(p. =)y !
ﬂnz J:J..|ff_r{ - = P . i - ! 5 & . -
i £ 1
- L Cosly, —b ) = Cosy o
..'i,y‘fr,[f_r{ ¥
f,
. N Can{y -b Y —Cosp, 0 Costy, —b ) —Cosp, ¢
1!!,?’IHZ [_ 1}" ’:_p [{J‘{ i h ] n | b L]
b=l _ | 2
o Ny il == (p, =Sy oy Sty — B —(p, — b ) Syt
IEI|E {_I]i Jrahll{{r':[ W " & h i 4 . (P i ] h “ i
' i L
] Casly, — b0 = Claxy, ¢
S,rqi,,{—lf.r{ & -
f,
Elfai {_1}”1‘{_“{{‘:1.?{{‘ - h;]f - Cosy, ! . Casly, ﬁ;j.l' l"n.'r}'w!]
k=i | 2

.5':_5: (-1 s (=GR

]

Iiyw,'a'm[?q -y ¥ = B, ]-.':.'J'ny_\,.r ¥ Yoy, - LR TE {7 I WNiny,
h, b,

(2.148)

hich on inversion yields
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" d i =1ty 1
3 {y ¢ { a2 “"ﬂ]

r SR o v Rl (5 i

+ ﬂ,yw}: oy ALF)
Kl

[{ sy, == Coxy o i Casly,, =)= Cosy 1 ]

hy h,
- N - B - -t YNy | Sty N hOSmy o
s me{n (r =B =y =By 0y Sinty, - b (r, - h) f,.,}
= h, f,
Cosly. = b0~ i
2 ‘1?.;-11'..{‘-';)[ atry ) "y ]
. A,
f—Cosy 1 Cosly —b 0= Coxy 1
4 "sz (=1y ‘ru'[l'!}{ w(ry ~h) il £ S Ry =) 4w J
fl‘l ,|'r:
- ’ it )= b syt Sty =B yr—= Ay —b)8iny 1
b Y flh.{n{ raSry =B~y = bISE 1S <) (ry ~h)Siny,
b= I'I-I_| |Ir.|‘-|
£ (=G Cox(y, — A —Cosy o
.u i .IIJI
= Costy. =0 —Cosy 0 Cox(y, —b it —Cesy, |
b &red, {—1}‘:’:;{--&’}[ i ;: ol | Lovy, ;3 ¥y }
K=l i j:

+.5',i (=015 (-0

L

5 8 S RATTT :
—‘v"r iy, — ) ; Ve ) il ]}[ﬁ Af + A u.'.?j"'— + 88 _Ninkh "1! +E° fma'r-’%]
y ' / :

[}‘. Ninly., —b ) —(p, = b)Smy, 1
P

’

(2.149)

. =I_" L (e geb (2.150)

duation {2150} represents the transverse displacement response 1o a maoving
irce moving at variable velocity of a Uniform Bernoulli-Euler beam resting on

tlastic foundation and having arbitrary end support conditions.
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bl The Moving Mass Problem
fthe mass of the moving load 15 commensurable with that of the structure, the

ertia effect of the moving mass is not negligible. Thus, &, = oand the solution

fthe entire equation (2,59} is desived. This we lerm the moving mass problem,
ke in the previous section, it is clearly seen that a closed form solution of
duation {2.59) is not possible.  Again, an approximate analytical method due to
:-n ble is resorted to. We take note that, neglecting the terms representing the
tia effect of the moving mass, we obtain equation (2.61), The homogeneous
art of this equation can be replaced by a free system operator defined by the
iodified frequency ., due to the presence of the elfeet of the axial force N.

Thus equation (2.59) can be wrilten in the form

Eifiu, )+ 2 Fnt )+, E Vol 0V (K e} *}_'ﬁ" otk £V k) i r (x, + psin @)

E}ﬂ'rﬂﬁ{l V. Gy W U ) + A r:aﬁrll ¥, () H (h,m m i o —-—{.r" [ }rqluﬁ.l'}

wol b

S ox By Z If-"{.{ OH Ak )+ 200 as Y ZZ W RV (K om n)Cos -{.r,, + psm i)

w 181

hrnﬁrz P’{&' 1y Ak, ) - 25" ‘s:uﬂrlz Ok 0 (ki) e : (x, + s ffi)

wld

{EISH

earranging equation (2.151), we have
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E{Ifﬂ'ﬂsﬂrﬂd (. m) + AyCospty. Cos ’;'T (v, + ot }]H*{m‘m,n}
= : I_'.fur_.fj

'1 1" .f'_|+

[I + L;.I(H,‘{m,m} 4 IZI: {'m"“f (x4 i {ﬂr,m',u]lJ‘
| o

?: % E,,[{yﬁ' e H () 4 2 'fAﬁ'}:Z" {eny r::r (, + it JH tm.m.nJH
1 5 e ) -M’m,!j

[I 4 'En[Hﬁ (i, a2t} 4 Ei { i ":Ih' fr-. e }d\-.fuﬂi'}Hl_{m,m,H}]‘

. ;ﬁ:.h':'.'.'ﬂﬂf,{m_m} + l}rﬁ':&'mﬁxi { oy f::r {rﬂ + }ﬁ'.r'f.r,.ﬁ'r}.'f W m,m,u}l]
k. i : (o)

ME r;,,( H, G, m) + 2;;_'_ { oy ”;T (x, + 36 ) l[m.n.r,u}]]
e .

H (k) + 2% Cos .r:l.?r (x, + pm e ) (km,n)
- . 4

Itk 1)

[I + z.',,[Hh{ml.ru} + EZ { oav “:I {.1',, + ,n’l)'.r'nﬁle.’fl_I[.r.u,rrr,uiﬂ
L 4 £

. e fird (& i) + 4K h.\ﬁ.fi € "t ‘T (x, + pingfe ] [ (h ma)
19 AL ' : R

I+ .n‘,.,[ H, (mom)y+ Iz [ i;ﬂ- {r,, + }I.J':'HF,EITF}HL_I:HF, er}l]
1] .

! GBIV 1 () + z(;.-ﬁ*r,.q=i ¥ ‘:r”’ (v, + sinfie ) m,m,u;J
! il : (k.0

[I + c.;,(H alim n) + Ei { vy 'r::T I:.'r,, + }ﬁ\':':.lﬂf}HL{m,.l.li,r.l}H
i I &

| .;_Pf?.ﬁuﬁrﬁl [#.m}+11ﬂzl‘;r'rrﬁfi {ow h::r (o, + e ) (o, H}J
w0 ol " FH’.I’}

| + .E,,[ H, (m hn)+ EZ [ v T {x. =+ }v.*-'.rnﬁr}H. im, m,ni]]

L) Sine 1’" (x, + it + A Cos i“' (x, + g5 it + B_Nih i"" {x, + S+ O Conr ‘:'I"" (x, + g

[] + Eﬂ[ff,.{m.m} + 22 'y H;r {.r,, + ;.r.‘}'n'nﬁ.r]lH" Inr,m.n]ﬂ
(2.152)

H (mamy=H (K, mj||,. = H (m ooy = H (hm, HH, i
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H o (mm) = H (k) H (momny = H (ko)
H ()= H (k,m), H (moann) = H (k)

H (mm) = H (ko) . H (mmany = H (ko) (2.153)

As in the previous sections, m the first instance, we consider (he homogeneous
part of equation (2.152) and obtain a modified frequency corresponding 1o the
frequency of the free system due to the presence of the moving mass M., An
equivalent free system operator defined by the modified frequency then replaces
equation (2,152), Considering, as in the previous section, a parameter 4 < | for

any arbitrary mass ratio £, defined as

f=B (2.154)
I+&
titcanhe shown that
£, __.Z!l[J.f,l‘[_,.]'].l.f}{_}_'-!}-l.. 4.--..-..-1..-]
| (2.155)
and
| [
"[1 fi[H,,{m.mj-hEi Lo :’f L, + I:n"n}.r:,{:l'rJHL_{HL.-:M:]H
:[ J{ W ) +EE fmT A ,k‘nrf.rﬁ.f}ﬁ {m. m, H]- | Hﬁ ‘
mw=l
(2.156)
where
H L, m‘]+12 frmf—{r e ) (i, Hh“}]t I (2.157)
el
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ow, using (2.155) and (2.156) in (2.152) we have

':"; _.'.'} + 4{ 23 s GHH (m )+ 4 'm-ﬁrz.: :"m-?f Y, + RSO o i) ‘F.{m_r}
' ‘ =y A[H (4t it ) +EZ Cos ! {.r + gt ) (o, H}ﬂ! (1)
E{};_ﬂ’.‘mﬁ."}'h’; (e, )+ E(yﬂ‘mﬂf}zzl (iay T{:r,, + e G, m,n]ll|ri.ln,.r}

,I}ﬁ:.!fmﬁ.'H,{m,m] + 20" Sinpt 3« 'u.*rI:r—'TI,r_r“ + it Em,m,u}Jr_'.{m‘.f]l
; | ,

&ﬁmﬁ:} H (ko) + 203 asfie) Z Cox ™ } Lx, A+ 2N EH (k. u:}r (k1)

(M5 SinfiuH (k) + 2y 1::':'uﬂ.rz ( 'm-? (i, + pSinefi )H (K e ;Jr_'{k,r ;}

.l'nﬁr-—-'if.n + pinfdy+ AL oy 1'1. + pvinfie) + K Ninh f"‘h F sy o frmh—"h +_rhmﬂ|"ﬂ
{z-lﬁa}

ﬂi}l] only

Wheni =0, a case r::::rrresmnding to the case when the inertia effect of the mass
i the system is neglected, then the solution of (2.138) can be wrnillen as

Vimt) =07 'r:.\[,'-"y.r —pr_] (2.159)
where » is as defined previously and (", and  are constants. However, since
o any arbilrary mass ratio & we always have A <1, the solution lor the
mmogeneous part of equation (2.158) can be written as

i Vi, ) = Alp i X '-I'J-'iLVIHF - ﬁ[m,f}l FAF(1L) + U[;il:] (2. 160}
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g obiain the modified frequency, equations (2.160) and its derivatives are
>d into the homogencous parlt of equation (2.158). Subsequently, only
iational part of the eguation describing the behaviours of At ryand
m)during the motion of the mass is extracled.  Thus, subshituting equations
60 and its derivatives into the homogeneous parl of equation (2.158) and

king into account (2.71), one obtains
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s I :
_j{-. EiG }L.‘m:km-z‘;m”!ﬂﬁ o (G ST 2+ 1) }(m-[ym: )
+ x| R || =
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id{m I]{rﬂ} Z H (e m )0 m— ft i a2 e m[y r—gim, ;}}

1 r}yﬁ H (e o hSaen m[y i qﬁ{m,.r;]

7 I,{m,m,u}:’_‘m‘l—{;, + pStene Wi ‘mlylur —'.ﬁtm.n]

uly;,d{ﬁ,.r)[ﬁ'*{k.m} o gz € iy "_"Ir_’r (x, + s e ) (k .m..u}]( '.—.u'r[y.”.f - .ﬁ{m,.r}}

" e
=3 S S
ey,

,;-,;d{k,r;[zrﬁ’ ow TtH (ko) gl 'mﬁri { m% X+ J».’\'.fnﬁr:lHl_H,m_uj}‘-.'.r'nb«mr —iﬁ{m.ﬁ]
. - .
* | k,-r,'l[bﬂ‘mﬁr}; H ok, )+ 1[}’,.".{ ‘m-ﬁ:}" Z i ".rm"h:r—ﬂ[.r,, ' ;p{H'mﬁr}.‘-.l':[ &, mrm) ]( '“"'i?“.;.f - gﬁ{m,ﬂ]
=1 ' J
,.r)[;;ﬁi';mﬁfh', (k. m)+ Ey,ﬂ".‘.-mﬁri { 1:).1'1—#-{_':'" + h‘im,r':'.r]HJ{.ﬂ-_m, Ty }l"m{ymr :ﬂm,r}]]»
ol = I

(2.161]

elaning lerms to order {A)only.
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wariational equations are obtamed by equatmg the coeflicients of

gim.)fand ¢ sl 1 - pim.)| terms on both sides of the equation. Thus,
i the following identities

fitsinly, ¢ ~ i, 1)) = ’2 st e+ .t~ oy~ S e = 7,1 + o)

i = g, 1 j]‘.a'm,.ﬁ.r = % [.':'m[r,,,r — o+ i = Sl p - lmt ) - B II

~ gl fos2kpi = ;[.".':'H[F.ur ~ Pl 1)+ 240~ Siny 0 — om. 1)~ 2k 30 ]]
bt~ om0} 052kt = sty - ) + k) Casly, - g 2k

-qﬁ{mJ]I‘.'m{ik +1jf = ;—{( wasfy =l ) — (2 + D] = Cosly b - glom ) +(2h + r}m]]

—ﬂm,ﬂl!ﬁu{?k + Nt = %[.‘:.'u.r[rﬂ.r - gl ) + {2k 4 ) Fe] - Sody 0 - lm, i)~ (2k + |J|mlJ
(2.162)

i peglecting: those terms that do not contribute (o the vanational equations,

' m_r}:;;'n[yw: —ﬁm,r}] | [EA{n:.!}-ﬂ{m,rjf.“ - Ar.';,rifm.rjﬁh[nr.u!}

~(m,0H  (mm) (8] - uy,;;:{m,uﬁ H. (i, 0o i’-?'"-.f,,fu, )
ol &
Mo 0BY Y, H (.m0 K ol — gt = o
=l f

(2.163)
f:;_.u g the coeflicients of .‘:‘;‘n[}'ﬂf —q’r[m,f:ll:-mﬂ n"mlr,“r -.p&wr,.r}] to zero, we have,

—2}*1?.-"1{:::.!] =0 (2.164)
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IIII YooYy, — Ay Al 4 H () - I.-{}r;.-f{m,r}i H () d0)
. : o _ (2.165)
i) .,.'_:IH,{HLHF}L}}&}: + M{.’H.H[}ﬁ]‘lz H (om0 ) s i S =0
Al 4
manging (2.164 ) and (2.165) one abtains
Alm, ) =10 (2. 166)

{yﬂ}l?'{ﬁ,llm,mj | Zuffl'l.'nr,"rtrﬂ}. (2.167)

Iy,

A
:-Il-l =E “{Hﬁ{m, "y + Fq.'ltm.m,u‘,l] -

(e am a1} = ZI: R TN i}:E"-.J",.H’f,]I (2.168)
il §

R (e m i) = i H G e m:r" S0 (2.169)
=l

L (2.170)

lving equations (2.166) and (2.167) respectively we have

A{m )=, (2.171)

(st} {H‘, (o, i) + EHJ{m.mJ:j}} s

e %[rlq{ﬂ,,{m, )+ R (o)) - 27,

(2.172)
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w_are constants.
prefore, when the mass effects of the particle 1s considered. the first
pproximation to the homogencous system is given as

Fim i) ={'“{'u!-'[,rwr —i,ﬁfr_] (2.173)

m.“: [H (e )+ Eul'i'_.{.r:l'r,,.h'.',.rlj].
2y

. __;r*{l- %[fﬁh[n;.m] + MG ) - }[2_ 174)

"
the modified frequency corresponding 1o the frequency ol the free
stetit due to the presence of the moving mass.  Thus, the homogeneous part ol
1158) can be wrilten as

1 (i)

= £yl m ) =0 (2.175)

e, the entire equation (2. 151) taking into account (2, 174) takes the form

+ h; L_"{m.,r} = ,f;“f_g[nﬂﬁ}'.lﬂlf i)+ o Ceas(OSmnn + aCostlCnSingi tr:.h}'uh{fa'.'ﬁ'.uﬂf}]
(2.176)

A0

This is analogous to equation (2.85) Thus, using siilar argument as in the

evious seclion, the solution to equation (2.176 ) 15 given by
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a (2.178) represents the transverse-displacement response o a moving
liss moving al variable velocities of a uniform Bernoulli-Euler beam resting on

lastic Faundation when the boundary conditions are arbitrary,
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CHAPTER THREE

LLUSTRIATIVE EXAMPLES, NUMERICAL CALCULATIONS AND

____USSI'DN OF RESULTS (UNIFORM BERNOULLI-EULER BEAM)

L0 ILLUSTRIATIVE EXAMPLES

In this chapter, the foregoing analyses are illustrated by various practical
I particalar,  classical  boundary  conditions such as  Sunply
Sipported boundary conditions, Free ends condition, Clamped ends condition

id Clamped-Free ends condition are considered.

