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ABSTRACT

The problem of flexural vibrations of prestressed Bernoulli-Euler beam

resting on elastic foundation and traversed by concentrated masses traveling at

variable speeds is studied in this thesis. Both cases of uniform and non-uniform

Bernoulli-Euler beams involving fOUI1h order partial differential equations

having variable and singular coefficients are considered.

Foremost, closed form solutions are obtained for both the problems of

uniform and non-uniform Bernoulli-Euler beams. The solution technique is

based on the generalized integral transforms, the generalized Galerkin' s method,

the expansion of the Dirac Delta function in series form, a modification of the

Struble's asymptotic method and the use of the generating functions of the

Bessel functions. An important features of this robust technique isthat it is

applicable for all variants of classical boundary conditions for this class of

problems. The closed form solutions are analyzed and numerical analysis in

plotted curves are presented.

The results show that for the same natural frequency, the critical speed

for the uniform Bernoulli-Euler beams traversed by moving force is greater than

that under the influence of a moving mass for both uniform and non-uniform

Bernoulli-Euler beams. Hence resonance is reached earlier in the moving mass

problem. The same results are obtained for the non-uniform Bernoulli-Euler

beams. Furthermore, for fixed values of axial force N and foundation modulus

IX



- .,-----'.--
"<'

K in all the illustrative examples considered, the moving force solution is not an

upper bound for the accurate solution of the moving mass solution. It is also

found that as the axial force N and the foundation modulus K increases, the

amplitudes of both uniform and non-uniform Bernoulli-Euler beams Linder the

action of moving loads traveling with variable velocities decrease. However,

higher values of Nand K are required for more noticeable effects in the case of

other boundary conditions than those of simply supported end conditions.

Finally, it is observed that relying on the moving force problem as a good

approximation to a moving mass problem is not only misleading, but it is tragic.

x
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CHAPTER ONE

1.0 INTRODUCTION

The response of structural and flexible members tomoving loads has

been the subject of numerous investigations owing to its relevance111 many

diverse areas [1-3]. In most analytical studies III Engineering and

Mathematical Physics, the structure has commonly been modeled either as a

beam or as a plate. In such structural members under the passage of moving

loads, the interaction between the passing load and the structure makes the

dynamic response analysis very complex. The application of such moving

load problems include [4,1] the response of railroad rails to moving trains, the

response of bridges and elevated roadways to moving vehicles, machine chain

and belt drives, computer tape drives, floppy disks and video cassette recorders

(VCR). Moreover, in our time, modern means of transport are ever faster and

heavier, while the structure over which they move are ever more slender and

lighter. The dynamic stresses they produce are larger by far than the static

ones. This has continued to motivate a lot of research activities in this area.

Nevertheless, it appears that most of the recent studies focus on numerical

simulations, possibly including the effects of train mass inertia; coupling with

the train cars suspension systems, tracks stiffness, damping and roughness,

especially for ballasted tracks, or rail wheel contact [3]. Comparatively, few



studies concentrate on analytical developments, in fact when these are

available, the inertia effects of the heavy mass are neglected. However, there

are clearly many problems of great physical significance in which load inertia

is not negligible and alters the dynamic behaviour of the system significantly

[5]. Examples include the slab type bridges on which vehicles or trains travel

and the decks of ships on which aircrafts land. These may be modeled as

moving masses on plates which certainly have under laying beams as supports.

The fundamental mathematical complexity encountered in this problem lies in

the fact that one of the coefficients of linear operator describing the motion is a

function of space and time. This is caused by the presence of a Dirac-della

function as a coefficient necessary for a proper description of the motion.

Physically, this term represents the interplay or inertia forces due to moving

mass inertia. Furthermore, the problem of assessing the dynamic behaviour or

structures carrying moving loads has been almost exclusively reserved in

literature for moving loads moving at constants speeds [6]. The more practical

cases when velocities at which these loads move are no longer constants, but

vary with time have received little attention in literature. This may be as result

of the complex space-time dependencies inherentIII such problems.

Specifically, even when the inertia effects of the moving load is neglected,

analytical solutions involving integral transform are both intractable and

cumbersome (7]. However, such practical problems as acceleration and

breaking of automobile on roadways and highway bridges, taking off and

2
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landing of air-crafts on runway and breaking and acceleration forces in the

calculation of rails and railway bridges in which the motion is not uniform, but

a function of time have intensified the need for the study of the behaviour of

structures under the action of loads moving with variable velocities.

It should be remarked, at this juncture, that the behaviour of structural

members differs from one end support to another. The end support conditions

1110stcommonly encountered in the analysis of structural motions are

(a) Simply supported end.

(b) Clamped end.

(c) Free end.

(d) Rayleigh end.

These are classified classical conditions. Other boundary conditions may

arise, which are called non-classical end conditions. These are not covered in

the theory proffered in this thesis. Among the classical end conditions listed

above, employed most frequently is the simply supported end conditions in the

analysis of structures under moving load. In almost all cases solution

techniques employed using these boundary conditions are not suitablefor other

boundary conditions.

This thesis therefore, IS concerned with the flexural vibrations or

prestressed (uniform and non-uniform) Bernoulli-Euler beams resting on

elastic foundation and traversed by masses moving at variable speeds. This

work incorporates the inertia effect of the moving load, the effect of prestress

3



and the effect of elastic foundation in the governmg fourth order partial

differential equations of the dynamical systems and sets at solving them. The

objective is to analyze in each case of the uniform and non-uniform Bernoulli-

Euler beams the effects of these parameters when it is being traversed by a

heavy moving load, moving at variable speed.

I.] REVIEW OF RELATED LITERATURE.

The problem of the response of an elastic system (beam or plate) to a

moving load (moving force or moving mass) has been the objective of

numerous investigation in Engineering, Mathematical Physics and Applied

Mathematics for many years [7,8]. 1n particular, the dynamic response of a

simply supported beam, traversed by a constant force moving at a uniform

speed was first studied by Krylov [9]. His results were obtained by using the

method of expansion of eigenfunctions. He assumed that the mass of the load

is smaller than that of the beam. Later, Timoshenko [10] used energy methods

to obtain solutions in series form for simply supported finite beam on an

elastic foundation subjected to time dependent points loads moving with

uniform velocities across the beam. Kenny[11] similarly investigated the

dynamic response of infinite elastic beams on elastic foundation under the

influence of load moving at constant speeds. He included the effects of

viscous damping in the governing differential equation. Steel[12] also

investigated the response of a finite simply supported Bernoulli-Euler beam to

4



a unit force moving at a uniform velocity. He analysed the effects of this

moving force on beams with and without an elastic foundation. Using a

considerably simpler vector formulation with a Laplace rather than. Fourier

transformation, Steel [13] presented a review of the transient response of the

Euler-Bemoulli-Euler beam and the Timoshenko beam on elastic foundation

due to moving loads. The problem of a cylindrical shell with all engulfing

.axisymmetric pressure waveIS shown to be generally quite analogous to

Timoshenko beam. In a much latter development Oni[14] considered the

problem of a harmonic time-variable concentrated force moving at a uniform

velocity over a finite deep beam. The methods of integral transformations are

used. Series solution which converges is obtained for the deflection of simply

supported beams and analysed for' various speeds of the load. Just as for

elastic beams, the problem of dynamic response of elastic plates to moving

loads when the mass effect of the moving load is neglected has been tackled by

many authors. However, in comparison, plates subjected to moving loads have

only attracted the attentions of few researchers. Among the earliest researches

into this subject was Holl [15] who solved the problem of a rectangular plate

carrying uniformly moving loads. He concluded that a critical velocity existed

for each mode of vibration. Livesly [16] on the other hand, considered the

problem of a uniformly traveling load on an infinite plate and showed that

there exists a certain critical velocity, beyond which stresses and deflections

become infinite. However, in these studies, the plates considered were

5
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idealized by one where mass is approximately neglected. Much later Stanisic

et al [17J studied the problem of a simply supported non-Mindlin plate under a

Multi-masses moving system they made use of an approximation of the Dirac

Delta function and obtained in series form a closed form solution of the

dynamical problem. Fora plate structure, without an elastic foundation, Willis

et al [18] used the finite element method to study the dynamic response under

moving loads. He examined the effects of eccentricity, span length,

acceleration and initial velocity of the moving load. The response to moving

concentrated masses of elastic plates on a non Winkler elastic foundation was

later taken up by Gbadeyan and Oni[19]. They found that, for the same

natural frequency, the critical speed for a rectangular plate resting on a

Pasternak foundation and subjected to a moving mass is smaller than that of

the same plate traversed by a moving force. A one-dimensional analogue of

the work in [17] was taken up by Milomir et al[20] who developed a theory

describing the response of a Bemoulli-Euler beam under an arbitrary number

of concentrated moving masses. The theory is based on the Fourier Technique

and shows that, for a simply supported beam, the resonance frequency is lower

with no corresponding decrease in maximum amplitude when the inertia is

considered. The analytical and numerical solutions were shown to converge

very rapidly. This work was later extended by Stanisic et al[21] to include all

the components of the inertia term. Their method of solution as with other

references earlier stated is suitable only for simply supported end conditions.

6



This deficiency was tackled by Sadiku and Leipholz [22] on the dynamic

analysisof an elastic beam traversed by a concentrated mass. He developed a

robust technique capable of solving Bernoulli-Euler moving load problems for

all variant of classical boundary conditions. The technique involves

transforming the differential equation by using the Green's function of the

associated moving force problem. Although, this work is impressive, its

application is limited only to the case of beams executing flexural vibrations

according to the simple Bernoulli-Euler theory of flexure. Also to the best of

the author's knowledge, this technique has not been extended to a two

dimensional moving load problems. To this end a more robust technique was

developed by ani [2] and Gbadeyan and ani [23] to solve the problem of a

finite uniform Rayleigh beam ( a thick beam ) under an arbitrary number of

moving concentrated masses. The theory advanced involves the development

of an analytical versatile technique which is based on the modified generalized

finite integral transform and the modified Struble's method. An important

features of this technique is that it is applicable to all classical end conditions,

as well as both thin and thick beam moving load problems. A two-

dimensional analogous of this technique was employed by ani [24] to solve

the problem of the dynamic response of an elastic plate under the actions of

several moving concentrated masses. It was observed that, for the same

natural frequency, the critical speed for the system consisting of a rectangular

plate resting on a pasternak's subgrade and traversed by a moving mass is

7



smaller than that traversed by a moving force for both simply supported and

simple-clamped rectangular plate. The analysis further show that for both

simply supported and simple-clamped rectangular plates, the response

amplitudes decrease with an increase in the value of shear modulus for the

fixed value of foundation stiffness. However, for simple-clamped rectangular

isotropic plate, greater values of the sub-grade's shear modulus for a fixed

value of foundation stiffness are required for a noticeable effect on the

response curves due to moving force or a moving mass.

It should be remarked at this juncture that in all the aforementioned

investigations, the problem of assessing the dynamic behaviour of structures

carrying moving loads has been restricted to the case when the loads are

moving at constant speeds. The more realistic cases when velocities at which

these loads move are not constants but vary with the time are almost virtually

absent in literature ani [6]. This class of problems was first tackled by Lowan

[25] who solved the problem of the transverse oscillations of beams under the

action of moving variable loads. Much later Kokhmanyuk and Filippov [26]

treated the dynamic effects on the transverse motion of a uniform beam of a

load moving at variable speed. In a more recent development, Gbadeyan and

Ayesimi [27] undertook the analysis of the dynamic response of finite beam

continuously supported by a visco elastic foundation to a moving load at

variable speed. Only the force effect of the moving load was considered and

the method of' solution is only suitable for simply supported boundary

8



conditions. It was found that the period of the resonating vibration decreases

with increasing value of lateral frequency of load. Oni [6J made a bold

attempt more recently on the motions of a uniform beam under the actions of

a mass traveling with variable velocity. However, his method fails to cover

the various practical cases of all classical boundary conditions. In particular,

his method of solution is only suitable for simply supported end conditions and

beams with uniform cross-sections. Thus, this study presents the problem of

both uniform and non-uniform beams under the actions of concentrated masses

whose speeds vary with time. The beams are assumed to be under tensile

stress and on elastic foundation.

1.2 OBJECTIVES OF THE RESEARCH

The specific objectives of this work are to

(a) obtain closed form solutions of the fourth order differential equations,

with variable and singular coefficients of uniform and non-uniform

Bernoulli-Euler beams for all variants of classical boundary conditions.

(b) determine and classify the axial force influence011 the response to

moving masses of both uniform and non-uniform Bernoulli-Euler beams

resting on elastic foundation.

(c) classify the effects of the elastic Winkler foundation on the transverse-

displacement response of both Uniform and Non-Uniform Bernoulli-

Euler beams for all variants of classical boundary conditions.

9
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(d) indicate the reliability of the movmg force solution as a safe

approximation to the moving mass problem.

(e) establish the resonance conditions for both moving force and moving

mass problems and the effect of axial force and foundation moduli on

the resonance conditions.

1.3 DERIVATION OF GOVERNING DIFFERENTIAL EQUATION

Let us consider the motion of a straight, non-uniform beam as shown below in

the diagram(fig la).

V(X,t) -

I, - xJ fix

/-- L --I

Fig 1a: Beam properties and coordinates

The significant physical properties of the beam: flexural stiffnessEl(x)and the

massper unit lengthM(x) , both vary arbitrarily with position x along the span

L. The transverse loadP(x,t) is assumed to vary arbitrarily with position and

time and the transverse displacement responseveX,!) also is function of these

variables. The end-support conditions for the beam are arbitrary, although

they are pictured as simple supports for illustrative purposes.

Considera free body diagram shown below (fig 1b).

10
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t 1

~JJ ...t
f
dx ........................ ~

Fig 1b Forces acting on differential element.

The equation of motion of this simple system can readily be derived by

consideringthe equilibrium of forces acting on the differential element of the

beamshown above in fig 1b. Summing all forces acting vertically leads to the

firstdynamic-equilibrium relationship.

T + Pdx - (T + :; dX) - J;dx = 0 (1.1 )

inwhich [.dx represents the distributed transverse inertia force and is given by

theproduct of the differential mass and the local acceleration:

(1.2)

Substituting(l.2) into equation (l.1) and simplifying yields

(1.3 )

whichmay be recognized as the standard relationship between shear force and

transverse load but with the transverse load now including the inertia force of

the accelerating beam. The second equilibrium relationship is obtained by

11



summingmoments about the elastic axis at the right hand face of the segment

as follows:

(eM)M + tdx= M +-'-dx = 0
ax

(1,4)

where it has been noted that the distributed lateral force makes only a second

order contribution to the moment. Simplifying(Lzl) one arrives at

alvl = t (1.5)
ax

No inertia force contributes III this case to the moment equilibrium.

Differentiating (1.5) W.r.t x and substituting (1.3) yields, after rearrangement,

(1.6)

Finally, introducing the basic moment-curvature relationship of elementary

beamtheory that

M j ..!() a2v= .j. x -7

ar

leads to the partial differential equation of motion for elementary case of beam

flexure.

a2
(, a

2f') a
2

v
-7 LJ(x)-) +M-

2
= P(x,l)ar ax- af

(1.8)

Now, if this beam is subjected to a force parallel to its axis in addition to the

lateral loading, the beam in fig. 1a becomes

12



Fig. Ic

In this case, the local equilibrium of forces is altered because the axial force

interacts with the lateral displacements to produce an additional term in the

moment-equilibrium expression. A free body diagram of figure 1c is

presented below.

aM
~_.M+ dx'~ ax

/
,/

av·····.... dx
ax

Fig l d

It is apparent in fig 1d that the transverse equilibrium is not affected by the

axial force because its direction does not change with the beam deflection;

then equation (1.3) is still valid. However, the point of appl ication of the axial

13
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force changes with the beam deflection so that the moment-equilibrium

equation now becomes

av ( alV!)M+nlx-N(x)-- M+-dx =0ax ax (1,9)

this implies

0V 0A A

N( )
C· UVI

T= X --+-
?x (:x

(I, 10)

Substituting the modified expression fort into equation (I,]) and proceeding

as before gives the final equation of motion including the effects of axial force

as

a2

( a
2f'J a ( av) D21'-'- EJ(x)-' -0 +_. N(x)- +M(x)--o = P(x,!)

ax2 ax- ax Dx or
( I .I I)

When Li(x), M(x) and axial force N(x) are assumed to be constant with respect

to time and position, equation(I, I I) becomes

(1.12)

1.4 FEATURES OF THE THESIS

The procedure adopted in the remaining part of this dissertation is as follows:

In chapter two, the initial-boundary value problem of prestressed uniform

Bernoulli-Euler beams resting on elastic foundations and traversed by masses

moving at variable speeds is solved in general form. Illustrative examples

involving particular boundary conditions, numerical calculations anci

. 14



discussions ofresults are presented in chapter three. Chapter four considers

the initial-boundary value problem of prestressed non-uniform Bernoulli-Euler

beams resting on elastic foundations and traversed by masses moving at

variable speeds. The closed form solution is obtained in general form. This is

followed immediately by illustrative examples involving the various classical

boundary conditions, numerical calculations and discussions of results in

chapter five.

Finally, chapter SIX of the thesis contains the conclusions and

suggestions forfurther work.
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CHAPTER TWO.

UNIFORl\1 BERNOULLI-EULER BEAM RESTING ON ELASTIC
FOUNDATION AND UNDER THE ACTION OF MOVING

CONCENTRA TED MASSES.

2.1 THE GOVERNING EQUATION.

masses movingat non-uniform speed of uniform elastic beams restingall elastic

foundation is considered. The fourth order partial differential equation

goveming this problem is given by

(2.1 )

where x is the spacial coordinate, t is the Time, V(x,t) is the Transverse

Displacement, E is the Young's Modulus, I is the Moment of inertia,,u is the

mass per unit length of the beam, N is the axial force and K(x) is the elastic

foundation.

The moving load on the beam under consideration has mass commensurable

with the mass of thebeam. Thus, the load P(x,t) takes the form [2]

. [1 d
2
V(X,t)]P(x,!) = PAx,!) 1- - ,

. g dt:
(2.2)

where the continuous.moving foreePJ(x,t) acting on the beam model is given by

Pr(X,I) = A1go[x - f(!)], (2.3)

16



g is an acceleration due to gravity and ~ is a convective acceleration operator
dx

defined as[7]

(2.4)

where f(t) is given by

f(t) = Xo + ysin /31 (2.5)

where x., is the equilibrium position of the logitudinally oscillating load,y is the

longitudinal amplitude of oscillation of the load and ~ is longitudinal frequency

of the load. The load on the beam is assumed to be of massM moving with non-

uniform velocity. Time t is assumed to be limited to that interval of time within

which the masses f..l are on the beam, that is

(2.6)

and 5[x - f(t)]is the Dirac Delta function definedas

x oF f(t)

X = f(t)
(2.7)

with the properties

(i) 5( -x) = J(x) (2.8)

{

O'r 5(x-k).fCx)dr= f(k),

0,

k<a<b

a<k<b

a<b<k

(ii) (2.9)

In Mechanics, the Dirac Delta function 5(x)may be thought of as a unit

concentrated force acting at pointx = 0 FrybaI [ 7 ]

In this chapter, the Bernoulli-Euler beam under consideration is assumed to be

uniform, which implies, the beam's properties Young's ModulusE, the Moment

17



of inertia I and the mass per unit lengthf.-I of the beam do not vary throughout

the span L of the beam.

For simplicity, in this problem, a constant elastic foundation is considered. That

IS,

K(x)=K (2.10)

where K is the foundation constant.

Substituting (2.2 ), (2.3 ), (2.4 ), (2.5 ), and (2.9 ) into (2.1 ), one obtains

(2. I I)

The boundary conditions of the above problem are assumed to be arbitrary, that

is, it can take any form of the classical boundary conditions. The initial

conditions without any loss of generality is given by

(:-)1'(\"" 0)
1'(x,O)=o= .'.

Dr
(2.12)

2.2 METHOD OF SOLUTION.

In this section, a general approach is developed in order to solve the initial-

boundary value problem in equation (2.11). An interesting feature of this

technique is that it is capable of solving moving mass beam problems involving

(i) Uniform beams other than Bernoulli-Euler beam.

(ii) Any choice of classical boundary conditionoften encountered in practice.

(iii) Moving loads moving with constant or variable velocities.

18



The approach involves expressing the Dirac delta function as a fourier cosine

series and then reducing the modified fonn of the fourth order partial

differential equation above using the generalized finite integral transforms. The

resulting coupled transformed diflcrenrial equation having some variable

coefficients is then solved using the modified Struble's asymptotic technique.

2.3 THE GENERALIZED FINITE INTEGRAL TRANSFORlVI

METHOD.

The Generalized finite integral transform is one of the best methods used in

handling problems involving mechanical vibrations. This integral transform

method is given by

1/(117,1) = r V(x,/){/II/C~)dx (2.13)

with the inverse

-r-

Vex,!) = ~ ~i·;(II/,f){/ (x)L.. V /II

1/1 I /JI

(2.14)

where

(2. IS)

Equation (2.13) is the transformation of the function V(x,t) while equation

(2.14 ) is the inverse of this transformation. {II/I (x) is any function chosen such

that the pertinent boundary conditions are satisfied. An appropriate selection or

19



functions for beam problems are beam mode shapes. Thus, theruth normal

mode of vibration of a uniform beam

. A x A x . A x. A x (2 16)U (x) = SIll _"_, + A cos-"-' + B s1I1h_"_, + ( cosh _"_, .
/1/ l. /1/ I. '" l. /1/ I,

is chosen as a suitable kernel of the integral transform (2. 13) where,A/I/ is the

mode frequency, Am, BIll, Cn are constants. The parametersAm' Am, 13m, and Cn

are obtained by substituting (2.16) into the appropriate boundary conditions.

2.4 OPERATIONAL SIMPLIFICATION.

By applying the generalized finite integral transform (2.13), equation (2.1) can

be written as

7;e(0, L,I) + 7;e..,(I) - 7;eB (I) + r:,(111,1) + 1)-;(111,1) + ee(I) + en(I) + (),:(t) - 0, (t) = Ml{()'[x - (x" + yS;II /31

(2.17)

where

I. = /~'j T. = N t: = K
1 ,~ '3

JI JI JI
(2.18)

e( L )=[e~r'(x,I)[! (_)_eCV(x:!lJU/I/(x) DV(x,I)Jcl!lI/(x)_V( ) JiU/I/(X)]"
0, ,t ~ m ,\ , + . x.t ;

ex' i);c dx (:.X dx: dx
/I

(2.19)

1
'- .ru (x)e, (I) = VeX'!) 11/ dx

.1 (I dx'
(2.20)

OCV(X,t){! ( )1
--'--, --'--. IU.X axox- (2.21 )
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(2.22)

BD(f) = ii. 2Myf3Cos(Jt s:[ ( '" f) )]a2
1'(x,f)

U x- XII + Y.',)llIpl l/",(x)dx
n II ("lxc'1

(2.23)

(2.24 )

iI. J\4y(J2Sin(Jt [( ,. )]c:l'(x,/)
Bp(t) = 0 x - XII + y,S/II(J1 l/",(x)dx

(I I-' ex
(2.25)

It is well known that the natural modes

. AX AX . AX, )cx
[J (r) = SI/1-"-' + A COs-"-' + /3 Sinh -"-' + ( cosh-"-'

/II, L'" L '" I, r: I,

satisfy the homogeneous differential equation

~.ru (x) ,
I~I ", -II/u-{j (x)=O

_J ~ lJ /11 IJI

dx
(2.26)

for the Euler's beam. The parameter OJm IS the natural circular frequency

defined by

, I I"J2 A.m:"

0)", = -l~-
J I-'

(2.27)

Equation (2.26 ) implies

I. d" U (X) LI, I.r J-'(X t) 1/1 dx = -' or r /.'(x t)l/ (x)dr
.Jo 'd.X:4 I~J'I III JIJ ') m

(2.28)

Thus, by (2.13),

(2.29)
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Since V(k,!) [2] IS just the coefficient of the generalized finite integral

transforms,

-,.
fI-;

vex,!) = L -, f (k,t)U, (x)
i ••1 f"

(2.30)

Thus,

(2.31 )

Therefore, the integral (2.21 ) can be written as

(2.32)

Similarly, the property of the Dirac Delta function as an even function can be

used to express it in Fourier cosine series namely

1:[ ( . fJ)] 1 2 ~ me ( . jJ)(' 11 J[Xu x- XC) + YSIn t = - + -.:..... COS--: x" + YSIIl r us--
L L wi /, I.

