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ABSTRACT

In this work, a class of numerical methods with step numbers k > 1 is studied to
solve initial value problems of first order ordinary differantial equations. Four new linear
multistep collocation methods were developed. Collocations were taken at even grid
points for even k, while for odd k, collocations were taken at odd grid points. For
maximal order method k = 4 collocation were taken at all grid points. In both cases
interpolations were taken at all the grid points except the last grid point At x=x,., the
discrete methods obtained are symmetric for even K and of crderp = 3, 4, 6 and 8
respectively,

The methods are consistent but not zero stable, This is so because the
interpolation points were not restricted to a single point X4 or X, as it is in Adams
methods. The accuracy of the methods was tested, using linear and non-inear first
order sample problems. The results show a significant improvement over the existing
methods in terms of accuracy, It is also siriking to note that orders of accuracy of the

correctors and predictor are equal for corresponding step numbers.
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CHAPTER ONE
INTRODUCTION
1.1 Differential Equations

A differential eguation is an equation involving the dependent variables and their

derivatives. Examples are:

£ =2x+7T 1.4
dx

]

= (1-x)y -y 12
X

a .

—— = x&in y+ ysin x 1.3
ax

i ST 1.4
dx dx

=1 :_|: i

9L 0 ey 1.5
' ay

The order of a differential equation is the order of its highest derivative. From the above
examples, equations (1.1) = (1.3) are first order while equations (1.4) and (1.3) are
second order differential equations

A differential eguation with respect to a single independent variable is called an
ordinary differential equation (ODE). On the other hand, if there exist more than one
independent variable the equation is called a partial differential equation (FDE).
Egquations {1.1) — (1.4) are ordinary differential equations while equaton (1.5) is a
partial differential equation.

The derivative of a function does not give enough information to determine it
complately there is a nead therefore to seek either a solution 1o a differantial equation
or a general solution (which usually has a constant for each order of the equation in it)

or a solution subject to some additional conditions.



The general solution to any separable first order differential equation is to
integrate both sides of the equation but if a first order differential equation is not
separabla, its solution cannot be reduced to quadraures directly, then the numerical

technigues should be applied.

1.2  Ordinary differential equation (ODE)
Ordinary differential Equation is an equation involving a function and its
dervative. An ODE of order n is of the form

i, Yoo Yy =0, 1.6

where *_."='L:T'F. r=0(1)n

b

An ODE of order n Is sald to be linear if it is of the form
a, ()™ +a, (7 4 a (P 4 a (0 +a, {2y = f(x) 1.7
This means that if there is no product of the dependent variable with itself or its
darivatives then tha ODE is linear, otherwise it is non-linear. For example, equations
{1.1), (1.3} and (1.4) are linear (ODE) while (1.2) is non-linear ODE.

It has been discovered that mathematical models resulting in single or system of
first order ODE's are largely applied in nearly all disciplines most especially in
Sciences, Engineering and Economics.

Any system whose behaviour can be modeled by a first order differential
equations or even by a set of linear first crder QDE can be solved numerncally to any
desired degree of accuracy,

According to Lurgl Bringnano and Cecelia Maghermi (2003), the numerical
salutions of ODEs remain an active field of investigation, though, the areas of research

vary significantly.



1.3 Initial value problems

Ordinary differential equations with a set of initial conditions are called initial

value problems. The general form of nth order initial value problem is:

Y =X Y Y Y, y V00 = ¥ 1 = 0(1)n-1 1.8

ifn=1, (1.8) becomes a first order initial value problem in ODE's and it is of the form;

¥ =1 {xy), ¥ (%a) = Ya 18

whera x is the independenmt variable, y (%) is the unknown gquantity (or dependent
variable) that should be determined, f(x, y) is 2 known function that depend on both x
and vy, ¥ is called the initial value or initial condition. Since it provides a valua for the
solution at an initial stage x = 0 (the initial value is required so that the problem has a
unigue solution).

Equation (1.8) involves the first derivative of the solution and also initial values for x and
y are provided, hence the name first order initial value problem. if n =1, equation (1.8}
can lead to & system of n first order initial value simultaneous equations. Such systems
arise naturally in a large number of applications in Sciences and Engineering.

The existence and unigueness of solutions of equation {1.8) is guaranteed by the
theorem popularly referred to as "Existence and Uniqueness Theorem.” The thearam |s
stated below without a proof.

Theorem 1.1

Let fix, v) be defined and continuous for all points (x, v in the region O defined
by a =x<bh, -acc<y<aoc, @ @and b are finite, and let there exists a constant L for any x in (a.b)
and numbaer yy, ys, in R" such that

[fixs, ¥a) = {x2 ¥2)| =L |y1—yal. (1.10)



The condition (1.10) Is known as Lipschitz conditions of order one and the constant L
as the Lipschitz constant [Lambert (1973)).

This implies that if the function f is continuous and safisfies the Lipschitz
condition (Theorem 1.1) on some closed region U x V with x=U and y=V, containing
ihe points (X, yo), then there exists a unique solution y{x) and sub interval Up containing
%p and contained in U such that y(xs) = ve and (x, y(x)) is conlained in U x V for x in Us.
The condition y{xs) = yo is called the initial condition. If the function f is differentiable in
the closed interval [a, b], then the Lipschitz condition is automatically satisfied.

It should be noted that if the Lipschitz condition is not satisfied, then either

aguation (1.8) has no sclution or there may exist more than one solutions,

1.4 Basic concepts and principles

Some of the basic concepts and principles used in this work are defined here
under
1.4.1 Step length or mesh size

The numerical solution of problem (1.9) are oftan based on the principie of
discretisation in which an approximation to an unknown function y (x) are sought on a
certain discrete points x;, i = 0, 1, ..., n of set X. Consider the set of points {x} in the
closed interval 1= [a, b], defined by a = Xp<x¥1<X2<....<%, = b

NEXe =2, 1=0{(1)n=-1,



The parameter h is called the step length or mesh size. In this work the step

length h is constant

I [ [ | |
Xn M Mt A X
Flg. 1.1! Grid ar mesh points
The points X, ., 1= 0(1) k are called the gnd or mesh points (Fig.1.1). Each grid paint
is given in terms of the previous point in the form
Xns | =X+ I I=0{1) k 1.11

The last grid point is the step number k, in fig.1.1 k=4,

1.4.2 Linear multistep method

The general linear multistep method for first order ODEs is of the form

K-1 K
Y (X) =2 0¥arj+ 2 Bifag. =0(1)4, 112
=ik =

where q, [ are ﬂnnsﬁants. fos)= f (%0 + ) ¥n+ ), O 20 and that both a; and Bp are non
Zern

The linear multistep method is said to be explicit if B, = 0 and “implicit” if otherwise.

The problem with linear multistep method is that they need help getting started

which is not encountered in single step methods.

The usual way of solving this problem is to use a one-step explicit method such
as Runge - Kutta of the same order of accuracy untii enough values have been
generated for multistep method to take off. This heiper required for getting started is

called a predictor,

In this work, the initial approximation ¥ ., | = 1{1)k were generated as starting

values. These starting values for ¥, ., i = 1{1)k are called Predictors for {1,12) while the



eguation (1.12) is called the corrector, hence the procedure is called predictor -

comector method. The predictors are explicit while the correctors are implicit methods.

1.4.3 Stability
Mumerical stability is discussed in depth in Lambert (15873) and Burden Fave
{1993) in Kokler (18994). It deals with growth or decay of ermror as numerical computation

progresses.

If any error introduced into the computation is amplified as computation
progresses, it means that the method used is unstable but if the error decays as the

computation progresses, it shows that the method is stable.

1.5 The existing methods

There are many general techniquas for analytical solution of ODEs bul the only
practical solution technique for complicated equations is the use of numerical methods

Milne {1970).

A vast amount of research and huge numbers of publications have been devoled
to the numencal solution of differential equations. Most of the existing methods could be

grouped into two categories viz; (i) single step method and (i) multistep methed.

In general, a single —step method is of the  form

Y1 = ¥n = h P{Xn, ¥, h]‘. 113

where ¢ is called an increament function.

Methods in this category use only the information from the previous step and

they are self starting. Amongsi the exisling popular single step methods are Euler

s



method, Heun method, Trapazoidal method, Taylor series method and Runge Kulta
method. Lambert (1973), Jacques and Judd (1987), Ademiluyi (1987}, Ademiluyl and
Kayode (2001), Kockler {1984) Bruganam and Magherimi (2003) are among others who

have deveioped single step methods to solve problems (1.9).