J Simply Supported Boundary Conditions
In this case, the uniform Bermnoulli-Euler beam has simple supporis at
fids x=0 and x=L. The displacement and the bending momemt vanish at a

gnply supported ends. Thas, the conditions are expressed as

F{lLey=0=F({L.1), 'n_”rf—u—} =0= F-r'{{“” (3.1
ox i
f"henw for normal modes
R i
(L ()=0= {J'_“,j. : 5_-!'.;”.:'.:' ={] = A .L'.'.F_'r? {3 ;_r]
i -
which implies that
L (0) S
! ==Ll bl & Yl | gl 113
t (0} NEAR e e (3.3)

s, it can be shown that

hT.



A =4=0 B =B =0 (. =C =0 (3.4)

id the frequency equation becomes

Sind, = Sind, =0 (3.5)

A, =mrx  ad A =kx (1.6)

s 1
+rE V) = = [ SiECas (GRG0 + Cont Sin{CiSingn0] (3.7)
1 Pl pes, ."v'fm.rr]: K
= L 4 — == 3-3
Int [ iy pL L ,H] 2
= mfx" cated (7= m:fy (3.9)
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L

quation (3.10) represents the transverse-displacement response to a moving
e moving at a varable velocity of a simply supported uniform Bernoulli-
ller beam resting on elastic foundation, We consider next, the moving mass
that is when & = 0is considered.  Following arguments used in the
ievious seclions, the modified frequency comesponding to the frequency of the

system due to the presence of the moving mass of this model is obtained as

Fomi = ,vw-{l —%[{z- siCas2r) - ERa R lolUK o2t (3.11)
| ¥y

ule g hgher order terms o4, Thus, the moving mass problem reduces to

dldffr,_-"_l 3 Vv {m, ) = a:.,.l’.g[.‘:'.fnﬁt s (CaSime) + Cost-Nin( (i85 I.!']'l'.l']l_l (3.13)

Wlich when solved in conjunction with the mitial conditions vields expression

(8
=

ot .1y and on inversion becomes

]: }I.Z"’ i.{ Yoo %{ﬂ[{ 8y — B W1 'ﬂ.ﬁ';-'__:]

e SINFY. "’z;{f:'j{ Cosl — D) - Conpot | CO O = b ) = COSY ot

h h,

T ; St o=y =0 iy 2
+{' .I'Ir |.I|I.| I: J -Fanl o E] o 4 T
FELS }Z,_, 14 .|{ T :

= -Fwn-:ﬁ"[rm* = h}}'rs;- '::-:rnuf T 'F'r'. }"Mi“ ;I"Iru-'n'll J} % ."ll.liH max

(3.14)



Iis represents the transverse-displacement response to a concentrated mass

wing with variable velocity of simply supported uniform Bemoulli-Euler

am resting on elastic foundation.

1.1 Clamped/Fixed Ends Condition

AO0 _ o _ (L)

Koy =0=¥(L) and

i .
ad for normal modes
U () =0=t_(r) and O 0) | o AU
o o
fich implies that
A0 AL (1
U(m=0=t/(L) and "?]' el f_;bf_}

s, 1l can be shown that

. Sinhd - Sind, Cosd - Coshd,

g = = and 8, =-1
Cosd, = Cashd,  Sind_ + Sithd

= .

of (3.18), the frequency equation is given as
Cosd, Coshd, =1
Hollows from equation (3.19), that

A = 473004 , A, = 785320, A, = 1099561

At

At a clamped-clamped ends, both defection and slope vanish.  Thus,

e the Long thin beam is clamped at x=0 and x=I., the conditions are

(3.17)

(3.18)

(3.19)

(3.20)



Bshtating (318} and (3207 imo equations (21491 and (2,1 78one oblains the
lEpacement response respechively to a moving lforce and a moving mass of

d/fixed long thing elastic beam resting on elastic foundation

At end x=0, the beam is laking to be clamped and at the end x=L, the

g is free. Thus, the boundary conditions of the Bermoulli-Euler beam can be

Fio,n=0= m:::‘” and '"'.J:':r‘j_.'".'} 0 ‘:i;r_‘:f’ (3.21)
ind for normal modes
A T AL ) R 1 5 P AL [ (3.22)
uly il uly
lich implies that
(IR () =G=M and d:”*ﬂ = ()= d—ui‘—!” (3.23)
ol e’
Sing (3.23), we can show that at x-0,
A =, and #, =-I (3.24)
ol at end x=L, using (3.24)
e SR ISR T
il the frequency equation Tor both end conditions is
Caxd Cashd, = -1 (3.26)

ad



il we have that

A =1875, A, =469, 1, =7855 (3.27)

'I'I DISCUSSION OF THE ANALYTICAL SOLUTIONS

When an undamped system such as this is studied, one is interested in the
sonance conditions of the system, because the transverse displacoment of an
astic beam may increase without bound.  Equation (3,10) clearly shows that
& Siniply Supported elastic beam resting on elastic foundation and traversed
=g and oy =(Zha (3.28)

55 experiences resonance effect when

=2 and  p . =(Zk+1}f (3.29)

T qumliﬂ” {3 | I‘jn
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It is therefore evident, that for the same natural frequency, the critical speed for
e system consisting of a Simply Supported elastic beam resting on an elastic
feundation and traversed by & lorce moving with a non-uniform speed is greater
fian that of the moving mass problem. Thus, Tor the same natural frequeney of
:felasli:: beam, resonance is reached earlier in the moving mass system than in
e moving force system.

For the resonance conditions for other classical boundary conditions, equation

." H?]I clearly shows that the uniform elastic beam resting on an elastic

loundation and traversed by a force moving with variable speed reaches a state

Wl resonance whenever

ro=268 and oy =(2k (3.32)

e equation (2, 178) shows that the same beam under the action of a moving

Mass experiences ;"-'.!Sﬂﬁﬂl'iﬂﬂ effect whenever

Yy =2k and  p, = (2k 4 1)f (3.33)

‘rom equation (2,174)

{?’ﬁ}:{H, (. pot) + 2R, (..

2r

=, [I - g{{Hb[m,m] 4 8 (i rr}J'I 4 J ]r (3.34)
|

which implies
‘.



i (3.35)

| I_ghﬁafﬂhm?+:’1-:|{?rr,m. ny )+ {.fﬁ} {.”"{'I”‘r:}.: 2R, (mm, ""-”]}
FI:FIU

L

wdently, from equation (3.33) and (3.35), the same results and analysis
ained in the case of a Simply Supparted Bernoulli-Euler beam are obtained

or all other examples of classical boundary conditions.

10 NUMERICAL CALCULATIONS AND DISCUSSION OF
RESULTS
In order to illustrate the forgoing analysis, the uniform beam of length

11192m is considered. Furthermore, 7 2200m° /5", p=2%10"m, fi -E‘:i.
; i

| ; s
A tﬁ and the ratio of the mass of the load to the mass of the beam 15 (.23,

lhe transverse deflections ol the beam are calculated and plotted agamst time
for various values of axial force N and subprade K. Walues of N between 0 and
000,000 were us..ﬂd while the values of K were varied between 0 N/m” and
,[H]Iﬂ N/m®. The results are as shown on the various graphs below for the

QL‘I'trus classical of boundary conditions considered
3.1 Simply Supported Ends
joure 3.1 displays transverse displacement response of a simply supported

iiform beam under the action of forces moving at variable velocilies for

Gl



anous values of axial force N for fixed value of foundation moduli K = 40,000
figure shows that as N increases the deflection of the ol the umiform beam
gcreases.  The same results s obtained when the simply supported beam s
sed by a concentrated masses moving at vanable speed as shown in figure
E‘_’(,!- Also, for various time t, the deflection profile of the beam for various
Lﬂkﬁ of foundation moduli K and for fixed axial force N are shown in figure
12 It is shown that higher values of foundation moduli reduce the deflection
|

profile of the beam. The same he]mvinyr characterizes the dellection profile of
the simply supported beam under the action of concentrated masses moving al

variable velocities for various values of foundation

B |
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Wapnmen |
003 - - HEAI00000 |
[ B 00N |
£ 004
£ Foc |
guml
. [
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0 i }
i
. - - ‘I
v AP i L _
[ a5 1 . z 1L} 4

Tiirs(l) sae
£ b
Fig 1.1; Transverse displacement of the semply supporied beam imador the action of forces
merving Al varialde valocities Bor vanous values of axlak force N Fer led value of Toundation
maculi K [4o000)
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it as shown in figure 3 4.

, Ngure 3.5 depicts the comparison of the transverse displacement of
mg force and moving mass cases for simply supported uniform beam
versed by a moving load moving at variable velocities for N = 200,000 and K
40,000, Clearly, the response amplitudes of moving mass is higher than that
moving force. This important result agrees with the existing result for

ases when the traveling load is moving at constant velocities.

113 T =
I i ) "‘*-.q_h
.
L] X - w, i
| - =
L) ] - ok | |I
t*
o P ';J!I'
I'-IIJ-'I- [ ] W

o.oar

Fig 1.5 : Companison of the displacement response of moving larce and maving mass cases lor
simgily Supporied beam for K=300000 and k=40000

4.1 Clamped Ends
Figure 3.6 displays transverse displacement response of a clamped-
limped uniform beam under the action of forces moving at variable velocities

?.variuus values of axial force N Tor Nxed value of Toundation moduli
\
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Fig 3,%; Deflection profile ol the clamped-clamgad uniform beam undes Bhe acton of
conceniratod masses moving al varkable velocilies fos varkows values of Foamdation ol Toe
figed W [200000)

;- 40,000. The fgure shows that as N increases the deflection of the uniform

peam decreases. The same resulls is oblamed when the simply supported beam

Also, for various time t, the dellection profile of the beam for various
of foundation moduli K and for fixed axial force N are shown in lgure
37 1t is shown that higher values of Toundation moduli reduce the deflection
pofile of the beam. The same behaviour characterizes the deflection profile of
e clamped-clamped beam under the action of concentrated masses moving al

wriable velocities for various values of foundation moduli as shown in figure

ally, figure 3.10 depicts the companson of the transverse displacement of

ng force and moving mass cases for clamped-clamped uniform beam

vy



versed by a moving load moving al variable velocity for fixed N = 200,000
i K = 40,000 Clearly, the response amplitudes of moving mass is higher
un that of the moving force. This confirms the result in [17.23,24] that
ang on the moving force problemm as a good approximation to a moving mass

15 not only misleading but 15 tragic.
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Fig 3,10: Comparison of the displacement response of moving force and moving nmis cases
for clamped-clamped uniform beam o K=200000 and K=40000

One End Clamped and One End Free.

figure 3.11 displays transverse displacement response of a Cantilever uniform
eam under the action of forces moving at variable velocities for various values
}__f.axial force N for fixed value of foundation modulus K = 40,000, The figure

hows that as N increases the deflection of the of the uniform beam decreases.
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same results is obtained when the cantilever beam is traversed by a
entrated masses moving at variable speed as shown in figure 3,13, Also,
¥ various time i, the deflection profiles of the beam for various values of
fundation moduli K and for fixed axial force N are shown in figure 3.12. It is
wi that as foundation modulus increases the deflection profile of the beam
lecreases.  The same behaviour characterizes the deflection profile of the
anfilever beam under the action of concentrated masses moving at variable
eiocities for various values of foundation moduli as shown in figure 3 14

, figure 3.15 depicts the comparison of the transverse displacement of
wving force and moving mass cases for cantilever umform beam traversed by

imoving load
110008 1—————————

[P

fue ik

5”’“'

Fig 3. %4 Deflection profile of ihe clamped-free uniform beam under the aclion of concenratod
masses moving al variable velocities Tor warious valoes of foundation modill 8 for flaed value
of axlal Toree N (200000)
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Fig 318 Comparison of the displacemant response of movieg faroes and MoVIng Inngs cases
for clamped-tree uniform beam for axial Bees N=200000 and fauisdadion moduls H=40000

g al variable velocities for N = 200,000 and K = 40,000, Clearly, the

amplitude of moving mass is higher than that of the moving force.
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CHAPTER FOUR

NON-PRISMATIC BERNOULLI-EULER BEAM RESTING ON
ELASTIC FOUNDATION AND UNDER THE ACTIONS OF MOVING
CONCENTRATED MASSES.
INTRODUCTION
In the previous chapter, the problem of the flexural motion of a uniform
[ emoulli-Euler beam resting on an elastic foundation and traversed by masses
moving with non-uniform speed was mvestigated. In the Mathematical model,
be beam properties do not vary along the span L of the beam. However, in
practical problems involving dynamics of structures (beams or plates)
mier moving loads, the structures have vanable cross-sections [28]. Thus, the
whlem of a non-uniform Bernoulli-Euler beam under the action of loads
BV g with variable speeds is considered in this chapter.
Unlike in the previous section, to tackle this problem the method of the
Ueneralized finile inlegral transform is mapplicable and we resort to a
tiadification of an approximate method best suited for solving diverse problems
m dynamics of structures generally referred to as Galerkin’s method, This we
Generalized Galerkin®s Method GGM. This method s emploved to
smplify the governing fourth order partial differential equation with singular
!

il variable coefficients. The resulting Galerkin's equations are solved via the

modified Struble’s asymptotic technique already alluded to m the previous

(i |



THE GOVERNING EQUATION

The problem of the flexural vibration of a non-uniform Bemoulli-Euler
beam resting on elastic foundation and raversed by loads moving with variable
peeds 1s invesiigated m this chapter, The beam’s propertics such as moment of
fiertia | and (he mass per unit length of the beam gz vary along the span L ol the
.1' am. The transverse displacement of the beam when it is under the action of a

:th load of mass M which is moving with a non-uniform velocity /()15

gvemed by the fourth order partial differential equation given by

‘ El(x) H-r{f‘:}]+1r{r} ‘Hl{f'x} - N ﬂ-f.!{:.r’:} + K () (X )+ .-Uﬁ'{.-r -(x, + I;I-L‘:l'.l:.l‘!ﬁ.l':l‘:ﬂ—*—-lf-:n”
i ax X o o
02V ) (GOVFV ) ESOFED]_ st (o ins]

df el et iy’ i i3

(4.1

iiere all paramelers are as defined in the previous chapler.