(2_33)

when LIse is made of equation (2.33) and equation (2_30), in equation (2.32), one

obtains

Bc(t) = ~ f ~VII (k,l)[t U,(x)UII/(x)dx +2i ('os me (x" + y.)'illjJr)1: Cos_"
TCI

_' {I, (x)l III/CX)JX]
L ,--I ,uf" - " I I. I.

(2.34)

Using similar arguments in (2.30 ) and (2.33) it is straight forward to show that

BDU) = ~ f MYfX-~~.~/3t Vr(k,!)[r dll<x) U
I1l
(x)dx

L ,~I fir k dx

~ , n it ( ,- )1" - 117lX d U k (x) ]+2.:..... (us-- x" +y5/1ljJ/ , (O\-------------{III/(x)dr
11=1 L I I, dx

(2.35)
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(2.36)

and

e(t) = -'- ~ My/J2 Sin/J I V(k ,1)[ r' Jl~, (x) {/ (x)dl(
, L L... I r J" d. III

J hi I' 'I. X

~ -., nit ( '.)r'-' IITrXdU,(x) J+ 2 L... (os- Xo + yS1I7/JIJ (os- l/l1I(x)Jx
11~1 L "I- dx

(2.37)

Substituting (2.29), (2.32), (234), (2.35), (2.36) and (2.37) into (2.17), after

some simplifications and rearrangement yields

- t]1'0/ - K - N 'f' -

VII (m,f)+ N V(I17,1)+-V(I17,1)-- L "(k,l)H.,(k,/17)
Ell' I' I' k I

+ M V/I(k,f)Hh(k,l17)+ 2M tt V"(k,l)Hc(k,I11,II)('()'\~(x,, + ysinfJI)
ul, ul, 11 1 k 1 I.

+ 2M 2y/K'os/J/I V,(k,t)H,,(k,m) + 4M:YfK 'O,\/J/ft V, (k,l)!-I,,(k,I1l,II)('OS 111[(x" + ysin Ill)
pL 1.=1 pi, "' k , I.

+ Jv/ (y/3('osIJI(fJ V(k,l)Hr (k, 111)+ 2/,,1 (y/JCosjJt)c f f T\k ,I)HJk, nt, II)('()S!!.-~ (x" + y sin jJl)
I'L k=1 1'1. II 1 k , l .

M "" - 2M, 'f' If·

--y/3"SinjJIL V(k,t)H;(k,m) --yjJ-SilljJILL V(I<,1)/-I (k,I7I,II)('()S liT[ (XII + ysin Ill)
pL 1'=1 ul . 11 '1' 1 J l.

F
= -Un/(x" + ySin/J f)

p

(2.38)

where

1 L "
1/ (k 111) ::: ----- r U (x)U (x)dx" ' ( ) In J,... 111

L, X '
(2.39)

(2.40)

1 r'- II TrX
Hc(k,m,n) = --J, U1'(x)UI7I(x)('os--Jx

L, (x) '.I I.
(2.41)
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1 i" 'Hd(k,l17) = -- U , (X)U",(x)dr
Tk(X) 0

(2.42)

1 L ' IIJC(
H (k,I17,II) = -- r U, (x)U (x)Cus-dx

e ( ) Jo'''' ITk X ,
(2.43)

1 L "
H,(k,l7I) = --- r U, (x)(!",(x)dr

. Tk(X)J"
(2.44 )

1 L" IIJC(
H,(k,m,n) = -- r U; (x)(fll/(x)('os-dx

, Tk (x) J" l .
(2.4 5)

1 II. '
H;(k,m) = -- U; (X)U",(x)dx

TI (X) "
(2.46)

1 L '. ,IIJC(
H (k,l7I,n) = -- r U, (x)(f (x)C os--dx

J ( ) J,' nt ITI X ,

(2.47)

Using (2.16 ) and its derivatives in integrals (2.39) to (2.47) one obtains

H,,(k,l/I) = t!)L2 [-11 - A",!;. - J3,,/, - ('",/~ - A,,/, - A",AJ(i - Akl3n/7 - AJ',Jx + HII.,
Tk " .

+ RIA",!I" + 8,8"/11 + HI('",112 + ('1/13 + ('IA,'/I_I + CI H",I,; I ('I C '",I,,,]

(2.48)

Hb(k,m) = _(1 ) [II + A",!2 + B"/3 + C,,/~ + A"/5 + A",AJr, + AJJ"'/7 + AJ'",/x + HJI)
f" X

+ 13kA,,/1O + 13k13"/1 1+ 13k(''''/1 2 +CJu +CkA",/I~ +(',,1J"'/15 +("(''''/1(']

(2.49)

Hc(k, 117,11) = _1 - [117+ An/IX + 8"/1') + (',,/'It + A,,/ 'I + A",AJ" + AI' 13"/,, +H'/,~ + Al (' ,,1,<
Tk (x) . - - -- -" - , -

+ s,An'! 26 + B. Bn/ 27 + R/'''/2X + ('..129 + c,An/;o + ( 'k N",!" + ( '/ '",I,J

(2.50)
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(2.51 )

H(k,l17,n)= A, [-A.l17--I.I,A II,.--A,H III)-A,(, I",+ I'I+A 1,,+/3 1,,+(, 1'1
e ( -)1 1'\ 1\ 111 j, 1\ 111 II nt _ _ 1/1 __ /II _' m_·'k .\ ~

+- C,J 2< + (,;-A",! 2(, + ('kH",1 27 +- C/ '."I:~ + /3,J:" +- H"I1"/'11 + /3J3,) 11 +- /3/ ',) 1J

(2.52)

,,12
H,(k,l17) = (~)r2 [- II - A,) 2 - 13,,/, - C",1 ~ - A,,/, - AmAJ" -- A, 13,./,- /I, (',) x -I- 13J,

T,.\ _

+ BkAn,lI(l + B,fJ
11I

/11 + /3,( ',)1: + (',Ill + (',A",1I~ + (', "",II' + ('/ ',)1,,]

(2.53)

HJk,l1l,fI) = t!)12 [- 117- A,,,!p; -·13,)1" - (',)211 - A,):I - 11,,,A,/:: -- A, 8,)21 -8J2~ -I- Ak('",!2'
'k ,\ ,

+ 13,A",! 26 + 13~B",! 27 + 13,( '",!2R + CJ 2\' + C, A"/'11 -I-C,H,'/'1 -f- ( 'k (',,/,J

(254 )

H;(k,m) = :')L [ - AJI - A,A,): - A,H,), - AJ',)~ + I, + A,)" + 13,)7 + (',)~ -I- C,/q
t: X

(',A",!III +C,R",111 + (',C",!12 + 13,/11 + HAA",1I~ + HAH,'/I' -I- H'("'/II']

(2.55)

H(k,lII,fI)= A, [-A.l 17-A,A II~-A,H II,,-A,C 1,,,+1'1 I-A 1"+81,,+('1,,} ( ,)I fI 1\ II/ , 111 IJI _ _ 1/1 _ _ 111 _ ~ 111 "_""i

t: ,\ .-

+ (',I 25 + C, A,,/2ei + ('AB,) 27 + ( " C,):~ + /3J 2\' + 13kA,/.,,, + B, H,,/, I -+ /3,( ',,/,: ]

(2.56)

where ,
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f
l.

I -
1- "

f'·I; = n

S' A, x S' A xSin-s->; ill-I1I-<./X,

L L

A, x A x
,)'il7-'-~)'il7h-m-d'( ,

L t.

I. A x A x
t, = L Co» ;, ,)'ill~'-dx,

f
l.

I -
7 - II

C' A, x S' h A x J
,os-"-~ in -"'- x,

L L

. In = fl. S' h A, x S' A X J" ~ill -"- ;/1_11
'_ x,

'" L f

f'·I -
II - [1

f
l.

I -
13 - II

f 'I,. =
I) (I

,{, X ,{ X
Sillh-'-' Sillh-"'-dx

L L'

(~ 1 A, X S' A X t.0.\'1-'-, il1-m-(,x,
L r

'I A,X c: I ,{",X I
COS1--dI111-·LX.

L f ~

J CL, 1I/lXS'· A,x S'· AmX J
17 = J. COS--,II1-- 1Il--UX,

n L L L

i
l.

J -
19 - 1.1

, l7/lXt' A,X t' h,{ X J
(os--dil1~-dill -"'-UX,

t. t. t.

J C" C IIlLX C., ,AkX (" AmXJ
'I = J. ~OS-- AJS--dlll-- X,
- (J l. IJ IJ

i' , 11lLX, A, X ,. A X
I"~= Cos--Cos--5I1lh-"'-dx,

--' o t. 1-1 I ..

J r' c t1/lXS" 1 AAX' A Xd
1\ = J OS-- 1l71--Sin-"'- X,
-- (I l. I~ I~

i
L

/ -
27 - I)

, "lLX {' 1 A, X {' 1 A X d.
(os--diI11-"-,,;n1-11I- X,

L L L

J il. C' .l1lLXC·' 'I A,X {'. AmXd
'0 =. ,o.~-- _o.~1--dll1-- X,
-- /I I. IJ I ..

f'·I, =
- U

I.J = f'
"

f'·I =
h II

f"I~=
II

f'·1 =
12 11

f
l.

I -
I.J - II

I'I -
16 - II

f'·ll~=
• II

.. A,x, A,"X
,)/1/- ( os·---·-d\· ,

t. t.

,{, X , /,{ X
Si11_A' - ( os 1--'-"-- dx

r r

, A,X, A X
( U\ -"-. ( os-~- J'( ,

L r

, A, X (' I A X I.( os-' - os1-....!!!.-..-cX ,
t. I,

A, X, ,{ X
Sinh -~- ( 0,\' -.!!'- dx ,

t. f

;1, X , ,{X
Siuh -'- ( osh-"'- dx

r r'

, h A,x, A X I.Cos -"-( OS-~( X,

r f

, I,{, X , 1 A .X I( osn-' (0.\'1 -..!.,~-( X

f f

, 11/lX ,. Akx, AII,X
( ()\·---,)iII----( os--·J,:(,

t. t t.

fl , IIlLX ,. AkX, ,{II'X
I'll = ( ()S--,)III--( o.\h--{./.'(,
-" I . t. t.

f
l.

I" =
-- II

f'I,.J =
- II

f.'I,. =
_h fl

f
l.

I,~=
-' II

f
l.

I ~(I =
. II

26

(
' II JlX, ,{, x, A X f
os--( Os--.':..-(OS-I1I_( X ,

I~ f t.

, IIJT.\ 1 A, x, A X
(OS--,)'ill'I-"-( OS-"'-dK,

t. I. t.

, 1I/lX, A x, A X
( os--,)illh-'-( (),\h-"'--··(,/.'(,

t. t t.

, 1/ lLX , h A,x, ), X I
( OS--( os -'-( os·-·~(,x,

t. f t.



-11. C .IITrX , . AkX,. A/1/X ,
I" - .O,S -( osh-5I17h-r.b ,

" t. L I. II. , n TrX, A. x, A X
11' = ( os-( osh-'-(osh-"-' dx ;

- II I. IJ I~

(2.57)

The solutions to these integrals are listeclunder the appendix

III view ofequauou (2.16 ) we have

II,,,(x" + y..)'illjJ t) = Sin ~:' (x" + r sin jJ I) -I- AII/e()s ~~'- (x" + r si n fJ I ) -1-HlI,Sillh +, (I" +- r si n IJ I )

'I-CIIIC(}sh-~~'"(X,,1 /sin (7/)
t.

(2.58)

Using(2.58 ) in (2.38 ) one obtains

r ll(I11'/) +[(U,~ + K ]V(t11,t) - N f
JI f..I k I

tcl,if VII (k,t)H" (k,l17) +2II
I , 1/ ,; ,

v(k , t) /-I " (k , Ill)

t 2y{1'o.\jJlI v, (k,l) /-I" (k, 117)+ 4r/JCosfJ II f v, (k,t)/-1 e (k, 117,fI )('os II Jr_(x" + r sill /J I)
k=' n , k , I,

t (y{}('osjJI(IJ V (k,f)Hr (k, 117)+ 2(rP- 'osfJ /)2 If V(k '/)/-l~ (k, 117,11)( '()S II H (x" + r sin /11)
k , n 'k , I.

, ., - , '0' - II Jr 1
-2YfJ-SilljJIL V(k'/)H,(k,I17)-2y/1',\ill/fILL l'(k,t)/-1 , (k,/II,II)('()S (x" IlSill/JI)/

k , 1/ 'k , I.

"ffso/t (x" + r sin pI) + A"/'os~'(X" + r sin PI) + H.,SlfIh ~:'"(x" + r sill (il)+ <,,,,COSh"f (x" + r sir

(2.59)
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where

AI/
c' =-
" j-p

(2,60)

Equation (2.59) is the transformed equation governing the problem or auniform

Bernoulli-Euler beam on a constant elastic foundation. This coupled nOI1-

homogeneous Second order ordinary differential equation holds for all variants

of the classical boundary conditions

2.5 SOLUTION OF THE TfV\NSFOR/VIED EQUATION

In this section, two special cases of equation (2.59 ) are considered

namelyMoving force problem and/l10villg mass problem.

2.5.1 The lVloving Force Problem

Settinge; = 0 in the transformed equation (2.59) yields

- [. K]- N"-1'1/(/17,1)+ »: +- 1'(/11,1)--- I: V(k,t)J-I,,(k,m)
. P Plel

r r c. ,,1.111( . jJ) A (' AI/I ( . jJ) I') V· / AI/I ( . jJ) (' (' / AI/I ( .=- 011/-, +VSII1 -/ + (j\---, --I-VSII1 / --1-) )/1//---, -t-VSIIl ./ -I ()\/-- \" -1-VSIIl
L .. II I 11/ • j -' /I I OIl /' II I 111 • / • II I'"JI L >- _ _

(2.61)

This represents the classical case of a moving force problem associated with our

system. It is an approximate model, which assumes the inertiaeffect of' the

moving mass as negligible. Evidently, an exact analytical solution to equation
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(2.61) is not possible. Though the equation yields readily to numerical

technique, an analytical approximate method is desirableCIS solutions so

obtained often shed light 011 vital information about the vibrauug system. To

this end, we are going to usc a modification of the asymptotic method clue to

Struble's often used in treating weakly homogeneous and non-homogeneous

nonlinear oscillatory systems.

For this purpose, equation (2.61) is rearranged to take the form

VII (m,f) + [(0,; + K - 8*H.,(m, m)J~(m,!) - (;·f V(k ,!)H" (k ,/17)
}I k ,

=~[SiIlAI1I(X +rsinjJ/)+A Co.\3-m(x +ysinf:'-J/)+H ,)'illhAI1I(x +'ISinf:]I)+(' ('oshA/I/(x +ysin
L II m I II III I II m I" .I' , , ,

(2.62)

where

,. N
8 = (2.63)

Simplifying ( 2.62 ) further we have

VII (m,t) + [(0,;/ - e' H" (m, /17)Fim. I) - e' i J: (k, !)H" (k, m)
I"

=~r.)';I7~.(r.+rsin Rr)+A ('()S~~.(x +v sin (Jr)+R Silli/:' ..n!. .. (x +Jlsinf'-Jr)+(' C().\h.A/I/(x +rsinl L· I, }J rn I " I ~ I nt I II I 111 I" .
I' , , ,

(2.64)

where

, ,K
OJ" :=. OJ" -+ ..-

'!I 1/

JI
(2.65)
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By this technique, one seeks the modified frequency corresponding to the

frequency of the free system due to the presence of the effect of axial force N.

An equivalent free system operator defined by the modified frequency then

replaces equation (2.64)). Thus, we set the right-hand-side of (2.64 ) to zero

and consider a parameter '7 < I for any arbitrary ratio e"; defined as

.
{;'

77 = -. -
1+[/

(2.66)

so that

(2.67)

Substituting equation (2.67) into the homogeneous part of equation (2.64) one

obtains

(2.68)

When '7 is set to zero in equation (2.68) a situation corresponding to the case in

which the axial force effect is regarded as negligible is obtained, then the

solution of (2.68) becomes

(2.69)

where c.; OJ,,! and if,
1
!are constants

Furthermore as77<] Struble's technique requires that the asymptotic solutions

of the homogeneous part of the equation (2.64 ) be of the form

(2.70)

where 1\(111,1) and ¢(I11,f) are slowly varying functions of time or equivalently,
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d¢(m,f) --t O(A);
dt

(2.71 )

where-> implies" is of "

Inview of (2.70), it can be shown that

-

dV(Ill,/) !\. ( ., r ,j,] ,i, )\." [ ,/, ]
dt . = 111,f)Co,sYJ)/1(I - 'r(m,l) +A (/11,1)y/(m, I om 0)/1/f - y/(m,l) (2.72)

- !\ (m ,f)rJ)/1(Sin[{J)/1/! - ¢(m, r)] + 77V(1,1)

and

d
2
V(ml).. r ].. [ ]
dt2 ' = !\(m,f)CosL{J),!/f - ¢(m,f) + !\(m,f)¢(I17,f)S'ill {J)I/If - ¢(I1I,f)

- (J)I/(;\(117,f)Sin[rJ)/1(! - ¢(m,n]+ ;\(m,l)¢(m,f)Sill[rJ)l/(f - ¢(I1l,n]

+ !\(I1l,l)¢(m,l)Sill[W,,(1 - ¢(I/I,1)]- !\(m,l)~(I17,f) y ('o.\[rul/(1 _. ¢(I17,1)]

+ !\(m,l)rJ)/1/¢(I1I,I)Co,\[rul/(f -- ¢(Ill,t) ]_. A(m,l)rJ)I/(,I.;ill[rul/(1 - ¢(I1I,t)]

+ !\(m,l)(J)n(¢(m,t)Cos[{J)/1( f ~ ¢(I17, r)] - !\ (117,1)ru,/'os[(U/1( f _. ¢(nt, t) ] -I' 'lV (1,111)

(2.73 )

To obtain the modified frequency, equation(2.70 ), (2.72 ) and (2.73 ) are

substituted into the homogeneous part of equation (2.64). Subsequently, the

variational part of the equation describing the axial force effect011 the beam is

extracted. Thus, substituting equations(2.70), (2.72) and (2.73) into the

homogeneous part of the equation (2.64) one obtains

2A(Ill,l)w/1(¢(m ,1)CoS[O)/1/f _. ¢(m,f)] - 2A(/1/,f )(ul/(Sill[rul/( r- ¢(m , f)]

-71H,,(I11,I1l)!\(I17,1)COS[(J),!/f - ¢(JII,t)]~, 0
(2.74)

retaining terms to0(77) only.
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The variational equations are obtained by equating the coefficients of

Silllro",f-¢(m,t)J and COSkvl/!f-¢(m,f)J on both sides of the equation (2.74). Thus,

- 21\(111,1)OJI/I = 0 (2.75)

and

2A(I11,1)(vnr¢(m,l) - 77H,,(I17,m)A(m,l) = 0 (2.76)

Rearranging (2.75) and (2.76) yields

I\(m,l) = 0 (2.77)

and

,i,( 17H (m,m)'{' 111,/) = __ a __

2(vl/!
(2.78)

Solving(2.77 ) and (2.78) respectively gives

J\.(m, I) = C:,', (2.79)

and

~. 17H.(I1l,I17)
'{'(m,l) = <I I + If/I/I

2(vl/" .
(2.80)

whereC,~:and WI/( are constants.

Therefore, when the effect of the axial force IS considered, the first

approximation to the homogeneous system is

(2.81 )

where
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The variational equations are obtained by equating the coefficients of

Sill/r.v I1/f-¢(I11,1)J and losku"lf-¢(I17,t)J on both sides of the equation (2.74). Thus,

- 2A(I17,f)OJ"1 = 0 (2.75)

and

2A(I1l,l)ru,,/¢(I1l,l) -77/-J,,(I1l,I17)A(I17,1) = 0 (2.76)

Rearranging (2.75) and (2.76) yields

A(I17,1) = 0 (2.77)

and

,h( ) 17/-J (117,117)'{/ 111I = -'----"-,,-'----
, 2(u",.

(2.78)

Solving(2.77 ) and (2.78) respectively gives

/\(/11, I) = C;,: (2.79)

and

¢( .)
17/-J tnt, /11)

111I = " I + IIj .
, Y" 11/

. 2(u",. .
(2.80)

whereCI~:and If/tJ( are constants.

Therefore, when the effect of the axial force IS considered, the first

approximation to the homogeneous system is

(2.81 )

where

(2.82)
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(2.83)

representsthe modified natural frequency due to the effect or axial force N. It is

observed that when '7 = 0, we recover the frequency of tile moving force

problemwhen the axial force effect of the beam is neglected. Thus, to solve the

ten-homogeneous equation (2.64), the differential operator which acts all

r(III,f)and r:(k,l) is replaced by the equivalent free System operator defined by

the modified frequency y''1' Using equation (2.82) the homogeneous part or

equation(2.64) can be wri (ten as

Hence, the entire equation (2.64) takes the form

iV(I11,f) ,-; P[(. Il ( . fJ) ,Il ( . J)--+r~J(mf)=- 0in-/JI x +ySIIl f +A (os-"'-x +ysIIl/,!
t ~ lIJ' / II nt / "c { j..l, ,

+B Sillh~(x + r sin IlI)+(' ('(}sh3~(x + v sin Ill)],,, J ~ II I nt I J f I J

(2.84)

Expandingand rearranging theRHS of equation (2.84) one obtains

i~;~IJ)+ r: r: (m,l) = Q[ci,/';ill( GSin fJ I) -I- 01('W( GSill jJ 1)-1- a/ 'osh((;,)'ill III) I- a ~Sillh(c; si Jl jJ I)]

(2.85)

where

Q=~
j..l

(2.86 )

_ (' . A./1/X" _ A c. 1l",X",)(/,.,- 0.\ dill ,
L nI L (

c. Il",X" A (" Il/JIX" )a = .1111-- -I- os--
I I. m l.

(B S' I Il Xn ...., Il XII)a = iI11-n
-, -' + C.. C Os-'-" -2 ml. ·111- .,[, r (I '> C'" lilli/X" (' V· I A./JIX,,)U,:= ) Osrl ----- + .d III 1------.-

.) 1/1 l . 1/1 l . (2.87)

33



Using variation of parameters, the general solution of equation(2.85) is

obtained as

V(m,f) = C,Cosy_ 1+ CSiny. 1+ P,(/)C(}sy' I+ - P,(/),\,illy_ I
. OJ -!1) (lj - II/

(2.88)

where CI cmd C2 are constants to be detennined using initial conditions. The

functions PI(t) and P2(t) arc respectively given as

lW) :.: - Q f ~o'~'il1(GSil1jJ t) -1- Lf,COS(G/)'ill jJt) 'L~'/;SIIJ(I! I- .\e r.;Sin/lf}\'ill Y'/ dl (2.99)
-. Y'lj

and

P1(t) = Q f ~"Sill((JSil/jJI)+a/'()s((jSilljJI)+S/;SIIJ/I' +S2e (;SIII/lfYosy,,/dt
YO)

(2.100)

where

,
G = /c,,/ \' - !:!..2~ and

/
. " I _._ ..2

v a; a,
4.1"") = ----------=--

- 2
(2.101)

In order to evaluate the integrals (2.99) and (2.100), it is pertinent at this

juncture to state ana proof the following theorems.

THEOREM I

if'

Cos(ZSin()) = J,,(Z) +- 2L J.~k(Z)C(}s(2k())
k~ '

(2.102)

By Taylor's expansion,

Z Z2 Z'
e = 1+ Z I- - + --- + .

21 31

."" Z'
= L

r "
,.1

(2.103)

Putting Z = ZI into (2.103), one obtains
2 -
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(2.104)

Similarly, putting 2 = - 2 into (2.104) yields
21

.: ·r· ( _ )''' 2 11/

e ., - '\' .._-
L. 2 IIi 111 I
/II~" 1 1I1.