The general multistep method of the form (1.12) include Simpson method,
Adam-Bashforth method and Adam - Molton methods. A number of researchers have
developed methods of the form (1.12) for solving problem (1.8). These include Henrici

{1962), Gear (1971), Lambert (1873), Lambert and Watson (1876), Awoyeami (1992),

All the Adams' methods are regarded as constant coefficient method but in this
study, Linear multistep methods with variable coefficients are generated. Such methods

are often called continuous collocation methods in the literature. They are of the form:

k-1 k
¥i () =Zu o (8} ¥ j + 'ZH Bi (t) ey 1=0(1)4 L4
i= =

The parameters of these methods are determined by tha collocation approach.
Much work has been done on discrete method but |less atlention was given fo

canfinuous collocation methods,

In his work, Awoyemi (1992) stated the advantages of confinuous schemes over the

discrete ones, which include;
[. Provision of better global error estimate
I, Usefulness for further analytical weork in a simpler form than the discrate ones.

I, Provision of approximation at all interior points.



Another added advantage of continuous scheme is that infinite number of

schemes could emearge from one continucus scheme.,

The main objective of this study is to develop some continuous mullistep

collocation methods with all collocation points taken &t the selected grid points.

1.6 Collocation method

According to Encyclopedia of Mathematics (Vol. 1, pg 704), collocation is defined
s a projection methoed for solving integral and differential equation in which the
approximate solution is determined from the condition that the eguation must be
stratified at certain given point. It involves the determination of an approximate solution
in & suitable set of functions called the basis functions. The basis function is taken to be
power senes in x of degree n in this work.

Awoyemi (1992) attributed the discovery of collocation method to Kantorovich
{1934) who developed spline collocation procedure for the solution of partial differential
equation Frazer a1 al (1937, 1938) developed collocation method for the solution of
ODEs and partial differential equations (PDEs),

Awoyemi (1992, 1999, 2001), Collatz (1960) Lanczos (1973), Cresswell {1871),
Kayode (2004), Oladele (1991) Cnumanyi (1994) are ameongst researchers who have

adopted collocation method for solving ODEs.

1.7  Specific objectives of the research:
The specific objectives are to:

{a) Develop continuous lingar multistep methods of the form



k-1 k
yi (1) =Z i (1) :.-n-,-+Z Bl 1=0(14 1.15
j=0 j=0

for solving initial value problems of first order ODE's

(o) Develop predictors for calculating ¥a., ; = 1(1)K, in the main schemes

{c) Analyse the accuracy, order, consistency, convergence and stability of the
schemes,

(d) Develop computer programmes using Fortran 77 compilers to test the
accuracy of the schemes by solving linear and nonlinear first order ODEs.

(e} Compare the results with the results from some existing metheds (Runge-

Kutta of order 4).

1.8 Research methodology:
Assuming an approximate solution to problem (1.9) is given as

3
P
y(r}=£aﬂ,r‘ 1.16

juin

for even K and its first derivative is
3

=k
Vix)= jas'™" = flx.y) 1.17

fuid
and

. k-1
_L'Eljzzﬂfl'“'_r=— 1.18

faii

for odd k and 1ts first derivative is

Ewd

Yix) = Z_jﬂfr' ‘= e,y 1.19

where a/s are the parametlers lo be determined. Collocation and interpolation at the

selected grid points were used to obtain system of linear egquations involving the



unknown parameaters. The system was solved by Gaussian elimination method. Four
different methods were developed for the step number Kk =2.3, and 4. For even step
number k, collocations was taken at even grid points while for odd step number k,
coliocation was at odd number grid points and maximal order for k = 4 consisted of
collocation at all grid points.

In all cases, interpolation of the approximate solution was done at

=X e ]=0(1)k-1 and evaluation was done at tha last grid point to obtain the new
schemes.

Analysis of the properties of the methods, which inciudes order, emor term,
consistency, convergence and stability, was camed out. Taylor series expansion was
adopted to determine the order and error term while boundary locus method was used
to determine the region of absolute stability of the methods

The algorithm was coded in Fortran programming language and tested with
sample problems to establish the applicability and accuracy of the new methods. The

results obtained were compared with the results from existing R-¥ method.

1)



CHAPTER TWO =
DERIVATION OF THE METHODS
21 INTRODUCTION
In this section, continuous linear multistep method are derived for ODE problems of the

farm
¥=flxy), {y=y, (2.1)

whose approximate solutions are given as

1
~i

wry= i: ax’ {2.2)

=0
far even k and its first derivativa is

L]
-k

Vi) =¥ jax = fix ), (2.3)
and
Wx)= EI! o= =1 (2.4)
I Jel : 2
for odd k and its first derivative is
kg
Yix)y=% jax'™ = fix,y). (2.5)

i

The gs are the parameters to be determined.

In this work, It is assumed that problem (2.1) satisfies the exisience and uniqueness
theorem as stated in theorem (1.1)

2.2  Derivation of 2-step method

The method is derived by collocating the differential system {2.3) at even grid points x =

n, ¥nez 80d interpolating the approximate equation (2.2) is at all grid points other



than the last grid point to obtain the following system of equations

2 L]
(£ o £ R 8 + |'.'.I': X + X =¥, ™

a a3
G+ X T = Ve (2.6)

a, + 2a.x, +3a.x, = 1,

] -
a+ 20,5, 0+ 30,50 = S o

By using Gaussian elimination technigues, the values of a's are determined.

| ; .
'IJ.’I=ﬁ"l'ﬂ]ﬂruil+3hjr'_4ym-l+4ru;} 3

“: - h]_!‘l_h_.r:. +.]"In-| _..I"In _ﬂjiah:‘ru +h}}l'

b e
1 . -
I:-!I = H Ulm 1 —_!-'" _{T:{-EMI + h-} = Hi{:‘htf + 3'&-3:: + hl]}
dy = Ve — 00X, _”3’:: ¥ ”.1:3
K

Substituting the values of a's into the equation (2.2), and after algebraic

manipulation a confinucus scheme is obtained in the form

A £
Zﬂ_r{-ﬂ}"m gr = z ﬁrr{-ﬂ.lr_.“_n i k= 2: {E.E]
j=0 i

where (.= e, . v}

By choosing

=X, 01}
p= =t 29
p (2.9)

12



and substituting this into (2.8), the continuous methods in power series of t is oblained

ir the form

b k
."'Il {:}Z E_I {.I}.}.IIH-_I + Z JH_,I {f::l.'lru-l_,l I:.E' 1 D:I
J=0

=i
where .= f(x,. .. )Jand

a,{:]:%[2+3r—.r3}

| z
= — =3+
a,(r) 21’ i)

o sy

.ﬂz{”=E“_H' +17)

A0 =§{—5:—2:3 +3r%)
Evaluating (2.10), for t =1, yields a discrete symmetric scheme

hi
Yoz = LYo+ Y = = (frez = Tn) (2.11)

2.3  Derivation of 3-step method

The collocation of the differential system (2.5) at odd grid points X = ¥p., Xq3 and
interpolation of the approximate equation (2.4) at all grid point other than the |last grid
paint yields the following system of aquations

z 3 4 _
a +ax 44X +a,r+ax =y, g
. 2 ; L} 4
(5 o ¢ % W o e T e o e L

- SR T8 SR, T R . T L . & PRl T :}v (2.12)

Bl s+t A

g +2a,x,, + 3‘:’3-‘:34 + ‘1‘54-’::4 = Juil

- 1, s
a v 2ax e . Haax = oy J

13



By solving equation (2.12), the values of a's are obtained to be

1 [
0y = o W+ 1R =8+ 43 47 |

|

- ﬁ :_'EHJF;H + .-LI!H-'." i -}In _al{w'tn + Eﬁq}}

iy

iy = qI? (V= W+, — a6k s, + 6hY ) —a, (12h%x + 24h'x, + I#r’}}} {2.13)

-

a = % b, =, —ay(2hx, + ') —a,(3he? + 307+ ') —aldhe) + 6h'x’
+&irx, +h')

"'Jl=.]"u_ﬂl-tn—ﬂ;x:—ﬂ1.1’:—a4x: ‘||
Substituting the wvalues of a's into equation (2.4), and after algebraic

manipulation & continuous scheme is obtained in tha form

=1 i
W@ =Y a,(x),,;+ 2. B3, (2.14)

=il il

whera f, .={flx. .¥v..).