#51m the previous section, we shall take the elastic foundation to be of the form
210 ) and the w:]n_cit:,r firyof the moving loads lo be of the [orm (2.5). We

lopt the example in [28] and take f{xyand g(x)to be of the form

I{x) = f,,[[ﬁ'm%] {4.2)

pix) = ﬂ..[l +~¥*ﬂ*$J (4.3)

Substituting equations (4.2) and (4.3) into equation (4.1) one obiains
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- " L & o .|’. e o
{w] . ﬂ'i{m 1 i HHJ

R (1) 4 Mi[x —(x, +,P’:ml.|,’.='.r}j é

y Pélr - (x, + @]

+ 2p s il ———— (X i) ——
e’ i,

{4.4)

A [ OPERATIONAL SIMPLIFICATION

It is evident that an exact closed form solution of the partial differential
pation (4.4) is impossible. Thus, we generalize the Galerkin’s method
fescribed in Oni and Awodola [29] and make use of this to reduce the partial

erential equation to a sequence ol ordinary dlffﬂrentlal equations,  Thus, a

e
1 de oy

e

glution of the form £ |

| [/ N

e =3 F i A\ " 4s)
me| ) .

Th -
& .

o

& sought where {7 (x)is chosen such that pertinent boundary conditions are

sfied. Equation (4.5) ) when substituled into the equation (4.4 ) yvields

.':.- [ - f _|:||:]{f'l'{x}+|'i.'_‘.ml|l—” (%)~ 6 oy —flEH (x)- "H'H-*Tf." I:J"J-]F Ay = NS (W (1)

= " Oyl

'I"H_{.r]l}'mt.r}4~y“[:'.u'm{r] 4-4’9'_,{.\-].‘Fjuall-r— B(r) 0 M|y - [x, 4 ;u'{mﬂ.r}]h'm{r:lﬁﬁ‘,l |
L

W el (¥ () + (R os e Y 1S (o) (0 = Sl ()Y, (1) ]_} — e = (x, + wingi)] =0
(4.6)

Fﬁmher simplification and rearrangement lead to
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1 {l = g
a mlm’}},_,{ ¥) 4 qi“ ]E g 247° o dnx = I'}T m-"_-"-'f £1" (%)
! L iy L g L. 5 L. ]

¥ {t3= NTEL 0

X ULl fry+ ;.—,,[!:‘W{xj SR r]LWrrr?JFHI:;} + Mdlr [z, 4 m?uf,i'.r}]{uw:_».-}i",{r}

B s Gl 1 (O, (04 (B o POV 00— 38 Sttt I (v }J{,,c.r}]- } — Pl (x, + i) = 0

(4.7)

olher to determine an expression forY, (1), it is required that the expression on

1 hand side of equation (4.7) be orthogonal o the function ¢/, (x). Thus,

3 H T fru[l*.’if Ty S, O
i | / / / l} £ g )

CrMIT‘H }r;;{x; N [?E'.sm Sf" , Ej’,’ Co If* . E?f 3 J.'m':—'f]u;{x} ’rﬂ (= N (Y. (1)
WL R )+ .”J” W fﬂ.ix}ﬁ'f“?}F 0+ Ml — (e, + @il ool o
s iU (el () + (Cos B U AY.() — 3 Singiet ) ;{r}}’m{rﬂ—}

J[r— {.1;, + ,‘rﬁmﬂf}]—] I (x)hede =0
(4.8)

enote that the Dirac Delta function as an even function can be expressed as

|
E’ I:: +;.mnﬂr]] I+—Z { m—{r + i m— (4.9)

ang (4.9) in (4.8) one obtains
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il I: frr.\'sz- '"5‘3{!!?} .r;{_r_:ﬁ'}.[r}J}"“iﬁl

ﬁu-nrJH"{r}U (x}+ [f_ Sin
SN (Y (0 + KU (o0 (x)F, () 4 ﬁ,,‘ O o)+ L, (xS ?]ﬁ,m

- (¥, + ﬁTrnﬂr]][f.’_{.f W W)+ 23 st (O (O, )+ (i os oY 12 el (Y. ()
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ifving and rearranging (4. 10) further, we have
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(2.16) and its derivatives in integrals (4.12) it is straight forward 1o show
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fiher simplification and rearrangements of equation (4.11) yield
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ition (4.15) can be rewritten as
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second order ordinary  differential equations (4.18) 15 the transformed
gation poverning the problem of a non-prismatic Bernouwlli-Euler bean
ling on an elastic foundation and fraversed by a load moving with variable
focity. These second order dilferential equations are valid For all variants of
B classical boundary conditions. Two cases of this equation are discussed in

glollowing section,

i SOLUTION OF THE TRANSFORMED EQUATION

Like in the previous chapter, we shall consider two special cases of the
ansformed equation namely, the meving force problem and the moving mass
hlein,

51 The moving force problem

aetting & = 01in the transformed equation (4. [ 8), one obtains

+E,:.ﬂ',mlr F

e A
)= ———— Sin=" e, 4 S )+ 4,Cos =2 {x, + wvingdt
1-1"1."_'”":' i } .l;l"[,krllw_j'”“ |II [ .‘ﬂ’ ”r } (] ”‘f |:1' P‘:' jr :I

w M HH#:ji[.'r_l + i) 0 it ‘;‘ (x, + 3m i)

(4.19)

s is fhe classical case of a moving force problem associated with the system
isan approximate model which assumes the mertia effect of the moving mass

Bncglipible. A rearrangement of equation (4.19) yields

g1



at, (1) = — i
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Iy, the second order non-homogencous ordmary differential equation

) is analogous lo equation (2.85). Consequently. i can be shown that



L Lo (65)
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af equations (4.5) and (4.24 ). one obtains
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{4.25)

a5 the transversesdisplacement response to a moving lorce traveling wath

variable velocity of a non-uniform Bemoulli-Euler beam resting on elastic

foundation. T
A )
432 The moving mass problem ‘\\ s

As discussed in the previous chapter, if the mass of the moving load 15
commensurable with that of the structure, the inertia effect of the moving mass

i not negligible. Thus, & # 0and one is required to solve the entire equation



8] This we termed the moving mass problem. Unlike in the case of the
Wing force problem, an exacl analytical solution to this equation 15 not

Thus, we seek an approximate analytical technique due to Struble

in chapter two.

his end equation (4,18} 1s rearranged 1o take the form
f +mr;1’w:_rj+s,{ff:|{k.urﬂ',—,,[r]+EZ (ea J—F (xy + 5 1) H (k. sm)¥, (1)
= .
(k. m)Cas B };w{.r]l + 4yl 'f!.':'ﬁle {'os -”i (5, + pind OVH  (k.m,m)Y (1)
i os ) H (koY (1) + 203 as i ) Z Cos! fr,,+}|‘\-'.r:ﬁ.'}.f." (hom, mI¥. (D)

Hylk, m)Sinft Y, (1) - Erﬂ".‘:'u.rﬁfz TS i:r}—r Cxy + HSin T 0y H Lk, m, n}J’_I[F]'Jl

; [T” [ﬂﬁ,ﬁm{{:‘ﬂﬂﬂ”#— aCos(GSingt )+ a t osh(GSingi ) + a.5inic S]]
[ Ay
(4.26)
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(k. ) ) Ak, m ) O (ko
. H (&
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€, (ko) Ak )
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o] st L N S B R, 427
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ition (4.26 ) implies
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(4.28)

the previous section, the homogeneous part of (4.28) is first considered
i modified frequency corresponding to the frequency of the free system due
12 presence of moving mass is sought.  An equivalent free system operator
wied by the modified frequency then replaces equation (4.28)

0o this, consider a parameter 5 - | for any arbitrary mass ratio & defined as

IHI
145

e (4.29)

ollows that

£ = rjll+f}{?;j+f_!1’.l;:}+ +P (4.30)
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gk, o) 4 EZ ‘L 'r:.w":?—'Th:, 4 hh‘ruﬁ:}h’,{ﬁ',ur,u]J | < | (4.32)
(T | a I

stituting (4,30) and (4.31) into equation (4.28) we have

'+Jj[2rﬁ‘f‘{.ﬁ',ur}f as 3t + dp ‘m‘ﬂri {'n.'f-{;:?-r-{.t‘“ + piRSin 0 ) x[ﬁ,m,n]}ﬁ,{r}

. i y
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(4.33)

i) only .
ben 1 is set to zero in equation (4.33), a situation correspondmg to the case m

ieh the inertia effect of the mass of the system s regarded as neghpible is

tined. In such a case, the solution is of the form,

Y [{y=C¢ 'u.\'fmﬂ.f - q"a_} {4.34)
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", and ¢, are constants and = £ (k,m) _
T 8, (km)

ever, since for any arbitrary mass ratio g we always have 5 <1, then

whle’s technique requires (hat the solution of the homogeneous part of

wition (4.33) be given in an asyimplotic form, namely
Folty = Alm.0)Cosloo, - gm0+ 5100y + 0 (4.35)

b oblain the modified frequency, equation (4.35) and its [irst and second
mvatives are substituted into the homogeneous part of equation (4.33), The
iiied frequency is  determimed by the resulting variational equations
nbing the behaviour of A(m. ) and ¢{m, ) during the mot

won of the mass

substituting (4.35 ) and its first derivatives mto the homogeneous part of

ilion (4.33) and taking into account {4.30), (4.31) and (4.32) one obtains
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fiere terms higher than 0(y7) have been neglected and ¢, - f;’?

variational  equations  are  obtained by equating the coelficients of

==

b ] and f.ﬂn[,uﬁ.r . 01| terms on both sides of the equalion.  Thus,

tiole the following trigonometnic identities
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o, f q.".'{m',r}} as2kfir = -{.'5':!:[.-’:1_‘,; — g 1) +2ﬁ'ﬂr]+ ."n;'uf.rud.r —glm 1) - E.ﬁﬁ.f}f

B | =
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1 - o, 0 ]siro 2k +1) = L sl om0y (2 4 ] Confen, e~ gty + 2 + 1y
LI~ g, F}l‘ﬁ'ﬂf{!k + 1} = %{.H‘mlrtr"l.f — il £y 4 (2k + 1};?!]— .‘:'.r':i[rrr.ur ) —(2k 4 !},ﬁr}}

W = g, F}i‘ a2k iy = '|.| {( '.r.l.\{mm.' ~ g 1) 2 E.Eﬁ:] b 'u.*.'!u.rw.r g, i) - E.ﬂ'ﬁ.l'l_l

(4.37)

g these, the terms that do not contribute to the vanational equations

-d{.w thSimeo £ — g, r]f 2 Afm, r:lqﬁt.ln P ey I‘” 1=, f:IJ neer” Al 01 H (ke 'rnlmd.l —~ i,
_:.-J[m,ri:ZI H Uk i, i)y |-rl--"-..|',,{r.-'I i "‘-"i'-"-.»." -m.r.u,.r]ln za;.-i{m.rlfrﬁjl" H,,Hr,m}t'.-:.»[.-umr @ r
m.r}[m’FiT H (ke m) s %J.Jf;‘, ) ‘u.-r{mw; —qﬁ{n.l,:}i._ 0

k (4.38)

¢ variational equations of the problem are obtained by setting the coefTicients

Sirler 1 — b m.1)| and Coslm, ¢t —dtm.0)] in equation (4.38) to zero Thus, one

fains

—Iﬁ}lg.-'i-rm,:} - (4.3

W, ) {ome, £) - F}'rrljl.-'i{fi'h.']lﬁ_. I:_.“,Hf}—zﬂrr{;-‘”m,ﬂi ok o iy ”T."J.,it;::}

(. )z8Y H, (k,m)+ ipd{m,1) ,P,H}'E H k) oy : i JG ) =

(4.40)

manging (4.39) and (4 40}, we have

Alm. 1) =0 (4.41)
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hin.1) = :_,l' o, (k. m)+ K Gk ) - {I:.?ﬁ} {H.-[k.m}_-l Efﬂ[ﬁ.m,H}FJl {442}

Alm.) =,

ere (715 a constant and

¥ Nk am) + 28, (ko)
2e0,

i) -

B |

{nJJH_-{#,m] + 1 (k) [{;ﬁ ]Jr s (4.406)

Jarder one only. Where w,_ 1s a constant.
lierefore, when the effect of the mass of the particle is considered, the firs!
fjroximation Lo the homogencous system 15

K1) =CoCaso,t - 0] (4.47)

ere

¥ [‘f‘t:-_f[k“'"}* 2R, (k)] ]
20 [

L i

= o 1- g[[{H.fi'_m}l + 1 (k) )= (37 (4.48)

i talled the modified natural frequency representing the frequency of the free
stem due to the presence of the moving mass. Thus, the homogeneous part of

eequatbion (4.33) can be written as
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), iy y=0 (4.49)
el

s, the entire equation (4.28), becomes

1 ni. : - -
J tan k(1) = i 9 Iu,,.':ﬁ'u{f.r'hmﬂ!j b Con(CiSing )+ alt oshll st ) v e Sl f.‘r}irﬂ!]]