(2.105)

Multiplying equation (2.104) by (2.105) we have

(2.106)

In order to obtain the (ll)th term of the series(2. 106) above we replacer by

(k+m). Thus,

if· Z(k+",)!(k!",) if· (_)"'2111 [if, (2)(k'2n1) 1 ]
\' ~ '\' ~ '\' ( )'" ~ I
i...J (k+nI) 1 xL.", /II 1 = L. - - I ,!
r=Q 2 (k + /11). 111=(1 2 1 111. 11I=" 2 (k + 1I1)./ll

(2.107)

Evidently, the coefficient of(fk) th term can be written as

(

(k, CII/',:t (_)11I Z· . 1 = .l
k
(2)

",=11 2) (k -I- m)I",1
(2.108)

Similarly, to obtain (t-k)th term, we replacem by (k+r) in (2.100) and we obtain

, Z't" (_),'''Zlk',) If' (_),(2)k'21 1 ](-1)1
/

I

L -,-xL /A,,) (k',) A = L (A II
,"II 21'1 s=" 21 «(+1')1 ," 2 (+1')/".

(2.109)

It is clearly seen from the foregoing that the coefficient of(t k) is given as

.r ()k. CI
k , Z 1 k.

(-I) L (-1) - ----=(-10 ·./k(2)=.1 1(2)
, /I 2 I'1(k + 1')1

(2.1 10)

It is well known that

.Jk(Z) = (-I)'.lk(2) (2. III)
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wherek is a positive integer. Then lIsing equations (2.108) aile! (2110), one

obtains

(2.112)

Selling I = e" ill equation (2 1 12), one obtains
\ .
(
I,~

. -. (2.1 13),

Equation(2.113) can be rewritten as,

l.\m(/ =Jo(Z)+(J1(Z)e'(/ +J_1(Z)e '")+(J2(Z)e'~1 +J 2(Z)e '~(/)+(;1(Z)e"" +.1 ;CZ)e ,1(1)+ .

(2.114)

Since.lkCZ) = C - ])k J_kCZ), equation (2.1 14) can further be expressed as

eiZSil10= (,os(Z sin (J) + ;,";;n(ZS;n(J) (2,1 IS)

It therefore follows that

C' ("Z' C" e) '(" (Z(" (J) J (z·) / (z)l'" '''J / (z)l"(i ""I / (z· l"o '111Jos ",JII1 + !,.>1l1 ~d!1I = '" ~ +, 1 ~ e - e +.:, ~ e - - e - . + ..J') e - C ·1- .

(2.116)f

which implies

COS(ZSille) + ;5'il1( ZSin (J) = J" (Z) + 2;,)';llO.l1 (Z) + 2( 'u.'l2(JJ 2 (Z) + 2i,";ill3 (J./1 (Z)

+ 2('os4(J.I ~(Z) + 2;,<"inS(-}.IJZ) + 2('os6(}./,. (Z) ·1- .

(2.117)

Equating the real parts of both sides of equation(2.117) one obtains

Cos(ZSin(J) = Jo(Z) + 2Cos2(JJ2(Z) + 2C()s4(JJ~(Z) + 2Cos6(JJ(\(Z) + .

(2.118)

Equation (2.118) can be written as
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<t'

los(ZSiI1B) = .I,,(Z) + 2L J2k(Z)Cos(2kB)
k ,

(2.119)

THEOREM 11

sr-

Sin(ZSiIlB) = 2L J2kl,(Z)Sin(2k + l)e
k~"

(2,120)

To establish theoremII we equate the imaginary parts of both sides of equation

(2.117), Thus,
,

Sin(ZSinB)= 2SiIlBJ, (Z) + 2./, (Z)Siil3B+ 2./; (Z),')'illSB + . (2.121 )

which in general gives

"
Sill(ZS;nB) = 2:L .I2A" (Z),)'il1(2k + 1)e

k,,"

(2.122)

THEOREM III

",
Cos(ZCus B) = .1,.( Z) + 2L (-I)' .12, (Z)C()s(2k (-})

,= ,
(2.\23)

we know that

S;n(90 - B) = ('usB (2.124)

ReplacingB by (90 - B) in (2.118) we have

Cos(ZCosB)= Jo(Z) - 2Cos2BJ2(Z) + 2Cu,\4BJ-l(Z) - 2Cos6BJ(,(Z) + . (2.\25)

Equation(2.125) can be rewritten as

(F'

Cos(ZCosB) = .I,,(Z) + 2L (_I)' .12, (Z)Cos(2kB)
! ,

(2.126)

THEOREM IV

Sil1(ZCosB) = 2f (-I)' J 21+' (Z)'f'os(2k + l)B
k~"

(2.127)
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Replacinge by (90-e)in equation (2.121) one obtains

Sill(ZSin(90 - e)) = 2c)'ifl(90 - e)J
1

(Z) + 2c)'i1l3(90 - ())J, (Z) + 2,)'i1l5(90 - e)./ JZ) + .

(2.128)

whichcan be written as

Sill(Z('me) = 2J
1

(Z)Cose + 2.l,(1)C().\.lO + 2./
5

(Z)('o.\5() + . (2.129)

whichin general gives

'J...

Sin(ZCosB) = 2L (-1)kJ2hl(1)Cos(2k + I)()
k="

(2.130)

Otheruseful relations that shall be employed in order to solve equation (2.85)

are written below

!.(f+~) cr

e? I = L {kl:'k(z)
k=-u.,

(i) {:f::.0 (2.131 )

,.

(ii) eLCu,(1 = I<:I(Z) + 2L l~k(Z)C{)s(2kB)
k=1

(2.132)

w ~

(iii) eZSillO = 10(Z) + 2L (-)' 12k _I (Z)S'in(2k +I)() + 2L (_I)k t-. (Z)C 'os(2kB) (2.133)
k~(1 k .1

Usingtheorems I and II and equations (2.131) and(2.133), equation (2.99) and

(2.100) respectively become

~(i) ~ - ~ J{a" [ 2~ J"., ,(G).I'1II(2k + 1)fJ1] + 0'[ J,,(G) + 2 ~ J" (C;)Cos2kfJl 1

. + .\',[/0«(;) + 2~ (-I)' I"" «(;)Sil1(2k + l)fJI + 2~ (-I)' /" (G)Cos2kfJl 1

+ S,[/" (-G) + 2~ (-1)' i; (-G)Sil1(2k + J)fJI + 2~ (-I)' ., (-G)Cos2kfJI ]}SlIIy,,rJI

(2.134)

and
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I~(/)= ,Q f{a o[2f JU+I(G)Sil7(2k+-l)fJ/]+-al[Jn(G)+-2f J~k(G)('()S2kfJ/J
Y(1j k (I k 1

+ S'[1,(0) + 2~ (-1)'1".,,(0)SII/(2k + l)jJr + 2~ (·-1)' I" (G)Cos2kjJr J

+ .1',[ lor -0) + 2~ (-1)'· '"" (-(;)SII1(2k + l)jJl + 2~ (-I)',,, (-(;)COS2k/Ir]}CO.,y,,/JI

(2.135)

Evaluatingthe integrals (2.134) and (2.135) one obtains

(2.136)

and

(2.137)

where

b.; = 1,1) (2.138)

hi = r"i +- 2kfJ (2.139)

h, = 1 - 2kfJ_ OJ (2.140)

b. :.= 1. + (2k + l)fJ
-, lIJ

(2.141 )
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b, = Y'Y - (2k + l)fJ (2.142)

Substituting equations (2.136)and (2.137) into (2.88) we have

- _ . Q {'/' , [Sin(y,y - h.I)1 ,,,'ill(y,y - h,)/]
V(m,l)-CICOSY,1jf+C2S711Y,1jI+- a"L .!ekll(C,) -

y,y k-'.1 _ he, b,

[
Cos(y - h,,)/]" [COS(Y - hi )1 ( 'os(y- h,)1 J." tlJ . "el/ I df _+ a.J;(C, ) -I- (Ii L .J]A. ( (,) .-----'-.--- + ...--------'--.--

b(J "~I hi h:_

[
COS(Y - b"I)/] ~ , . [C'OS(Y' - hi)1 Cos(y - h, )/]

+SJlI(G) '1j. +SIL- (-l)'/'k(G) --'-y ---I- 'lJ-

b; k I - b, "-:.

'J t [Sill(Y. -h,)1 Sill(Y -h,)/]+ S, "" (-1)" I . (G) ,y ~ - ,y .'
L- U+I I I
ko" }~ J,

[
Cos(y - h,J!] ~ A [('OS(Y - hi )f Cos(y - h; )1 1+ S/o (-G) ---"!..---.: ..-- -/-:"';2 L- (-I)' 12k (-·G) :,u + __ . :J.... __ .: __

b(j b' hi be

", t ; [')'ill(Y ~h,)1 Sin(y. -h,)/]}
+S2L (-1)" 12k+I(-G) ,y ~ - 'lJ'

k=O b, b,

(2.145)

Subjecting equation (2.145) to the initialconditions, one obtains

(2.146)

and

(2.147)
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Substituting equations (2.146) and (2.147) into equation (2.145) and simplifying

yield

- _ p { [COS(y,'i-b,,)t-Cosy,,;t]V(III,I)--2 y,yaIJo(O) __ -'--- --0..-

ur; b;

I
··,·[('os(r - b, )r - Cosy t ('os(y - b, )r - Cosy t]

a J (0) 'u 'u + 'u· 'u+ ,Yeu 2k .
k~' 17, be

.~ J (C~)[Y,uSln(Y'1J - b",)t - sr; - b4)SlnY,,;t _ y,,;,~'ln(y,u - bJt -tr; - b;)SII1Y,ut]
+ a,)'-' 2k+' I

k " h., b,

[
('OS(Y - 17,,)t - Cosr r]

+ S 1 (0) OJ 'u,y~ 0 I
)"

I
,,·,. [COS(Y. -h,)t-('osy. t Cos(y -b,)t-('osy t]

+ S. (-I)' 1 .(0) 'y 'u + ,y. 'u,y", 2/.. I b
k~' ), 2

", [r Sln(y -b )t-(y -b )5'lny t y Sln(y -h,)t-(y -b.),\'lny .t
+ s,I (-1)k/2k+,(G) 'u 'U '" <u '" 'u _ 'u 'u' ,y' 'Y

kIt ~ ~

, [cos(y,y - bll)t - Cosy,u t]
+ S2Ya/o (-0) ----'----------'--

hIt

I
'" ,. [('()S(Y -b,)t-Cosy. r ('os(y -h,)t-('osy. r]

+ s,r: (-Jr I, (-G) OJ 'u + 'lj. 'lj
J,'1 .f.. . b I

k~' , )e

I
"', [y,8111(Y. -b,)t-·(y. -b,),)'lny.t r Sln(y. -h.)t-(y -b.)SlnyS (-1)'1 (-0) 'u 'lj ~ 'lj' 'u - 'u "I·' 'u·· ,

+, 'k·'
'k.,,' h", b,

(2.148)

Whichon inversion yields
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--I-L"·' ~{. .,[COS(Y,u -hll)l-:-co.\'y,y/]V(x,l)- , raIJ,,(CJ)
( ) ""I I

i; X 11/~1 ur; }II_

L
' [CUS(Y .. - b, ) I - Cosr, I ('OS(y .. -- b,.)·1 - ('osy I]+ a . J (G) 'I} ,y + ,y - ,y

Ira} 2k I I
k= I JI )2_

+ a ~ J (f~)[y,ySill(r,u -h~)/--(r'l} -hlr)illr"I~_ --.~'l'-~!!.!.t-"L~~0~~::!!'I}-=hJ')'~~!'l}ll
n L..., , 2k+1 V

k=O b, b,

[
COS(Y, - b(,)1 - Cosr. I]+ SI (G) 'I} 'I}

Ir'l} (J /

J"

L
" , [C'os(r .. -bl.)I-c·osr ..., ('us(r -bo)I-C'OSY .. /]+ S .. (- 1)' 1 .(G) "I "I + 'I} - "1r, 2A I I

k=1 )1 Je

if' [r ,)'il1(Y. -h )/-(r -h)5'illY. 1 r. Sin(y -h,)/-(r· -h,)SiI1Y. f+ SIL (-1)k1
2k

+I(G) 'lj 'I} _ 4 'u ~ "] _ ,y 'I}' 'I}' 'I}
k=(I b, b,

[
COS(Y .. - hi") 1 - Cosr· IJ+ S, . I (-G) "I 'I}-r; I) I

J"

+ S .~ (_l)k 1 (-C)[ Cos(r,y - bl) 1 - Cos r,y 1 + Cos(y,,] - be)1 - Cos r; 11
2r'1] L..., 1k J I I

k=l )1 Je

<f.' [r. )'in(r.·-b )/--(r .-h»)'inr. 1
+S2L (-1)k/

1k
+

I
(-G) ,y' 'I} -I 'Y" C,y

koll he)

YSit7(r-b)/-(Y.-b,)SinY/ll( A¥ A¥ A¥ A¥)aj (I).~ tl/.' tlJ 1., f1I"" . 'f /1/.1 '1' 111'; ", III'"

- .----------~- ,)//1--- + A CO.\'- + B ,)l/1h---- + ( C osh--
I f f 11/ - f '11 I rn I
J3 . J" , ,

(2.149)

where

T = r' (12 (x)dy
111 Jo III

(2,150)

Equation(2.150) represents the transversedisplacement response to a moving

force moving at variable velocity of a Uniform Bernoulli-Euler beam resting011

elasticfoundation and having arbitrary end support conditions.
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2.5.2 The Moving Mass Problem

Jf the mass of the moving load is commensurable with that of the structure, the

inertiaeffect of the moving mass is not negligible. Thus,e; 7: 0 and the solution

oftheentire equation (2.59) is desired. This we term the moving mass problem.

Likein the previous section, it is clearly seen that a closed form solution of

equation(2.59) is 110t possible. Again, an approximate analytical method due to

Strubleis resorted to. We take note that, neglecting the terms representing the

inertiaeffect of the moving mass, we obtain equation(2.61). The homogeneous

partof this equation can be replaced by a free system operator defined by the

modifiedfrequency Y'U' due to the presence of the effect or the axial force N.

Thusequation(2.59) can be written in the form

V,,(III, f) + y~~v (m,!) + c,,{I v" (k, I) /-I" (k, III) + 2I f v" (k ,I)f1, (/<, 11I,1/)CO.I '2/~(x" I Y sill fJ I)
kc 1 /I 1 k 1 .

·n - .r. ./ -- nrr
+2rPCos(3IL V,(k,t)Hd(k,lll) + 4rfJCosfJILL V, (k,f)He(k,lII,n)Cos--(x" + rsin fJI)

k=1 /I·d k- 1 I,

+(rPCos(3I)CI V(k,t)H,,(k,m) + 2(rfJCo.1/J/fIf V(k,l)/-Ix(k,II/,II)('os n1[ (x" + rsin (31)
k',1 " 1 k 1 I,

- 2rP2Sin(31f V (Ie .an,(k, Ill) - 2rfJ;' Sin /31I I V (k ,1)/1, (k, 1/1, 11)C()/~ 1[ (x" + r sin fJ I)
kill 1 k 1 l .

= ~[Sin Alm (xo + r sin fJ I) + AJ'os Aim(x" + r si n fJ I) + f3,,/;inh AI/1I(x" + r sin fJ I) + CmCosh Aim(x" -I- r si n I
!I ., , ,

(2,151 )

Rearranging equation(2, 15]), we have

43



_ Co [2YfL'OS{3IHd (111, m) + 4rf3C'os/iff o).\' "" (x" + YSin{3f)jHc(m,m,Il)_

I' ( ) ,,-I L l' ( )'11111,1+ - .' .irn!

[
1 + t'n(Hb (m, m) + 2f Cos '!= (x" + y..),in{3f)H c (m, m, 11))]

II' I l.

rY,~,+ cJ (y,B::'os{3 1)2 H ,.(m, 177) + 2(y/f..'os ) ~f Cos 'jff (X" + y.')'ill {3f )/-l~ (m, Ill, II)) 1 _

L \ 1/-1 ' t: ( f)+ V 117,

[
1 + CO(Hb (m, 117)+ 2f Cos 1/1[ (x" + y..S'ill{31)H cCm, 111,II ))]

,,-I I-

[
, ,~ nit ( ) ]

[;'0 yfJ- SillfJlH; (m, m) + 2yfJ- Sill fJr L.., Cos -- -- x" + rSinfJ 1 I-I j (117,m, 11) _
,,-I I- ( '( )

- ,[ ( ~ , 11ff ( ,) )] - m.t
1+ Cn Ht,(m,m) + 2 L.., Cos x"+ y..')infJf H,,(m,m,ll)

" I r.

<IJ H, (k, 111)+ 2f Cos 11rr.(XII + ySillfJl)H c (k ,111,1/)

+ L en 11=1 L I'll(k,l)

:::" [1+ 6'11(Hb(JIl,m) + 2f Co» rin (x" + YSill{3r)Hc(IlI,Il1,Il))l
1/01 L.

[2y;rOSfJfH,tCk, 111)+ 4yfJCo,\fJf f c.:"n (x" + y..')'illfJ r )]H e o,117,II) _
" I /. '1' /+ ------ ----- . ,(/c,l)

[ (
", n x J]l+cn Hb(I11,I11)+2I Cus--- (x".+ySill{3I)Hc(m,l1l,ll)

1/=1 l.

[(ytrOS/lI)2 n,«,m) + 2(yrCo.\)' f Cos 1I1[ (So.+ y.<;III/I1)H, (k, m, 11)] __
+ 1/ I _~ i: (k ,I)

[1 H'{H,(m,m) + 2t Cos '~~ (x"+ }<1'11I/lI)HJm,m,II))]

[yfJ2SillfJlH; (k, 117)+ ~YfJ2Sin fJIf ('us =.(XI>+ ySill{31 )H] (k, m,11)]_
_ 11,1 /, V(k,l)

[
1 + C,,(Hh(l11,m) + if,J Co/'ff (x" + ySill!if )Hc(I11,I1I, II))]

11=1 l.

[
A A A _ A

BoLg Sil11:(X" + ySil1fJI + AII/Cos ~:' (x" + ySiJlfJl + B",Sil1h -;:' (x" + y.S'illfJl + en/'ush /' (x" + Y.')'iJlfJi

=

[1+ CI>(Ht,(I17,I11) + 2f ('os n n (x" + y.')'illfJ1)HJm, 117,II»)]
1/1 r

(2.152)

where
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H,(II1,m) = H/(k,I71)I, III H~ (117, 117, ,,) = H~(k ,111, " )1, 11/

(2.153)

As in the previous sections, in thefirst instance, we consider the homogeneous

part of equation (2.152) and obtain a modified frequency corresponding to the

frequency of the free system clue to the presence of the moving mass M. An

equivalent free system operatordefined by the modi fled frequency then replaces

equation (2.] 52). Considering, as in the previous section, a parameter,1 < I for

any arbitrary mass ratios; defined as

It can be shown that

(2.154)A=~
1+6'"

(2.]55)

and

(2.156)

where

(2.157)
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Now,using (2.155) and (2.156) in (2.152) we have

1'.(",1) + ,{ 2r/K'osfJlH J(m, m) + 4YfJCOSfJlt Co" f~~ (x" + ySiflfJl )H,,(m, lI/,fI)IV, (m,l)

+~-y,~2(H b (m, m) + 2t ('o/~J[ (x" + )<I'lfl fJl)H, (m, m, fI)) ]V (m,l)

+ ,,1[(rrrUSf31y Hf (/11,117)+ 2(yjJ('osf3l Yf Cos tiff (xn + ySill /3I )H~ (111, /17,11)J-;:;(11J,I)
11.1 I,

- ,,1[r// Sill f3lf( (/11,/17) + 2y/32 Sill /3Ii Cos nff (XII + y•.Sin/3I)H J (m, m,11)J~;(11/,1)
n-d I-

+f :t{[Hh(k,l11) + 2i Cos liT[ (XII + YSill/3I)Hc(k,/17,II)J

'

-;II(k,l)
hi II~I L
t"t :.n/

+ [2rfL'OSf3IHAk ,111)+ 4y/X'osf3r i CO./77r (XII + ySil1/3I)H e(k, 171,ll)jVI (k,l)
11=1 L

+ [V{£OSf3! r HI(k, 111)+ 2(yjJ( 'osf3r r£J COS t1T[ (x" + ySil1/31)H~(k, /17, 11)]-r (k,l)
II I I-

-[rplSinf3IHi (k, /11)+ 2yf31Sinf3l f Cos ,iff (x" + ySillf3l)H J (k, 171,n)jf (1<,1)1
f11=1 L

[
A A' A A.l

= ALg Sil1~(x" + ySinf3t) + AmCos--'!.'-(x" + ySinf3r) + lJ
l1I
,')'inh-..!!.'.,(x" + y.)'inf3r) + (',,/ 'osh-'" (x" + Y.)'il1f3f~

L . t. l, t.

(2.158)

toO(A) only

WhenA = 0, a case corresponding to the case when the inertia effect of the mass

ofthe system is neglected, then the solution of (2.J 58) can be written as

(2.159)

whereYa} is as defined previously andc,~:and VIm are constants. However, since

for any arbitrary mass ratio D" we always have A < I, the solution for the

homogeneous part of equation (2.158) can be written as

(2.160)
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To obtain the modified frequency, equations (2.160) and its derivatives are

substitutedinto the homogeneous part of equation(2.158). Subsequently, only

the variational part of the equation describing the behaviours ofA (117,1) and

¢(m,f)duringthe motion of the mass is extracted. Thus, substituting equations

(2.160) and its derivatives into the homogeneous part of equation(2.158) and

taking into account (2.71), one obtains
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-2ra)(m,f)Sin~,/ - ¢(m,t)J+ 2A(m,!)¢(I17,f)y'/'osly./ - ¢(I17,nJ- y'~JA(m,l)C()s~../ - ¢(II7,t)J

tr,!A(I11,l)CoS~,/ - ¢(I17,t)]- 2AY'ljYfJA(Il1,1)Hd(I17,I11)CosfJISin~,/ - ¢(I17,n]

-4),A(I11,f)Y'ljrfJ~ COS f~~ (XII + ySin I] f)H e (111,111,/I )CosfJ ISil1~,/ - ¢(I17,!)]

-Ar~A(m,f)H,,(I17,I17)C(}S~(i - ¢(m,t)]- 2AY'~JA(I17,of H,(I11,/JI, 11)[( 'os 111['(/'11 ./,,(G1) +
II I J

~ ~ 1f7 7rXo ~ " r . II JTX" ._.., ". ,
t2CO'\'L ~ .fU(GI )Cos2kfJl - 2SIl1T" b, J2k'i (UI )l(w/(2k + I) (OS~,,/ - ¢(I1l,n]

t~M(m,t)(YfJ y H((I17, 111)Cos~,/ - ¢(m, t)] -I- ± AA(m,l)(YfJ)" HI (117,111)Co,\213 ICOS~,/ - ¢(m, n]

tM(lil,f)(ypyi H,;CI11,m,nl Cos /lJTX"./,,(C;I)
,,=1 1_ t.

t2Cos"7rXo f J2k(GI)Cos2kfJl - 2Sill"
JTX

" f J2k'I(GJSin(2k -/- I)]COS~,/ - ¢(I1l,!)]
L k=1 J. k~n

tM(m,f)(ypY t H s (1'11,111,n)Cos '; (x" -/-y.SillfJ IX 'os2fJtCos~,/ - ¢(m,!)]

t},A(I11,f)yp~H,(m,I11)SinfJIC()S~,/ - ¢(I1I,n]

-2M(m,t)YPI H /111, 1'11,n)Cos 1m (x" -/- ySiflfJI )SinfJ1( '(}S~,/ - ¢(m,t)]
11_,1 l.