< Wt

By using the transformation (2.9) in (2.14), the continuous implicit methods in
powar seéries of t are obtained in the form

T ] ]
¥ = ;::,{:} Vs + 2. B0, k=3, (2.15)

feeil

where [ = _.f.'{ L -1

a, (1) = ﬁ{l-‘H 3Tt + Bt~ - 4r')

, (r}=%{—12r—1r’ +4r +1")
ax, (1) = i{—f!:—-lr: £ 42
Id
Bty = A (2 + 50t 40 4 1Y)
R

14



-1 h 2 1 4
ﬁi:}_ﬁf—}lmr—z‘]! DG 41 1Y

Evaluating (2.15), for t =1, yields a discrete scheme

T ¥aur =18 #9000, + 20, =30 =310 (2.18)
2.4 Derivation of 4-step method
In this section, equation (2.3) is collocated at even grid points x = X | = 0(2) 4, and the
approximate equation (2.2) is interpolated at x = X, | = O{1) 3, to yield a system of
algebraic equations

| L : 4 - | — 12
8, A% +0.X. +aF, +a5, +a.x, +ax, =y,

; - 3 4 5
d, HX, ., Hagks ., ok, FEX s

" 57 pal

B
+ﬂ5':r-l _..P_q--.l
ot ¥ e ‘ $ e
@, F B X O PN T X T = Ve
e : i e e e
O, Ty Xy Ty, o Ty T by Tl THEE = Voaa
2 3 4 I
i+ 2a.x +3a,x, +4a,x +5a.x +6a.x —.,f;
g +2a.x . +3a.x, +dax . +5ax +6ax’. =T
1 2Xhia ataiz PRI a2 eheiz = Jaa

a, + 2a.%,, -|-:-I.':.|J.1:j__I +-|-ﬂ_1.1':+_| +5a.x,, +ﬁ:rﬁ_rf_4 =1 217
oy using Gaussian elimination techniques the values of a/'s are determined,
8= _1}1 {1936 Ynea + 33680z — TH20Yn1 +261Y,-980 04 -
S544hf..,+10230f,.},
85= 1 {-2¥rea=8ynea*18Yner—T Yo+ Ofuz-3his+as(1 1880h%x,+
Ioh
15840h5)3, S

8= -1 {-2¥nat Oz 18yne1+1 1yntBhfsea 51800 *%2+216h%) +as (5400,
36h'
+1206h%x, +900n%)},

135



8'= 1 {Yoes3¥neat Iyne1-Yn-24(24h %+ 360" as(60h*x n+180h*x..+50h%)-

a

ag(120h%, +540h*, 2+ 900h%%,+5400%)},

= { Yz = 2¥net + Yo = 2a{Bh? 2, +6h7%) = a4(12h% x 2,+24h%x, +
20" o4k, + 14h% — 8y (70K s +B0R X+ 70N K+ 300 -

as( 300+ 1200%¢, + 210hY% + 18007, +B2h%)},
815 1 { Yoot =¥n— 8z (2hx.+h7) = aa(3hud + 305 +07) —

: a4 hx, +Bh e, + 4%+ i) Shog, '+ 10h%x, >+ 100 %, 2+ 5h "% +h%)

ax(Bh,+ 150+ 2003, +15h"%%, + Bh%x,+h%)

B0= Yp— 81Ky — 83 — 83X p — Bk’ — BeXy — x5, (2.18)

Substituting the values of a's Into the expression (2.2), and after algebraic

manipulation a continuous scheme is obtained in the form

k k
_E oy (X) Yre ) = E. By (x) o {2.19)
=0 =0

where fo = 1 Xae g ¥ne ) )-

By choosing t= (X = X,.a)h (2.20)

and substifuting this into (2.19), the continuous methods in power series of t is obtained

in the farm
k-1 k

Yo () =5 o (t) yoey + X B () oy, j=0{1}4 (2.21)
j=0 =0

ag ()= 1 (B6t+ 137F + 4817 - 58t - 428 - 7t%),

144

as ()= _ 1 (-B3t—1238 - 3417 +541* +331° + 57,
34

@z ()= 1 (-18t+ 150 + 16 - 6t' - 6= 1%),
16



ag ()= 1 (306 +771t +529¢° - 1026248t —031° +71%),
306

Bl = h_ (18t + 57+ 68t +36t" +108° +t%),
D44

Bz (1) =h (-180t — 28412 — 17" +113t% +538° +7¢%),
68
Pa (1) = h (258t +5451* +2041° —226t° — 1741 3119
1632
Evaluating at t=1 and substituting the results in (2.19) yields a discrete symmetric

gchame,

700 — 640,y 640, — 1Ty, =60(J,, — 12/ + 1) (2.22)

2.5 DERIVATION OF MAXIMAL ORDER METHOD
In addition to the methods earlier developed where collocation points are taken
at selected points, derivation of maximal order method is also investigated for k = 4,

The approximate solution to problem (2.1) is given as

W)= ax (2.23)
and its first derivative is

V=3 ja e = 1), (2.24)

f=0

By collocating the differential system (2.24) at all the grid points and interpolating
(2.23) at x = ¥yw, | = 0{1) 3 a system of algebraic equations is obtained

2 3 a e 7 "
@+ 0%, 4 0,X, +00 FOT FEE F AT+ O, ik = ¥,

3 F p 7 i
By T Ky Tllady T ﬂal‘:.-. Ll "-’.'i-"'jml F X X T = Vg

O, BQX R X, O A X F AN O F K X =y

5

K S I 7 T
X, AR K X s F O G AN o F X X = Y

a, +2a,x, + 34, +4ax, + Sa.x +6ax + Taxt +8a,x] = f

- F| 3 4 L ] 1)
i+ 20X, +3a, x5 rdax +5ax, hax | 4+ Taxl +8ar =71

n+l
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@, + 2a,x

vl

3 b} A § e
+3a,x. . +da,x,,, +5a.x,  +6ax,  +Ta.x,  +Bax, =

Al

| i s fi T,
g, + 20535 +3ax o+ 4{?,;“"‘} +5aX, . o +Tax s+8ax =1 .

i +2a,%,  + 3, 'rr?+-1 + q‘ﬁqr:u +5ﬂ_‘x:q +&I,=_I:+4 +1a, :l::_,, +9’*'er:—¢ = foid

(2.25)

Using Gaussian elimination techniques, the values of a/'s are given as follows
= e I s 4450703 = T208 =2, 4 W — NS~ IR0~ S50 THE]
By = ‘-ﬁf?'ﬂﬂ | Wy # 279, — 297w = Tl + 30, —TOSHS,, ~ 3690, —129A7)—a,(Bx, +%ﬁ}}
4 -r;;,?'—a,;, W (TI0Y,,, - T2, S 190, <106, , +:-wsr..,-mf.ﬂaﬂum-a,m.f‘-";;’im-a. (2] J’ffm_ flg%fmn

ity = ‘FI-G WS = A ¥ 00 = A % )= a6, +120) = (200 + B4R, +91E" )~ oy (360 + 336 + TIRE"x, + 56047

115 314

15 75 525
" lj—"h'l.r.u “Hons =S 08y ) 136 4T 4 - 5]+ W - O,

F420hE #1053 C #1260 s, +603%)

1 : 33 -
a, = [EJJ’U__: =2f . Y —a(dr, + A - a1 0x7 + 206k + ?5*1—u¢{2u:: + 60 + 30k )~ 2, (35!
o
v | 4080 + 2500 2 +21007x, + # ) —a' (56 + 28] -r-@h:r: +Blh’ ] + %ﬁ'x‘ + 16846

@ =-:%J:=|:_.f,... — f - a3, + 3 - a, (6] +6he + r') - a (10 + 150 + 100, -[-%ﬂ"}—q‘rjjx:_

30k + 30K + 19075, + Y- |;:+f?=-3kx; F T +%Jn: TN + I

+20x + %.ﬂ:"j o' (28 B+ 10 4 100" B 4 280, 4 40

o= f,=2ax,~3va. —dax ~Sax! -6a.x —Taxt -8ax]

2 3
4, =, ~ %, 0%, — 5%, ~AgX, =A%, ~GX, ~aX, ~ax,
(2.26)
Following the same procedure for obtaining (2.19) the expressions for o;;5 and ;s in
L] X