2 (k.m
(4.50)

wrly. equations (4.5) is analogous 10 equation (2.85 ). Therefore, following

same arguments as m the previous sections, the solution (o equation (4.50) is

by

Co Lt (G) Cosle, —h)1 ~Covey ¢ ]
Iﬂ'h ||':|“ r
+ am, i LG I.'fr:i.'r{m@ by —Can ith, : { o5 [mh =B M = Cx il f
T 3 Iﬂ,__
+ ﬂ“i FiilG mh"’l'.”{% —i ) - {I'f-',.., —& ]'.':n'.fﬂmhf | rrll.'all"u'm[mh — i ¥ —{ew, — F}.}.ﬂ'.l'um“
[ 1} ) ﬁd F‘.‘.I
K, :..{f;:["’—}’"{’”*- ~h) - Cose, ! ]
L I"’u J
R A Caslen, =By —Cosen t Cox - B3 = Eoxon. ¢
+ 8a,¥ (- uuu;:,;[ e, —H ! e, ~0; h, }
S h h.
+ .T,i (—1) “HH-;{ an, Sin{ oy, b, )1 h— (e, — by JSias, o i, Sinfa, b, :”; (e, — ), 1
[ gl i _fl

Cos(e, —b, ) - Coves, #
booSLe, If“[._r;)[ : (e, ) e, &
L b J
Cos(ay, ~ b ) - Cose, ¢ i € e eun, _—_.t_::jf - Clova, f
B h.

" -*-;su.,; {—u*mwra[

=

.'-?:i (0 L (- ﬁ}[ﬂﬂn{mﬁ, —hq".l-fb- (en, = b, WSinen, ¢ . E-'m"’""tf_”h —-!:.,,'I.rh—{mP1 - ) S,
L A

(4.51)
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y 4.52
S0 k) { )
in view of equation (4.5) and (4.52) we have
Z {mha .F,,[{r}[ (e, - l"’..”--f'ﬂ.-.'r;r,,.r}
P i .
Con(e, — b - Covewr O -3t = Cosen, ¥
A ﬂr%z JolG { (e, ;.,} e, X o, Ir:} e, [
- na.z oyl iy Sm{ety — B} —laay — by ]""'”Wl’ iy Seteny — I )~ (e — By WS ¢
k=n ."J* b,
+ Sl { Cestay =)t —Vasm, ’]
'F"-l
- Cosfan, — b jr =0 Coster,. —b At — oy
+ '.;FMIE&'Z [_I}*Jrn {r;] 1'-"-“:”!_.! I} ”ﬂ-m"!"-.:..;. 'l'Mfft-"h lﬁ_“ m.m,.,',r
i b, h,
1 i [ on, Sivfens, — by - ey, — b )Semea, 1 an Sirlen, — BV - (e, = b Wi,
T I | f:m{f;)[ ’ y ¥ ! My ) by = I ¥
Bl JIJ“ ,‘J‘II
N L0 ][{ il e "fl”""'”.'-."']
h,
- ._'.' - e Ao il T
£ Sy D0 220 }“ ciial Ll - ”"””’IJ
-1 h s

f

E]

1, =) - — b Wi 1
_'3'!‘1' H{-I'ﬂh _' {m- ¥ 'I"'rh- JJ ['”"1_‘;,.-'{;“ ij' +,|";I1 I;l-_|'"|r?{i;l i [I"J'l'ﬁi; ]

il

ik Si(een, — b 00— (e — b WS, o
+ I'| Z [ ” .|r'q,||{ { .h

b,
(4.53)

5 represents the transverse-displacement response (o a mass moving af

nable velocity of a non-uniform elastic thin beam resting on an elastic

Nidation,
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CHAPTER FIVE

LUSTRATIVE EXAMPLES, NUMERICAL CALCULATIONS AND
USSTONS OF RESULTS (NON-PRISMATIC BERNOI 'LLI-EVULER

M)

L0 ILLUSTRATIVE EXAMPLES

Az i the previous chapter, we shall now illustrate the loregoing analysis
vanous practical examples. Classical boundary conditions such as simply
ported boundary conditions, free ends condition, clamped-clamped ends

dition and clamped-free end conditions shall be considered

LI Simply Supported Boundary Conditions
The deflection and the bending moment at both ends vanish for a non-

form Bermoulli-Euler beam having simple supports at ends x = 0 and x = L
L5,
AL A,
i) = 0= (h1), PN g U 5y
I:-:.'l" r-.h__

hence [or the normal modes

e ] 3
f."m{[]] = = I!r.'lm{.lr- ). f'll%"-{ril.'l = [} = II-__EL'_".I'} {5.2]

i o

uch implies that

st A0} P
L A0y=0=1r (1), '[ | r” (5.3

il -
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citean be shown thal
A, =4&=0 B.=8=0 (.=C, =0 (5.4)
the frequency equation becomes
SmA, = 8Kt =0 (5.5)
ich implies
=ntx ad A, = krrespectively,
follows therefore that the moving force problem for the non-uniform

wulli-Euler beam reduces to a non-homogeneous second order ordinary

flerential equation given as

Ak m) m} P LEs ,
¥ ( ) =R N i1 5.0
-+ A (k.m)y ™ a1} = Ak g, i I (5 + i fi) i)
=
e = _f_ﬁ'_,,_ LT T . e k s -I’}m"..-i'*[f_rl ) n.]
A N (R (R R E
! 12k L 80 kw4 ] - LTt - _ﬁrﬁi( @y J
_I‘H]—.ﬂ'}" —nfﬂ[3+ kF -m’| I [[I+m]| -k JI[_ m —#!I ol 2 2
V2o k(™ 49— k%) . Iﬂﬂn‘u!"_ﬁ' 2w’ (ﬂ iJ
;i[3.+m & Hﬁ my &) !.’i[l—i}:—m:][ﬁrliﬂrf—mzj AR T
2 G60m' 'k : '_+ Nm:fr 1'-. A
.L‘LHI - .H: — m"IEH.ﬁ'}" - m:l_ E,.t.-...". 2;.*,.
(5.7)

4:: i,

Aol = _[{I k) —m ][IW o
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tquation (5.6 ) can be rewrilten as

Y in+al Y ()="r, |_.‘n'm.f-"'{ 'n.tl[l';"'.‘-.'u.lﬁf }4 f'rr.r.n’"".':.'.rn{fr'".‘n'.rnﬁf}] (5.9)

- élll (&, o) " *

i i 1] ail
: I ) =l - [l (5.10)
A, (k) Ak, ), : L '

When equation (5.9) is solved in conjunction with the initial conditions, one

dtains expression for V(. Thus, in view of (4.5) and (2.16) one obtains

F'_[A‘J} - ] ;"f'. {m,., h”wif ‘oxlw_ —h ) —f?r.'.':uwa

I[ 'f.f.'fEr.fT,_— ."J,]-.r = o | Ceavfen,, M- 'u.:.'mwr

+ i, il z Jo J1

inl b h,
- oM — b ) - LAY i/
+Cosi*y. T, .{G"?[ PRy e
i =id !;]'.
@, (e =B = (e~ My ].H?HJ‘RJWFJ} Sin AT
- — * S ——
b,

{5.11)
which is the transverrseidisphcﬂment response (o a moving lorce traveling with
2 non-uniform speed of a simply supported non-uniform Bernoulli-Euler beam
festing on an elastic foundation.

In what follows, we consider the moving mass problem that is, when £ =0,
Following the same arguments as in the previous seclions. the modified
frequency corresponding to the frequency of the free system due to the presence

of the moving mass of the model is obtained as

G



. .-m_u{ - ’"[{ﬁ (oo 1 th i) o st « Rk )| (5.12)

4r:}“" ”
order O(n, ) only,
e

() = ;, Ry (ko) = 2R (k. m), R, =  Coiiu 8
. 24 :

oK .m) Ak

R, =280k (5.13)

By = Sunbf (G )Simd" (05" +zh'a'nf-;':}uf-"'2 .fu_{r;;i L)
-0 L -l

. : (5.14)
+20 AR (G )
=ik ]
us, the moving mass problem becomes
g ; wlf) | b, Yo = ﬂ'i‘;*‘“— I'I'H!I":r (, + p8in 3 ) (5.15)

fquation (5.15) when solved in conjunction wilh the initial conditions yields an

mpression for ¥ (1) which on inversion gives

fr.1) = zl, 7 f.: ’:‘;ﬂ {mm—'wnﬁ SfC }[{ vl -h,,}r—{mm"m.r]

f = Ceaw tr -hyw—Coys
v, Sin auz JH{{ o l:{ :L'n{frr_l F:;}] ey, f L E_f.r.tffu_m JI!;j." ”"ﬂ"mwf}
[ 2

3o 'rr.q'..l'i"'z oy (G D S = B ) — (W = P )00, 0 f
=9 i h-l
e, St~ bYW —(w_ - b }.‘-.'.r'umﬂ_:” iy X
e aatt i

b, =i

(5.16)
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15 the transverse-displacement response to a moving mass of simply

rted non-uniform long thin elastic beam resting on an elastic foundation.

2. Clamped-Clamped Ends Condition
1 clamped ends, both the transverse deflection and slope vanish, Thus, for a

Amiform Bernoulli-Euler beam clamped at end x=0 and end x=L, the

iditions are expressed as

F{O.y=0=VF(L.0) and =0= (5.17)
oy (3l
for normal modes
S A (L 5
v=0=tr) and S04 V(L) (5.18)
i o
ch implies that
U 1)
U0 =0=0,() and SO _,_ 2UUL) (5.19)
By iy
us, it can be shown that
f Stuhd,, - Sind, _ Casd, -« sfid,, -, and B, -- (5.20)
Cosd, = Coshd, Sind_ + Sinhd
we obtain as the corresponding frequency equation,
Cosd Cesitd | = | (3.21)
ing equation (5.21) we can show that
A =4.73004, 2, = 785320, 4 = 1099561 (5.22)

When (5.20) and (5.22) are substituted into equations (4.25) and (4.53) one

iains the transverse-displacement response respectively to a moving force and

TR



V(0.0 = = f.‘-L_{ﬂ:r_}
o

nd for normal modes
1 () =0 =2
I'.l".'l.'

weh mmplies that

!
/(1)

_ =Stk —oinhd,  —Cosd, -
Cosd , + Coshd Sinhd

d we note that

S One End Clamped One End Free Condition

VUL _ o EVIL)

and : =
L oy’

and E{!';![-I'} _p=2Uall ”..,_U )
elx™ ey’

and ﬂlré!_.lr.:!:ﬂ:ﬂ“f."‘ff,jl
7 Lo o

in the previous section, we can show that

{ osfrd ;
— 8 = and B, =-1
Sind,

then follows that, the frequency equation for the system is given by

Cond Coshid = -]

A =1875, 4, = 4694, 2, = 7855

25

moving mass of a non-umfrom Bemoulli-Euler beam clamped/Tixed on elastic

end =0, the elastic beam is taken to be clamped and at the end x=L, the

eam model is free. Thus. the boundary conditions of the beam can be wrilten

(3.23)

(5.24)

(5.25)

(5.20)

(5.27)

(5.28)



Substituting (5.26) and (5.28) mto equations (4.25) and (4.53). one oblains the
finsverse-displacement response to a moving force and a moving mass of a
i-uniform clamped-free- ends of Bemoulli-Euler beam resting on elastic

pundation are respectively obtained.

iL0 DISCUSSION OF THE ANALYTICAL SOLUTIONS

As discussed in the previous chapler, one is interested in the resonance
ditions, because the transverse-displacement of an elastic beam may increase
ahout limit.  Equation (5.11) clearly shows that the simply supported elastic
in beam resting on an elastic foundation and transverse by a moving force
es a state of resonance whenever

w,, =26 and e, = (2k+1)7 (5.29)
hereas, equation (5.16) depicts that the same beam under the action of a
wing mass will grow without bound whenever

W, = 26 and @, = (2k + (5.30)

mom equation (5.12)

L ]il - %{{Eﬁ,ik.m} . H![d',rrr}H:}l [H-l{k'fm; f:‘d”*m”{j“ (5:31)

i

Uy = SR : (5.32)
I—-';‘{[R,{k.mhR,{k.m}ﬂ:}l (k) "':'4”~"”Hu]1

2t

w |
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Therefore, it is evident that for the same natural frequency, the critical speed for
the moving mass problem is smaller than that of the moving force problem.
Consequently, the resonance 15 attained earher in the moving mass system than
in the moving force system.

Next, we mvestigate the phenomenon of resonance for other classical boundary
conditions. It is evident from equation (4.25) that a non-uniform elastic beam
resting on an elastic foundation and transverse by a force moving with variable
velocities will grow without bound whenever

e, =248 and w, = (28 +1)A {5.33)

while equation (4.53) shows that the same beam under the action of a moving

mass experiences a resonance effect whenever

ay, = 2k and e, = (28 + 1) A (5.34)

From equation (4.48)

“’JH}+3-"1Thl',ﬁ,J'J'I-H}]J} (5.35)

fi, -—'mm{ —%lh’f:[.fr-nr}-I-F{,H,m.ua]--{yﬁ]l: [, =
i,

It follows that,

el (5.36)

m"! = ] .
il {{H_.fﬁnmm R ) YT Chm) + 28 Gk u}]]

2a,

Thus, from equations (5.33) and (5.36) it 15 evident that the same results and
analysis are obtained for simply supported end conditions are also obtained for

other examples of classical end support conditions.
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S50 NUMERICAL CALCULATION AND DISCUSSIONS OF
RESULTS
Apain, to illustrate the forgoing analysis, the uniform beam of length

12.192m 15 considered. Furthermore, B 2200  I5°, y=2x10 m, f= ej::
it

X = L and the ratio of the mass of the load to the mass of the beam 1s (.25,

The transverse deflections of the beam are calculated and plotted agamst time
for various values of axial force N and subgrade K. Values of N between () and
20,000,000 were used while the values of K were varied between 0 N/m' and
400,000 N/m’. The results are as shown on the various eraphs below for the

various classes of boundary conditions so far considered.