+f L AY,~A (k ,1)[H b (k, 1'11)-/-2i Cos 11/1[_(x" -/-Yl)'infJ I)H c (k ,m, n )]co.\[y,/ - ¢(m,!)]
II 1 " 1 •
hm

, lr"A(k, r)[ 2yfK'osfJIH" (k,m) + 4r/X'osfJl t Cos '7:(x" + y.<;illfJl)H ,(k, nt, II) lSill~"t - ¢(m, t)i

t M(k,l)[(yjK.~OSfJ fY H,.(k, 117)-/-2(Y1]('osP f Yf Cos 111[ (XII + ySinfJ f )Hg (k, 117,n)l('(}S~,/- ¢(117,t)]
,,_I J_

, lA(k, t)[rfJ , SillfJIH;(k,m) + 2rfJ' SillfJl t Cos '~ (x" + y.1'illfJl)/1,(k .m, II)Jc0S~"t., ¢(m, i) i}

=0
(2.161 )

retainingterms to orderO(A)only.
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The variational equations are obtained by equating the coefficients of

sill[y,/-¢(m,t)Jand ('OSV,/ -¢(/11,I)J terms on both sides of the equation. Thus,

notingthe following identities

Cos,8tSif1~,,/- ¢(m,t)1 = ~lSin[fJt + Y,ut - ¢(/11,f)) - Sill[fJt - Y"/ + ¢(n7,f))1

(

c(}S~,/ - ¢(/11,f)~'ll1jJI = ±[SII1[Y,/ - ¢(m,f) + fJl] - ,\II1[Y,/ - ¢(/11,1) - fJl]]

I
Sill[Ya/ - ¢(/11,!)f'os2kjJ I = "2 [SI!l[Y,/ - ¢(~17,1)+ 2kfJ f] - ,)'II1[Y,/ - ¢(/11,1) - 2kfJ 1]]

(os~,/ - ¢(/11, t) k'os2kfJ f = ± [Cos[y,/ - ¢(/11,1)+ 2kfJf] + ('m"[y./ - ¢(m,l) - 2k/J I])

Sill[Ya/ - ¢(m,l) ~'111(2k+ l)jJ I = ± [Cos[y,/ - ¢(/17,1) - (2k + I) jJl] - Cos[y,/ - ¢(m,l) + (2k + I)jJr])

Cos~i - ¢(/11, f) }%/(2k + I)jJ I = ± [Sil1[Y,/ - ¢(/11,1) + (2k + I)jJr] -- ,')"ill[Y,/ - ¢(m,l) - (2k + I)fJl])

(2.162)

and neglecting those terms that do not contribute to the variational equations,

equation

(2.161 ) reduces to

-y,/1(111,f)SII1~,/ - ¢(I17,I)J+ [2A(m,l)<p(m,l)y,u - Ay,~A(/11,1)H,,(m,l17)

I 1A( )H ( ( fJ)? l' ~ , II nx; J '+-M 111,1 ,. m.m ; 1. - - 2/l,y,~A(/11,1)L., H<.(m, 111,1/)( ()S--, "(('I)
2· ",·1 l.

+M(I11,f)(y,Byf Hg(m,I17,I1)COS I1llX" .J,,(G))]Cos~,/ - ¢(I17,I)] = 0
,,= ) i

(2.163)

Settingthe coefficients ofSinV,/ - ¢(/11,1)[and ('osV,/ - ¢(/11,1)J to zero, we have,

(2.164)
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A(m,l) = a (2.166)

and

2A(" 1')~ , 11nx" ('fII,I)¢(III,f)r
U

/ - ,1,r~/A(m ,f)H" (111,/II) - 2/l,r,;,A (I/I,f Z: H,.(nl, 1/1,11)(OS -./" (1,)
. . "' l . (2.165)

I , ' " , 111[X" '
t-M.(f1/,1)H r (m, III )(rfJ)- + M(1lI ,1)(rfJ)- L H ~(1IIJII,11 )(os -J,,( (,,)= a

2' 11'1 • l ,

Rearranging (2.164) and (2.165) one obtains

and

where

(2.168)

(2.169)

and

(2.170)

Solvingequations (2.166) and (2.167) respectively we have

A(m,t) = em (2.171 )

and

,1,[ . (rfJY(H ,(1/1,11/) + 2N,(J11,J11,I1»)] .
¢(I11,1)=2' r''J(H,,(m,l17)+R,(J11,m,fI))- . 2 - I+/f/,"

r:

(2.172)

where
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e.,and Vim are constants.

Therefore, when the mass effects of the particleIS considered, the first

approximation to the homogeneous system is given as

V(I1I,/) = ('/II( '(}S~h,t -Ifllll] (2.173)

where

is called the modified frequency corresponding to the frequency of the free

systemdue to the presence of the moving mass. Thus, the homogeneous part or

(2.158) can be written as

(2.175)

Hence, the entire equation (2.151) taking into account (2.174) takes the form

i~;~l,t) + rl~ V (m, t) = 6'oLg[anSin(C;,')'i/lfJ f) + a/'us( C;Sill fJ f) + a2('osh(C ;Sill fJ/)+ (l,Sillh( GSillfJ f)]

(2.176)

This is analogous to equation (2.85). Thus, using similar argument as111 the

previous section, the solution to equation(2.176 ) is given by
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(2.177)

which on inversion gives
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(2.178)

Equation (2.178) represents the transverse-displacement response to a moving

mass moving at variable velocities of a uniform Bernoulli-Euler beam resting on

elastic foundation when the boundary conditions are arbitrary.
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CHAPTER THREE

ILLUSTRIATIVE EXAl\1PLES, NUMERICAL CALCULATIONS AND

DISCUSSIONOF RESULTS (UNIFORl\1 BERNOlJLLI-EULER BEAM)

3.1.0 ILLUSTRIA TIVE EXAMPLES

In this chapter, the foregoing analyses are illustrated by various practical

examples. III particular, classical boundary conditions such as Simply

Supported boundary conditions, Free ends condition, Clamped ends condition

and Clamped-Free ends condition are considered.

3.1.1 Simply Supported Boundary Conditions

In this case, the uniform Bernoulli-Euler beam has simple supports at

ends x=O and x=L. The displacement and the bending momentvall ish at a

simplysupported ends Thus, the conditions urc expressed as

(JCV(O,l) = a = a2(,(/.,1)

ox2 ax"
(3. I)V(O,l) = a = v(J.,/),

and hence for normal modes

(l"{! (0) e'cr / (!)
III = 0 = III ~

;,' :)'cx- ('x-
(3.2)(/",(0) = 0 = (/",(1.),

whichimplies that

(lC(/A (0) = 0 = D2(/A (/.)

axc ()):2

(3.3 )

Thus, it can be shown that
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C =c =0
1J1 • k

(3.4 )

and the frequency equation becomes

Si!1AI1I = 5'i!1Ak = 0 (3.5)

whichimplies

A =I11Tr
'"

(3.6)and

Thus, the moving force problem is reduced to a non-homogeneous second order

ordinarydifferential equation

iV( ) p
. 111,/ 2 r;( ) [('. 1 ·C~ (C' c-. fJ) C' 1 T· (C' V· fJ )]

2 + Ym'-V 111,1 = - otn ' . OS 1<)111 f + OS 'oJlll Jdlll f
dt . f-I

(3.7)

where

2 _[lJJlW'; N(IIlTr)2 K]y.- +--- +-
111/ E L. oJJI JI JI

(3.8)

F = I11JrX"

L
G = I11TrY
. L (3.9)and

Equation (3.7) when solved111 conjunction with the initial conditions, one

obtainsan expression forV(I11,f) which on inversion yields

(3.10)

55



Equation(3.10) represents the transverse-displacement response to amoving

forcemoving at a variable velocity of a simply supported uniform Bernoulli-

Elllerbeam resting on elastic foundation. We consider next, the moving mass

problemthat is when D" -:/.:- a is considered. Following arguments used in the

pevious sections, the modified frequency corresponding to the frequency of the

free system due to the presence of the moving mass of this model is obtained as

= .{1- ,,1,[(2 _ J (C)Cos2F)- (2RI1I - RI1IJo(G)COS2F)j}r mm YI1lI· 2 II f 2 ~.
YII/I

(3.11)

where

R = (Yfll17;rr)~
III I, (3.12)

neglectinghigher order terms ofA . Thus, the moving mass problem reduces to

d
2

V(I11,f) , J;( ) ! [5" t« (('5" fI) C' 1'5" (('5" fI )]-----'-:---,---'--+ Y';'III I' 117,1 = D" ,~g, If7 ' , os J III t + OS I, 111 "Ill /
dr

(3.13)

whichwhen solved inconjunction with the initial conditions yields expression

tor i;'(m,l) and on inversion becomes

v( )-~~ &oLg{ SitlFJo(G)[C ,( -I) +Cos ]x,t - 1 L..,.; ~ Y 111111 h(}'~ Yl1lm }n / A)S YI1l11/
...J " ,=1 Ymm II

'I.' [COS(Y - h)r - Cosy r ('Os(y - b )/ - ('osy r]+ Y S'inF" J (0) 111/1/ 1 11/111+ 111111 ~ 11111Imill L..,.; 2k I !
k=1 )1 )2

" [y )'in(r - b )r - (y - b ) )'illY r+ ('osF'L.. .I2h 1(G) 111111'- 111111.) 11/111 4' 11////

k=(I b,

Y S'in(y -b)r-(y -!J,»)'iny r]} 1117rX
_ mmk. mm 3 IIIm~' •..· 111111 X 5;il,--

b3 L

(3.14)
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Thisrepresents thetransverse-displacement response to a concentrated mass

movingwith variable velocity of simply supported uniform Bernoulli-Euler

beam resting on elastic foundation.

3.1.2. Clamped/Fixed Ends Condition

At a clamped-clamped ends, both deflection and slope vanish. Thus,

when'the Long thin beam is clamped atX=O and x=L, the conditions are

expressedas

oV(O,l) = 0 = 8V(I,,1)

ax ax
V(O,t) = 0 = V(L,t) and

And for normal modes

?1I",(0) = 0 = ?rl",(f-)

ox. ax

whichimplies that

£(1.(0) = 0 = ()U.(I~)

Ox ax (3.17)

Thus,it can be shown that

A - SinhAm - SinAm = COSA", - CoshA", =-c
"' Cos}cm - CO.~hAm SiIlA", + SinhAm m

and H =-1
'"

(3.18)

Inview of (3 .18), the frequency equation is given as

(3.19)

Itfollowsfrom equation (3.19), that

~ = 4.73004, ,,1,2 = 7.85320, A, = 10.99561 (3.20)
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Substituting n.18) and (3.20) into equations (2.149) and (2.178)0Ilc obtains the

displacement response respectively to a moving force and a movingmass of a

clamped/fixed long thing elastic beam resting011 elastic foundation.

3.1.3.One End Clamped One End Free Condition

At end x=O, the beam is taking to be clamped and at the end x=L, the

beamis free. Thus, the boundary conditions of the Bernoulli-Euler beam call be

writtenas

av(o t)
V(O,!) = 0 = ---'- and

ax (3.21 )

And for normal modes

dU (0)
{/ (0):::- 0 = _'_" - and

II' dx (3.22)

whichimplies that

U; (0) = 0 = dUk (0) and
dx

(3.23)

Using (3.23), we can show thatat x=O,

and E", =-1 (3.24 )

and at end x=L, using (3.24)

I - SillA
II

, - ,"l'inhA", - ('OSA", - CoshA", ,: - --.- .---..-.--.- = -------- --_. --.... _.... -- c::: ._-(

"' ('usA", + Cosh Am SinhA", - Sill A.", II'

allci /)- I
"'

(3.25)

and the frequency equation for both end conditions is

('OSA,/ 'osh)'11I = - I (3.26)
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~ = 1.875, /t~= 4.694, ,,1.,3 = 7.855 (3.27)

and we have that

Using(3.24), (3.25) and (3.27) in equations (2.149 ) and (2.178), one obtains

!hedisplacement response respectively to a moving force and a moving mass of

a uniform clamped-free ends of Bernoulli-Euler beam resting on elastic

foundation.

3.2.0 DISCUSSION OF THE ANAL YTICAL SOLUTIONS

When an undamped system such as this is studied, one is interested in the

resonance conditions of the system, because the transverse displacement of an

elasticbeam may increase without bound. Equation (3. 10) clearly shows that

!heSimply Supported elastic beam resting on elastic foundation and traversed

by moving force reaches a state of resonance whenever

y,,! = 2k/3 and YI1/( = (2k + 1)/3
. r

(J .28)

whileequation (3.14) indicates that the same beam under the action of a moving

massexperiences resonance effect when

t; = 2kfJ and YI1/I1/ = (2k + 1)/3 (3.29)

Fromequation (3.11 ),

= .11-~[(2-J(2G)(~ '2/·') (2Hm-HIII.iIl((f)C()S2F)]}(110)Y"m rill! f) U.) + , - .-
. 2 2y~

whichimplies
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(3.J I)

It is therefore evident, that for the same natural frequency, the critical speed for

the system consisting of a Simply Supported elastic beam resting on an elastic

foundation and traversed by a force moving with anon-uniform speed is greater

than that of the moving mass problem. Thus,for the same natural frequency of

an elastic beam, resonance is reached earlier in the moving mass system than in

themoving force system.

For the resonance conditions for other classical boundary conditions, equation

(2.149) clearly shows that the uniform elastic beam resting on an elastic

foundation and traversed by a force moving with variable speed reachesa state

ofresonance whenever

Y'U = 2kjJ and Y'Y = (2k + l)jJ (3.32)

while equation (2.] 78) shows that the same beam under the actionof a moving

mass experiences resonance effect whenever

Yh} = 2kjJ and YI'} = (2k + 1){3 (J.JJ)

From equation (2.174)

(J.J4)

which implies
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2k/l
(3.35)

Evidently,from equation (3.33) and (3.35), the same results and analysis

obtained in the case of a Simply Supported Bernoulli-Euler beam are obtained

for allother examples of classical boundary conditions.

3.3.0 NUMERICAL CALClJLA TIONS AND DISClJSSION OF

RESlJLTS

In order to illustrate the forgoing analysis, the uniform beam of length

12 192' id d F I /-;1 -'I' I 3;r. m IS consl ere. urt lennore, - = 2200111 / S-, r = 2 x 10 .111, /3 = -4 '
JI

Xn =~ and the ratio of the mass of the load to the mass of the beam is 0.25.
20

Thetransverse deflections of the beam are calculated and plotted against time

for various values of axial force Nand subgradeK. Values of N between 0and

20,000,000 were used while the values ofK were varied between 0 N/ny\ and

400,000 N/m3
. The results are as shown011 the various graphs below for the

variousclassical of boundary conditions considered.

3.3.1 Simply Supported Ends

Figure3.1 displays transverse displacement response of a simply supported

uniform beam under the action of forces moving at variable velocities for
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variousvalues ofaxial force N for fixed value of foundation moduliK = 40,000.

Thefigure shows that as N increases thedeflection of the of the uniform beam

decreases. The same results is obtained when the simply supported beam is

traversed by a concentrated masses moving at variable speed as shown in figure

3.3. Also, for various time t, the deflection profile of the beam for various

values of foundation moduliK and for fixed axial force N are shown in figure

3.2. It is shown that higher values of foundation moduli reduce the deflection

profile of the beam. The same behaviour characterizes the deflection profile of

the simply supported beam under the action of concentrated masses moving at

variablevelocities for various values of foundation

0.006 I

0.005 [
.---·-~:~O:~-::.

- .. - .. N=2000000

- . - . - N= 20000000~-------

E 0.003 i

~ I
> 0.002'

0001

2

.zt: .>\~:;/~.~'"_':<~~.;.: "A
3 3'5 v

Time(!) see

I

·0001

Fig 3.1: Transverse displacement of the simply supported beam under the action of forces
moving at variable velocities for various values of axial force N for fixed value of foundation

moduli K (40000)
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Fig 3_2: Deliection profile of the simply supported beam under the action of forces moving at
v.mabte velocities for various vatucs 01 foundation moduli K for fixed N (200000)

0.007

0.006

0.005

0.004

f
0-0031s

'>
0.002

0.001

. I .

.:~-,-/.--~-.<':~-.-...,,~/_--__,.- ....:...-\-"I ."". ,:,;,-- -,--_.- - ~ - ~-.;-- ..-,~---'-._'_:"'r_----.---
.2 2.5', . \/3.5
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Fig J.3 Tr.lllc.;vers0 drspl.rccm ent or tile simply supported be am under tile action concentrated

masses moving at variable velocities for various values of axial force N for fixed value or K

(40000)

0.012,-----------

0.Q1
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K=4000

-- K=40000

-- - - K=4000000.008

~
5
:;; 0.004
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Fig 3.4: Deflection prolile of the simply supported beam under the action of concentrated
masses moving at variable velocities for various values of foundation moduli K for fixed N

(200000)
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madulias shown in figure 3.4.

caseswhen the traveling load is moving at constant velocities.

Finally,figure 3.5 depicts the comparison of the transverse displacement of

mavmgforce and moving mass cases for simply supported uniform beam

0.004

O+-+--~-

·0001 I
2.5\ :

"
3 35

!~<.
= [I

\ ., / 'f), .''~f'> •.•-,' - ('

, '~' ..r ....- ' . ....;.

I

I
I

..

4

traversedby a moving load moving at variable velocities for N= 200,000 andK

= 40,000. Clearly, the response amplitudes of moving mass is higher than that

ofthe moving force. This important result agrees with the existing result for

Time(!) see

45

Fig 3.5 : Comparison of the displacement response of moving force and moving mass cases for
simply supported beam for N=200000 and k=40000

3.3.2 Clamped Ends

Figure 3.6 displays transverse displacement response of a clamped-

clampeduniform beam under the action of forces moving at variable velocities

farvarious values of axial force N for fixed value of foundation moduli
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Fig 3.7: Deflection profile of the clamped-clamped uniform beam under the action of forces

moving at variable velocities for various values of foundation moduli K for fixed N (200000)
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Fig 3.8: Transverse displacement of the clam ped-clam ped uniform beam under the action of

concentrated masses moving at variable velocities for various values of axial force N for fixed

foundation moduli k (40000)
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Fig 3.9: Deflection profile of the Clamped-clamped uniform beam under the action of

concentrated masses moving at variable velocities for various values of foundation moduli for

fixed N (200000)
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Fig 3,9: Deflection profile of the clamped-clamped uniform beam under the action of
concentrated masses moving at variable velocities for various values of foundation moduli for

fixed N (200000)

K= 40,000. The figure shows that as N increases the deflection of the uniform

beamdecreases, The same results 'is obtained when the simply supported beam

istraversed by a concentrated mass moving at variable speed as shown ill figure

3.8. Also, for various time t, the deflection profile of the beam for various

valuesof foundation moduliK and for fixed axial force N are shown ill figure

3.7. It is shown that higher values of foundation moduli reduce the deflection

profileof the beam. The same behaviour characterizes the deflection profile of

theclamped-clamped beam under the action of concentrated masses moving at

variablevelocities for various values of foundation moduli as shown in figure

3.9.

Finally,figure 3.10 depicts thecomparison of the transverse displacement of

movmg force and movmg mass cases for clamped-clamped uniform beam
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traversed by a moving load moving at variable velocity for fixed N= 200,000

andK = 40,000. Clearly, the response amplitudes of moving mass is higher

thanthat of the moving force. This confirms the result ill [17,23,24] that

relyingon the moving force problem as a good approximation to a moving mass

problem is not only misleading but is tragic.
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, I .

j--- -- Movlng'ror~e i
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u- ,o .r
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Tirne(t)sec·000001

·000002 - -----

Fig 3.10: Comparison of the displacement response of moving force and moving mass cases
for clamped-clamped uniform beam for N=200000 and K=40000

3.3.3 One End Clamped and One End Free.

Figure 3.11 displays transverse displacement response of a Cantilever uniform

beam under the action of forces moving at variable velocities for various values

ofaxial force N for fixed value of foundation modulus K = 40,000, The figure

shows that as N increases thedeflection of the of the uniform beam decreases.
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Fig 3.11: Transverse displacement of the clamped-free uniform beam under the action of forces

moving at variable velocities for various values of axial force N (or fixed roundauon moduli K
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The same results isobtained when the cantilever beamIS traversed by a

concentratedmasses moving at variable speed as shown in figure 3.13. Also,

forvarious time t, the deflection profiles of the beam' for various values of

foundationmoduli K and for fixed axial force N are shown in figure 3.12. It is

shownthat as foundation modulus increases the' deflection profile of the beam

decreases. The same behaviour characterizes the deflection profile of the

cntilever beam under the action of concentrated masses moving at variable

velocitiesfor various values of foundation moduli as shown in figure 3.14.

Finally,figure 3.15 depicts the comparison of the transverse displacement of

movingforce and moving mass cases for cantilever uniform beam traversed by

amovingload
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Fig 3.14: Deflection profile of the clamped-free uniform beam under the action of concentrated
masses moving at variable velocities for various values of foundation moduli K for fixed value

of axial force N (200000)
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Fig 3.15: Comparison of the displacement response of moving force and moving mass cases

for clamped·free uniform beam for axial force N=200000 and foundation moduli K=40000

moving at variable velocities for N= 200,000 and K = 40,000. Clearly, the

responseamplitude of moving mass is higher than that of the moving force.
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CHAPTER FOUR

NON-PRISMATIC BERNOULLI-EULER BEAM RESTING ON
ELASTICFOUNDATION AND UNDER THE ACTiONS OF MOVING

CONCENTRA TED MASSES.

4.0 INTRODUCTION

In the previous chapter, the problem of theflexural motion of a uniform

Bernoulli-Eulerbeam resting on an elastic foundation and traversed by masses

movingwith non-uniform speed Was investigated. In the Mathematical model,

thebeam properties do not vary along the span L of the beam.However, in

manypractical problems involving dynamics of structures (beams or plates)

undermoving loads, the structures have variable cross-sections [28]. Thus, the

problemof a non-uniform Bernoulli-Euler beam under the action of loads

movingwith variable speeds is considered in this chapter.

Unlike in the previous section, to tackle this problem the method of the

Generalized finite .integral . transform is inapplicable and we resort to a

modificationof an approximate method best suited for solving diverse problems

indynamics of structures generally referred to as Galerkin's method. This we

termGeneralized Galerkin' s Method GG M. This method is employed to

simplifythe goveming fourth order partial differential equation with singular

andvariable coefficients. The resulting Galerkin' s equations are solved via the

modifiedStruble's asymptotic technique already alluded to in the previous

chapter.
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4.1 THE GOVERNING EQUATION

The problem of the flexural vibration of a non-uniform Bernoulli-Euler

beamresting 011 elastic foundation and traversed by loads moving with variable

speedsis investigated in this chapter. The beam's properties such as moment of

nertia I and the mass per unit lcngtl: of the beamp vary along the span L of the

beam. The transverse displacement of the beam when it is under the action of a

"

moving load of mass M which is moving with a non-uniform velocityf(!) is

governedby the fourth order partial differential equation gi\~el1 by

{[E-/( ) ifJ.'(xJ)] () C1~'(x,I) _ N c1
J.'(x,I) V( _)//( _ ) _ 11""[ __ ( _ v· fl ){n1

V(X,t)'
1 x , + p X, , +J\..x r x! I- /IU ,\ \, + Ydlll,Jf ,

ax- (Jx- Dr . G.x:- ('Jr .

zdf(t) ciV(x,/) (dI(t») (J1V(X,/) _ d2f(t) DV(X,f)] _ I) ,,[, - ( . - ( .. fJ )]
+ + 2 I- 1 - (J x Xn Yo )111 . f

dt DxDI dt OX dt ax '

(4.1 )

whereall parameters are as defined in the previous chapter.

Asin the previous section, we shall take tile elastic foundation to be of the form

(2.10 ) and the velocity f(t)of the moving loads to be of the form (2.5). We

adopt the example in [28] and take1(x) and p(x) (0 be of the form

(4.2)

and

(4.3 )

Substituting equations (4.2) and (4.3) into equation (4.1) one obtains
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(4.4)

~r,'l 82 [(·10 155'· ':rrx -6(' .2:rrx _ (" 3:rrx)(YV(X,t)] (1 c- :rrx)a~V(X,f) _Na~~'(x,f)
D", + elll ,0.5 0111 , +Po +0111 , , .•.