2 a0y, =2 B, (2.27)

taking t = (x-%neal/h, are
s #{if-m— 314 u= = SHﬁ?F‘ o 43&.1 ¥ lggwj +]32-h{- + 353&.3 +34F“}

18



a:]i_faﬁr? 120 — 47 4 1R 8 )
&3

e, %”{53:‘ +1417° + 64" — 587 -61" 137 —")

a = if] BOr® + 45207 + 277" - 148" - 230¢° -BB" -1 14%)
270
f

B, = ”U{Eﬁf+131:1+193.r4¢|44;5+5&r*+|2:7+:3]

24

- i{ea[:m+zﬁ|5r* + 2317 =67 1286 —802% — 703" ~19/°
oonn

h .
s = (504¢* +948 + 3020 —409r° - 363° —107T —11t%)

ko -
A= i-[;d (600+5227 +12317 + 661" — 462" — 5845 — 201" - 23¢")

B = ﬁmw + 7087 +17960° + 1120 — 568" —926¢° — 364" —471")

Fut t = 1 implies that x = %,.4 and substitute the result in (2.21) yields a symmetnc
discrete scheme

'Sal"lul +33.]'llﬁi:| —33..!"-",1 _5.]',u =ﬂ{fu11 +1ﬁfy—}+36.lr-r]'+!6.lﬂr| +..iru} {223'}
F ]

2.6 Derivations of predictors for the proposed methods

To implement the proposed methods, the predictors are required. Hence, the
derivations of the predictors are considered in this section. Using the same procedure

as for the main methods the following prediclors are obtained fork=2, 3 and 4
2.6.1 Development of predictors for 2-step method

Taking the approximate solution o problem (2.1) to be

2k-1
y(x) =X ax’ (2.29)
=0
The first denvate of (2.29) is given as
2k-1
v = T jay x' (2.30)
=0

By collocating (2. 30)atx =¥ | =0(1) k—1 and interpolating (2.29) aty =
¥ns1 i=0(1) k=1 to obtain a system of non - linear equations

35+ 3i)n + 82 X+ 83 )Cn = ¥n

12



dp * Spkpey T 8z fﬁﬂ * B_'-l.xanﬂ =Y et
¥ 287t + 383 xzn.= fr
¥ Eaﬂnﬁ-'l + 353 H.?n-l-1=fn+1 {231}
by using Gaussian elimination techniques the values of as are determined
8= %sr{hr"“ + N = yne1 + ¥n)
8= J_ﬂq- hffl + You = YN = 83 (3h%xn + h?)
h
31= | {¥ner = ¥ — 82 (2hgn + 1) — &3 [ Bhgn® + 3hy, + 1Y)
h
80=Yn = By — 82Xn — 83 XN (2.32)
Substiluting the walue of a;s info equation (2.29), and after algsbraic

manipulation a continuous scheme is obtained in the form

k-1 k-1
yit) =X oz () Yrit Z B0 Fosy (2.33)
=0 =0

where fo = 1 (neg, Yool
by choosing t= (¥ - ¥nx-1Mh, t = (0, 1] (2.34)
By using the transformation (2.34) in (2.33), the continuous explicit methods in

power series of t are obtained in the form

k-1 k-1

¥i)=E oz (t) Yt T Bilt) frwj, (2.35)
=0 j=0

where

g [t} = 36% + 2¢°

oy (t) = 1 =312 = 2¢°
By =t+ 28 + ¢
Palt) = £ + £

Evaluating (2.35), fort = 1, yields a discrete scheme

20



Yoz = =BYne1 +5¥n *20(2000q +y) (.38}

By adopting Taylor Series expansion for ya.; about (x., ys) yields
Yret = Yo + N+ 07 (BH5, +1,(585,) (2.37)

2.6.2 Development of predictors for 3 - step methods

Let the approximate solution to problem (1.9) be {2.29) and its dervate be (2.30) then
by collocating the differantial system (2.30) at ¥, «, | =0 (1) 2 and interpolate the
approximate solution (2.29) at .+, | = 0 (1) 2 to obtain a system of non = linear
equation,

8+ AyXn* 33 X0+ B3 X n* B X0+ 8500 = Yo

8o+ St * 82 X7 per + 83 X par® B A o + 85 ) et = Y et

At @nfnea * B2 K me2 ¥ BN pea * Ba X ned * B8 X 2 = Yooz

81+ 285%, + 323 X'n + 43y '+ Sasyh =1,

A1t 285X + 383 X pe1 t 4800 ner + 585 X et = Fom

gyt 28} + 383 ) ezt A8 ma t 585 X' ez = Tz {2.38)
By using Guassian elimination techniques the values of a's are determined

as =1 f5'3]|"n*2 +3¥n * Wi gz + 4hfie + hiy)
1Bh

ay = 1_l|[z.rn+; + &ypey - 3yn — 40f y o0 =20f,) — a5 (20h%, + 18h°)
4h

gs =1 J:yn.g + 4y, .y +3y, + 201 = aq (4h™, + 3h") as (10h° ¥, +15h* ¥, + 7Th®)
4h

& = szmz - 2Ynet +¥n) — 83 (307K + 30 = a4 (Bh? %5, +12h7 x5+ 1207 ¥, +7hY)
Zh

~ as (10h% ¥, + 3007 ¥° , +35h% %, + 1507

81 = 1 (Yoot - ¥o) = 32 (20°%, + B¥) — 83 (30x® +307 w, + B¥) — &y (4% 7, + Bh? 2,
h
+4h" yn + ') = as (5h ", #1007 5 + 1007 %0 + 10h7 ¥%, + 5h* x, + B9
A5 =¥n= A1de — 80— 8y X0 — e X —as % (2.39)
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Substituting the value of a;5 into equation (2.30), and after algebraic manipulation a

continuous scheme is obiained in the form
k=1 k-1

Wit = £ oz (X) ¥ou® £ B fosy, (2.40)
j=0 j=0

where foy = f (o, Yo
by choosing t = (X - Xew-1)/h, t=(0, 1] (2.41)
By using the transformation (2.24) in (2.33), the continuous explicit methods in

power series of t are obtained in the form

k=1 k-1

it} = £ ag (1) ¥t £ BiL) o, (2.42)
=0 i=0

wheare

aa (1) =1 (4-238 - 33° -6 - 17)
o (1) = jt“ + 4 +t*

ag (t) =1 (78 + 176 + 13t + 3t
Pall) = ;{dl + 126 +136 +6t* +1%)
B (t) =‘:1 (462 + Bt + 5t* + )

Ra(th = h (207 + 5t +41° + t7)
el

Evaluating (2.42), fort = 1, yields a discrete scheme

Yneg = EFME +gn+1 -1 1fn +Eh[fn+i 'Efn-ﬂ 'E{n} {2.43]

2.6.3 Development of predictors for 4 - step methods

Let the approximate solution to problem (1.9) be {2.29) and its derivate be {2.30) then
by collocating the differential system (2.30) at ¥, «, i = 0 (1) 2 and interpolate the
approximate solution (2.29) at xq+, 1= 0(1) 2 to obtain a system of non — linear

equation.



o+ B+ B2 )+ Ba X ot Bu Xt A nt 20 K5 = Vs
ap* Binknes 33 _:I{Ent‘l + ag Ilrr-r‘l"' A4 :l:,'d nt1 ¥ 85 fmi + 35 ,‘.l'_#n-n = Y one
F Y * B X ¥ BNz * Ha N o F B Y s+ BE Ky =

dpt @zt Bz X et @Bzt Aa izt A 2t 88 X w2 = Y ez
Sptay pea * 8z Klnﬂ"' 33}{3”3 + E.ﬂ{‘m: + ﬂﬁxsn-r;! + ﬂﬂxanﬂ:}‘nt]
81+ 283% ner "'353}.’,2 nel ¥ 434,"{3“” + 55!!-}{‘:&!"'555 }l'.En-l-t = faei

7 ) 4 i
At 283wz F 383 X ezt A8 X ezt 585X ez "'Easfmz—fn-!

ar+ 2asmat 383 st dAy X mat Sas X' ma + 628 P ria = Frea (2.44)