5.3.1 Simply Supported Ends

Fipure 5.1 displays transverse displacement response of a simply supported
umiform beam under the action of forces moving at varable velocities for
varipus values of axial force N for fixed value of foundation modulus K =
40,000, The figure shows that as N increases the deflection of the of the
uniform beam decreases.  The same results 15 obtamed when the simply
supported beam is traversed by concentrated masses moving al vanable speed as
shown in figure 5.3. Also, for various time t, the deflection profile of the beam

for various values of foundation moduli K and for fixed axial force N are shown

m figure 5.2, It s
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shown that higher values of foundation moduli reduce the dellection profile of
fhe beam. The same behaviour charactenzes the deflection profile of the simply

supported beam under the action of concentrated masses moving al variable

welocities for various values of foundation moduli as shown m fipure 5.4.

binally, figure 5.5 depcts the companson of the transverse displacement of
%mming force and moving mass cases for simply supported uniform beam
traversed by a moving load moving at variable velocities for N = 200,000 and K
= 40,000 Clearly, the response amplitudes of moving mass are higher than that
of the moving Force, Thus, the moving force resull 15 nol always an upper

bound 10 a moving mass problem.
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Fig 5.5 Comparison of the displacement of moving lores and inaving mass cases for simply
suprorled nan-uniform leam for N=200008 and K=40000

2 Clamped Ends

figure 5.6 displays transverse displacement response of 3 clamped-clamped
liform beam under the action of forces moving at variable velocities for
wnous values of axiadl force N for fixed value of foundation modulus

K=40,000. The figure shows that as N increases the deflection of the of the
wiform beam decreases. The same results is obtained when the clamped-
nped beam 15 traversed by a concentrated masses moving al vanable speed

shown in figure 5.8 Also, for various time 1. the deflection profile of the

beam for various

[(}5
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Fig. 5.9: Dellecteon profile of the clamped-clamged non-wskenm beam wnder the sction of
concentrated masses maving af vasiaids velocites Tor variows valies of Toundation maodull K
for fized N (200000}

walues of Tfoundation modull K and for lixed axial force N oare shown m fligure
§7 It is shown that higher values of foundation moduli reduce the deflection
pofile of the beam. The same behaviour characterizes the dellection profile of
the clamped-clamped beam under the action of concentrated masses moving al
wunable velocibes for vanous values of foundation moduli as shown m figure
59 Fmally, higure 3,10 depicts the companson of the transverse displacement
of moving force and moving mass cases for clamped-clamped uniform beam
%ﬂ‘avﬂrsmi by a moving load moving al variable velocities for N = 200,000 and

K =40.000, Clearly, the response amplitudes of moving mass i1s higher than
that of the moving force. This important result shows that relying on moving

orce solution is seriously nisleading.
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Figure 5.11 displays transverse displacement response of a canlilever uniform
eam under the action of forces moving at variable velocities for various values
of axial force N for fixed value of foundation modulus K = 40,000, The ligure
shows that as N incréases the deflection of the of the uniform beam decreases.
The same results is obtained when the cantilever beam s traversed by
toncentraled masses moving at variable speed as shown m figure 5.13. Also,
or various time 1, the deflection profile of the beam for various values of
foundation moduli K and for fixed axial force N are shown in ligure 5.12. 1t is
shown that higher values ol foundation modub reduce the dellection profile of

lhe beam, The same behaviour characterizes the deflection profile of the
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Figd. 5.0 Deflection prafil of the clamped-Tras nan uniform basen mder tha sctian of
cotantrabed rasses moving sl vamabie valocilles tar varkous values of foundatiess enshil] ®
ftor fiwed M {20000)

moving at variable velocity for N = 200,000 and K = 40.000. learly, the
response amplitudes of moving mass is higher than that of the moving force,
(This result shows that it is not safe to neglect the inertia effects of the moving

{oads in the dynamic analysis of moving load problems except the mass of the

Jnoving load is much smaller than the mass per unit length of the beam,
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aars for champad-fras non-antiorm beam far M=2000000 sndd Ked00n50,

116



CHAPTER SIX

GENERAL CONCLUSHON

b,  SUMMARY OF RESAERCH WORK

The problem of the Mexural mation of a prestressed Bernoulli-Euler beam
esting on elastic foundation and traversed by concentrated masses traveling al
vriable speeds has been investigaled, Closed form solutions of the governing
tourth order partial differential equations with vanable and singular coeflicients
of
1) Uniform Bemoulh-Euler beam and
) Non-uniform Bernoulli-Euler beam
moving mass problems are presented.

Firstly, for the first problem involving uniform Bemoulli-Euler beam, the
solution  technique 15 based on  generalized mtegral transformation, the
wmpansion of the Dirac Delta funchion in series form, Galerkin’s method, a
modification of Struble’s asymptotic methed and the use of the penerating
finctions of the Bessel functions

Important features of this technique is that, is that is capable of solving
moving mass beam problems mvolving
1) Liniform beams other than Bernoulli-Euler beam.

i) Any choiee of classical boundary condition often encountered in practice

m)  Mowving loads moving with constant or varable velocilies

L1



(iv) it can also handle moving mass problems of Rayleigh beams having
uniform and non-uniform cross-sectlion:

Unlike in the first problem, the second problem mvelving non-uniform
Bemoulli-Euler beam is resistant to the generalized mtegral transformation
lechnique.  Thus, we resort to a modification of Galerkin’s method to reduce the
fourth order partial differential equation with singular and variable coeflicients.
The resulting Galerkin’s equations are solved using the modified Struble’s
symptotic method and the use of the generating functions of the Bessel
function.  This technique has the same features as the one used in tackling
problem mvolving uniform Bernoulli-Euler beam.

In this work, illustrative examples involving

(I} Simply supported end conditions

) Clamped end conditions

(i) One end clamped and one end free conditions

are presented. The solutions hitherto obtained are analyzed and resonance

conditions for the vanous problems obtwmmed.  Numencal analysis are carmied

oul and the work exhibits the following mieresting leatures:

(1) For all the four illustrative examples considered, the mowving force
solution 15 not an upper bound for the accurate solution of the moving

mass solutton in both uniform and non-uniform  Euler-Bernoulli beams

problems.
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(1)

(i)

(iv)

(V)

(vi)

{vir)

As the axial force N increases, the amplitudes of both umiform and non-
uniform Bernoulli-Euler beams under the action of moving loads moving
wilh vanable velocihes decrease.

When the axial force N is fixed, the displacements of a uniform
Bernoulli-Euler beam resting on elastic foundation and traversed by
masses traveling with vanable speeds decrease as the foundation moduli
increase for all vanants of the boundary conditions. The same results
abtamn for non-uniform Bemoulli-Euler beams

Higher values of axial lorce N and foundation modulus K are required lor
a more noticeable effect i the case of other boundary conditions than
those of simply supported end conditions for both moving force and
moving mass problems of both uniform and non-uniform beams,

for fixed axial force and foundation modulus, the response amphitude for
the moving mass problem is greater than (hat of the moving florce
problem for all illusteative end condilions considered whether the beam is
umform or non-uniform.

in all the illustrative examples considered, for the same natural frequency,
the critical speed for moving mass problem is smaller than that of the
moving force problem. Hence, resonance 15 reached earlier in moving
mass problem.

In general, higher values of axial force N and foundation modulus K are

required for a more noticeable effect on the response amplitudes of non-
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uniform Bernoulli-Euler beams  than would be required for similar
uniform  Bemoulli-Euler beams moving mass problems for clamped-
clamped and clamped-free end conditions.

Finally, this work has suggested valuable methods of analytical solution

for this category of problems for all vaniants of classical boundary conditions.

o2

CONTRIBUTIONS TO KNOWLEDGE

Apart from the fact that this study has provided a closed form solutions

for both problems of uniform and non-uniform Bernoulli-Euler beams resting

on elastic foundation and traversed by concentrated masses moving at vanable

velocities, this study has

1)

)

i)

provided wvital mformation on the effect of axial force on uniform and

non-uniform Bemoulli-Euler beams under the action of concentrated

masses moving at variable speeds.
classified the mlluence of the elastic foundation  modulus on the

displacement response of both uniform and non-uniform Bemoulli-Euler

beams.

provided useful iformation on the resonance conditions for both moving
force and moving mass problems of uniform and non-uniform Bernoulli-

Euler beam.
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(v)  shed more light on the reliability of the moving force solution as a safe
approximation to the moving mass problem lor all vananis ol classical

boundary condinons

6.3 LIMITATIONS TO STUDY AND RECOMMENDATIONS FOR

FURTHER RESEARCH

The focus of this study 15 on the flexural motion of prestressed Bernoulli-
Euler beam resting on elastic foundation and traversed by concentrated masses
moving al variable velocities.

lllustrative examples have been lumited to classical boundary conditions
only. MNon-classical boundary conditions such as (i) elastically supported end
conditions (1) time dependent boundary conditions are not considered and as
such are supgested for future research. The two-dimensional analogue of the
theory developed m this thesis could be extended to the corresponding moving
vad rectangular plate problems.  Structures (beams or plates) on other
foundation models are left for further research. Other beam models under the
wction of moving loads such as shear beams, Rayleigh beams and Timoshenko
eams described by single equations resting on Winkler or non-Winkler elastic

oundation and visco-elastic foundation are not considered in this study,
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APPENDIX

SOLUTIONS OF SOME INTEGRALS

This appendix presents the solutions of the definite integrals listed in chapters

two and four of this thesis
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CL3

REM THIS PROGRAM IS WRITTEN

BY OMOLOFE BABATOPRE

BEM IT IS WRITTEH TO EVALUATE THE TRANSVERESE DISPLACEMENT OF MOVING FGRE|

HEM UNIFOHM BEAM FOR SIMPLY SUPFORTED

10 DIM J(35), V(10)

20 OPEN "33a.BAS" FOR QUTFUT AS #1

o ' FOR mm = 1 TO 4

40 * PRIHT "Enter the wvalue of FM K",

EO ' IMPUT FM
a0 L= 12.183

70 P = BADT .27 %+ 9,81

BO MIU = 2758, 201
BQ E = 2.10924E+085
100 IN = .00287698H
120 Gh L0022

130 ¥Xa = 1 f 20

140 P = 22 / 7
150 BE = 3 + PI / 4
160 AF = 200000

170 FM = 40000

180° 'PRINT M1, "RESULT FOR K="

180 PRINT #1,

200 PRINT #1, "TIME(t)",

210 PRINT #1,

220 FOR L =0 TO 4 BTEP .

230 FOR m = 1 TO 3°

240 REM ##+¥*EVRTIATING GAMMA HF SQUAREW & & & &
# [({m * PI} / L}
* ((m % BT} /L) *~ 2

250 GMF]
260 GMF2
270 GMF3 = FM / HMIU

280 GMF = SOR({GMFl + GMF2 + GMF3)
280 M8 = P / (MIU * (GMF)

00 BO = GHMF

310 F=m # PI + X0 / L
320 G =m * PI * gh / L
330 REM **##83EVALUATING THE BESSELS FUNCTIOMS k¥ iws

3 PR o= 0 TO7
350 FOR r = 0 TO 3
360 IF r = (0 THEW
3T Bf =]

180 ELSE

80 rf = ]

00 FOR I =1 TO ¢
110 rfF =xF * I

i20 HEXT I

130 EMD IF

40 8T =r 4+ n

150 IF 87 = 0 THEM
160 nprf = 1

}T0 ELSE

180 nprf = 1

150 FOR I = 1 TD SJ
03 nprf = nprf * I
10 HEXT I

320 EHD IF

(E * IN / MIU)
(AF / MIU)

ENDS CONDITIOM.

Ium

"DEFLECTION V(x,t)"
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530
540
550
560
570
RB0
590
600
610
£20
S30
540
650
660
B0
&80
890
100
710
720
T30
T40
750
760
770
180
Ja0
BOO
B1O
B20
830
240
BSO
B0
‘870
880

CL=
REM
REM
REM
1d
20
30
40
50
60
70
z18]
a0
100
110
120
130

BUM(r) = (-1) *r * (1 / {xf* nprf)) * (G / 2) * (n + 2 + r)
HEXT r©

J{n) = SUM{D) + SUM{1l) + SUM({2) + SUM(3)

HEXT n

REM f++#*x+EVALUATING THE EXPRESSION Vix,t) TERM BY TERM¥&w®és
SBOl = (J(0) * GMF * SIN(F)) / BOD

SHO2 = COS({(GMF - BD) * £} - COS{GMF * L)

8HO = 3BO1 % SBOZ

M2 = 0O

FOR K = 1 TO 13

Bl = GMF + 2 * K * BE

B2 = GMF — 2 * K + BE

COB1 = (COS({(GMF - Bl) * t) - COS(GMF * t)) / Bl
COB2 = (COS{(GMF - B2) * t) - COS{GMF * t)) [/ B2
SES = J{2 * K} * {COBl + COB2)

SUM2 = SUMZ + SES

HEXT K

SB12 = GMF * SUMZ * SIN(F)

SUM3 = 0

FOR K1 =0 TO 2
Bi = GMF 4+ (2 * K1l + 1) * BE
B4 = GMF - (2 * K1 + 1) * BE
SINB3 = (GMF * SIM({{(GMF - B3) * t} - (GMF - B3) * SINIGMF * t}} / B3
SINBd = (GMF * SIM{(GMF - B4) * t) - (GMF - B4} * SIN(GMF + t}} / B4
THS = J(2 * Kl + 1) ¢ (sSINBd - SINB3)
83 = 513 + THS
HEXT Kl
EH34 = Sim3 £ COS(F)
Vim} = (2 / L) * [(SBO 4 SB1Z2 + SBE34) * M= + SIH{m * PI S 2]
MEXT m
V1 = V(1) + V({2) + V(3)
FRINT #1, £, V1
HEXT E
FRINT #1,
HEXT mm
EHD

THIS PROGEAM IS5 WRITTEN BY OHMOLOFE BABATOFPE

IT IS WRITTEN TO EVALUATE THE TRANSVERESE DISPLACEMENT OF MOVING MASE
UNIFORM BEAM FOR SIMPLY SUPPORTED ENDS CONDITION.
DI J{30}, V{3}), JI(35)

OFEN "35_ BAS" FOR OQUTPUT AS #1

FOR TT = 1 TOC 4

FRIHNT "EWTER the value of FM ", TT

INPUT FM

L = 12.192

P = B407.27 *+ 9.81

MIU = 2758.291

E = 2.10824E+D9

IN = .D0287T698#
Gh = .0002
X0 i/ 20

P = 22 / 7



140
150
160
179
180
190
200
210
220
230
240
250
260
270
280
290
200
310
320
330
340
350
&0
365
380
avo
390
405
400
410
420
430
440
4580
460
470
480
490
500
510
520
530
La0
550
560
570
580
590
600
B10
620
630
640
&850