4 ()x- L L L ox- L ac ax-

K"I'(' ) M5:[, (. (" fJ )l'c~V(x,f) 2 .rr: 'fJ a2~'(x,f) (,f¥' 'fJ)2 (,2~'(X,f)+ . ,\,1 + (}.x - XII + y..)/II / ,+ YfA.O.s / _ + YfA 0.\ I ,
Ut - c:'(() / (oX -

-YP~Sinf3tav~:,f) ] = FO[x - (xo + ySinfJt)]

4,2.0 OPERATIONAL SIMPLIFICATION

, It is evident that an exact closed fonn solution of the partial differential

equation (4.4) is impossible. Thus, we generalize the Galerkin's method

describedinOni and Awodola [29] and make use of this to reduce the partial

differentia]equation to a sequence of ordinary differential e uations. Thus, a
•

solutionof the form

"
J.~,(X,t) = 2:. ~Jt)UIII(t)

11I=1

is sought where Um(x)is chosen such that pertinent boundary conditions are

satisfied. Equation (4.5)) when substituted into the equation (4.4 ) yields

/I i1 G~2 [ =, 2=' 3=' ]-." " . 1("", \" ., . /1- •..\" . 1"-" " " IL -E!"" .2 1OUm(x) + 15Sm-Um(x) - 6C 0.5 -UIII(x) - SIIl-lIlII(X) ~I/(t) - NlIlII(x)J 1II(t)
",I 4 0 L I, L

+K'JU/ll(x)~I/(t) + J11I[Um(X) + r 1111(x)Sill ~. ]~(t) + MO[x - (xn + ySillfJt )][r IIII(x)~(t) +

+ 2y{X.'osf3IU;,(x)1';,(I) + 1.rp::osf3l)' U:, (x )Ym (I) - rf3' Sin f3/ U;, (x )Ym (I) J-} - I'o[x - (x" + y.~mf31)] = 0

(4.6)

A further simplification and rearrangement lead to
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(4.7)

~ 11 L'{ if [( c-, 7lX 6(' _ 27lX {,. 37lX)l-lil'() (30Jr c nx 24Jr c- 27lXL -r'lI--:':;- 10+ 15,1ff1-- os- -,1f11- m X + - OS-+-dfll-
01 4 LX L L L L I, L I,

67r I' 37lX)", (9Jr 2 (' 3m 24Jr2.., 27lX I 5Jr ~S 7lXJ" J n
--lOS- U (x)+ -"in-+-,-(OS---,- ill- U (x) Y (t)-N{/ (x)Y (f)L L m L2 L 1,- I. L- I, 111 m 111 m

IK"U.(x)Y,,(t) + 11,,[ U,,(x) + (/",(X)SI1I7]y,,,(t) + Mo[x - (x" + ~\'III!l1 )J~., (x) 1'"(I)

I2r[ros(JIII;,(x)Y,,,(t) + (y{ros(Jl)' U:,(X)Y",(/) - r(J' SIII!l IU;''(x) r:" (I) J.-} -1'O[x - (x" + 1'\'111,81)]~ 0

In otherto determine an expression for~uCt), it is required that the expression on

Ihelett hand side of equation (4.7) be orthogonal to the function(/,(x). Thus,

[( { , [( ) (/I 1 _. u- ,7lX, 27lX ,. 37lX . /I' 30Jr , m 24Jr, 27lX
f L -j-JO-

2
10+lSS111--6(os--Sm-. Um(x)+ -Cos-+-,)flI-

o m=1 4 ux \ L L L L t, L I,

67rC 37lX)", (9Jr
2

S' 37lX 24Jr~.., Znx ISJr
2

c' mJl" J ir / ( )--os- Il (x) + - in-- + -,-Cos-- - -,-dil1- I (x) Y (f) - N (x)} " fL L'" L2 L L" L L- L 1/1 111 11/'

+ K"UII/(X)Y,,,(f) + Po[Um (x) + U", (x ),S'in7lXJ}~1I(i) + M 8[x - (XII + }{S';n,8f )][Um (x )j~1I(I)
L

12rf£os,81U;" (x )1'" (/) + (rfK:os(J I)' U; (x )Y" (/). r!l' Sill (J.o; (x) Y", (I) J.-}

·P5[x-(x" + rSIll,8I)~)XU'(X)JX ~ 0

(4.8)

We note that the Dirac Delta function as an even function can be expressed as

[ , _ J 1 2 "', nn , ,117lX
h-(x" + rSm,8t) = -+- I COS-(X(I +}{)fIl,8fY-os-

L L /1=1 t. L
(4.9)

Using(4.9) in (4.8) one obtains
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I,

ft [~ {1 t: if [( (1lX , 21lX v.: 31lX)Llil'( )L I ) (30lT, 1lX 24lT v 27TXL- - ':-/0;) 2 JO+ 15u'ilI--6Cos--u'in- m X k(X + -( os-+-uill-
,,-I 4 ex' t. L L r t. t. L

67fC 37TX)um U ( (9lT~ S' 31lX 24lT~ c 21lX 15lT~ S' 1lXJrlff )rl )J),' )-1: OSTm(X) k X)+l/,~ =r=i ,OST-u"t .« k(X m(t

-NU:(x)U, (X)Ym (I) + K"Um (X)(I, (X)Ym(t) + 1',,[u; (X)(I, (x) + Um(X)(I,_ (X).\'ill; ]~" (I)

lM8[x - (x,) + y5'i/1JJI )][lI l1I (x){ IA (X)~I/ (t) + 2y{K'osjJ Ill:', (x){ Ik (X)~1I (t) + (Y{K'OSjJ I r {I::, (X){/k (X)Ym (I)

-rP'SmfJ tU:" (X)U, (x)~"(I) I-} - I' O[X - (x" + y,\,ill fJ 1)](1, (x)-}x ~ 0

(4.10)

~implifyjngand rearranging(4.10) further, we have

t IJ..[~EIJQo + QI + QJ - Qj + Q4]~1I (I) + [Q, + QJ}~1I (I)
.,1 Jio

t!:i.(H 2 (k, 117)}lm (I) + 2f Cos" IT (x" + ySil1jJ I )H;' (k, 117, 11 )~;, (I)
I'rl 11=1 L

t2r/L'osf31 H,~(k , 117)}~1/ (I) + 4yjJCosjJl ~ Cos I~~ (xn + yS;l1jJ I)H ~'(k, 111, ")}~1I (I)

t~tro,\/JI rH} (k, 111)~I/ (I) + 2(yjJCosjJ t)"f Cos n IT (xn + }{<"illjJI)H,~' (k, 111, II )~I/ (I) .
H I L

-yp1Sil1fJtH/' (k, 111)Ym (II - 2yjJ~ SinjJl f Cos lI/lT (x" + ySinjJ I)H;' (k, 177, 11))~I/(t )J}
11 I ...

p
=-U1(x - (x" + ySil1jJI))

1'1) .

(4.11 )

where

0" = Z + Z, - Z . - Z , ,...• ,I,} c ,

I
i. 1lX

Z = 15. Sin-U;';'(x)ll,(x)Jx
(I () lJ

z, = r'- Sifl3~{/:,:'(X){/k(X)dx
(J" l. .
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L 30JT iL C JlX nr U d,=-. os-Um(X) •.(x) x,
L" L

1. = 2. 47[ iL
. 2JlX U". d_ S\I1- n,(X)U, (x) x{/ L Ii L •

67f iL 37ZX",
L,=-. Cos-U/I/(x)Uk(x)dx,

L IJ L

N 157[2 rL s· TZX ir d
(J = ~ Jo II1L l1I(x)Uk(x) X

I
I.

QJ=N.· U:~(x)Uk(x)dx,
/I

i l. JlX
06 = S';I1-Um(X)Uk(x)dx
-) f) L

II il
.Hb(k,m) = (J (x)(j, (x)dx ,

(I III I\,

H;(k,m) = rL

U;',(x)Uk (x)dx,Jr, i' I7JlX'
H:'(k,m,l1) = . lOS-U

m
(X)Uk(x)dx

t I) L

. L I1JlX"
H"(k,l11,n) = r Cos-(J (x){j,(x)dx

g Jo 1.1 m A

I IIJlX'
HIi

(k,m,l1) = r ('os-(Im (X)Uk(x)dx) ]" t.

(4.12)

Using(2.16) and its "derivatives in integrals(4.12) it is straight forward to show

that

Z, = 1~~,[IJ + A,)] + B,)3 + Cn/4 + AJ5 + AkAn'!6 + AkBj7 + AJ'j~ + R.I.)

+BkB,)JO + BkBn/11 + Bke')12 + CJI3 + CkA",!14 + CkB')15 + ('.C')16]
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Lb= 2~~A;', [AI1/~3 -I'4 + CtJ~5+ Bj36 + A/1/AJJ7 - AJ38 + Ak(J'9 + AkBj~1I + A,,/3J~,

-BJ42 + Bk()43 +BmBJ~ +A",CJ45 -C~.I46 +CmCJ47 +B,,/'J-lJ!
at II = 2
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QJ =:~!,[-II - A.J2 + B.J, + ('",1-1 - AJ, - AkA.J" + A,B"/7 + AJ'n/x - RJ<)

- B,B"/IO + BkBn/11 + BkC'n/l~ - C,/I) - ('kA"/i~ + CkE"/15 + C'J'/1//IIi]

Q4 = K"[11 + AJ1 + BJ3 + CJ4 + A,J, + AkA.J(i + AkBJ7 + AkC.JX + EJ9

+ BkB.JI!) + BkB"/11 + BkC,,,!IJ. + CJll -I-CkAn/l-I -I-CkR.JI , + CJ'''/lrJ

Q5= [II + A,,/~ + E,,/, -I- Cn/4 + AJ, + A,A,,/(, -I- A,R"/7 + AkC,,/g + Rk/~)

+ 8,H,,/I'-' + 8..13"/11 + 8kC.JI~ +CJIl + C,A/1//14 -I- CkRn/l:. + ("('''/16]

H:(k,m) = [11 + A,,/~ + R"l, -I- ('",14 -I- AJ, + AkA",I(i -I- A,R.J7 + AJ',,/X + 8,1.)

+ BkAn/ln + B,B,,/II + BJ'/1//12 + C'JIl + C,A/1/I~ -1- CkBmll' --I- C/'/1/fltJ

H;'(k,m,n) = [/17 + A.JIS + Bn/19 + C."!~Il+ AJ21 + AkA,,/22 -I- AJ3.J~, + AkC'''/~-I + 8J~,

+ BkAJ26 + BkBn/n -I-BJ'",/2R +CJ29 +CkAII/'0 +CkB"/li +CJ'/1/'~]

H:;(k,m) = {' [- A.JI + 12+C.J3 + B,,/~ - AIl/AJ5 + AJ6 + C/1/AJ7 + R/1/AJs - A/1/BJ9

+BJlo +C/1/B;111 +B/IIBJI2 -A/IICJIl +CJI-l +C/II('JI5 +B,J'JI<;]

H;'(k,m,n) = ~~' [- A,,/17 + 118+ C.JI9 + R"/~Il - AI1IAJ21 + AJ22 + Ak('.J~l + AkR"/C-l

- A",BJ~5 + BJ26 -I- BJ'/1/~7 + R/IIBJ2R - A/1/CJ29 + CJ31l + C'/IIC'J,I + RmCJ,J

0'

H;(k,m) = :~' [- II - A.J2 + B"l, + ('''/-1 - AJ, - AkA.J(i + A,Bn/7 + AJ'II/g - RJ<)

-BkA",I1O + BkB",I11 + Bk(''''/12 -CJIl -CkA"/14 + C,B,,'/I 5 +C/'''/I(;]
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(4.13)

H~(k,l11,fI)= ~' [-1,7 - A"/'8 + En/'9 + C/1/12(1 - AJ2' - AkAn'!22 + AkBn,!}, + AJ'n/2-l - RJ25

- RkAn/26 + BkRn/27 + BJ',J2~ - CJ29 - (',An/," + CkRn/" + ckc,,/,cl

H,"(k,l17)= ~' [- An/, + [2 +C,,/, + B,,,!.. - A,,,AJ, + AJ6 + C,,,AJ7 + BIIIAJ~ - A",BJ9

+ BJ,o + CIIIBJIl + B/1/B'['2 - A",c.'JI3 + CJi-l + CIIICJ" + R,,/'J,..J

,r'
H;'(k,II/,I1)= I:;' [-1,7 -A,,/,s + 13"/'\7 + C,,/211 - AJ2' - A,A,,/n + A,H"/:3 + A/'''/:-l - 15..1:5

- BkA/1/I26 + BJ3",f 27 + 15ke",! 2~ - CJ 29 - C,An/", + C,8"/3' + C;.C'",l,eJ

/13, h4,I25, 126, In, In, b9, 11(), 111, [12 are as definedin the previous chapter and

I II. (" nnx S' A"X S' A x d,,= uTf/-- in-'- il1-/1/-x
JJ 0 L L L '

II. • nrrx. A x. A X
I,; = Si/l-Sil1_A_' Sillh-III-dx,
)" t. L L

r"1,.J = In
(' lIrrx

S
' A,x, AXdSin=:«, in-' C 0.\'-/1/- x,

L L [,

i'·I . =
:~{l II

(. nrrx~. )c1x
C

' fAxd"il1--<>ifl--' OS1-"'- X,
t. I, t.

L' 1 1 " J '
I I (" nnx C" AkX S" A/1/Xd i' (" II rrx" AkX, AIIIX d
'J = ulll-- .()S- 1l7-- x, I,~= ,,11/--( oS-, (.os-- x,
)" t. t. t. "II t. l, t.

IL , " nx A x A x
I, = Sin--Cos-A-' Sillh-"'-dx
,9 n l: L. L ' ,

I II. (' Ilnx s h A, x S· A x d= uill--;Il -'-' ,i17-/1/- X
~'" I~ L L '

I II. (. t7nx S' / AAX (. h A x d= uill-- i111-' dill _/1/_ X
430 L L [,'

I I', v. II nx c h A" x v' A x d. = ulll-- .os -'-dlfl-III- X
l' (i I. L l. '

I II. (. II nx C h A, x (' I. A x d
= , Sin=:-: .os -'-' dinfl-"'- x

47 n L L L'

rl.
i; = In

i
l.

[ -
-I~ - II

, 11rrx, A, x. ;l x
,Sil1--Sil1h-'-' Cos-s--dx ,

t. t. t.

J i l. 5" nnx 5"/ AkX C' I AIIIXd
44 = , ,117-- L 1111- ,OSi1-- X,

/I I. 1.1 I~

I
I,

[ -
46 - II

v 11nx C" f A, x. A x Idill-- OS1-'-' (OS_III_c.X,
t. t. l,

[ i l. S" nnx C' h Ak X , fAX J
.J~ =, 111-- os -C OS1-11I-X,

'- 1.1 L [.I IJ

(4.14)
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Afurther simplification and rearrangements of equation (4.] 1) yield

t (o,(k,m)Ym(t) + n,(k,m)Ym(i) + e'[ H;(k,m)~,,(t) + 2~ Cos '~ff (x, + rSinfi t)H:'(k,m,n)Y",(i)

·LrPH(~(k, 111)Cos/3 f J~II (I) + 4,Y/3C'osfJ f ~ Cos '; (x" + y.Sin/3 t)H~' (k, 117, n )}~II (I)

I.,(¥, )' f) ()'~ , n n ,. "·VfA'osf3t - Hi' (k, 117)YnJ (I) + 2 'yj3Cos/3{ -z: Cos- (xn + ,YSIll/3{)H~ (k, 111, ")}~II (t)
. 11=1 l~

-rP2H?(k, 111)Sin/3 t Y", (I) - 2,Y/32Sin /3/f ('os n f[ (x, + ,YSin/3 t)H;' (k, 11l, 11)}~1I (t)])
11_' L _

P
:-Uj(x -lxo + ,YSifl/3t J)

Po

(4.15)

where

n I () n,(k,I}I) = Ff"(Q,, +Q, +Q,) _ Q, + Q4
~~,,(I(,I1I) = _5 + (j6' ';l.

4J1" JI" Jill
(4.16)

and

Iv!
[',=-

JI"L
(4.17)

Equation (4. J 5) can be rewritten as

f !.. .0 (k 117) • e [ .. f' nn ..
L, Y",(t) + ' '. Y", (t) + ' H~'(k, m)Y", (t) + 2L.. COol - (xn + y.S'infJ I)H,'\k, Ill, n )Y", (I)
.,' .00(k, 111) no (k . 111) I/O' I,

.2y{JH:U.:,m)Cosj3l Y~I(I) + 4yfJCosj31 ~ COol nr~ (x, + y.S'infJ t)H;'(k, m,n)Y", (I)

'~f1'usfJlr H~: u,III )Y", (I) + 2(yfK 'osfJl r ~ Cos n/~ (xo + ySin fJ t)H;' (I.:, 117.17)Y", (I)

-rP1H;O(k,m)Sinflt Y", (t) - 2yfl2 Sinfl! f Cos nJ[ (xu + ySinfl t)H~)(k, m,n )Y", (t)]}
1/" I,

: P [Sin Ak (xn + ySinfJI) + A, Cos Ak (xo + y.S'il1fJt) + He-',;inh Ak (xo + ySinfJI) + CkCosh Ak (.\:'o + }0'infJl)]
o.o(k,II1),'o L I, t. I,

(4.18)
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Thesecond order ordinary differential equations(4.18) is the transformed

equationgovernmg the problem of a non-prismatic Bernoulli-Euler beam

restingon an elastic foundation and traversed by a load moving with variable

velocity.These second order differential equations are valid for all variants of

Ineclassical boundary conditions. Two cases of this equation are discussed in

tilefollowing section.

no SOLUTJON OF THE TRANSFORMED EQlJA TION

Like in the previous chapter, we shall consider two special cases of the

rransfonnedequation namely, themoving force problem and themoving mass

rroblem.

HI The moving force problem

Setting 6) = 0 in the transformed equation(4.18), one obtains

Y"( ) 0.1 (k , m»)7 ( ) _ p [ C" . A, ( , (" jJ) A (' . A, ( t· . fl)
.1 + 11/ 1 - . .)/11-- J\" + y.>/II)I + , 0.\ - X" + Y.JIIIF' .

D.,,(k,m) ~"(k,I11)I',, L I,

A A ]+ H,Sillh-' (x" + ySillfll) + (',( 'osh-' (x"+ y5>'illfll)
L J

(4.19)

nlisis the classical case of a moving force problem associated with the system.

IIisan approximate model which assumes the inertia effect of the moving mass

asnegligible. A rearrangement of equation (4.19) yields
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"'"

I

(4.20)

where

(4.21 )

_ ((" AkX" A C' . AkX,,)°1 - 0111-- + k 0.\--

L L

( A, Xo C ' A"X,)a = B Sinh-A
-' - + . (os~--"-

? k k ,- L L ( c f Ak X" 'S" h Ak X" )a, = Bk os1- + ( k < IfI --
L L

(4.22)

Clearly, the second order non-homogeneous ordinary differential equation

1~,20)is analogous to equation (2.85). Consequently, it can be shown that
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(4.23)

where

. p
[J,,, =----

n" (k, 111)J/"
(4.24)

\1eW of equations (4.5) and (4.24 ), one obtains
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(4.25)

as the transverse ..displacement response to amoving force traveling with

variable velocity of a non-uniform Bernoulli-Euler beam resting on elastic

foundati on.

4.3.2 The moving massproblem

As discussed in the previous chapter, if the mass of the moving loadIS

commensurable with that of the structure, the inertia effect of the moving mass

is not negligible. Thus, 61 1:- 0 and one is required to solve the entire equation

84



(tI8). This we termed the moving mass problem. Unlike in the case of the

moving force problem, an exact analytical solution to this equation is not

~ssibJe. Thus, we seek an approximate analytical technique clue to Struble

aiscussedin chapter two.

To this end equation (4.18) is rearranged to take the form

tit) tW,:r;" (I) + c',{ H 2 (k, 111 )~" (I) + 2~ Cos '~~ (x" + ySIn jJ tJHJ k, nt, 11)Y:" (I)

. ~ ' nl[ .
L2yPH4 (k, m )Cosj3 t Y,II(t) + 4r/JCos{J IL.. Cos - (xo + rS'in{J t)H 5 (k, m, n )~,Jt)

11=1 L

-~(rosf3ty H6(k, m)Y,II(t) + 2(rj3C'os{J Iy~ Cos ~~ (xo + rS'in{J t)H 7(k, m, n)Y/I/(t)

1 F nn }
-yp"Hs(k, m)Sinj3 I Y/I/(I) - 2r{J2 Sin{J I~ Cos L (xo + yS'in{J t)H,) (k, m, n )YII/(I)

: c1Lg [aoSin (CSin{Jt )+ a/-'os(CSin{J t) + a
2
Cosh( CSin{J I) + a-/)'inh(GSinj3 t)]

0oCk, m) f.1o

(4.26)

wiJere

H' ) H~:'(k,l17,n), (f( , 111,11 = ------"---'--------'--
.' .0" (k, 111)

H (' ) H';(k,l17)
j( 111 = ---=:..' --

~, .0" (k , 111)

H (k )
_ HjO(k,l11)

8 ,,111 -
.o,,(k,l11)

H"(k,l17,n)
H,)(k,l11,n) = -----'---J _

- .0" (k , 111 )
(4.27)

~lIatjonC4.26 ) implies
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" GI[2rfJH4(k,I11)COSfJI + 4rfJC'osfJtf Cos~'Z (xn + rSinfJt)H~(k'117,")J .
Y (t) + 11=1 Y (I)

[I + GI(H 2 (k, 111)+ 2f Cos 177[ (XII + rSiJ/fJt )H, (k ,111,II»)] nJ

II-I IJ

Iw; + ,;{ (y/X'osfJl)' H,(k,nI) + 2(yjX'osfJl)' ~ C()st~~(x" + ySinfJl)H ,(k ,111, II)}J
- [( ". )] J~lI(t)

1+ GI H](k,m) + 2L. COS '!'!..-(Xn + y.SinfJI)H,(k,111, n)
w.1 I>

E.I[Y1rHs (k, 111)5'in j31+ 2rfJ2 Sin fJ tf Cos l~_'!.(xn + y..)'infJ t )H~) (k, 111,lI)J
IIo

cl L J"_.._.-._-..-..... _.._ _-.__.._.._ - -_._.._._.._._ -.-_ --_ _._- _._.__.__..---.---.-----..-- (!)

, [I+ GI(H1(k,l17) + if Cos ~/7[ (Xn + rSin/lt)H3(k, 111,II»)] nt

II=! L

_ clLg [aoSin(GSil1j3t) + alCos(GSinfJ t)+ a/,'osh(CSil1fJt) + a/iillh(G.)'in/Jt )]

l!.o(k,m) [( if' 11J[ )]
1 + GI H2(k,l17) + 2L. Cos-·- (XII + rSinfJt)H,(k, 111,11)

11-1 L

(4.28)

Asin the previous section, the homogeneous part of(4.28) is first considered

~lIda modified frequency corresponding to the frequency of the free system due

10 thepresence of moving massis sought. An equivalent free system operator

aefinedby the modified frequency then replaces equation(4.28).

fo do this, consider a 'parameter77 < 1 for any arbitrary mass ratioG"Idefined as

f::
17=-1-

1 + GI

(4.29)

(followsthat

+ J (4.30)

md
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(4.31 )

where

(

rr» 111[ , J
'I H,(k,m) -I- 2.L Cos-(xil + Y.')'illjJl )H; (k , l11,n) < I

/II I. (4.32)

)ubstituting(4.30) and (4.31) into equation (4.28) we have

f.(t) + 77[2yfJH4 (k, 111)CosfJ t + 4 y/X 'osfJ! i Cos ilIff (xI) -I- yft')'i 11fJ!)H, (k ,111,11) 1~/I (t)
11 1 J

/, ,( ~ ,111[( ,,) J
'L(iJ,~-77((),: H~(k,I11)+2~ (OST X,,+Y.)lIIjJI H

1
(k,l11,n)

·'li~p::OSfJ!Y H6 (k, 111)+ 2(yfX'.osfJ! r iCos lI1[ (Xn -I- ySil1fJ!)H 7 (k, 111,11)}]Y
m

(t)
/I-I I.

-'l[y!/ H x (k, III ),)'il1fJ! -I- 2yfJ2Sin fJl f Co« 111[ (XII -I- ySil1fJl)H~) (k, Ill, II)J}~"(I)
/10 I I.

: '7
L
g [a"Sill (GSinfJt) -I- a/'os(C;Sill fJl) + a-/'osh(G.Yil1jJ I) -I- a)'il1h(G.)'ill jJ I]

l!1I(k,m) _

(4.33 )

0(77) only.

hen"is set to zero in equation(4.33), a situation corresponding to the case in

which the inertia effect of the mass of the system is regarded as negligible is

lbtained. In such a case, the solution is of the form.

(4.34 )
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I ,. d d ' .01 (k 117)Wlere;(n an ¢m are constants an O),~ = . ' .
.on (k, 111)

However, since for any arbitrary mass ratioc'
l

we always have '7 < I, then

)ruble's technique requires that the solution of the homogeneous part of

equation(4.33) be given in an asymptotic form, namely

(4.35)

foobtain the modified frequency, equation (4.35) and its first and second

aerivativesare substituted into the homogeneolls part of equation(4.33). The

modifiedfrequency is determined by the resulting variational equations

Jescribingthe behaviour ofA(I11,1) and ¢(I17,f) during the motion of the mass.