By using Guassian elimination techniques the values of a/s are determined

aE. = 1_ |:'3'_'fr|-l-j - 1E n+2 +1 Byn + fn + ahf[f.n-{-j + E‘fn 3 af |1-|-:.:|
agh*

a5 = 1 [-BYnes #26Yrs - 18Yn -2yn- 120 +{fruz + for)} - 26 (144h%y, + 216h%)
24h

a, =1 E"“'htﬂ + O¥nez +3¥ner + 24, ¥6hfu} — 85 I:EUh‘ nt B-Iihﬁ}
12h

— a5 (180 %%, + 504 h'y, + 384K

35 = 1 {ym = 3Yne2 #3yner - Yo} = aa (B24h%x, + 36h%) — a5 (B0, +180n*y, +
Bh

150H%) — as (120h7%, +540 h'y?, +900 h;, + 540 h%)
@2 = 1 {yriz -~ 2¥ne1 *¥n) = s (Bh*y, + 6h7) — a4 (12h° %%, +24h° ¥, + 14h*
2h
~as (200% x%, + 80h% ¥? 5 +700" %, +30h°) = as (30h® %%, + 1200%5, +210h%%,
+1B0h™%, + B2 h¥)

81 = 1 {Yner - ¥n— 8z (2hy, +1%) — &, (3hy® 4307y, + 1¥) — a4 (4hy’, + BR° 7,
h

+4n7%, + hY) = as (5hy*s +10h%7 s + 100, + 5h'yx, + h¥)

8 ZYn— Bifn — B2 n— 83 X n— 8 X'n— 85 X0 - 35 X (2.45)

substituting the value of a,5 into equation (2.30), and after algebraic manipulation a

confinuous scheme is obtained in the form

23



k-1 k-1

yit) =X oz (X) Yeoit £ BIX) T {2.46)
=0 j=0

by choosing t = (X - Xnek-1)/0, t=(0, 1] (2.47)
By using the transformation (2.47) in (2.46), the continuous explicit methods in

power senes of t are obtained in the form

k-1 k-1

¥ty = X oz (1) Yoot £ B frey, (2.48)
=0 =0

whera

wa (1) = 1 (36 — 247041717 <2831 87— 101°)
36

g (1) = 1 (128 + 4t - 9¢° - 61° - 1)
4

oy (1) = 1 (156 + 410 +39* +150° +215
4

ap (1) = 1 (45 + 1287+ 13t° + 6t + 15
36

Bait) = h (12t + 4187 +511% +31t" + o8 +H
12

B2ty =h (126° + 2817 + 23t° + 87 + °)
2

Bty = h (B2 + 178 +17t" + 75 + t ) (2.49)
4

Evaluating (2. 48) att= 1, that i5, X = X,.4, yields a symmetric discrete explicit scheme
':|"11+d. i 'annq-] + 23_"'}11-1 + Fn +1 Eh {fn-i-] + Bfn-r; + fn-l-"] {25{]}
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CHAPTER THREE
ANALYSIS OF BASIC PROPERTIES OF THE METHODS

3.1 Basic properties of 2 -step method (2.11)

The basic properties of numerical methods are order of accuracy, consistency,
convergence and stability. These are examined for the derived methods.
311 Order and Error Term

A characteristic of discretisation methods is that errors are generated when they
ara adopted for the solution of ODEs. Consequently, thesa errors have to be examinad
to ensure the accuracy of the method. A solution is said to be accurate when the
computed value does not deviate significantly from the exact solution as the iteration
progresses. The magnitude of these errors is refemed to as global error denoted by

e, = wWx =¥, [3.1)
where w(x ) and y are the exact and computed sclutions at x_ respectively.

This Is supposed to be small since the magnitude of the error determines the accuracy
of the scheme. Therefore, the objective of this work is to ensure that the local truncation
Berror is minimized

Defined the local truncation error as

Lly(x), h) = if:xr-_l.-'fl'"”} -hB ¥ (x, )], (3.2)

=i
where &, = 1, u, and . are not both zero and y (x}e C*'[a, b], ¥{X~) = y{x-+jh), a, b

and peR
If v (x) represents the true solution of (2.17), adopting Taylor Series expansion of y(Xq.)
and y'(x..), | = 0(1) k about x = %, and combining terms of equal powers of h we
obtain

Liy(x), h] = Caylxa) + Cihy (ko .. + Cpath® 'y P+ O(R ™% (33

whera
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Co=1-2+1=0
Ci=2-2-12+12=0
Ca=2-1—1=0

Ci=4-1-1=0
a3
Ce=2 -1
a1

2

—

+‘2_= |
3 12

Definition: A Linear Multistep Method (2.11) for first order ODEs is of order p if the
local truncation error (3.2) satisfies

Toex = Cpath® 'y ¥4 O (R (3.3)
where Co=Cy =G =Cp =0, Gt # 0 Is called the principal error constant (see Lambert
(1973,1981), Fatunla (1988), Kayode (2004))

Hence the result above shows that the scheme (2.11) is of order
p =3 and the error constant= -1,

12

Following the same procedure as above, the order and ermor constant of the

predictor {2.38) is found to be p = 3 and C;., = 1/6 respectively.

3.1.2 Consistency

The numerical method (2.11) is said to be consistent if its stability polynomial equation
n (r.h)= plr}-ha(r (3.4)

satisfies the following conditions

26



{i} The order P = 1 {2.5)

iy pir) =0 (3.6)
{iiy p'{r)=aflr) (3.7)
where

pir) and &(r) are first and second characteristics polynomials of the method respectively.

[Lambert (1973, 1991) and Awoyemi| (2001)].

For
kK
plr) = Far (3.8)
=0
The first derivative of (3.8) is
k
piry= T eyt (3.9)
=0
also
K
&(r) = 2By {3.10)
0

For the method (2.11) the following are obtained
(i.} The orderp=3
(ii.) plii=r=2r+1=0 (3.11)

pil}=1-2+1 =0
(iil.) pir=2r-2
p(ly=2-2=0

(1= 1(F = 1)
2

Biry=1 (1-=-1)=0
2

Hence
p (1) =8(1)

This shows that all the conditions for consistency are fulfilled, thus method
(2.11) is consistent.



3.1.3 Zero stability
Solving the first characteristics polynomial equation  (3.11)

plRl=r=2r+1 =0

the following roots are obtained,

r=1,1.

According to Lambert (1873}, a linear multistep method is said to be zero stable
if no root of the first characteristic polynomial pir) has modulus greater than one, and if
every root of modulus one is simple.

But Kayode (2004), said that a LM numerical methods with k=1 for ODEs whose first
characteristic polynomial equations cannot be expressed in the form (r+1) ¥ will have the
modulus of one of its spurious roots greater than one. From the foregoing, the method
(2.11) with k=2 is not zero stable.

Theorem (Henric (1962)

The necessary and sufficient condition for a linear multistep method to be
convergent |8 for it to be consistent and zero stable. Hence method (2.11) is not

convergant.

3.1.4 Region of absolute stability of the method (2.11)

To determine the region of absolute stability of method (2.11) we adopt the

boundary locus method as discussed in Lambert (1973)

That is,
hi(r) - p(x), (3.12)
B(r)
where p (r) and &(r) are first and second characteristic polynomials respectively.
hin=>2-2r+ (3.13)
=1,
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The roots, r, of the stability polynomial are in generally complex numbers, Thus

we have r = e®, 0=Bzn

where
e"'= cosf + isind (by Euler's rule) (3.14)
and after transformation r=&" (3.13) becomes
h(B)=plexp(ig)) (3.15)
&fexp(iB)
and (3. 14) becomes
h(8) =(e™F — 2(™ + 1 (3.16)
112 [{e *)y* = 1]
= 2{Cos 26 + 1 8in 26 - 2 Cosk - 2i Sind + 1} (3.7}
Cos 20 + iSin 20 -1
Write (3.17) in standard form
ha =X (@) + iy (8) {3.18)

ho = (2 cos26 - 4 Cosb +2) + i(2 Sin 20 - 4 sind)
(Cos28 - 1)+ Sin20

X (6) = (2 cos26 - 4 Cosh +2) (Cos28 - 1) + (2 Sin 20 - 4 sin) Sin26
(Cos26 - 1)? + (Sin28)°

=0

w{0)= (2 cos26 - 4 Cost +2) (iSin28] +{25in28 - 4 Sind}Cos28) - 1)
(Cos28 -1)% + (Sin28)?

yif}= 2 Sindd - 45in38 + 4 Sind
2 - 2Cosh

Table 1: Interval of absolute stability of method (2.11)

Evaluation of x (8) and iy (8) within the range, 0 £ & <180° at intervals of 30° shows that