BE =3 % PIT / 4

AF = 200000

'FM = 40000

GCRA 9.81

Ml = B407.27

EOD = M1 / (MID ¥ Lj

FPEINT #1, "RESULT FOR EKE="; FH

PRINT W1,

PRIWNT #1, "TIME(t)", BPC(2): "DEFLECTION V(x,E)"
FRINT #1,

FOR £t =0 TDO 4 STEP .1

FOR M =1 TQ 3

REM ####*EVATTATING GAMMA ME SCQUARE® %% %
GMF1l = (E % IN / MIU)] * ({(M * PI) / L) * 4
GMFZ2 = (AF f HIU) * (M * PL / L}y ™ 2

GMF3 = FM [/ MIU

OMF = S0R(GMF1 4+ GMF2 + GMF3)

FeapM*PL & X0 F L

Gm M % BT * GRS L
REM *+&##+*EVATUATING THE BESSELS FUNCTIONS®&&#&+4
FOR n =0 T 7

FOR r =0 TO 3

IF r = O THEHW

EF = 1

EHND IF
FF=n +
IF FF = 0 THEW
HFRF = 1
ELSE
HERFE 1
FOR I =1 Ta FF
HPRF = HERF'* 1
HEXT I
EMD IF
SOM{zr) = (=1} * r ¢ {1 / (RF * NPRF)) * (@ / 2) * (n + 2'% 1)
guo{c) = (-1) ~x & (1 / {RF * RPRF)) * (G) " (n + 2 *+ 1)
HEXT r
Jin) = SUM{D) + 8UM{l) + SUM{2] + SUM[3}
JI{n) = SUM{0) + SUM{1l) + SUM(2) + SUM(3)
HEXT n
REM ##+#+EVALUATING GAMMA MM SQUARE*##&#
GMM1 = 2 - JI(0) * COS(2 * F)
GMM2 = ((BE * GA *+ M * PI) / 1) » 2
BA = (GHM1 * CHM2) S (2 % GHMF ™ 2)
5B = [(GMM1 + 2R} * BEO f 2
GMM = (1 - SB) * GMF

M3 = (EO0 * GRA * L) [/ (GHd * 2)

BO = GMM

REM ****#+:EVALUATING THE EXPRESSION Vix,t) TERM BY TERM**t+i+t:s

|28



660 BSINBOL (J{0) * GMM * SIN(F)) / BO

670 SINBOZ = COS({(GHMM - BO) * r) - COS(GHM * t)

680 8B0 = SINBO1l * SINBOZ

590 SUM2 = 0

700 FOR K =1 TO 3

710 Bl = Gk + 2 * K * BE

720 B2 = GMM - 2 * K % BE

730 COSBl1 = (COS((GMM - Bl) * t) - COS(GMM * t)) / Bl
740 cOSB2 = (COS((GMM - B2) * t) - COoS(GMM * t)) / B2
750 BSES = J(2 * K) * (COSBl + COSB2)

Te0 =BimM2 = BUM2 4+ S[SES
770 MEXT K
780 =2BR12 = GMM v SUM2 v SIN(F)

780 SUM3 = 0
BOO FOR K1 = 0 To 3

B10 B3 = GMM + (2 * K1 + 1) * BE

820 B4 = GMM - (2 * K1 + 1) * BE

B30 SINB3 = (GMM * SIN({(GMM - B3) * t) - (GMM - B3} * SIN(GMM * t)) / B3
BAD SINBA = (GMM * SIN((GMM - B4) * t) - (GMM - B4) + SIN(GMM * t))} / B4
B50 THS = J(2 * K1 + 1) * (SINB4 - SINB3)

BE0 SUM3 = SUM3 + THS

BT0 MNEXT Kl

BE0 SB34 = SUM3 * COS(F)

890 V(M) = (2 / L) * (S8B0O + SB12 + SB34) * MS + SIN(M * PI / 2)

900 NEXT M

910 V1 = V(1) + V(2) + V(3)

920 PRINT #1, £, V1

930 MWEXT t

940 PRINT M1,

950 NEXT TT

960 END

cLE

REM THIS FROGRAM IS8 WEITTEH BY OMOLOFE BRBATOFE
REM IT 15 WRITTEN TO EVALUATE THE TREANSVERESE DISPLACEMENT OF MOVING FORC
REM UNIFORM BEAM FOR OTHER BOUNDARY CONDITIONS
10 DIM J(35), I(35), IM(35), Lm(3)

20 CFEN "317.BAS" FOR QUTFUOT AS #1

10 FOR MM = 1 TD &

10 PRINT "EWNTER THE WVALUE OF FM", MM

50 ITHFUT FM

50 L m 12,192

10 E = 2 10624E409

30 P = B407 .27 * 4 81

30 GRA = 9.81

LO0 HMIU = 2758.291

110 INA = Q0287698 #

120 GA = 0002

130 M1 = B407.27
140 X0 = 1 / 20

B0 PI = 22 / 7

160 BE = 3 * BI / 4
LTd  AF = 200000

B0 "FM = 40000

129



180
200
210
220
230
240
250
260

270
280
290
300
a1o
320
330
340
360
370
380
390
400
410
L4200
430
G40
450
460
470
480
490
500
510
520
530
540
550
5a0
570
&EBO
580
&00
610
B2
630
640
850
GED
670
680
8490
F0o0
710

=L/ 2

FRINT #1, "RESULT FOR K=", FM
PRINT #1,
FRINT #1, "TIME(t)", SPC(2); "DEFLECTION WV{x, t)"
PRINT #1,

'Lm({1) = 4.,73004

'Lm({2) = 7.8532

‘Lm{3) = 10.99561

Lm(l) = 1.875
Lm({2} = 4.694
Lm{3) = 7.855
FOR £t = 0 TO 4 STEP .1
FORm=1To 3
REM ***#*EVALUATING GAMMA AJ SQUARE**+++
COSH = (EXP(Lmi{m)) + EXP({-Lm{m))) [ 2

8INH = (EXP({Lm(m)) - EXP{(-Lm{m))) / 2
COSH1 = (EXP(2 % Im(m)) + EXP(-2 * Lmim))) / 2
SINHI = (EXP(2 * Lm(m)) — EXP(-2 * Lm(m))) / 2

AM]l = -SINH - SIN({Lm(m))
AMZ = COS(Lm{m}) + COSH

Ak = A1 S AME

BHY = =]

CH = =AM

Ila = SIN(Z + Lmim)) / (2 * Lmim))
I1l=1L /) 2 v [1 - Ila)

IZa = (CO8(2 * Lam(m)) - 1} / (2 % Lm{m)])
IZ = -L J/ 2 * I2a

I3l = L / {2 * Lm{m))

132 = BIH({lm(m)) * COSH

I33 = COS(Lm{m)) * SINH

I3 = I31 & (132 - 1I33)

141 = L / (2 * Lmim))
142 = SIN(Lm{m)) * SINH
I43 = COS(Lm{m)) * (COSH - 1)

I4 = I41 * (I42 - I43)

I5 = 12

I6a = SIN(2 * Tm{m))} / (2 * Lm(m))
IE=L / 2 * (1 + I6a)

ITL =L / (2 * Lm(m))

I72 = COS{Lmf{m}) * COSH

I73 = SIN{Lm{m}) * SINH

I7 = IT1 * {172 + I73 - 1}

IBl = L / (2 * Lmim})

182 = CcOS({Lm{m)) * SINH

IB3 w SIN(Lm{m)) * COSH

I8 = Id1 * (IB2 + IB3)

IS = I3

1101

i

L/ (2 % Lim{m))

I102 COS{Lm{m)) * COSH

1103 SIN(Lm({m)) * SINH

I10 = I101 * (I102 + I103 - 1}
Illa = SINH1 / (2 * Lm(m)}

I1l = L J B-% {I11la = 1}

Iiza = (COSHL - 1) / (2 * Lm{m})
I12 =L f 2 * I12a

30



720
730
740
750
Ta0
770
T80
790
a0a
8210
B20
B30
B40O
BSO
=1-14]
870
BBO
BI0
=Ll
810
gz20
830
940
950
260
270
80
290
1000
1010
l1oz20
1030
1040
1080

I13 =
I14 = I8

Il1Ss = 112

I16a = SIHH1 / {
I16 = I, f 2 % (I

14

TOLl = T1 + 2 + AM * T2 4 2 * A * T3 + 2 % CM *
I16 + 2 * AM * RHM 4
B * CM % T12

TOZ = BM » 2 #. T

TO3 =2 % AM * COM ¥ J14

TO = TO1 + TO2 +
HAL = -I1 - AM *
HAZ = -AM * BM #
HA3 = BM * BM *

HAd = CM * BM #

HAMM = {{{Lm{m)

811
G512
G2l
GJ22

M J/ MIU

SQR (GJ21)

GAJO = (AF * HAMM /

GhJ = GJE2 * (1
M8 = P / (MIU *
BD = GAJ

(E * INA / MIU) ¢

2 % Tm{m}) )
l16a + 1}

11 + cM » 2 +
+ 2 ¢
TO3

I2 —~ Hd * I3 -
I7 - AM * CM +
I11 + BM * CM *
I1S + CM * CM *
/L) ~2)) +
(Lam {m]

GJ11 + GJl2

- GhJO)
(GAT) * 2)

Femm®* PT + 30 /J L

G = Lm(m}) * GA /
al = COS{Lmim) *
al = BIH(Lm{m} *
a2l = BM ¥
*
a2zl + a2z
*
aj2 = HM *
a32

a3} /

+
(a2 +
- ad} [/

82 = {a2

(EXP {Lm (m)
(EXP (Lam{m} * X0

{EXP(Lm{m) * XO
(EXP (Lm{m)} #* XO

L

X0 /L) - Aot
X0 / L) + AM ¥
* X0 /L)
;L)

! 1)
! L)

2
2

(HALl + HAZ -+ HAI +

CHM * T4

Ig + BM * T9 4+ EM

Iiz + CM
Ils

;LY » 4

(2 * MIU * GJ2L1))

BIM {Lm{m}
08 {Lm {m}
- EXP{-Lm{m}) *
+ EXP(-Lm{m) *

- EXP (=Lm{m}
+ EXP(-=Lm{m)

REM ®®dwadEVATUATING THE BESSELS FUMCTIONSt®++d4

1060
1070
1080
1090
1100
1110
1120
1130
1140
1150
1160
1170
1180
11940
1200
12190
1220
1230
12440
1250

FOR n =0 TO 7
FOR rw O TO 3
IF r = 0 THEM
rf = 7

ELSE

rf = 1

FOR I = 1 TO
rf = rf + I
NEXT I

EHMD IF

8 =r + n

IF 87 = 0 THEM
nprEf w ]

ELSE

nprf = 1

FOR I = 1 TG 8J
nprf = nprf * I
HEXT I

END IF

Sl (el = (=1}

-ﬁrt

fL AL 2 ppEE) )

@ 7 2)

131

I4 + BM
I10

HAAL)

X0 f L)
X0 F L)
X0 S oLyy /
¥0 £ 1)) f 2

J -TO

* X0 J LYY /
* X0 S OLY)Y /

{n + .2

- AM * I5 - BM * BM
* AM * TI10
# T13 + CM * AM *# I14

2

2
2

Pl EaTHR

I6

rl



1260
1270
1280

HEXT x«
Jin} = BUM1 (0} +
HEXT n

SUMIL (1) + SUML(2)

REM ##++ % ¢EVATUATING THE EXFRESSION V{x,t)

1290
1300
1310
1320
1330
1340
1380
1380
1370
1380
1390
1400
1410
1420
1430
1440
1450
1460
1470
1480
1430
1500
1510
1520
1530
1540
1550
1560
1570
1580
1580
1800
1810
1820
1630
1640
1650
1660
1670
1s80
1590
1700
1718
1720
1730
1740
1750
1760
1770
178a
1799

sBOl = (J[0) * GA
SEOZ = COS((GAJ -
SBO = SBO1 * SBO2
SUMZ = O

FOR K= 1 TO 3

Bl = GAJ + 2 * K

BZ = GAJ - 2 * K

coBl = {(COS((GAJ

cOBZ = (COS( (GAJ

SES = J{2 * K} *

qUMZ + SES

B3 = 0O

FOR E1 = 0 TO 3
Bl = GAJ + (2 * K
Bd = GAT - (2 * K
SINEB3 = (GAJ * SI
SINB4 = (GAJ * SI
THE = J{2 * K1 +
BUM3 = BUM3 + THS
HEXT K1

85B34 = BUM3 * al
FOR in = 0 TG 7
FOR ir = 0 TO 3
IF ir = 0 THEH
igf = 1

ELEE

irf = 1

FOR g = 1 TQ ir
igf = 1f * q
HEXT g

END 1IF

BJ = ir + in
IF 8J = 0 THEH
inpirf 1

ELSE

inpirf = 1

FCR g = 1 TQ 8J
ippirf = inpirf *
HEXT q

END IF

Bty = (1 F (2 * [(in + 2 % ir) *

SUMZ (ir) = 8U * {
NEXT ir

Ilin) = SUMZ2{0) + SUMZ (1)} + SUM2(2)

HEXT in

SB201 = (I(0) * GAJ * 31) [/ BO

SR202 = CO8( (GRT
5820 = SRIO] * SH
B4 = O

J * al) f BO

TEEM BY

+ SUML [(3)

Bo) * +) - COQ(GAT * £)

+ BE
t BE

(COB1 + COBZ)

1+ 1) * BE
1 + 1) * BE
N{[(GATJ - B3I)
H{[{EAT - Bd)

1) * (SINB4 - SINB3)

=

it:
ith

a=.