Thus,substituting (4.35 ) and its first derivatives into the homogeneous part of

~uation(4.33) and taking into account (4.30), (4.3J ) and (4.32) one obtains
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-21iJ>1.,,(I)Sil1[rJ),'/ - ¢",(t)]+ 2A", (!)¢,,, (')rJ)"Fns[ro,,/ - ¢n;(I)]- OJ:,A",(t)( 'OI{U)..,! - ¢",(t)]

+(v~Am(t)C os [m,,/ - ¢'" (t)] - 217Am(t)U)u,rj3J-l1 (k. m )Cosj3l,)'il1[ro
u
/ - ¢'" (I) ]

'cr> 11ff []
-4'1Am(t)rj3ma, S H, (k . 111, I1)COST(xn + rSil1j31 )Cosj3to5'il1 (o,!/ - ¢m(t)

-'l(v:AII/ (t)H: u,111)(os[(O,/ - ¢'" (1)]- 217(1),;A,,(t)I Hl (k .177.11){( 'os 11TDI:".l" «(;, )
n I ..

·2eas 111[;\."I J~k(G, )Cos2k/31 - 2,)'il1 I7ffX" I .l:k" (G, ),S'il1(2k + I) /3 I

f
l Cos[ma/ - ¢'" (t)]

I, h' l . k-" .

+f'lAm(t)V//3Y H Ii(k, I17)CO,S'[(J),/- ¢m(I) J+ ~ 'lAm (1)(,;0)" If (,(/UlI)Cos2/3ICos[m,/ - ¢n,(l)]

I t.. ):.n {. 11JT.\'" • .i.n=; ~ ..
t-'lV/J Am(t) L: H. (k.I77,I1) (o.\--.l,,«(,,) + 2C o'\--L. .lei «(,,)( (),\2k/lt
2 n~' I, I, k'

. 2Sinn~" ~ Jck" (G, )Sil1(2k + I) fil }CO'\[(Llu/ - ¢n;(I)]

'lAm(i)0;LJ Y ~ II. (LI1I, 17)eu.\ S:Ce" 1 ;0'ill/3 I )('(),\ 213I( 'U\ [(a,/ - ¢m(t)]

''lAm(t)r/J~ Hs u.117)o5'il113ICOS[{()",t - ¢m(I)]

. 211Am(t)y/3: ~ H 9 (k, 111.11)eOS I~: (x" + y.5'il1/31).)'il1/3ICOS[(O,,/ - ¢m(I)] = ()

(4.36)

where terms higher than0(7/) have been neglected andC, = IIJry
I.

The variational equations are obtained by equating the coefficients of

~illl('v'1>(1'11,1)1 and ('''mto)./" 1>(111,oJ terms 011 both sides of the equation Thus,

we note the following trigonometric identities

Sill[ev./ - ¢(I17,t)t'OS,8/ = ~ {Sil1[(v,/ - ¢(I17,/) +,81 J+ Sil1[(u,/ - ¢(117,/)-,81]}
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(4.37)

SI/I[Wo/ - ¢(I17,f) ~'il7(2k + I) = ~ k'o...-[(v,/ - ¢(I17,1) - (2k + 1);11]- Cos[(V,/ - ¢(I17,1) + (2k + 1),8/ D

COs[w,/ - ¢(117,t) ~'in(2k + I) fJ { = ~ {Sif1[(v,/ - ¢(I17,1) + (2k + 1);1I ] - Sin[OJ,,/ - ¢(I1I,1) - (2k + 1),81])

fO.I[(U,/ - ¢(I17,1) ros2k;1 I = ~ r~()s[(V,/ - ¢(I17,1) + 2kfJI J+ Cos[r.v,/ - ¢(I17,1) - 2k/31 D

Using these, the terms that do not contribute to the variational equations

recome.

-2(OyA(/J/, I)Sinkua/ - ¢( Ill, I) J+ l{u,,/ A (III, t )¢(III, t)( 'os ko,) - ¢(11I,1)1- 77{(},~ A (III, /) 1-1::,(k ,171)('os[m,,/ - ¢(III,
. . . . .

-2'1(u;jA(III,I)f H3 (/<, III,n )Cos 11TrX"r; ((;,)('0.1 [(Oa/ - ¢(m,l) J+ J... '7A(III,1 )(r;1 Y 1-1.;(k, m )CO,\ [{u,/ - ¢(/JI,(
. ,,-, /, . 2

-'1A(II1,l)(rfJrf H7(k,fII,n)Cos I1TrXo.In(q)COS[w
a
/ - ¢(In,t)]= 0

"'-, L

(4.38)

me variational equations of the problem are obtained by setting the coefficients

f Sinlrv,/ - ¢(mJ)J and Coskv,/ - ¢(m,t)J in equation (4.38) to zero. Thus,one

orains

- 2(0 A(m,l) = 0
<lJ. . (4.39)

~A(1/7,t)¢(m, t) - 77r.v,~A(ljl,t)H::, (k , m) - 277(0(~A (117,t) ~ H; (k , 111,n)( 'os /I ~o ./0(C;,)

1 "

-'lA(I11,1)(YfJr H6(k ,/11) + 'lA(/11,f)(y;1YI H 7(k,I11,II)COS IIllXo Jo(G,) = 0
2 11=' L

(4.40)

earranging(4.39) and (4.40), we have

11(I17J) = a (4.41)

d
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Q(m,t) = ~[rv(lj (H 2 (k, m) + R" (k , 111,fl») - ((r/3r {H 6 (k, 111) + 2Rb (/<,111, II) }Jl
2rv(lj J

(4.42)

where

(4.43 )

(4.45)

s; (k, 111,n) = f H7 (k, 111,/1)./" (G, )Cos nm:1)
11~' L

~olviJ1g-equations (441) and (4.42) respectively yields

whereC(~is a constant and

O( ) 17[ (H (' ) TJ (' ») (( fJ)" {H uCk,I11)+2Rh(k,I11,II)}JJ (446)111,/ = - (v." ) 1<,111 + 1\., 1(,111,17 - v) 1+ W .... 2 j~ - ( II 2 r m

«.

10 order one only. Where IfIm is a constant.

Therefore,when the effect of the mass of the particle is considered, the first

~pproxilllationto the homogeneous system is

(4.47)

where

- J -!I[(H (k ) R (k '»)_(fJ)2[H6Ck,/1l)+2Rh(k,/1l,17)]J}
OJ" - 0) 11 ,,111 + ,117,11 v ,
~ 'u 2 - ,/ II 2(v -

19

(4.48)

iscalled the modified natural frequency representing the frequency of thefree

system due to the presence of the moving mass. Thus, the homogeneous part of

Illeequation (4.33) call be written as
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(4.49)

Thus,the entire equation (4.28), becomes

iYm(t) , y ( ) llLx [ v. (C'(" jJ ) (' (C'l" fJ ) c' I (C'l" I')) v· I (C'(" jJ )]-2- + (V,; 111 / .::: all') II 1 1<)111'/ + U1.OS Jdlll / + ({2()sn )dlll,_ I + 0.1')1111'1 Jdlll /
~ Qn~,m)

(4.50)

Clearly,equations (4.5) is analogous to equation(2.85). Therefore, following

tIle same arguments as in the previous sections, the solution to equation(4.50) is

given by

(4.51 )

where
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o = 17Lg
-III 0.,,(k,l17) (4.52)

Hence,in view of equation (4.5) and (4.52) we have

(4.53)

fhis represents the transverse-displacement response to a massmoving at

aiable velocity of a non-uniform elastic thin beam resting011 an elastic

foundation.
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CHAPTER .FIVE

ILLUSTRATIVE EXAl\1PLES, NUl\1ERICAL CALCULATIONS AND

DISCUSSIONSOF RESULTS (NON-PRISMATIC BERNOULLI-EULER

BEAM)

\,1.0 ILLUSTRATIVE EXAMPLES

As in the previous chapter, we, shall now illustrate the foregoing analysis

oy various practical examples. Classical boundary conditions such as simply

mpported boundary conditions, free ends condition, clamped-clamped ends

rDnditionand clamped-free end conditions shall be considered.

l,Ll Simply Supported Boundary Conditions

The deflection and the bending moment at both ends vanish for a11011-

lIiformBernoulli-Euler beam having simple supports at ends x= 0 and x = L;

JUS,

1'(0,!) = 0 = vcr'!),
32V(0,f) ('"421'cr,f)
--'--, -'--= 0 = ---, -

ux- ux- (5.1 )

id hence for the normal modes

(/(//1/(0) = 0 = u2
Um(l,)

t':.x: ax: (5.2)

hich implies that

lIk(O) = a = (/,cr), (5.3)
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(5.4)

Thus, it can be shown that

and the frequency equation becomes

SillA
I1I

= ,)'iIlA, = a (5.5)

which implies

It,, = I11Tr and A, = kn respectively.

It follows therefore that the movrng force problem for the non-uniform

Bernoulli-Euler beam reduces to a non-homogeneous second order ordinary

Mferential equation given as

(5.6)

where

(5.7)

and

(5.8)
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Equation(5.6 ) can be rewritten as

~1/(t) + (UI~,(Y,1/(t) = F:,ASinF"Cos (G "Sill,8 I )+ CosF"Sin(C/'5'ill,8I)J (5.9)

where

2 _ t1J (k,m) P _ P j';'O _ klTXo d Gn /(1ry
(Um( - , m( - ,- -- an = -

t1f)(k.m) . t1fJk,m)Jlf) L L
(5.10)

Whenequation (5.9) is solved in conjunction with the initial conditions, one

obtainsexpression forYI7I(t). Thus, ill view of (4.5) and (2.16) one obtains

(5.1] )

which is the transverse-displacement response to a moving force traveling with

a non-uniform speed of a simply supported non-uniform Bernoulli-Euler beam

restingon an elastic foundation.

In what follows, we consider the moving mass problem that is, when5
J

i:- O.

Following the same arguments as in the previous sections, the modified

frequency corresponding to the frequency of the free system due to the presence

ofthe moving mass of the model is obtained as
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- {I - 770[(R (k ) R (' )IC)·)· (R3(k, 117)+ R~(k, 171)H,~)]l0)111111- {(J"" , ' 111 + : /(,171 )" + , J
. 2 20)-

11!1

(5.12)

to order 0(770) only.

where

and

, :,. fI'

B,: = S;nFJn(G)5';nP1Jn(G") + 2,)'inrSiIlF1I .J2k (el) I .J2k (U")
ke' k -!

fT' 'f,

+ 2CosFCosF""L J2k,: (Cl)"L J2k+, CU")
k=(1 k=(1

(5./4)

Thus,the moving mass problem becomes

d~Ynl(t) 'y ( ) &,[Y (' kn ( ,C' '/3)---"'--'--'--+ or f = c» Sin=« X + y.,Jin 1
dt? mill m /',n(k,117) L" (5. J 5)

Equation (5.15) when solved inconjunction with the initial conditions yields an

expression forY,1I(t) which on inversion gives

1'/,(x,/) = "L" &,Lg' { SinpoJ" (G'I) [C-'·( l) ('. ]
OJ os OJ -)1 t -O,~(U 1

A (k ) 2 ntm l nJm I 111mIII~' On ,111 OJmm )n

+ S" . FO ~ J (GO)[ COS( (U"'III - b, )1 - COS (Vllln/ _(_'O_S(-=---{U....::..m~I/I_-_h--=-2)~/_-_(_'O_S_{V..:'-!:I/II~'/]{Vmm 111 L... 2k +
k= ' b, b]

(' 'J;'''~ J (GO)[(UI1I1I1Sill({Vmm - b~)t - ({Umlll - b~)Sill {Umn/+ o.~ L.... 2k+'

k=O b4

_ {vIIIIIISin({vmll/ - b3)t - ((VIIIIII - bJSill(VI/II//]} X 5/inlllllX

~ L

(5.16)
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This is the transverse-displacement response to amoving mass of simply

~lIpportednon-uniform long thin elastic beam resting on an elastic foundation.

~,1.2.Clamped-Clamped Ends Condition

At a clamped ends, both the transverse deflection and slope vanish. Thus, for a

non-uniformBernoulli-Euler beam clamped at end x=O and end x=L, the

condifionsare expressed as

cl'(O,t) = 0 = aV(L,t)

ox ax
V(O,t) = 0 = V(L,t) and (5./7)

and for normal modes

cUII/(O) = 0 = cU"'(/')
ox ax

(I",(O) = 0 = (l1I/(!') and (5.18)

which implies that

cUk (0) _ 0 = aUk (/')---- ----ax cJo(
(/k(O) = 0 = [/,(L) and (5./9)

rllllS, it can be shown that

A = SinhA.m - Sin A.", = CasA", - CoshAI1/ = =C and
" rOSA - ('oshA SinA + 5;;l1h/l. 11/

fJI m f1I nr

R =-1
11/ (5.20)

ndwe obtain as the corresponding frequency equation,

CUSA,/'ushA", = 1 (5.2/ )

sing equation (5.21) we can show that

~ = 4.73004, A2 = 785320, A, = 10.99561 (5.22)

When(5.20) and (5.22) are substituted into equations (4.25) and (4.53) one

brains the transverse-displacement response respectively to a moving force and
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amoving mass of anon-unifrom Bernoulli-Euler beam clamped/fixed on elastic

foundation.

5.1.3. One End Clamped One End Free Condition

Atend x=O, the elastic beam is taken to be clamped and at the endx=L, the

learn model is free. Thus, the boundary conditions of the beam can be written

as

1'(0) 0 aV(O,l) d
Ii 1 = =. an, ex

::;21'(/ /) ;13J..-'(/ I)
( V J, = 0 = (,' "

ex" ax'
(5,23)

and for normal modes

[ j (0) = 0 = dUI1l(O) and
,,, dx

d
2
UI11(L) = 0 = d'U",(I,)

dx: dx'
(5.24)

whichimplies that

(I,. (0) = 0 = dU,. (0) and
dx

d2
U,.(L) = 0 = d'U,.(L)

dx' dx'
(5.25)

as illthe previous section, we call show that

A = - SillAI1I - Sinh Am= - COSAI1I - Co.shAm = -c
m CosA + CoshA SinhA - SinA", m

m III m

and H =-1
III

(5.26)

/I then follows that, the frequency equation for the system is given by

(5.27)

and we note that

~ =1875, A2 = 4694, }'1 = 7,855 (5.28)
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Substituting (5.26) and (5.28) into equations (4.25) and (4.53), oneobtains the

transverse-displacement response to a moving force and a moving mass of a

non-unifonnclamped-free- ends of Bernoulli-Euler beam resting on elastic

foundationare respectively obtained.

~.2.0DISCUSSION OF THE ANAL YTICAL SOLUTIONS

As discussed in the previous chapter, one is interestedin the resonance

conditions,because the transverse-displacement of an elastic beam may increase

withoutlimit. Equation (5.11) clearly shows that the simply supported elastic

fuin beam resting on an elastic foundation and transverseby a moving force

reachesa state of resonance whenever

0)11/( = 2k fJ and WOlf =< (2k + I) fJ (5.29)

whereas,equation (5.] 6) depicts that the same beam under the action ofa

movingmass will grow without bound whenever

0)/1//1/ = 2kfJ and (011//1/ = (2k + l)jJ (5.30)

Fromequation (5.12)

- { 77,,[( k 0 I o)H*) (R;(k'I17)+R~(k'I17)I<)]l
(0 - W ,0 I - - R) ( ,m) + RJ (1(, m ,,+ 1 f

mill n! 2 - 2a -
v.;

(5.31 )

vhichimplies

2kfJ
(5.32)
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Therefore, it isevident that for the same natural frequency, the critical speed for

the moving mass problem is smaller than that of the moving force problem.

Consequently, the resonance is attained earlier in the moving mass system than

in the moving force system.

Next, we investigate the phenomenon of resonance for other classical boundary

conditions. It is evident from equation (4.25) that a non-uniform elastic beam

resting 011 an elastic foundation and transverse by a force moving with variable

velocities will f,JTOW without bound whenever

OJ'lj = 2kfJ and OJ,,} = (2k + 1)fJ (5.33)

while equation (4.53) shows that the same beam under the action of a moving

mass experiences a resonance effect whenever

OJbf = 2kfJ and (Ub) = (2k + l)fJ (5.34)

From equation (4.48)

,= ,{I-!l[(H (k )" J) (' ))-( /3)2 [Hti (k ; 117)+ 2Rh(k,l11,fl)]]} ('5 35)OJb" 0), , ,117 I-- v. /(,111,17 v , .
, 'lj :2 ~ ,/ / ) 2 - '

OJ'lj

It follows that,

(5.36)

Thus, from equations (5.33) and (5.36) it is evident that the same results and

analysis are obtained for simply supported end conditions are also obtained for

other examples of classical end support conditions.
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5.3.0 NUMERICAL CALCULATION AND DISCUSSIONS OF

RESULTS

Again, to illustrate the forgoing analysis, the uniform beam of length

12.192m is considered. F I I~J -l' , -l 3Jr
urt iermore, - = 2200111l s=, Y = 2 xl 0 111, fJ = -4 '

f..I

x - -] and the ratio of the mass of the load to the mass of the beam is 0.25.
(I - 20

The transverse deflections of the beam are calculated and plotted against time

for various values of axial force Nand subgradeK. Values of N between 0and

20,000,000 were used while the values ofK were varied between ° N/m1 and

400,000 N/m3
. The results are as shown on the various graphs below for the

various classes of boundary conditions so far considered.

5.3.1 Simply Supported Ends

Figure 5.] displays transverse displacement response of a simply supported

uniform beam under the action of forces moving at variable velocities for

vanous values of axial force N for fixed value of foundation modulusK =

40,000. The figure shows that as N mcreases thedeflection of the of the

uniform beam decreases. The same results is obtained when the simply

supported beam is traversed by concentrated masses moving at variable speed as

shown in figure 5.3. Also, for various time t, the deflection profile of the beam

for various values of foundation moduliK and for fixed axial force N are shown

in figure 5.2. Jt is
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Fig 5.1: Transverse displacement of the simply supported non-uniform beam under the action
of forces moving at variable velocities for various values of axial force N for fixed value of

foundation moduli K (40000)
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Fig 5.2: Deflection profile of the simply supported non-uniform beam under the action of forces
moving at variable velocities for various values of foundation moduli K for fixed value of axial

force N (200000)
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Fig 5.3: Transverse displacement of the simply supported non-uniform beam under the action
of concentrated masses moving at variable velocities for various values of axial force N for

fixed K (40000)
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Fig 5.4: Deflection profile of the simply supported non-uniform beam under the action of
concentrated masses moving at variable velocities for various values of foundation moduli K

and for fixed N (200000)
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shown that higher values of foundation moduli reduce the deflection profile of

0.07

0.06 .

\

"
0.02

thebeam. The same behaviour characterizes the deflection profile of the simply

\

\
, 0.01 ./""".i

j :\
" /" /

supported beam under the action of concentrated masses moving at variable

-,

o ,
\ -,
. ',... /"

velocities for various values of foundation moduli as shown in figure 5.4.

.' I

Finally, figure 5.5 depicts the comparison of the transverse displacement of

~
-0.01 L - -- .-._- •..---- •. _._..

15 2.50.5 2 3 35

movmg force and moving mass cases for simply supported uniform beam

traversed by a moving load moving at variable velocities for N= 200,000 andK

= 40,000. Clearly, the response amplitudes of moving mass are higher than that

of the moving force. Thus, the moving force result is not always an upper

bound to a moving mass problem.
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Fig 5.5: Comparison of the displacement of moving force and moving mass cases for simply
supported non-uniform beam for N=200000 and K=40000

5.3.2 Clamped Ends

Figure 5_6 displays transverse displacement response of a clamped-clamped

uniform beam under the action of forces moving at variable velocities for

various values of axial force N for fixed value of foundation modulus

K = 40,000. The figure shows that as N increases thedeflection of the of the

uniform beam decreases. The same results is obtained when the clamped-

clamped beam is traversed by a concentrated masses moving at variable speed

as shown in figure 5.8. Also, for various timet, the deflection profile of the

beam for various
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Fig. 5.9: Deflection profile of the clamped-clamped non-uniform beam under the action of
concentrated masses moving at variable velocities for various values of foundation moduli K

for fixed N (200000)

values of foundation moduli K and for fixed axial force N are shown in figure

5.7. It is shown that higher values of foundation moduli reduce the deflection

profile of the beam. The same behaviour characterizes the deflection profile of

the clamped-clamped beam under the action of concentrated masses moving at

variable velocities for various values of foundation moduli as shown in figure

5.9. Finally, figure 5.10 depicts the comparison of the transverse displacement

of moving force and moving mass cases for clamped-clamped uniform beam

traversed by a moving load moving at variable velocities for N= 200,000 and

K = 40,000. Clearly, the response amplitudes of moving mass is higher than

that of the moving force. This important result shows that relying on moving

force solution is seriously misleading.
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for clamped-clamped non-uniform beam for N=200000 and K=40000

5.3.3 One End Clamped and One End Free.

Figure 5.]] displays transverse displacement response of a cantilever uniform

beam under the action of forces moving at variable velocities for various values

ofaxial force N for fixed value of foundation modulusK = 40,000. The figure

shows that asN increases thedeflection of the of the uniform beam decreases.

The same results is obtained when the cantilever beam is traversed by

concentrated masses moving at variable speed as shown in figure 5.13. Also,

for various time t, the deflection profile of the beam for various values of
,

foundation moduli K and for fixed axial force N are shown in figure 5.12. It is

shown that higher values of foundation moduli reduce the deflection profile of

thebeam. The same behaviour characterizes the deflection profile of the
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movingat variable velocity for N= 200,000 and K = 40,000. Clearly, the

response amplitudes of moving mass is higher than that of the moving force.

Thisresult shows that it is not safe to neglect the inertia effects of the moving

loadsin the dynamic analysis of moving load problems except the mass of the

moving load is much smaller than the mass per unit length of the beam.
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Fig. 5.15: Comparison of the displcaement response of the moving force and moving mass
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CHAPTER SIX

GENERAL CONCLUSION

6.1 SUMJ\1ARY OF RESAERCH WORK

The problem of the flexural motion of a prestressed Bernoulli-Euler beam

resting on elastic foundation and traversed by concentrated masses traveling at

variable speeds has been investigated. Closed form solutions of the governing

fourth order partial differential equations with variable and singular coefficients

of

(i) Uniform Bernoulli-Euler beam and

(ii) Non-uniform Bernoulli-Euler beam

moving mass problems are presented.

Firstly, for the first problem involving uniform Bernoulli-Euler beam, the

solution technique is based on generalized integral transformation, the

expansion of the Dirac Delta function in series form, Galerkin's method, a

modification of Struble's asymptotic method and the use of the generating

functions of the Bessel functions.

Important features of this technique is that, is that is capable of solving

moving mass beam problems involving

(i) Uniform beams other than Bernoulli-Euler beam.

(ii) Any choice of classical boundary condition often encountered in practice.

(iii) Moving loads moving with constant or variable velocities.
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(iv) it can also handle movmg mass problems ofRayleigh beams having

uniform and non-uniform cross-section.

Unlike in the first problem, the second problem involving non-uniform

Bernoulli-Euler beam is resistant to the generalized integral transformation

technique. Thus, we resort to a modification of Galerkin' s method to reduce the

fourth order partial differential equation with singular and variable coefficients.

The resulting Galerkin's equations are solved using the modified Struble's

asymptotic method and the use of the generating functions of the Bessel

function. This technique has the same features as the one used in tackling

problem involving uniform Bernoulli-Euler beam.

In this work, illustrative examples involving

(i) Simply supported end conditions

(ii) Clamped end conditions

(iii) One end clamped and one end free conditions

are presented. The solutions hitherto obtained are analyzed and resonance

conditions for the various problems obtained. Numerical analysis are carried

out and the work exhibits the following interesting features:

(i) For all the four illustrative examples considered, themoving force

solution is not an upper bound for the accurate solution of the moving

mass solution in both uniform and non-uniform Euler-Bernoulli beams

problems.
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(ii) As the axial force N increases, the amplitudes of both uniform and non-

uniform Bernoulli-Euler beams under the action of moving loads moving

with variable velocities decrease.

(iii) When the axial force N is fixed, the displacements of a uniform

Bernoulli-Euler beam resting on elastic foundation and traversed by

masses traveling with variable speeds decrease as the foundation moduli

increase for all variants of the boundary conditions. The same results

obtain for non-uniform Bernoulli-Euler beams.

(iv) Higher values ofaxial force N and foundation modulusK are required for

a more noticeable effect in the case of other boundary conditions than

those of simply supported end conditions for both moving force and

moving mass problems of both uniform and non-uniform beams.

(v) for fixed axial force and foundation modulus, the response amplitude for

the moving mass problem is greater than that of the moving force

problem for all illustrative end conditions considered whether the beam is

uniform or non-uniform.