& 0 30" 60" 0" | 1207 150° 180°
S - !
XA 0 0 o 0 0 o 0
ly (8) 0 -1.0 1.73 4.00 1.00 -1 0

the interval of absolute stability of the method (2.11) is (0, 0)




3.2 Basic Properties of 3 - step Method {2.16)
In this section the basic properties of methed (2.16) s examined by adopting a similar

approach in section (3.1)

3.2.1 QOrder and Error Term.

A linear operator L (truncated error) associated with (2. 16) as previously defined by
equation (3.2) for K = 3, and adopting Taylor series expansion of y {X, .« ;) and y (Xe), |
=1(1) 3 about x = x, and combining of terms of equal powers of h to obtain,

LIy(x), hl = Cay{xa) + Cihy' (a)+ ... + Cputh™'y #7 + O(h ™) (3.19)

Where
Ca=T7-18+9+2=0
Ci=21-36+ 18-34+9=0
C.=63-72+9-9+8=
I
Ca =189+ 144-9-27+8 =0
2

fa i
(a3
(s3]
%

Cs =367 -285+2-81+3 =0
24 24 24 6 6
Cs =170 -576+ 9 - 243+8= .3

Thus:
C“. = C| = E: 5 '|:3 = C.. = D. E!.= -3/10
Hence method (2.16) is of order 4 and the principal error constant Cp. =-3/10

Following the same procedure as above, the order and error constant of the

predictor (2.43) is found to be p = 4 and C., = 7/30 respectively.

3.2.2 Consistency

The stability polynomial method (2.16) is given by

30



Mir, A} ={7r =18 +9r+ 2} =3h (= 3r) (3.20)

The characteristic polynomial (3.20) satisfies the condition for consistency stated in
gachon (3.1.2). Thus the method is consistent

3.2.3 Zero stability
Solving the first characteristic polynomial equation

Pir=7r-18+0r+2=0
The following roots are obtained
r=1,-0164 1.738. sinca the modules of one of its spurious roots is 1.736, by section

{3.1.3), method (2.16) is not Zero Stable

3.2.4 Region of absolute stability (ras) of the method (2. 16)
To examine the region of f absolute stability of the method (2.16) the same

procedure for method (2.11) in section 3.1. was followed.
where

hir). 7% =182 + 9r +2 (3.2.1)
3{r - 3r)

The roots, r, of the stability palynomial are in generally complex numbers. Thus we have
r=¢" 0=Ben
where
e"= cosd + isind (by Euler's rule) (3.2.2)
and (3.21) becomes

h(8) = T(e®P - 18(™? + 9(e®) + 2
3(e") - 3(")
={7Cos 30 - 18 Cos 26 +9 Cosf + 2)+ i (SinB - 18sin 28 + 9 sin 6 )
{3 Cos 30 -9 Cos 0) + | (3 sin 36 - 9 sin 8)
which when further simplified and reduced to standard form
ha=X (@) +iy(®) (3.23)

gives
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X(A)=-10+15Cos 8 -6 Cos 20 + Cos 3

and

iy (8) = (-18 sinf -81

15—9 Cos 28

gin 26 + 168 sin 30 -54 sin 56 + 21 sin 66)

Table Z. Interval of absolute stability of method 2.16

15-9Cos 26

& 0 30" 80" 90° 120° 150° 180" |
X {0y 0 -0.00081 | 0.026 | 0.167 | -0.892 | -2.48 | 533 |
ly (&) 0 292 -0.40 | -10.00 3.60 226 0

The interval of absolute stability for method 2.16 18 % (8) = (-5.33,0)

3.3 Basic properties of 4 - step method (2.22)
In this section, the basic properties of method (2.22) is examined by adopted of the

same procedure for method (2.11) in section (3.1).

3.3.1 Order and error term

If y (x) represents the true solution of {2.22), adopting Taylor Series expansion of y{Xa.)

and y‘t.‘-{m,}.J = 0(1) k about x = %, and combining terms of egual powers of h to have:
LEy(x), h] = Cay(Xa) + Cihy'{xa)+ ... + Couth™ 'y P71+ O(h P9 (3.24)

whare

Co==-1+B84—-8B4+1=0
r:,=g{-1}+sa (3) — B4 +6 — 72 +s}=u
cz={{-1?}+9{32}—32+24—14r_1}=n
1
Ca= L[ 64(-17)+27(54) + 64 +~FE-14-¢}=U
1 3l a3 3l
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Eq-L{?ﬁE[d?} 51{611} +1(-64) +64 - QE} =0

4l
Cs= -17408 + 15552 - 64 + 1 }
T 51 5 ik
Co=1J 69632 + 48656 - 64 + 6144 33&4} 0
5|

174 8l &l &l 5l

Cy= 78528 + 64 + 245
; 7[353 139966 - Il._Lﬁ SH

Cori= =B =-D0134
588

Definition: A Linear Multistep Method (2.22) for first order ODEs is of order p if the
local truncation emor {3.2) satisfies
Trk = Cpeth? 'y P+ O(h P9 (3.25)
where Cp= Cq = C; = Ca=C4=Cs =Cg=0,Cr= -0.0134
Hence the result above shows that the scheme (2.22) is of order p = 6 and the
error constant = -8
586

Following the same procedure as above, the order and error constant of the

predictor (2.50) is found to be p =6 and Cp. = 1/35 respectively.

3.3.2 Consistency

The numerical method (2.22) is said to be consistent if its stability polynomial equation
x {r,h)= p(r)-ha (0 (3.28)

satisfies the condition for consistency stated in section (3.12).

For the schemea (2.22), the following are obtained

(1) The order P = & which i3 greatar than ong

(i) pr) = 17r" - 64r + 6dr- 17

p(1)=17-64464-17 =0
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(i} p'ir=68r —182r° +64
p'(1) = 68 =192 +64 = - B0
s =6(r* =12 + 1)

3{1)=6-72+6=60

This shows that,
p‘ﬁ] =&(1)
This implies that the scheme (2.22) is consistent.

3.3.3 Zero stability
Solving the first charactenstics polynomial eguation
plf) = 17 - 64 + B4r - 17 =0
the following roots are obtained,
r=1,-1, 02876 and 3.477
From the foregoing, the method (2.22) with k = 4 has one of its roots greater than one,

hence it 15 not zero stable.

3.3.4 Region of absolute stability of the method (2.22)
To determine the region of absolute stability of method (2.22) we adopt the

boundary locus method as discussed in Lambert (1973)

That is,
hir) - iz, (3.27)
&{r)
where p (r) and &(r) are first and second charactenstic polynomials respectively.
h(n = 17064 +64r-17 (3.28)
B{r' - 12r'+1)

The roots, r, of the stability polynomial are in generally complex numbers. Thus
we have r=e", 0=8sx
where

e'= cosd + isind (3.29)
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and after transformation r=e* (3.27) becomes

h(8)=plexp(i8)} (3.30)
ofexp(i}
and (3.28) bacomes

h(8) = 17(™* - 64{a®) + 64(e"®) =17 (3.31)
Blle ) = 12{g" 1+ 1]

h {0) = 17(cos40+ isindd) — 84(cos3a+isin3A+64(cosf+isingl-17
B[{cosdb+isindd)-12({cos20+ [sin26) + 1]
Simplifying in the form
h (8) = x (6) + iy(8),yields

Fi 8)= 1_[{17Cos 46 - 64Cos 30+64C0s 8 -17)+i(17Sin48 -64S5in30+64 Sin 8) }
6 {Cos 40 - 12Cos 20 + 1) + i(Sin 46 - 12 Sin 28)

We now have x (8) = N{B) and iy(0) = IN{@)
D{) Dig)

M(B)=(17Cos46-64Cos30+64 Cosi-17)(Cos4B-12Cos28+1) +(175in40-
B4 5in30+645in0)(Sindf - 125in 20)

= 0
D)= 6 (Cos 48 - 12Cos 26 + 1)% + (Sin 46 - 12 Sin 28)°

=146 + 2cos4d - 48cos20
iMN(B) = i(17Cos48-84Cos30+64C0s0-17)(-Sind8+125in28)+i(17Sind8-  845in34
+ 64S5ind)(Cosdd -12C0s26 + 1)