Bl) * ¢} - cos(GAJT * t})) / B1i
B2) * E) - COg{GAT ¥ Lt}) / B2

{GAaT - B3)
(GAT - B4)

(irf % inpirf} )}
g 2y & fin + 2 % ir)

+ 82 (3)

= BO)} * £) = QO8GRI * L)

202

132

TERM*2¥ &34

* SIN(GAT 4
* SIM{GARJ 1



1800
1810
1820
1830
1840
1850
l1g&0
1870
1880
1890
1904
1910
13920
1330
1940
1950
1980
1370
1980
14980
2000
2010
2020
2030
2040
2050
2080
2070
2080
2090
2100
2110
2120
2130
2140
2180
2160
2170
2180
2190
2200
2210
2220
22340
2240
2280
2260
2270
2280
2290
2300
2310
2320
2330
2340

FOR K =1 To 3
Bl = GAJ + 2 '+ K * BE
B2 = GhJ - 2%+ K ¥ HE

COBZl = (COS((GATJ - Bl) * t) - COS{GAJ * t}} / Bl
CoB22 = (COS{(GAT - B2) * ¢) - COS{GAJ * t)) / B2
SESZ = (-1) * K * I{2 * K) * (COB21l + COB2Z)

8UM4 = SUM4 + SES2

MEXT K

SB212 = GAJ * SUM4 * =1

SMS = 0

FOR K1 = 0 TO
B3 = GAJ + (2
B4 = GAJ - (2 * K1 + 1) * BE

SINB23 = {GAJ * SIN((GAJ - B3) * t) - (GAJ - B3)
SINB24 = (GAJ * SIN((GAJ - B4) * £) - (GAJ - B4)

K1 + 1) + BE

* w w L

* SIN(GARJ ¥ &
* BIN(GAJS % L

THE2 = (-1) ™ K1 *+ T2 * Kl + 1) * (3IHB24 - BSINB2Z3)

BUM5 = SUMS + THE2
HEXT K1

58234 = 5iM5 * 51
FOR in = 0 TO 7
FOR i = 0 TO 3

IF ir = 0 THEHW

irf = 1
ELSE
ixf = 1

FOR g =1 TDO ir
irf = irf + q
MEXT g

EHMD IF

8J = ir + in

IF 8J = 0 THEHW

inpirf = 1
ELSE
inpirf = 1

FOR g = 1 TO 8J
inpirf = inpirf % g

NEXT g ’

EHMD IF

s0 = {1/ (2 * {in *+ 2 % ir) * {(irf % inpirf)))
SUM3(ir) = SU * (-G / 2) * (in + 2 * ir)

HEXT ir

IM{in) = SUM3(0) + SUM3(1l}) + SUM3I(Z) + SUM3I (3}
HMEXT in

SB301 = (IM(0) * GAJ * 82) / BO

BBID2 = COS((GAJ - BO) * t) = COS(GAJT * t)

2830 = S5B301 % JB302

SUME = D

FOR K = 1 TG 3

Bl = GAT + 2 % K * BE

B2 = GAJ - 2 ®% K * BE

COB31 = (COS(({GAJ - Bl) * t) - COS(GAJT * t)) / Bl
COB32 = [COS({(GAT - B2) * t) - COS(GAS * t)} /7 B2

SES3 = (-1) ~ K * IM(2 * K} * (COB31 4 COB32)
BUME = SUM& + SES3
HEMT K



2350
2360
2370
2380
2390
2400
2410
2420
2430
2440
2450
2460
2470
2480
2490
2500
2510
2520
2530
2540
2550
2570
2580
2590
2600
2610

CLS
RHEM
REM

10
20
3n
40
50
&0
T0
80
g0
100
120
130
140
150
160
i7o
180
190
200
210
220
230
240

EB31Z = GR.T *

BUMT = 0

FOR Kl = 0 TO
B = GAJ + (2

Bd = GAJ
SINB33 =
SINB3] =

TH23 = (-

NEXT Kl

- {2
{GRT

- o o Gl

g5 * 82

K1 + 1) * BE
Kl + 1) * BE
SIN({GAT - B3) * t) - {GAJ - B3} * SIN(GAT *

(GRT * SIHN{(GAT — B4} * £} = (BRJ - B4} * BIH(GAJS *
1y = K1 * IH{2* Kl + 1) * ([BINB34 - SIHB33)}

BUMT = BUMT + THE3

BB3I34 = 8UM7 * 52
U1l = SB0O + 8B12 + BB34 4+ 5B20 + SBZ12
Ulz = 5B234 + SB30 + 5B31Z2 + 5B334

Ul = 111 + 112

U2l = SIN(Lm(m}) * X / L)

022 BM
uz23 = CH

Uz = U2l + U222 + UZ3

* (EXP({Lm(m) * X /
* (EXP(Lm{m) * X /

Vim} = 01 * U2 *» B3 / TO

HEXET m

V1 = (V1) + V{2} + V(3}}

PRINT #1,
NEXT t
PRINT #1,
HEXT MM
END

THIS FROGRAM

£, V1

IT I3 WRITTEM TO EVALUATE THE
UNIFORM BEAM FOR OTHER BOUMDARY COMDITIONS
I(35%), IM(25), Lmi

DIM J(35),

OPEN "320.bas"

FOR mm = 1

TS 4

+ AM * COos{Lmi{m) * X / L}
L} = EXP{-Lm{m) * X / L} / B
L) 4+ EXP{=-Lm{m) * X J LI} / 2

IS8 WRITTEM BY CMOLOFE BABATOPE

TRANSYERESE DISPLACEMENMT OF Mt

3}, Vi3)

FOR OUTPUT AR #1

FRINT "Enter the wvalue of FM®, mm

INEFUT EM
L = 12.192

P = 8407.27 # 9_H]

MIU = 27TH5B

291

E = 2.10824E+09

INA = 002876984
Gh = (0002

¥0 = 1 ) 20

Hl = 407 .27

E0 = M1 / (MIU * L)
GRA = 9. .81

PI = 22 }/ 7

BE = 3 + P

I /4

AF = 200000
'FH = 40000

X =L/ 2
FRINT #1,
FRINT #1,
PRINT #1,

"RESULT FOR K=", M

"TIME{t} ",

SPC{2);

"DEFLECTION V(x, t)"

134



250 PRINT #1,

260 'Lm{l) = 4.73004
270 "Lm{2)y = 7.8532
280 'Lm{3) = 10.99561
290 Lm(l) = 1.8B75

300 Lm(2) = 4.694

310 Lm{3) = 7.855

320 FOR t = 0 TO 4 STEP .1
330 FORE m= 1 TO 3

340 REM *#+**+EVALUATING GAMMA AJ SQUARE**#w%w

350 COSH = (EXP(Lm(m))} + EXP(-Lm{m})) / 2

350 BSINH = (EXP(Lm{m))} - EXP(-Lm{m})}) / 2

370 COSH1 = (EXP(2 * Lm(m)} + EXP{-2 # Lm{m))) / 2
380 SINHL = (EXP{2 * Lm(m)) - EXP(-2 * Lm(m))) / 2
390 AM1l = =SINH - SIMN(Lm(m))

400 AMZ2 = COS{Lm(m)) + COSH

410 AM = AM1 S B2

420 BM = =]

430 CM = -AM

440 Ila = SIN(2 * Lm(m)} / (2 * Lm(m))

450 I1 = (L / 2) * {1 - Ila)

460 I2a = (C08(2 * Lm{m)) - 1) / {2 * Lm{m})
470 12 = —(L [/ 2} * IZa

480 I31 =L / (2 * Lm{m})

490 I32 = SIN(Lm(m)) * COSH

500 I33 = COS(Lm(m)) * SINH

510 I3 = 131 & [(I3Z - T33)

520 I41 = L / (2 * Lm{m))

530 I42 = SIN(Lm(m)) * SINH

540 Id43 = COS{Lm(m}) * (COSH - 1)

550 ITd = I41 * [(I42 - I43)

560 IB = IZ2

E7T0 Ifa = SIH(2 * Lm{m)) / (2 * Lm{m))
580 I6 = (L / 2) * (1 + IGa)

590 I71 =L / (2 * Lm{m))
600 I72 = COS({Lm(m))} * COSH
610 I73 = SIN(Lm(m)) * SINH

620 I7 = IT1L * (I72 + I73 - 1)
630 I8l =L / (2 * Lmi(m})

640 IB2 = COS({Lm(m)) * SINH

650 I83 = SIN(Lm(m)) * COSH

660 I8 = IB1l * (IBZ + IB3)

670 I%9 = I3

680 1101 = L / (2 * Lmim))

690 I102 = CcoS{Lm(m))} * COSH

700 I103 = SIN{Lm{m}) * SINH

710 I10 = I101 * (I102 + I103 - 1)
720 Illa = SIWHL / (2 * Lmim)}}

730 11l = (L / 2) * {(Illa - 1)

740 Il12a = (COSH1 - 1) / (2 * Lm(m))
780 112 (L / 2) * I12a

760 I13 = I4

770 Il4 = I8

780 I15 = I12

790 Il6a = SINH1 / (2 * Lmi{m))
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800 I16 = (L J 2) * (Il6a + 1)
g10 TO1 Il + 2 ¥ * I2° 3% 2 © H4 ¢ T3 + 2 % CH & T4 +« A ™ 2 + 15
a2g TO2 B ~ 2 # I11 4+ oM 2 & J16 + 2 % AM ¢ BM * T1D

30 TO3 =2 * AM +*'CM * I14 + 2 ¢ BM * CM * I1Z

B40 TO = TOL + TO2:+ TO3

BS50 HAl = =-I1 - AM * T2 - BM *® I3 - CHM * T4 - AM * I5 - AM * AM * I§
BED HAZ = -AM * BM # 17 - AW * CM % IB + BM * I9 4+ B * RM + 110

BT0 HA3Y = Bd % BM * T11 4 BM % M % I1Z 4 ¢b * I13 + CM = AM * I14
BE0 HAd = CHM * BM * I15 4+ CHM % CM * I15

BS0  HAMH ({{Imi{m}) / L} ~2)) % (HA1 + HAZ + HA3 4+ HA4) / TO

800 GJ11 = (E * INA / MIU} * (Lm({m) S/ L) = 4

520 @aJ1Z2 = FM / MIU

930 GJ21 = GJ11 + GJ1Z

640 GJ22 = BOR(GJZ1)

850 GAJO = (AF + HAMM / (2 * MID ¥ GJZ1))

960 GAJ = BJ2ZZ * {1 - GAJD)

970 HBL = I1 + AM * IZ + BM * I3 4+ CM * Id 4 AM * I8 + AM * AM * I8
90 HBZ = AM # BM % IT7 + AM ¥ CM & TH + BHM * I% + BM * AM * T10

990 HB3 = BM * HM 7+ I11 4+ BM * CM * I12 + €M % I13 + CM ¥ AM * TI14
1000 HBY = CM *= BM + T15 4+ CM * CM * I16

1010 HEMM = (HBl + HB2 + HE3 + HB4) / TO
1020 HFMd = HAMM

1030 REMHMN1 = 0O

1040 BMHEMMZ2 = O

1050 'FORE n = 1 TO 5

1060 nn = 1
1070 I171 = (SIN({n * PI}) / (n * PI)

1080 T172 = SIN(n * PI) / (n * PI)

1080 I173 = SIN{(n * PI} + {2 *+ Im{m))}} / {{n * PI}) + (2 * Lm{m}})

1100 I174 = SIN((n ® PI) - (2 * Lm(m)}) / ((n * PI) - (2 * Lmim)))

1110 I17 = (L / 4) & {(I171 + I172 - T173 - TI17d)

1120 1181 = (CO8{{n * PI) - (2 * Lm{m})) - 1) / ((n * PI) - (2 +* Lam(m)))
1130 1182 = (1 - COS((n * PI} + (2 * Lm(m))}) / {((m * PI} + (2 + Lm(m)))
1140 1183 = {(coS(n * PI) = 1) / (n * PI)

i150 I184 = (1 - CoOSin ¥ PI)) / {(n * PI)

1160 I18 = (L / 4) + (I181 + I182 + I183 + T184)

1170 I1911 = SIN{Y{n * PI) 4 ILmim)) * COSH

1180 T1912 = ((n * PI} + Lmim}}) * COA{{n * PI}) + Lm{m))} * SINH / Lmi{m)
1199 I191 = (Lm(m} / (Lmfm) = 2 + ((n * PI}) + Lm{m)) " 2)) * (I1911 - I19
1200 T1221 = EIN((n * PI} - Lmi{m}} * CO3IH

1210 I1922 = ((n * PI) = Lmim}) * CO8((n * PI} = Lmim)} * SINH / Lm(m)
1220 1192 = (Lm{m) / (ILm{m) * 2 + ({n * PI} - Im(m}) * 2)) + (11921 - 1192
1230 119 = (1191 + 1192) ¢ (L / 2}

1240 I2011 = (SIN{(n * PI) + Lm{m)) * SINH)

1250 12012 = ({{n * PI) + Lm{m)) * (cos{(n * PI) + Lmim)) * COSH - 1)} /
Lm {m})

1260 1201 = {(Lm{m) / {(Lmim) * 2 + ({n * PI} + Lmi(m)) ~ 2)) * (I2011 - IZ01

1270 IZ2021 = SIN{{n * PI} - Lm{m)) * SINH
1280 12022 = ({{n * PI}) = Tmim}} * {(CQ3{(n * PI) - Lmfm}) * COSH - 1})
Lim {m})

1290 1202 = (Im(m) / {(Lm(m) ~ 2 4 {({n * PI) = Im(m)) * 2)) * [I2021 - 1I20%
1300 I20 = (I201 = I202% * (L J:2)

1310 T2111 = (CO=S{n * PI} - 1) / (n * PI)
1320 12112 = (1 - COS({(n * PI) + (2 * Lmim)))) / ({n * PI}) + (2 * Lmi(m)))
1330 IZ2113 = (COB({{n * PI} - (2 % Lmim}}) - 1) . F {(n * PI}] = (2 & Lmim)))
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1340
1380
1360
1370
1380
1390
1400
1410
1420
1430
1440
1450
1460
1470
1480
14890
1500
1510
1520
1530
1540
1550
15&0
1570
16580
1590
1600
1610
1620
1830
1840
1650
1860
1670
1680
1690
1700
1710
1720
1730
1740
1750
1760

Lm {m}

1770
1780
1780
Lm{m)
1800
1810
1820
1230
1840
1850
1860

I2114 = (1 - Co8i{n * PI}} / (n * PI)

IZ21 = (L / 4) % [I2111 + I2112 + I2113 + I2114)

I2211 = 8IN({n * PI) + (2 » Lm(m))) / ((n * PI) + (2

IZ212 = 8IN({n * PI) - (2 * Imim))) / ((n * PI} = (2

I2213 = 8I8i{n * PI) / (n * PI)

I2214 = SIM(n * PI} / {n * PI)

I22 = (L / 4) % (I2211 + I2Z12 + 12213 + I2214)

I2311 = Ccog({{n * PI} 4+ Lm{m)) + COSH

I2212 = {{n * PI + Lmim}) * SIH{{n * PI} + Lmi{m})} * 3]

I231 = (Lmi{m) S (Lm{m} © 2 + ({n * PI} 4+ Lm{m)) " 2}}

12321 = ¢co8{(n * PI) - Lm{m)) * COSH

12322 = (({n * PI) - Lm{m)) * SIM((n * PI) - Lm(m}) *

1232 = (Lm{m) / (Lm{m) * 2 + ({n * PI) - Lmim)) ~ Z})

I23 = (L / 2) * (I231 + 1232) " TN
I2411 = COS{(n * PI} + Lm(m)) * SINH g n
I2Z412 = {((n * PI) + Lm{m)) * SIN((n * PI) + Lm{m}) ¢ &

1241 = (ILm(m} / (Lmim} * 2 4+ ((n * PI} + Lm(m}} ~ 2§~

12421 = COS{{n * PI) - Lm(m}} * SINH e

12422 = ({n * P1) - Lm{m}) * SIN((n * BI} - Lm{m)} *‘E?