(vi) in all the illustrative examples considered, for the same natural frequency,

the critical speed for moving mass problem is smaller than that of the

moving force problem. Hence, resonance is reached earlier in moving

mass problem.

(vii) In general, higher values of axial force N and foundation modulus K are

required for a more noticeable effect 011the response amplitudes of nOI1-

113



uniform Bernoulli-Euler beams than would be required for similar

uniform Bernoulli-Euler beams moving mass problems for clamped-

clamped and clamped-free end conditions.

Finally, this work has suggested valuable methods of analytical solution

for this category of problems for all variants of classical boundary conditions.

6.2 CONTRIBUTIONS TO KNOWLEDGE

Apart from the fact that this study has provided a closed form solutions

for both problems of uniform and non-uniform Bernoulli-Euler beams resting

on elastic foundation and traversed by concentrated masses moving at variable

velocities, this study has

(i) provided vital information on the effect of axial force on uniform and

non-uniform Bernoulli-Euler beams under the action of concentrated

masses moving at variable speeds.

(ii) classified the influence of the elastic foundation modulus on the

.displacement response of both uniform and non-uniform Bernoulli-Euler

beams.

(iii) provided useful information on the resonance conditions for both moving

force and moving mass problems of uniform and non-uniform Bernoulli-

Euler beam.
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(iv) shed more light on the reliability of the moving force solution as a safe

approximation to the moving mass problem for all variants of classical

boundary conditions

6.3 LIl\1ITATIONS TO STUDY AND RECOMI\1ENDATIONS FOR

FURTHER RESEARCH

, The focus of this study is on the flexural motion of prestressed Bernoulli-

Euler beam resting on elastic foundation and traversed by concentrated masses

moving at variable velocities.

Illustrative examples have been limited to classical boundary conditions

only. Non-classical boundary conditions such as(i) elastically supported end

conditions (ii) time dependent boundary conditions are not considered and as

such are suggested for future research. The two-dimensional analogue of the

themy developed in this thesis could be extended to the corresponding moving

load rectangular plate problems. Structures (beams or plates)01·1 other

foundation models are left for further research.Other beammodels under the

action of moving loads such as shear beams,Rayleigh beamsand Timoshenko

beams described by single equations resting on Winkler or non-Winkler elastic

foundation and visco-elastic foundation are not considered in this study.
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APPENDIX

SOLUTIONS OF SOME INTEGRALS

This appendix presents the solutions of the definite integrals listed in chapters

two and four of this thesis.
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CLS
REM
REM
REM
10
20

30 '

40 '
50 '
60
70
80
90
100
120
130
140
150

·160
170
180
190
200

210
220
230
240

250
26d
270
280
290
300

310

320
330
340
350
360
370
380
390
400
410
420
430
440
450

460
470
480
490
500

510

520

THIS PROGRAM IS WRITTEN BY OMOLOFE BABATOPE
IT IS WRITTEN TO EVALUATE THE TRANSVERESE DISPLACEMENT
UNIFORM BEAM FOR SIMPLY SUPPORTED ENDS CONDITION.
DIM J(35) I V(10)
OPEN "33a.BAS" FOR OUTPUT AS #1
FOR mm= 1 TO 4
PRINT "Enter the value of FM K", mm
INPUT FM

L = 12.192
P = 8407.27 * 9.81
MIU = 2758.291
E = 2.10924E+09
IN = .00287698#
GA = .0002
XO = 1 I 20

PI = 22 I 7

BE = 3 * PI I 4
AF = 200000
FM = 40000

'PRINT #1, "RESULT FOR K=", FM
PRINT #1,

PRINT #1, "TIME (t)", SPC (2); "DEFLECTION V (x, t) "
PRINT #1,
FOR t = 0 TO 4 STEP .1
FOR m = 1 TO 3'
REM *****EVALUATING GAMMA MF SQUARE*****
GMF1 (E * IN I MIU) * «m * PI) I L) A 4
GMF2 = (AF I MIU) * «m * PI) I L) A 2
GMF3 = FM I MIU
GMF = SQR(GMF1 + GMF2 + GMF3)
MS = P I (MIU * (GMF) A 2)
BO = GMF

F = m * PI * XO I L
G = m * PI * GA I L

REM ******EVALUATING THE BESSELS FUNCTIONS******
FOR n = 0 TO'7
FOR r = 0 TO 3
IF r = 0 THEN
rf = 1
ELSE
rf = 1
FOR I = 1 TO r
rf = rf * I
NEXT I
END IF

SJ = r + n
IF SJ = 0 THEN
nprf = 1
ELSE
nprf = 1
FOR I = 1 TO SJ
nprf = nprf * I
NEXT I
END IF

OF MOVING FORC
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CLS
REM THIS PROGRAM IS WRITTEN BY OMOLOFE BABATOPE
REM IT IS WRITTEN TO EVALUATE THE TRANSVERESE DISPLACEMENT OF MOVING MAS~
REM UNIFORM BEAM FOR SIMPLY SUPPORTED ENDS CONDITION.
10 DIM J (30), V (3), JI (35)
20 OPEN "35.BAS" FOR OUTPUT AS #1
30 FOR TT = 1 TO 4
40 PRINT "ENTER the value of FM" TT
50 INPUT FM
60 L = 12.192
70 P = 8407.27 * 9.81
80 MIU = 2758.291
90 E = 2.10924E+09
100 IN .00287698#

110 GA = .0002
120 XO = 1 / 20
130 PI 22 / 7

530
540
550
560
570
580
590
600
610
620
630
640
650
660
670
680
690
700

-710
720
730
740
750
760
770
780
790
800
810
820
830
840
850
860
'870
880

SUM(r) = (-1) A r * (1 / (rf * npr f ) * (G / 2) A (n + 2 * r)

NEXT r
J(n) = SUM(O) + SUM(l) + SUM(2) + SUM(3)
NEXT n
REM ******EVALUATING THE EXPRESSION V(x,t) TERM BY TERM******
SB01 = (J(O) *GMF* SIN(F» / BO
SB02 = COS«GMF - BO) * t) - COS(GMF * t)
SBO = SB01 * SB02
SUM2 = 0
FOR K = 1 TO 3
B1 = GMF + 2 * K * BE
B2 = GMF - 2 * K * BE
COB1 = (COS«GMF - B1) * t) - COS(GMF * t» I B1
COB2 = (COS«GMF - B2) * t) - COS(GMF * t» / B2
SES = J(2 * K) * (COB1 + COB2)
SUM2 = SUM2 + SES
NEXT K
SB12 = GMF * SUM2 * SIN (F)
SUM3 = 0
FOR K1 0 TO 3
B3 = GMF + (2 * K1 + 1) * BE
B4 = GMF - (2 * K1 + 1) * BE
SINB3 = (GMF * SIN«GMF - B3) * t) - (GMF - B3) * SIN(GMF * t» I B3
SINB4 = (GMF * SIN«GMF - B4) * t) - (GMF - B4) * SIN(GMF * t» I B4
THS = J(2 * K1 + 1) * (SINB4 - SINB3)
SUM3 = SUM3 + THS
NEXT K1
SB34 = SUM3 * COS(F)
V(m) = (2 / L) * (SBO + SB12 + SB34) * MS * SIN(m * PI I 2)
NEXT m
V1 = V(l) + V(2) + V(3)
PRINT #1, t, V1
NEXT t

PRINT #1,
NEXT nun

END
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140 BE = 3 * PI / 4
150 AF = 200000
160 •FM = 40000
170 GRA = 9.81
180 M1 = 8407.27
190 EO = M1 / (MIU * L)
200 PRINT #1, "RESULT FOR K=·i;FM
210 PRINT #1,
220 PRINT #1, "TIME (t) ", SPC (2); "DEFLECTION V (x, t) "

230 PRINT #1,
240 FOR t = 0 TO 4 STEP .1
250 FOR M = 1 TO 3
260 REM *****EVALUATING GAMMA MF SQUARE*****
270 GMF1 = (E * IN / MIU) * «M * PI) / L) A 4
280 GMF2 = (AF / MIU) * (M * PI / L) A 2
290 GMF3 = FM / MIU
300 GMF SQR(GMF1+ GMF2 + GMF3)
310 F = M * PI * XO / L
320 G = M * PI * GA / L
330 REM ******EVALUATING THE BESSELS FUNCTIONS******
340 FOR n = 0 TO 7
350 FOR r = 0 TO 3
360 IF r = 0 THEN
365 RF = 1
380 ELSE
370 RF = 1
390 FOR I = 1 TO r
405 RF = RF * I
400 NEXT I
410 END IF
420 FF = n + r
430 IF FF = 0 THEN
440 NPRF = 1
450 ELSE
460 NPRF = 1
470 FOR I = 1 TO FF
480 NPRF.= NPRFo* I
490 NEXT I
500 END IF
510 SUM(r) = (-1) A r * (1/ (RF* NPRF» * (G / 2) A (n + 2 * r)
520 SUMO(r) = (-1) A r * (1/ (RF * NPRF» * (G) " (n + 2 * r)
530 NEXT r
540 J(n) = SUM(O) + SUM(l) + SUM(2) + SUM(3)
550 JI(n) = SUM(O) + SUM(l) + SUM(2) + SUM(3)
560 NEXT n
570 REM *****EVALUATING GAMMA MM SQUARE*****
580 GMMl = 2 - JI(O) * COS(2 * F)
590 GMM2 = «BE * GA * M * PI) / L) " 2
600 SA = (GMM1 * GMM2) / (2 * GMF " 2)
610 SB = (GMM1 + SA) * EO / 2
620 GMM = (1 - SB) * GMF
630 MS = (EO * GRA * L) / (GMM A 2)
640 BO = GMM
650 REM ******EVALUATING THE EXPRESSION V(x,t) TERM BY TERM******
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660 SINB01 = (J(O) * GMM* SIN(F» / BO
670 SINB02 = COS«GMM - BO)* t) - COS(GMM * t)
680 SBO = SINB01 * SINB02
690 SUM2 = 0
700 FOR K = 1 TO 3
710 B1 = GMM + 2 * K * BE
720 B2 = GMM - 2 * K * BE
730 COSB1 = (COS«GMM - B1) * t) - COS(GMM * t» / B1
740 COSB2 = (COS«GMM - B2) * t) - COS(GMM * t» / B2
750 SES = J(2 * K) * (COSB1 + COSB2)
760 SUM2 = SUM2 + SES
770 NEXT K
780 SB12 = GMM * SUM2 * SIN (F)
790 SUM3 = 0
800 FOR K1 = 0 TO 3
810 B3 = GMM + (2 * K1 + 1) * BE
820 B4 = GMM - (2 * K1 + 1) * BE
830 SINB3 = (GMM * SIN«GMM - B3) * t) - (GMM - B3) * SIN(GMM * t» / 83
840 SINB4 = (GMM * SIN«GMM - B4) * t) - (GMM - B4) * SIN(GMM * t» / 84
850 THS = J(2 * K1 + 1) * (SINB4 - SINB3)
860 SUM3 = SUM3 + THS
870 NEXT K1
880 SB34 = SUM3 * COS(F)
890 V(M) = (2 / L) * (SBO + SB12 + SB34) * MS * SIN(M * PI / 2)
900 NEXT M
910 V1 = V(l) + V(2) + V(3)
920 PRINT #1, t, V1
930 NEXT t
940 PRINT #1,
950 NEXT TT
960 END

CLS
REM THIS PROGRAM IS WRITTEN BY OMOLOFE BABATOPE
REM IT IS WRITTEN TO EVALUATE THE TRANSVERESE DISPLACEMENT OF MOVING FORC
REM UNIFORM BEAM FOR OTHER BOUNDARY CONDITIONS
10 DIM J (35), I (35), 1M (35), Lm (3)
20 OPEN "317.BAS" FOR OUTPUT AS #1
30 FOR MM= 1 TO 4
40 PRINT "ENTER THE VALUE OF FM", MM
50 INPUT FM
60 L = 12.192
70 E = 2.10924E+09
80 P = 8407.27 * 9.81
90 GRA = 9.81
100 MIU = 2758.291
110 INA = .00287698#
120 GA = .0002
130 M1 = 8407.27
140 XO = 1 / 20
150 PI = 22 / 7
160 BE = 3 * PI / 4
170 AF = 200000
180 I FM = 40000
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190 X = L I 2
200 PRINT #1, "RESULT FOR K=", FM
210 PRINT #1,
220 PRINT #1, "TlME(t)", SPC(2); "DEFLECTION V(x,t)"
230 PRINT #1,
240 'Lm(l) = 4.73004
250 'Lm(2) = 7.8532
260 'Lm(3) 10.99561

Lm(l) = 1.875
Lm(2) = 4.694
Lm(3) = 7.855

270 FOR t = 0 TO 4 STEP .1
280 FOR m = 1 TO 3
290 REM *****EVALUATING GAMMA AJ SQUARE*****
300 COSH = (EXP(Lm(m» + EXP(-Lm(m») I 2
310 SINH = (EXP(Lm(m» - EXP(-Lm(m») I 2

320 COSH1 = (EXP(2 * Lm(m» + EXP(-2 * Lm(m») I 2
330 SINH1 = (EXP(2 * Lm(m» - EXP(-2 * Lm(m») I 2
340 AM1 = -SINH - SIN(Lm(m»
360 AM2 = COS(Lm(m» + COSH
370 AM = AM1 I AM2
380 BM = -1
390 CM = -AM
400 I1a = SIN(2 * Lm(m» I (2 * Lm(m»
410 I1 = L I 2 * (1 - I1a)
420 I2a = (COS(2 * Lm(m» - 1) I (2 * Lm(m»
430 12 = -L I 2 * 12a
440 131 = L I (2 * Lm(m»
450 132 = SIN(Lm(m» * COSH
460 133 = COS(Lm(m» * SINH
470 13 = 131 * (I32 - 133)
480 141 = L I (2 * Lm(m»
490 142 = SIN(Lm(m» * SINH
500 143 = COS(Lm(m» * (COSH - 1)
510 14 = 141 * (I42 - 143)
520 15 = 12
530 16a = SIN(2 * Lm(m» I (2 * Lm(m»
540 16 = L I 2 * (1 + 16a)
550 171 = L I (2 * Lm(m»
560 172 = COS(Lm(m» * COSH
570 173 = SIN(Lm(m» * SINH
580 17 = 171 * (I72 + 173 - 1)
590 181 = L I (2 * Lm(m»
600 182 = COS(Lm(m» * SINH
610 183 = SIN(Lm(m» * COSH
620 18 = 181 * (I82 + 183)
630 19 = 13
640 1101 L I (2 * Lm(m»
650 I102 = COS(Lm(m» * COSH
660 1103 = SIN(Lm(m» * SINH
670 I10 = I101 * (I102 + I103 - 1)
680 I11a = SINH1 I (2 * Lm(m»
690 III = L I 2 * (I11a - 1)
700 112a = (COSH1 - 1) I (2* Lm Im)
710 112 = L I 2 * 112a
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720 113 = 14
730 114 = 18
740 115 = 112
750 116a = SINH1 / (2 * Lm(m»
760 116 = L / 2 * (I16a + 1)
770 T01 = 11 + 2 * AM * 12 + 2 * BM * 13 + 2 * CM * 14 + AM A 2 * 16
780 T02 = BM A 2 * III + CM A 2 * 116 + 2 * AM * BM * 110
790 T03 = 2 * AM * CM * 114 + 2 * BM * CM * 112
800 TO = T01 + T02 + T03
810 HAl = -11 - AM * 12 - BM * 13 - CM * 14 - AM * 15 - AM * AM * 16
820 HA2 = -AM * BM * 17 - AM * CM * 18 + BM * 19 + BM * AM * 110
830 HA3 = BM * BM * III + BM * CM * 112 + CM * 113 + CM * AM * 114
840 HA4 = CM * BM * 115 + CM * CM * 116
850 HAMM = «(Lm(m) / L) A 2» * (HAl + HA2 + HA3 + HA4) / TO
860 GJ11 = (E * INA / MIU) * (Lm(m) / L) A 4
870 GJ12 = FM / MIU
880 GJ21 = GJ11 + GJ12
890 GJ22 = SQR(GJ21)
900 GAJO = (AF * HAMM / (2 * MIU * GJ21»
910 GAJ = GJ22 * (1 - GAJO)
920 MS = P / (MIU * (GAJ) A 2)
930 BO = GAJ·

940 F = m * PI * XO / L
950 G = Lm(m) * GA / L
960 aO = COS(Lm(m) * XO /
970 a1 = SIN(Lm(m) * XO /
980 a21 = BM * (EXP(Lm(m)
990 a22 = CM * (EXP(Lm(m)
1000 a2 = a21 + a22
1010 a31 = CM * (EXP (Lm(m) * ·XO / L)
1020 a32 = BM * (EXP(Lm(m) * XO / L)
1030 a3 = a31 + a32
1040 Sl = (a2 + a3) / 2
1050 S2 = (a2 - a3) / 2
REM ******EVALUATING THE BESSELS FUNCTIONS******
1060 FOR n = 0 TO 7
1070 FOR r = O·TO 3
1080 IF r = 0 THEN
1090 rf = 1
1100 ELSE
1110 rf = 1
1120 FOR I = 1 TO r
1130 rf = rf * I
1140 NEXT I

.1150 END IF
1160 SJ = r + n
1170 IF SJ = 0 THEN
1180 nprf = 1
1190 ELSE
1200 nprf = 1
1210 FOR I = 1 TO SJ
1220 nprf = nprf * I
1230 NEXT I
1240 END IF
1250 SUM1(r) = (-1) A r * (1/ (rf * npr f ) * (G / 2) A (n + 2 * r)

L) -

L) +
* XO
* XO

SIN(Lm(m) * XO / L)
COS(Lm(m) * XO / L)
- EXP (-Lm (m) * XO / L» / 2
+ EXP (-Lm (m) * XO / L» / 2

- EXP (-Lm (m) * XO / L» / 2
+ EXP (-Lm (m) * XO / L» / 2

AM *
AM *
/ L)

/ L)
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1260 NEXT r
1270 J(n) = SUM1(0) + SUM1(1) + SUM1(2) + SUM1(3)
1280 NEXT n
REM ******EVALUATING THE EXPRESSION V(x,t) TERM BY TERM******
1290 SB01 = (J(O) * GAJ * a1) I BO
1300 SB02 = COS«GAJ - BO) * t) - COS(GAJ * t)
1310 SBO = SB01 * SB02
1320 SUM2 = 0
1330 FOR K = 1 TO 3
1340 Bl = GAJ + 2 * K * BE
1350 B2 = GAJ - 2 * K * BE
1360 COB1 = (COS«GAJ - B1) * t) - COS(GAJ * t» I Bl
1370 COB2 = (COS«GAJ - B2) * t) - COS(GAJ * t» I B2
1380 SES = J(2 * K) * (COB1 + COB2)
1390 SUM2 = SUM2 + SES
1400 NEXT K
1410 SB12 = GAJ * SUM2 * a1
1420 SUM3 = 0
1430 FOR Kl = 0 TO 3
1440 B3 = GAJ + (2 * K1 + 1) * BE
1450 B4 = GAJ - (2 * K1·+ 1) * BE
1460 SINB3 = (GAJ * SIN«GAJ ~ B3) * t) - (GAJ - B3) * SIN(GAJ i

1470 SINB4 = (GAJ * SIN«GAJ - B4) * t) - (GAJ - B4) * SIN(GAJ i

1480 THS = J(2 * K1 + 1) * (SINB4 - S1NB3)
1490 SUM3 = SUM3 + THS

1500 NEXT K1
1510 SB34 = SUM3 * aO
1520 FOR in = 0 TO 7
1530 FOR ir = 0 TO 3
1540 IF ir 0 THEN
1550 irf = 1
1560 ELSE
1570 irf = 1
1580 FOR q = 1 TO ir
1590 irf = irf * q
1600 NEXT q
1610 END IF
1620 SJ = ir + in
1630 IF SJ = 0 THEN
1640 inpirf = 1
1650 ELSE
1660 inpirf = 1
1670 FOR q = 1 TO SJ
1680 inpirf = inpirf * q
1690 NEXT q
1700 END IF
1710 SU = (1 I (2 A (in + 2 * ir) * (irf * inpirf»)
1720 SUM2(ir) = SU * (G I 2) A (in + 2 * ir)
1730 NEXT ir
1740 1(in) = SUM2(0) + SUM2(1) + SUM2(2) + SUM2(3)
.1750 NEXT in
1760 SB201 = (1(0) * GAJ * Sl) I BO
1770 SB202 = COS«GAJ - BO) * t) - COS(GAJ * t)
1780 SB20 = SB201 * SB202
1790 SUM4 = 0
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1800
1810
1820
1830
1840
1850
1860
1870
1880
1890
1900
1910
1920
1930
1940
1950
1960
1970

- 1980
1990
2000
2010
2020
2030
2040
2050
2060
2070
2080
2090
2100
2110
2120
2130
2140
2150
2160
2170
2180
2190
2200
2210
2220
2230
2240
2250
2260
2270
2280
2290
2300
2310
2320
2330
2340

FOR K = 1 TO 3

B1 = GAJ + 2 * K * BE
B2 = GAJ - 2 * K * BE
COB21 = (C08«GAJ - B1) * t) - C08(GAJ * t» / B1
COB22 = (C08«GAJ - B2) * t) - C08(GAJ * t» / B2
8E82 = (-1) A K * 1(2 * K) * (COB21 + COB22)
8UM4 = 8UM4 + 8E82
NEXT K
8B212 = GAJ * 8UM4 * 81
8UM5 = 0
FOR K1 = 0 TO 3

B3 = GAJ + (2 * K1 + 1) * BE
B4 = GAJ - (2 * K1 + 1) * BE
8INB23 = (GAJ * 8IN«GAJ - B3) * t) - (GAJ - B3) * 8IN(GAJ * t'
8INB24 = (GAJ * 8IN«GAJ - B4) * t) - (GAJ - B4) * 8IN(GAJ * t:
TH82 = (-1) A K1 * 1(2 * K1 + 1) * {8INB24 - 8INB23)
8UM5 = 8UM5 + TH82
NEXT K1
8B234 = 8UM5 * 81
FOR in = 0 TO 7
FOR ir = 0 TO 3
IF ir = 0 THEN
irf = 1
EL8E
irf = 1
FOR q = 1 TO ir

irf = irf * q
NEXT q
END IF
8J = ir + in
IF 8J = 0 THEN
inpirf = 1
EL8E
inpirf = 1
FOR q = 1 TO 8J

inpirf- inpirf * q
NEXT q
END IF
8U = (1 / (2 A (in + 2 * ir) * (irf * .i.npi r f j j )

8UM3(ir) = 8U * (-G / 2) A (in + 2 * ir)
NEXT ir
IM(in) = 8UM3(0) + 8UM3(1) + 8UM3(2) + 8UM3(3)
NEXT in

8B301 = (IM(O) * GAJ * 82) / BO
8B302 = C08«GAJ - BO) * t) - C08(GAJ * t)
8B30 = 8B301 * 8B302
8UM6 = 0
FOR K = 1 TO 3

B1 = GAJ + 2 * K * BE
B2 = GAJ - 2 * K * BE
COB31 = (C08«GAJ - B1) * t) - C08(GAJ * t» / B1
COB32 = (C08«GAJ - B2) * t) - C08(GAJ * t» / B2
8E83 = (-1) A K * IM(2 * K) * (COB31 + COB32)
8UM6 = 8UM6 + 8E83
NEXT K
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2350
2360
2370
2380
2390
2400
2410
2420
2430
2440
2450
2460
2470
2480
2490
2500
2510
2520
2530
2540
2550
2570
2580
2590
2600
2610

CLS
REM
REM
REM
10
20
30
40
50
60
70
80
90
100
120
130
140
150
160
170
180
190

·200
210
220
230
240

SB312 = GAJ * SUM6 * S2
SUM7 = 0
FOR K1 = 0 TO 3
B3 = GAJ + (2 * K1 + 1) * BE
B4 = GAJ - (2 * K1 + 1) * BE
SINB33 = (GAJ * SIN«GAJ - B3) * t) - (GAJ - B3) * SIN(GAJ *
SINB34 = (GAJ * SIN«GAJ - B4) * t) - (GAJ - B4) * SIN(GAJ *
THS3 = (-1) A K1 * IM(2 * K1 + 1) * (SINB34 - SINB33)