= 345ind8 - 1285in36 + 1285ing
x(B)= 0

ly()E 345in46 - 1285in30 + 128Sin8 ﬂ,
146 + 2cos46 - 48c0s20

Table 3: Interval of absolute stability method 2.22

‘ i g 30 &0 90 120 150 | 180
X@e| 6 | 0 | © 0 0 0 0
|

Y@) | 0 0048 | 0803 | 0218 | 0138 | -0.128 | O
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Evaluation of x (8) and iy(8) within the range, 0 < 8 =180° at intervals of 30" shows that

the interval of absolute stability of the method (2.22)

s x(8)=(0,0)

34 Analysis of basic properties of maximal order method (2.28), K= 4

Following

the same procedure as discussed in section 3.1 the analysis of basic

properties of scheme (2.28) are as follows:

341 Order and error term

The linear operator L associated with method (2.28) as defined in equation (3.24)

where

T
Ca=16+288-32-24 - 288 - 432 - 96=0

Ca

Ca

Cs

Ce

Cs

Cy

._
|.|-.I

(]

L Jied
Iu

1]

=

10 1D 25 2F 2525

3 3(! 3I'3| iﬂ 5'.'] S{I' 50

= 330 + 592 -33-384 - 2592 - 1728 - 26 = 0
24 120 120 150 150 150 150

1025 + 7776-32 - 1336-7776- 3456~ 96=0
120 600 600 600 600 600 600

4006+ 23328- 32 - 6144- 23328 - 6912 - 96 =10
720 3600 3600 3000 3000 3000 3000

16384 + 69984 - 32 - 24576 - 69984 - 13824- 96 =0
5040 5200 25200 18000 18000 18000 18000

=65536 +200952 - 32 - 98304 -200962-27648- 96 =0
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40320 201600 201600 126000 126000 26000 126000

Co=262144 +629856-_ 32  -3932]16 -629856 - 55206- 326
362880 1814400 1814400 1008000 1008000 1008000 1008000
= -0.00038

Thus:
C-u=C1=G;=C-3=E¢=E5=CE=EI=E3=[!,C5=~'E|.EIEIU'33

Hence method (2.28) is of order 8 and the principal error constant
Cae1 = -0.00038

3.4.2 Consistency for the method (2.28)

{1) P =]
iy p(n) =+ 327 - 32 -1 332
5 5
p{l) =1 +32-32 -1 =¥
3 5
(i) p () 42 + 96r =32 333
5 3
p(l) =4 +26-32 =84
5 3 5
8(r) = &' + 96° + 2160 + 96r + 6 3.34
23 25 25 25 25
5(1) =§r* + 96 + 216 +96 +6 = B4
25 25 25 25 25 5
Thus
pl)y  =a(l)
This implies that the scheme (2 28) 15 consistent.
3.4.3 Zero stability
Solving the first characteristic polynomial equation
o+ 320 -32r-1 =0 (3.35)

Giving r=1, -1,0.16 or 6.04

This shows that the scheme (2.28) is not zero stable
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3.4.4 Region of absolute stability of method (2.28)
By adopting the same process described in section 3.1.4.

Hence;
hir) =5_{t5r" + 320 - 32r - 5)/ (' + 160 +36r" + lﬁr+1}} ( 3.36)
a

- {fﬁ SN 13270 30 8 o)y (1B 16 N+ 3667+ P4 5}
i

Lﬁimsdﬂ + Sigind + 32cos30 + 32isin3f - 32 cosd - 32isind - 3) {cosdb + 15indb
L
+ 16cos30 + 16isin3B + 36cos 28 + 36isin28 + 16cosh + 16isind + 1)

N = 5[5::.::54[—'.' + 3200530 -32cos B - 5){cos 48 + | 6icos 30+ 36 cos 26 +
l6eosd +1) + (Ssindd + 32530 - 325in@) (sin 48 + 16sin 36 +

365in-26 + Jl:':-smEI} =}
e = 6{{c¢s 40 + 168in 30 + 3600520 + 16 cosd + 1)* + (sindB + 16sin 30 +
36528+ L6sind)’

= (1810 + 2368%cosh + 650cos20+ 64c0s38 - 2cos48 )

N -r5<E:5.:ns 46 + 32c0s30 -32cosD -5) (sind0 + 16sin30 + 36sin20 + (16sind)
+ (cos48 + 1600838 + 3600520 + 1 6eosh + 1) (3sindf + 328in30 -323&5}

= U

X@ = N@B) =
&)
ivigy = (NB)

Did)
{ 10sinEd + 1125070 + 1204sin68 + 120058 - 12005038

12045in 28 - 1125inB) / (1810 + 2368cost + 630c0520

3
f

+ Gdcos3B - 1::4::543}}

£}



Table 4; Interval of absolute stability of method (2.28)

& i ap® &0° ap” 120" 150° 180° I
X(8) 0 0 0 0 0 0 0|
Y(@) 0 | -0.4521 | -0.3827 | 08341 | -0.0119 | 33368 0

Evaluation of x (8) and iy (9) within the range 0 < 8 < 180" at intervals of 30°, shows

that the interval of absolute stability of method (2.28) is al origin that is x (8) =

(0,0
Table 5: Summary of the analysis of basic property of the methods.
Sin | K Main scheme Order Error |RAS |
Constant
h : =
1 . Yorz = et # Yo = E (fa 1) 3 1 0,0
(2.11)
2. 13 1y =By 9y 42y =30 ~3F.) 4 -3/10 | -5.33,0
(2.16)
3. (4] 17y, ~64y, 464y, ~1Ty. =6h([. ~12f. +1)| B -8/596 0,0
(2.22) |
| Spa s B0 - Sp = Tt 16 36 L 16+ £ | B | -0.00038 | 0.0
(2.28)
M | K Predictors Orde Error RAS
r Constant
| 2 | ¥owz = =AYner +5¥n ¥20{2f00, +,) 3 1/6 0.4
(2.36)
b 3 | ¥iem = EFMI +0neq = 11:% "'E‘h{fmz 'Efnﬂ ‘E'rn} 4 730 EI',E
(2.43)
3 4 | ¥oea = -28Ynea+ 28Yn4 + Yo H120 (frea + ez + frad) (&) 1/35 0.0
| { 2.50)
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CHAPTER FOUR
41 NUMERICAL EXPERIMENT
To access the practical feasibility and accuracy of the methods, three sample
problems, one linear and two non-linear, were solved using the Fortran computer
programme developed for the new methods. The result of problem (1) also solved by

Lambert (1973, pg 129) was compared with the results of the new methods (2.22) and

(2.28).
Problem (1) y' =g 1, y (0) = 0.1

Theoretical solutiony = 'fypIn (& '™ + & -1)
Problem (2) y=(1-x)y’ -y,  y0)=1

Theeretical solution y = 1/{e®™ - X)
Problem (3) y =-10{y-1)%, y(0) =2

Theoretical solution ¥y = 1 + 1/({1+10x)
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4.2 RESULTS OF PROBLEMS (1) - (3) FOR SCHEMES (2.22) AND (2.28) ARE

SHOWN IN THE TABLES BELOW:

TABLE 6A° RESULTS FOR PROBLEM (1) USING SCHEME (2.22)

EXACT SOLUTION: ¥=DLOG (DEXP (10.0D0"X)+DEXP (1.D0)-1.00)

X

o1
0.2
0.3
0.4
0.5
06
Q.7
0.8
0.9
1.0

YEX
0.14898801280+01
0.22090804540+01
0.30820851270+01
0.40309863550+01
0.50115111830+01

0.60291454310+01
0.70265270180+01
0.80255620300+01
0.90252067960+01
0.10025076080+01

YG
0.1489880126D+01
0.22090804540+01
0.3082085127D+M
0.40309863550+01
0.5011511183D0+01
0.60291454310+01
0.7026527018D+D1
0.8025562030D+01
0.80252067960D+01
0.10025078080+01

ER
0.7105427358D-14
0.10858141040-13
0.1465494393D-13
0.19539925230-13
0.1065814104D-13
0.1154631946D-13
0.13322576300-13
0.1421085472D-13
0.1776356838D-13
0.15987211550-13

TABLE (6B) RESULTS FOR PRCBLEM (1) USING SCHEME (2.28)

EXACT SOLUTION: ¥=DLOG (DEXP {10,D0*X)+DEXP {1.D0)-1,D0)

X

0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1.0

YEX
0.1489680126D+00
0.2209080454D+00
0.3082085127D+00
0.4030086355D+00
0.5011511183D+00
0.6029145431D+00
0.7026527018D+00
0.8025562030D+00
0.90252067960+00
0.10025076080+01