1242 = (Lm{m) / (Lm{m) *~ 2 + ({n * PI) - Lmim)) * 2)P% Vo
I24 w (L S 2} * [I241 + I242)

IT251] = {EIHil:n L PIj + I..1n{:rn” # I:_"DBI-]}I

I2512 = {({{n * PI} + Lmim}} * COS{(n * PI) + Lmim)} *
I251 = (Lm{m) / (Lmi{m)} = 2 + ({n * PI) + ILmim}) * 2))
12521 8IN{{n * PI}) - Lm{m}) % COSH

12522 {{{n * PI) = Lmim)) * COS{(n * PI) = Lmim)) *
I252 = (Lmim) / {Lm(m) * 2 + ((n * BI) - Lmim}} = 2))
I25 = {(I251 + IZ52) * (L [ 2}

|
fn e

I2611 = Cos{{n * PI} + Lmi{m)) * COSH
I2612 = ({(n * PI) + Lm{m)) * SIH({n * PI) + Lm(m)} * 5
I261 = {(Lm{m} / (ILm{m) ~ 2 + {{n * PI} + Lm{mi} = 23} *
12621 = COS({n * PI) - Lm{m)) ¥ COSH
I2622 = {({{n * PI}) = Lm{m}) * SIN{{n * PI} - Lm{m)) * &
I262 = [(Zm{m) / (Lamim} ~ 2 4 ((n * PI] - Lm{m)) =~ 2]} *

126 = (L / 2) + {I261 + TI262)
1271 = (-1} ~ n *+ (2 * Lm(m)) * SINHIL

1272 = (2 % Lm{m}) ~ 2 + (n * PI} ™ 2

127 = (L / 2) * (1271 [/ 1272)

I281 = (2 *+ Lm{m)) * ({-1} * n * COSH1 - 1)
1282 = (2 * Lm(m)) * 2 + (n *t PI) * 2

I28 = (L / 2) v (1281 / 1282)

12911 = (SINM{{n * PI) + Lm(m)) * SINH)
IZ912 = [{{n * PI} + Lm{m)) * (COS{{n * PI} + Lmim}} * O
1291 = (Lm{m) / (Lmi{m) * 2 + ((n * PI} 4+ Lm(m)) ~ 2)) *

12921 = SIN({n * BI} - Lm(m)) * SINH
12922 = ({{n * P1}) - Lm{m}) * (COS{{n * PI) - Lm{m}) *
1292 = (Lm{m) / {(Lm{m) * 2 ¢ ((n * PI} - Lmim)) ~ 2}} *
I29 = (L / 2) * (IZ91 - I292)

13011 = CO=((n * PI) 4 Lm(m)) * SINH

13012 = {{n * PI} + Lmi{m)) * SIH({(n * PI} + Lm{m}) * CoOSi
1301 = (Lm{m} / (Lm{m) ~ 2 + {(n * PI} + Lm{m))} * 2)) #* |
13021 = cos{{n * PI) - Lm(m)) * SINH

13022 = ({n * PI} - Lmim}) * SIN{(n * PI) - Lm{m}) * COSH
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1870 1302 = (Lm{m) / (ILmi{m} ~ 2 + ({n * PI}) - Lm{m)) ~ 2}) =

1880 I30 = (L / 2) * (I301 + I302)
1890 I3l 128
1900 I32 = I27

(T3021 + I30:

1910 HEML = I17 + AM * I1B + BM ¥ I19 + CWM * I20 .+ AM * I21 + AM * AM * I

1920 HCM2 =
1930 HOM3 = BM % BM * I27 + BM * CM * I28 + CM * I29 + CM * AM + I30

1540 HCM4 = CM * BM * I31 + CM * CM * I32

1950 HCMM = (HCM1 + HCM2 + HCOM3 + HOM4) / TO

1960 HGML = -T17 - AM % 118 - BM ¢ T19 - CM % TI20 - AM + I21 - AM * AM + ]
1970 HGM2 = -AM * BM % I23 - AM & CM + I24 + BM * I25 + BM * AM * 126
1980 HEM3I = BM + BM * I27 + BM # CM * I28 + CM * I29 + CM + AM * I30

1990 HGM4 = CM + BM + I31 + CM * CM + I32

2000 HGMN = (Lm{m} / L) ~ 2 + (HGM1 + HGM2 + HGM3I + HGM4) / TO

2010 J0 = 1

2020 '"RMM1 = HCMN * COS(PI * X0 / L} * J0
2030 "REMMN]1 = RMMN1 4+ RMN1

2040 'RMNZ = HGMN * COS(PI * X0 / L) * J0
2050 'BMMNZ = RMMNZ + RMN2

2060 'MEXT n

2070 RMMN1 = JO0 * HCMN + COS{PI * X0
2080 BRMMMNZ = J0 * HEMHN * CoOS(PI xo
2090 GBl1 = HBEMM + EBEMMN1

L}
L

g,

2100 GBZ = (GA * BE) * 2 * [(HFMM 4+ 2 * RMMN2) / (2 % GAJ * 2}

2110 GB3 = EO * (GBl - GBZ) / 2
2120 GBI = GAJ * (1 - B8B3)
2130 M3 = E0 * I, * GRA / (GBJ) *~ 2
2140 BO = GBJ
2180 F = m % -PT % X0 ./ L
2160 ¢ = ILmi{m} * A J L
2170 ald = coS({Lmim) * X0 / L) - (AM * SIN{(Lm{m) * X0 /
2180 al = SIN(Lm(m) * X0 / L) + (AM * cosS{Lm(m} * XO /
2190 a1l = BM * (EXP(Lm({m) * X0 / L) = EXP({~-Lm(m} +* XO
2200 a22 = CM * (EXP{Lm(m} * X0 / L) + EXP({-Lm(m} * X0
2210 a2 = aZl + az2?
2220 a3l = CHM * (EXP({Lm{m) * X0 / L) - EXP(-Lm({m)] * XO
2230 a32 = BM * "(EXP(Lm{m) * X0 / L) + EXP(-Lm{m] * X0
ail + a3z
2280 51 (a2 + a3) } 2
2260 52 (a2 - a3) [/ 2

REM *++*++EVALUATING THE BESSELS FUNCTIQONS*#+®du4
2270 FOR n = 0 TO 7
2280 FOR r = 0 TO 3
2290 IF r = O THEN

2240 a3

W n

2300 rf =1
2310 ELSE
2320 f = 1
2330 FOR I =

1 To =
2340 rf =rE ¥ I
2350 NEXT I
2360 EHD IF
2370 80 = £ + n
2380 IF 8J = 0 THEH
2300 nprf = 1
2400 ELSE

138

AM ® HM * TRA3 4+ AM * CM % T24 + B & T25 + BM * AM & T26

e
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e e
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2410 nprf = 1

2420 FOR I = 1 TO 83
2430 nprf = nprt * I
2440 WEXT I

2450 EHD IF

2460 SUMl () = (-1} 2 * (1 F (cf * npcf}} * (G Ff 2} * {(n + 2 * r}
2470 MEXT r
2480 J{n) = SUML (3} + SUMI1(1) + SUML{Z) + SUM1(3)

24533 MEXT n
REH %% ¥k * #EVATUATING THE EXPRESSION Vix,t) TERM BY TERM**#k&&¥
2500 8BO1 = (J(0) * GBJ * al) / BO
2510 sBBOZ2 cos{ (GBS -~ BO}) * t) - COS(EEJ * t)
2520 5B} = gBD1 * SBO2
2530 82 = 0
2h40 FOR K = 1 To 3
2550 Bl = GBJ + 2 - K % BE
2560 B2 = GBJ - 2 v K * BE
2570 OBl = (COS{{GBJ Bl) * £} - CO8IGEBJ * £)) / Bl
2580 COBZ = (CO8((GBJ B2) % £} - Cos{aBT * t)) F B2
4590 BES = J({2 * K} * (COBl + COB2)
2600 Sz = BUMZ + ZES
26170 HEXT K
2620 8Bl1Z = GEJ * SUMZE + al
2630 8UM3 = 0O
2640 FOR K1 = 0 TO 3
2650 B3 = GBJ + {2 * K1 + 1) * BE
2660 B4 = GBJ - {2 * K1 + 1) BE
2670 STHEB3 = (GBJ # SIN/((SBJ B2 * k) - [(GBJ — B3I} + SIM(GEBI + t)) F B
2680 BIHNBd = {(GBJ * BIN{{GEJ - B4) * £} + (GBI - Bd} * SINI(GET * &)} / B
2690 THS = J(2 * K1 + 1) * (SINB4 - SINB3}
2700 B3 = BUM3 + THS
2710 MEXT K1
2720 5B34 = SUM3 * ad
2730 FOR in = 0 TO 7
2740 FOR ir = O To 3
2750 IF ir = 0 THEH
2760 irf = 1
2770 ELSE
2780 irf = ]
2790 FOR g = 1 TO ir
2800 irf = irf ¥ g
2810 WEXT g
ZBZ0 EHD IF
2B30 8T w ir + in
2840 IF =F = 0 THEN
2850 inpirf = 1
2860 ELSE
2BT0 inpirf = 1
2BB0 FOR g = 1 TO =J
2880 inpirf = inpicf * g
2900 NEXT g
2910 EMD IF
25920 B0 = (1 ;5 (2" fim +2 % ir) & (irf * inpirf)))
2030 SMZ(Ar) = B0 * (6 / 2} * {(in + 2 * 4ir)
2940 WMEXT ir

=
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2850
2960
2970
2980
25990
3000
2010
30240
2030
3040
ansa
060
3070
3080
3090
3100
3110
2120
3130
3140
3150
3160
3170
3180
3190
3200
3210
3220
3230
3240
250
32680
3270
32840
3250
3300
3310
3320
3330
3340
A350
A3&0
3370
3380
3380
2400
3410
3420
3430
3440
3450
3480
3470
3480
344940

I{in] = SUM2{0) + SUMZ (1) + 8UM2({2) + 8UM2(3)
MEXT in

§B201 = (I{0} * GBJ ¥ 81} / BO

SR202 = COS{(GBJ - BO) * t) - COB(GBJ * t)
SE20 = SB2O1 * SB202

BEUME = O

FOR K=1 TO 3

Bl = GBY +# 2 * K * BE

B2 =GBJ - 2 + K * BE

COB21 = [COS({GEBT - Bl} * t) - cos(EBI + t)) / Bl
COB22 = (COS{(GBJ - B2) * t) - COS{GRJ *+ t)) / B2

SESZ = {-1) ~ K * I{2 * K} * (COB2Z1 + COB22)
SUM4 = SUM4 + SESZ

NEXT K

SB212 = GBJ * SUM4 % S1

SUMS = O

FOR K1 = 0 TO
B3 = GBJ + (2
B4 = GBI - (2
SINB23 = (GHJ
SINB24 = (GBJ

Kl + 1} * BE
Kl + 1) * BE
BIN{({GES = B3) * ) - (GBJ - B3}
SIN{{GEJ — B4) * ) — (GBJ — B4)

L

* SIN(GBJ * )} / B

SIN(GBJ W

TRS2 = (-1} * K1 * I{(2 * El + 1) * (SINB24 - SINB23)

SUME = SUME + THSZ

HNEXT EKi
8BZ34 = UM * 51
G0 = -4

FOR in = O TO 7
FOR 1r = 0. T 3
IF ir =  THEM

irf = 1
ELEE
fpf = F

FOR g = 1 T2 ir

irf = ircf * g

HEXT o

EHD IF

8J = ir + in

IF 5J = 0 THEHW

inpirf = 1

ELSE

inpircf = 1

FOR g = 1 To 543

inpirf = impirf * g

HEXT g

EHD IF

80 = (1 f (2 * fin + 2 * jr) * (irf * inpirf}))
BUMIir) = 8380 ®* (-G S 2} ® [in + 2 + 1ir)
HEXT ir

IM{in} = SUM3 (0} + SUM3I{1} + sSTM3I{2) + SUMI{3)
HEXT in

BB301 = ({IM{0} * gBJ * 52) S BO

BB30Z = COS((GBJ = BQ) * £) = COS(GBJ * E}
5R30) = 5SR301 * SE302

EmMe = 0

FOR E = 1 TO 3

| 40
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3500
aslo
3520
3530
3540
3550
3560
as70
3580
3590
3e00
310
Je20
3630
640
da50
dee0
3670
3680
3620
aroo
3710

3720
3730

a74an

3750

3760
770
a780

ATa0
3Jaon
3810
320

Bl = GBJF + 2% K * BE
B2 =o@Phd = doe Ko BHE

coB3l = {CO3{{GBJ - Bl) * t)
coB32 = (COS{(GBJ - B2} * k)

BES83 = (=1} "~ K * IM{2 * K}
SM6 = SUMG + SEBS3

HEXT K

8R312 = GBJ ¥ SUMG * 52
BT = 0O

FOR K1 = 0 TO
B3 = GBI + (2
Bd = GBI - (2
BINB3I3 = (GBJ

Eow om0

BUMT = BLMY 4+ THS3

HEXT K1
8R334 = SUMT * B2

El + 1) * BE
Kl + I] ¥ BE
8IN{ {GBJ - B3]
SINB34 = (GBJ * BIN({{GHEJ - Hd)
TH33 = (=17 * K1 * IM[2 * Kl +

{CoR3l

= ‘COS{GET * t))
— COB{GBT * &))
+ CoR3z)

Ry = EET -
+ L) - [(GBF -

i

) * (SINB34

Ull = SBO + SB12 + S5B34 + 3B20 + 5B212
Ui2 = 5B234 + SHB30 + SH312 + 3B334

0l = 911 + ul2

U21 = SIN(Lm{m) *+ X / L) + {AM * COS{Lmn{m) *
U22 = BM * (EXP{Lm{m} * X / L) - EXP{-Li{m)
+ EXP {-Lm{m)

U23 = CM * (EXP{Lm{m) * X / L}

Uz = U221 + U022 + U23
Y¥im) = (UL + M5 * U2) / TO
MEXT m

Vi = V1) # V(2] £ w3
PRINT #1, &, V1

MEXT t

PRINT W1,

HEXT mm

END
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