SUM7 = SUM7 + THS3
NEXT K1
SB334 = SUM7 * S2
U11 = SBO + SB12 + SB34 + SB20 + SB212
U12 = SB234 + SB30 + SB312 + SB334
U1 = U11 + U12
U21 SIN (Lm(rn)* X / L) + AM * COS(Lm(rn) * X / L)
U22 = BM * (EXP(Lm(rn) * X / L) - EXP(-Lm(rn) * X / L» / 2
U23 = CM * (EXP(Lrn(rn)* X / L) + EXP(-Lm(rn) * X / L» / 2
U2 = U21 + U22 + U23
V(rn) = U1 * U2 *MS / TO
NEXT rn
V1 = (V(l) + V(2) + V(3»
PRINT #1, t, V1
NEXT t
PRINT #1,
NEXT MM
END

THIS PROGRAM IS WRITTEN BY OMOLOFE BABATOPE
IT IS WRITTEN TO EVALUATE THE TRANSVERESE DISPLACEMENT OF M(
UNIFORM BEAM FOR OTHER BOUNDARY CONDITIONS
DIM J(35), I (35), IM(35), Lm(3), V(3)
OPEN "320.bas" FOR OUTPUT AS #1
FOR rnrn= 1 TO 4
PRINT "Enter the value of FM", rnrn
INPUT FM
L = 12.192
P = 8407.27 * 9.81
MIU = 2758.291
E = 2.10924E+09
INA = .00287698#
GA = .0002
XO = 1 / 20
M1 = 8407.27
EO = M1 / (MIU * L)
GRA = 9.81
PI = 22 / 7
BE = 3 * PI / 4
AF = 200000
'FM = 40000

X = L / 2
PRINT #1, "RESULT FOR K=", FM
PRINT #1,
PRINT #1, "TIME (t)", SPC (2); "DEFLECTION V(x, t)"
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250
260
270
280
290
300
310
320
330
340
350
360
370
380
390
400~

410
420

430
440
450
460
470
480
490
500
510
520
530
540
550
560
570
580
590
600
610
620
630
640
650
660
670
680
690
700
710
720
730
740
750
760
770
780
790

PRINT #1,
'Lm(1) = 4.73004
'Lm(2) = 7.8532
'Lm(3) = 10.99561

Lm(1) = 1.875

Lm(2) = 4.694
Lm(3) = 7.855

FOR t = 0 TO 4 STEP .1
FOR.rn = 1 TO 3
REM *****EVALUATING GAMMA AJ SQUARE*****
COSH = (EXP(Lm(rn» + EXP(-Lm(rn») I 2
SINH = (EXP(Lm(rn» - EXP(-Lm(rn») I 2
COSH1 = (EXP(2 * Lm(rn» + EXP(-2 * Lm(rn»)
SINai = (EXP(2 * Lm(rn» - EXP(-2 * Lm(rn»)
AM1 = -SINH - SIN(Lm(rn»
AM2 = COS(Lm(rn» + COSH
AM = AM1 I AM2
BM = -1
CM = -AM
I1a = SIN(2 * Lm(rn» I (2 * Lm(rn»
I1 = (L I 2) * (1 - 11a)
12a = (COS(2 * Lm(rn» - 1) I (2 * Lm(rn»
12 = -(LI 2) * 12a
131 = L I (2 * Lm(rn»
132 = SIN(Lm(rn» * COSH
133 = COS(Lm(rn» * SINH
13 = 131 * (I32 - 133)
141 = L I (2 * Lm(rn»
142 = SIN(Lm(rn» * SINH
143 = cas (Lm tm) * (COSH' - 1)
14 = 141 * (I42 - 143)
15 = 12
16a = SIN(2 * Lm(rn» I (2 * Lm(rn»
16 = (L I 2) * (1 + 16a)
171 = L I (2 * Lm(rn»
172 = COS{Lm(rn» * COSH
173 = SIN(Lm(rn» * SINH
17 = 171 * (I72 + 173 - 1)
181 = L I (2 * Lm(rn»
182 = COS(Lm(rn») * SINH
183 = SIN(Lm(m» * COSH
18 = 181 * (I82 + 183)
19 = 13
I101 = L I (2 * Lm(rn»
I102 = COS(Lm(rn» * COSH
I103 = SIN(Lm(rn» * SINH
I10 = I101 * (I102 + I103 - 1)
I11a = SINH1 I (2 * Lm(rn»
III = (L I 2) * (I11a - 1)
112a = (COSH1 - 1) I (2 * Lm(rn»
112 = (L I 2) * 112a
113 = 14
114 = 18
115 = 112
116a = SINH1 I (2 * Lm(rn»
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800 116 = (L / 2) * (I16a + 1)
810 T01 = 11 + 2 * AM * 12 + 2 * BM * 13 + 2 * CM * 14 + AM A 2 * 16
820 T02 BM A 2 * III + CM A 2 * 116 + 2 * AM * BM * 110
830 T03 2 * AM * CM * 114 + 2 * BM * CM * 112
840 TO = T01 + T02 + T03
850 HAl = -11 - AM * 12 - BM * 13 - CM * 14 - AM * 15 - AM * AM * 16
860 HA2 = -AM * BM * 17 - AM * CM * 18 + BM * 19 + BM * AM * 110
870 HA3 BM * BM * III + BM * CM * 112 + CM * 113 + CM * AM * 114
880 HA4 = CM * BM * 115 + CM * CM * 116
890 HAMM = «(Lm(m) / L) A 2» * (HAl + HA2 + HA3 + HA4) / TO
900 GJ11 (E * INA / MIU) * (Lm(m) / L) A 4
920 GJ12 = FM / MIU
930 GJ21 = GJ11 + GJ12
940 GJ22 SQR(GJ21)
950 GAJO (AF * HAMM / (2 * MIU * GJ21»
960 GAJ = GJ22 * (1 - GAJO)
970 HB1 11 + AM * 12 + BM * 13 + CM * 14 + AM * 15 + AM * AM * 16
980 HB2 = AM * BM * 17 + AM * CM * 18 + BM * 19 + BM * AM * 110
990 HB3 = BM * BM * III + BM * CM * 112 + CM * 113 + CM * AM * 114
1000 HB4 = CM * BM * 115 + CM * CM * 116
1010 HBMM = (HB1 + HB2 + HB3 + HB4) / TO
1020 HFMM = HAMM
1030 RMMN1 = 0
1040 RMMN2 = 0
1050 'FOR n = 1 TO 5
1060 n = 1
1070 1171 (SIN(n * PI» / (n * PI)
1080 1172 SIN(n * PI) / (n * PI)
10901173 SIN«n * PI) + (2 * LrnIm l ) ) / «n * PI) + (2 * Lm(m»)
11001174 = SIN«n * PI) - (2 *' Lm trnj ) ) / «n * PI) - (2 * Lm Irn l ) )
1110 117 = (L / 4) * (1171 + 1172 - 1173 - 1174)
11201181 = (COS«n * PI) - (2 * Lm Irnj ) ) - 1) / «n * PI) (2 * LmImr ) )
1130 1182 (1 - cas «n * PI) + (2 * LrnIm l ) ) / «n * PI) + (2 * Lm Irnj j )

1140 1183 = (COS(n * PI) - 1) / (n * PI)
1150 1184 (1 - cas (n * PI» / (n * PI)
1160 118 = (L / 4) * (1181 + 1182 + 1183 + 1184)
117011911 = SIN("(n * PI) + Lm trn) * COSH
1180 11912 = «n * PI) + Lm(m» * COS«n * PI) + Lm(m» * SINH / Lm(m)
1190 1191 = (Lm(m) / (Lm(m) A 2 + «n * PI) + Lm trn) A 2» * .<11911- I191
1200 11921 = SIN«n * PI) - Lm(m» * COSH
1210 11922 = «n * PI) - Lm(m» * COS«n * PI) - Lm(m» * SINH I Lm(m)
1220 1192 = (Lm(m) / (Lm(m) A 2 + «n * PI) - Lm Irn) A 2» * (11921 - I192
1230 119 = (1191 + 1192) * (L / 2)
1240 12011 = (SIN«n * PI) + Lm (rn) * SINH)
1250 12012 = «(n * PI) + Lm(m» * (COS«n * PI) + Lm(m» * COSH - 1» /
Lm(m)
1260 1201 = (Lm(m) / (Lm(m) A 2 + «n * PI) + Lm tm) A 2» * (12011 - 1201
1270 12021 = SIN( (n * PI) - Lm Irn) * SINH
1280 12022 = « (n * PI) - Lrn Irn) * (COS((n * PI) - Lm Irn) * COSH - 1» /
Lm (m)
1290 1202 = (Lm(m) / (Lm(m) A 2 + «n * PI) - Lrn Irn) A 2» * (12021 - 1202
1300 120 = (1201 - 1202) * (L / 2)
1310 12111 (CaS(n * PI) - 1) / (n * PI)
1320 12112 = (1 - cas «n * PI) + (2 * Lm(m»» / «n * PI) + (2 * LrnIrnj I )
1330 12113 = (CaS«n * PI) - (2 * Lrntmj)) - 1) / «n * PI) (2 * LmIml ) )
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1340 12114 = (1 - COS(n * PI» / (n * PI)
1350 121 = (L / 4) * (12111 + 12112 + 12113 + 12114)
1360 12211 SIN( (n * PI) + (2 * Lm Imr)) / «n * PI) + (2
1370 12212 SIN( (n * PI) - (2 * Lm Irnr)) / «n * PI) - (2
1380 12213 SIN(n * PI) / (n * PI)
1390 12214 SIN(n * PI) / (n * PI)
1400 122 = (L / 4) * (12211 + 12212 + 12213 + 12214)
1410 12311 = COS«n * PI) + Lm(m» * COSH
1420 12312 = «n * PI + Lm(m» * SIN«n * PI) + Lm(m» * S-
1430 1231 = (Lm(m) / (Lm(m) A 2 + «n * PI) + Lm(m» A 2»
1440 12321 = COS«n * PI) - Lm(m» * COSH
1450 12322 = «(n * PI) - Lm(m» * SIN«n *
1460 1232 = (Lm(m) / (Lm(m) A 2 + «n * PI)
1470 123 = (L / 2) * (1231 + 1232)
1480 12411 = COS«n * PI) + Lm(m» * SINH
1490 12412 = «n * PI) + Lm(m» * SIN«n * PI) + Lm(m»
1500 1241 = (Lm(m) / (Lm(m) A 2 + «n * PI) + Lm(m» A 2

1510 12421 = COS «n * PI) - Un (rn) * SINH .J,)

1520 12422 = «n * PI) - Lm Irn) * SIN( (n * PI) - Lm trn) * CI.", .
1530 1242 = (Lm(m) / (Lm(m) A 2 + «n * PI) - Lm(m» A 2» ~i'~n'~
1540 124 = (L / 2) * (1241 + 1242) ~
1550 12511 = (SIN«n * PI) + Lm(m» * COSH)
1560 12512 = «(n * PI) + Lm(m» * COS«n * PI) + Lm(m» *
1570 1251 = (Lm(m) / (Lm(m) A 2 + «n * PI) + Lm(m» A 2» ,
1580 12521 = SIN«n * PI) - Lm(m» * COSH
1590 12522 = «(n * PI) - Lm(m» * COS«n * PI) - Lm(m» * E
1600 1252 = (Lm(m) / (Lm(m) A 2 + «n * PI) - un(m» A 2» *
1610 125 = (1251 + 1252) * (L / 2)
1620 12611 = COS«n * PI) + Lm(m» * COSH
1630 12612 = «(n * PI) + Lm(ffi» * SIN«n * PI) + Lm(m» * S
1640 1261 = (Lm(m) / (Lm(m) A 2 + «n * PI) + Lm(m» A 2» *
1650 12621 = COS«n * PI) - Lm(m» * COSH
1660 12622 = «(n * PI) - Lm(m» * SIN«n * PI) - Lm(m» * S
1670 1262 = (Lm(m) / (Lm(m) A 2 + «n * PI) - LrnIrn) A 2» *
1680 126 = (L / 2) * (1261 + 1262)
1690 1271 = (-1) A n * (2 * Lrntrn) * SINH1
1700 1272 = (2 ~ Lm(m» A 2 + (n * PI) A 2

1710 127 = (L / 2) * (1271 / 1272)
1720 1281 = (2 * Lm Irn) * «-1) A n * COSH1 - 1)
17301282 = (2 * Lm Irn) A 2 + (n * PI) A 2
1740 128 = (L / 2) * (1281 / 1282)
1750 12911 (SIN((n * PI) + Lm Irn) * SINH)
1760 12912 = «(n * PI) + Lm(m» * (COS«n * PI) + Lm(m» *
Lm (m)
17701291= (Lm(m) / (Lm(m) A2+ «n*PI) + Lm Irn) A2» *
1780 12921 = SIN«n * PI) - Lm Iml) * SINH
1790 12922 = «(n * PI) - Lm(m» * (COS«n * PI) - Lm(m» * C(
Lm(m)
1800 1292 = (Lm(m) I (Lm(m) A 2 + «n * PI) - Lm Irn) A 2» *
1810 129 = (L / 2) * (1291 - 1292)
1820 13011 = COS«n * PI) + Lm(m» * SINH
1830 13012 = «n * PI) + Lm(m» * SIN«n * PI) + Lm(m» * COSt
1840 1301 = (Lm(m) / (Lm(m) A 2 + «n * PI) + Lm(m» A 2» * \
1850 13021 COS«n * PI) - Lm(m» * SINH
1860 13022 = «n * PI) - Lm(m» * SIN«n * PI) - Lm(m» * COSH

PI) - Lm(m» *
- Lm (rn) A 2»

~. ,. ~
-r-
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1870 1302 = (Lm(m) / (Lm(m) 1\ 2 + «n * PI) - Lrn Irn) 1\ 2» * (I3021 + 1302
1880 130 (L / 2) * (I301 + 1302)
1890 131. = 128
1900 132 = 127
1910 HCM1 117 + AM * 118 + BM * 119 + CM * 120
1920 HCM2 = AM * BM * 123 + AM * CM * 124 + BM *
1930 HCM3 BM * BM * 127 + BM * CM * 128 + CM *
1940 HCM4 = CM * BM * 131 + CM * CM * 132
1950 HCMN (HCM1 + HCM2 + HCM3 + HCM4) / TO
1960 HGM1 -I17 - AM * 118 - BM * 119 - CM * 120 - AM * 121 - AM * AM * I

1970 HGM2 -AM * BM * 123 - AM * CM * 124 + BM * 125 + BM * AM * I26
1980 HGM3 BM * BM * 127 + BM * CM * 128 + CM * 129 + CM * AM * I30
1990-HGM4 = CM * BM * 131 + CM * CM * 132
2000 HGMN (Lm(m) / L) 1\ 2 * (HGM1 + HGM2 + HGM3 + HGM4) / TO
2010 JO = 1
2020 'RMN1 = HCMN *
2030 'RMMN1 = RMMN1
2040 'RMN2 = HGMN *
2050 'RMMN2 = RMMN2
2060 'NEXT n

2070 RMMN1 = JO * HCMN * COS(PI * XO / L)
2080 RMMN2 = JO * HGMN * COS(PI * XO / L)
2090 GB1 HBMM + RMMN1
2100 GB2 = (GA * BE) 1\ 2 * (HFMM + 2 * RMMN2) / (2 * GAJ 1\ 2)

2110 GB3 = EO * (GB1 - GB2) / 2
2120 GBJ = GAJ * (1 - GB3)
2130 MS = EO * L * GRA / (GBJ) 1\ 2
2140 BO = GBJ
2150 F = m * PI * XO / L
2160 G = Lm(m) * GA / L
2170 aO = COS(Lm(m) * XO /
2180 a1 = SIN(Lm(m) * XO /
2190 a21 = BM * (EXP(Lm(m)
2200 a22 = CM * (EXP(Lm(m)
2210 a2 = a21 + a22
2220 a31 = CM * (EXP(Lm(m) * XO / L) - EXP(-Lm(m) * XO / L» / 2
2230 a32 = BM * ·(EXP(Lm(m) * XO / L) + EXP(-Lm(m) * XO ! L» / 2
2240 a3 = a31 + a32
2250 sl = (a2 + a3) / 2
2260 S2 = (a2- a3) / 2

REM ******EVALUATING THE BESSELS FUNCTIONS******
2270 FOR n = 0 TO 7
2280 FOR r = 0 TO 3
2290 IF r = 0 THEN
2300 rf = 1
2310 ELSE
2320 rf = 1
2330 FOR I = 1 TO r
2340 rf = rf * I
2350 NEXT I
2360 END IF
2370 SJ = r + n
2380 IF SJ = 0 THEN
2390 nprf = 1
2400 ELSE

+ AM * 121 + AM * AM * I~
125 + BM * AM * I26
129 + CM * AM * I30

* XO / L)COS(PI
+ RMN1
COS(PI
+ RMN2

* JO

* XO / L) * JO

L) -

L) +
* XO
* XO

(AM * SIN(Lm(m) *
(AM * COS(Lm(m) *
/ L) - EXP(-Lm(m)
/ L) + EXP(-Lm(m)

xo /
XO /

* XO
* XO

L) )

L) )

/ L»
/ L»

/ 2
/ 2
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2410 nprf = 1
2420 FOR I = 1 TO SJ
2430 nprf = nprf* I
2440 NEXT I
2450 END IF
2460 SUM1(r) = (-1) A r * (1/ (rf * np.r f ) * (G / 2) A (n + 2 * r)
2470 NEXT r
2480 J(n) = SUM1(0) + SUM1(1) + SUM1(2) + SUM1(3)
2490 NEXT n

REM ******EVALUATING THE EXPRESSION V(X,t) TERM BY TERM******
2500 SB01 = (J(O) * GBJ * a1) / BO
2510 SB02 = COS«GBJ - BO) * t) - COS(GBJ * t)
2520 SBO = SB01 * SB02
2530 SUM2 = 0
2540 FOR K = 1 TO 3 \
2550 B1 = GBJ + 2 * K * BE
2560 B2 = GBJ - 2 * K * BE
2570 COB1 = (COS«GBJ - B1) * t) - COS(GBJ * t» / B1

·2580 COB2 = (COS«GBJ - B2) * t) - COS(GBJ * t» / B2
2590 SES = J(2 * K) * (COB1 + COB2)
2600 SUM2 = SUM2 + SES
2610 NEXT K
2620 SB12 = GBJ * SUM2 * a1
2630 SUM3 = 0
2640 FOR K1 = 0 TO 3
2650 B3 = GBJ + (2 * K1 + 1) * BE
2660 B4 = GBJ - (2 * K1 + 1) * BE

2670 SINB3 = (GBJ * SIN«GBJ - B3) * t) - (GBJ - B3) * SIN(GBJ * t» / B3
2680 SINB4 = (GBJ * SIN«GBJ - B4) * t) + (GBJ - B4) * SIN(GBJ * t» / B4
2690 THS = J(2 * K1 + 1) * (SINB4 - SINB3)
2700 SUM3 = SUM3 + THS
2710 NEXT K1
2720 SB34 = SUM3 * aO
2730 FOR in = 0 TO 7
2740 FOR ir = 0 TO 3
2750 IF ir = 0 THEN
2760 irf = 1
2770 ELSE
2780 irf = 1
2790 FOR q = 1 TO ir
2800 irf = irf * q
2810 NEXT q
2820 END IF
2830 SJ = ir + in
2840 IF SJ = 0 THEN
2850 inpirf = 1
2860 ELSE
2870 inpirf = 1
2880 FOR q = 1 TO SJ
2890 inpirf = inpirf * q
2900 NEXT q
2910 END IF
2920 SU = (1 / (2 A (in + 2 * ir) * (irf * inpirf»)
2930 SUM2(ir) = SU * (G / 2) A (in + 2 * ir)
2940 NEXT ir
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2950
2960
2970
2980
2990
3000
3010
3020
3030
3040
3050
3060
3070
3080
3090
3100
3110
3120
3130
3140
3150
3160
3170
3180
3190
3200
3210
3220
3230
3240
3250
3260
3270
3280
3290
3300
3310
3320
3330
3340
3350
3360
3370
3380
3390
3400
3410
3420
3430
3440
3450
3460
3470
3480
3490

I(in) = SUM2(0) + SUM2(1) + SUM2(2) + SUM2(3)
NEXT in
SB201 = (1(0) * GBJ * Sl) I BO
SB202 = COS«GBJ - BO) * t) - COS(GBJ * t)
SB20 = SB201 * SB202
SUM4 = 0
FOR K = 1 TO 3
B1 = GBJ + 2 * K * BE
B2 = GBJ - 2 * K * BE
COB21 = (COS«GBJ - B1)
COB22 = (COS«GBJ - B2)
SES2 (-1) A K * 1(2 *
SUM4 = SUM4 + SES2
NEXT K
SB212 = GBJ * SUM4 * Sl
SUM5 = 0
FOR K1 = 0 TO 3

B3 = GBJ + (2 * K1 + 1) * BE
B4 = GBJ - (2 * K1 + 1) * BE
SINB23 = (GBJ * SIN«GBJ - B3) * t) - (GBJ
SINB24 = (GBJ * SIN«GBJ - B4) * t) - (GBJ
THS2 = (-1) A K1 * 1(2 * K1 + 1) * (SINB24
SUM5 = SUM5 + THS2
NEXT K1
SB234 = SUM5 * Sl
GO = -G
FOR in = 0 TO 7
FOR ir = 0 TO 3
IF ir = 0 THEN
irf = 1

* t) - COS(GBJ * t» I B1
* t) - COS(GBJ * t» I B2
K) * (COB21 + COB22)

B3) * SIN (GBJ * t ) / K
B4) * SIN(GBJ * t» / B~
SINB23)

ELSE
irf 1
FOR q = 1 TO ir
irf = irf * q
NEXT q
END IF
SJ = ir + in

o THEN
1

IF SJ =
inpirf =
ELSE
inpirf = 1
FOR q = 1 TO SJ
inpirf = inpirf * q
NEXT q
END IF
SU = (1 I (2 A (in + 2 * ir) * (irf * inpirf»)
SUM3(ir) = SU * (-G I 2) A (in + 2 * ir)
NEXT ir
IM(in) = SUM3(0) + SUM3(1) + SUM3(2) + SUM3(3)
NEXT in
SB301 = (IM(O) * GBJ * S2) I BO
SB302 = COS«GBJ - BO) * t) - COS(GBJ * t)
SB30 = SB301 * SB302
SUM6 = 0
FOR K = 1 TO 3
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3500
3510
3520
3530
3540
3550
3560
3570
3580
3590
3600
3610
3620
3630
3640
3650
3660
3670
3680
3690
3700
3710
3720
3730
3740

3750

3760
3770
3780
3790
3800
3810
3820

B1 = GBJ + 2 * K * BE
B2 = GBJ - 2 * K * BE
COB31 = (COS«GBJ - B1) * t) - COS(GBJ * t» / B1
COB32 = (COS«GBJ - B2) * t) - COS(GBJ * t» / B2
SES3 = (-1) A K * IM(2 * K) * (COB31 + COB32)
SUM6 = SUM6 + SES3
NEXT K
SB312 = GBJ * SUM6 * S2
SUM7 = 0
FOR K1 = 0 TO 3
B3 = GBJ + (2 * K1 + 1) * BE
B4 = GBJ - (2 * K1 + 1) * BE
SINB33 = (GBJ * SIN«GBJ - B3)
SINB34 = (GBJ * SIN«GBJ - B4)
THS3 = (-1) A K1 * IM(2 * K1 +
SUM7 = SUM7 + THS3
NEXT K1

SB334 = SUM7 * S2
U11 = SBO + SB12 + SB34 + SB20 + SB212
U12 = SB234 + SB30 + SB312 + SB334
U1 = U11 + U12
U21 = SIN(Lm(m) * X /
U22 = BM * (EXP(Lm(m)
U23 = CM * (EXP(Lm(m)
U2 = U21 + U22 + U23

V(m) = (UI * MS * U2) I TO
NEXT m

-
VI = (V(l) + V(2) + V(3»
PRINT #1, t, VI
NEXT t

PRINT #1,
NEXT rom
END

* t) - (GBJ - B3) * SIN(GBJ * t ) / K
* t) - (GBJ - B4) * SIN (GBJ * t ) I B~
1) * (SINB34 - SIND33)

L) + (AM * COS (Lm(m) * X / L»
* X / L) - EXP(-Lm(m) * X / L» I 2

* X / L) + EXP(-Lm(m) * X / L» I 2
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