Yo
0.14898801260+00
0.22090804540+00
0.30820851270D+00
0.403098563550+00
0.50115111830+00
0.60291454310+00
0.70265270180+00
0.80255620300+00
0.90252067260+00
0.1002507608D+01

41

ER

0.69388838040-15
0.8992007222D-15
0.1443289932D-14
0.18873791420-14
0.22204480490-15
0.33306690740-15
0.55511151230-15
0.566133681480-15
0.7771561172D-15
0.6661338148D-15



TABLE 7A RESULT FOR PROBLEM USING SCHEME (2.22)
EXACT SOLUTION: Y=1{EXP (2X)-X)

0.1
0.2
0.3
0.4
0.5
0.6
o7
0.8
0.8
1.0

X

YEX
0.89174027/150+00
0.77405684010+00
0.65697894260+00
0.547 78284310+00
0.45079934710+00
0.36572979060+00
0.29645963300+00
0.23850032920+00
0.19314447410+00
0.1556760928D+00

YC
0.89174027150+00
0. 7740988401 0+00
0.8569789426D+00
0.54778284310+00
0.45079934710+00
0.36572979060+00
0.29646953300D+00
0.23250032930D+00
0.19314447410+00
0.15567809290+00

ER
0.3452793607D-13
0.3008704387D-13
0.25424107260-13
0.21205259770-13
0.6106226635D-14
0.49404924600-14
0.40523140400-14
0.32474023470-14
0.26020241080-14
0.2108423747D0-14

TABLE (7B) RESULTS FOR PROBLEM 2 USING SCHEME (2.28)
EXACT SOLUTION; Y=1/{EXP (2X}-X)

X

2.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1.0

YEX
0.89174027150+00
0. 7740988401 D+00
0.65697894260+00
0.54778284310+00
0.4507993471D+00
0.3657297906D+00
0.29648963300+00
0.23950032830+00
0.19314447410+00
0.1556760929D+00

YC
0.89174027150+00
0.77400884010+00
0.656978084260+00
0.5477628431D+00
0.45079934710D+00
0.2657297906D+00
0.29648963300+00
0.23950032930+00
0.183 1444741 0+00
0.15567609290+00

42

ER
0.4107825181D-14
0.35527136790-14
0.29976021660-14
0.26645352590-14
0.1865334537D-15
0.1865334537D-15
0.1110223025D-15
0.8326672685D-16
0.8326672685D-16
0.83266726850-16



TABLE 8: RESULTS FOR PROBLEMS 3 USING METHOD (2.22)

X

0.1
0.2
03
0.4
0.5
0.6
0.7
0.8
0.9
1.0

YEX
0.14426883660+01
0.13868631800+01
0.13338605750+01
0.12847472490+01
0.12402530730+01
0.11898372440+01
0.11655408180+01
0.1136128524D+01
0.11112453540+01
0.10904344690+01

YC
0.14426883660+01
0.13868631800+D1
0,13338605750+01
0.12847472480+01
0.1240253073D+01
0.11998379440+01
0.1165540818D0+01
0.11361285240+01
0.1111245354D+01
0.10904344690+01

ER
0.6661338148D-14
0.66613381460-14
0.62172488360-14
0.59952043330-14
0.15543122340-14
0.13322676300-14
0.11102220250-14
0.11102230250-14
0.11102230250-14
0.66613381480-15

Table 9: Comparison of the result of problem (1) solved by Lambert

(1973, pg 129) with the result of the new scheme (2.22) and (2.28)

X Lambert (1973) New Method (2.22) | New method (2.28)
0.1 18x10° 0.7105427358D-14 | 0.6938893904D-15
0.2 B.5X10° 0.1065814104D-13 | 0.99920072220-15
0.3 1.8X107 0.14654943930-13 | 0.1443289932D-14
0.4 5.4X10% 0.19539925230-13 | 0.1887379142D-14
05 1.5X107 0.1085814104D-13 | 0.2220446049D-15
08 | 4.1%107 0.1154631846D-13 | 0.3330669074D-15
or | 1.3X107 0.1332267630D-13 | 0.5551115123D-15
08 | 2.9%107 0.14210854720-13 | 0.6661338148D-15
0.9 B.2X107 0.1776356839D-13 | 0.7771561172D-15

i 2.2%107 0.1598721155D-13 | 0.6661338148D-15
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4.3 DISCUSSION OF NUMERICAL RESULTS

Three numerical examples {one linear and two non-linear ODE’s) were solved by
the new methods (2.22) and (2.28) to test their accuracy and applicability.

Table 6 presents solution to a linear ODE's while tables 7 and B8 shows the
saolutions to non — linear ODE problems. This implies that the new methods are suitable
for both linear and non-linear ODE problems.

Table 9 presents the comparison of the result scived by Lambert (1973, pg 129)
with the rasults of the problem (1) using the proposed methods. The new methods are
found to be mora accurate than the method proposed by Lambert (1873).

It was observed from the tables that, as the number of iterations increases the

error becomes smaller.



CHAPTER FIVE
51 CONCLUSSION

in this work, a new class of continuous linear multistep method for initial value
problems of first order ordinary differential equation was developed for step number k >
1 based on collocation and interpolation at the grid points. Four discrete schemes wera
obtained from the continuous scheme and analysed.

Theoretical analyses show that the methods are consistent but not zero stable.
Computer implementation shows that the methods are highly accurate and the results
are as shown intables 6 - 9
It should be noted that the interval of absolute stability of @each method for even k is at
the origin. This is not surprising when we loock at Simpson method with step-number K
= 2 whose interval of stability is also at the origin,

This implies that for all even step-numbers K = 2, the interval of absoclute stability
is expected to be at the origin, For odd step-numbers K = 3 the situation may be

different, as the method developed for k = 3 has better interval of absolute stability.

5.2 CONTRIBUTION TO KNOWLEDGE

In this study, the corrector — predictor schemes for solving first order ordinary
differential equation has been developed. These new methods have their orders of
accuracy equal to the orders of accuracy of the predictors for comresponding step
numbers {sea page 40 of the thesis), Thus the predictors each of which is salf-starting
could be used without the correctors to produce the same degree of accuracy, which s
shown on pages (42 — 44), This is a major contribution to knowledge as it has now
happened like this previously for first order ordinary differential equation in the existing

literature.
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5.3 RECOMMENDATION

The proposed methods are recommended for numerical solution of single first
order ODE's as well as system of first order ODEs. The step number K can also be
increased to K > 4, Thus, comparison in terms of accuracy and the interval of stability
could be made with the new methods.

Itis also noted that collocation and interpolation points in this work were taken
at grid points only. Further research work, in which collocations are taking at both the
grid and off grid points could be camed out and the results compared with new
mathods.

It is also recommended that methods based on odd step-numbers K > 3 should

be proposed and the results should be compared with the even step-number methods.
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APPENDIX I: GRAPHS OF ERRORS OF PROBLEMS 1 AND 2

2 50E-02
2.00E-02
1.50E-02
el K Mathad
- Methad {23
1.00E-02 — - Wethad {2,143
5.00E-03
UME*‘W EELI '- = 5
X 01 02 03 04 05 06 07 0B 089
Fig. 1: Comparison of Errors in Problem 1
L HE-14
350E-14
JOCE-14
2E0E-T4
—#~ Mathod (2.5)
ol Metthod (.14

1.50E-14

1O0E-14

£ 81 062 03 04 DE OE OF O0E 09

Fig. 2: Comparison of Errors in Problem 2
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2 T = S I

APPENDIX Il COom

NAME OF FILE: AYO3.FOR

K=4 [Prob. 2)

SOLUTION OF FIRST ORDER INITIAL VALUE PROBLEMS

OF THE FORM Y'=F (X, Y)

IMPLICIT DOUBLE PRECISION (A-H, 0-2)
DIMENSION Y4C (15,40), YEX (15,40), EC (15,40), TT {15,40)

F (X, Y)=(1.00-X)""Y-Y

¥ (X=1.DOADEXP (2.D0"X)-X)

OPEN (6, FILE='AY0D3.0UT"
N=10
NSTEP=40
A=0.00
B=A+ 100
D=1
OIST=B-A
=DIST/FLOAT (NSTEP)
C=A+H
DX=HIFLOAT (N)
XN=A
X=XN
¥M=1.D0
ANI=XN+H
XN2=XN+2 DO*H
AN3=XN+3.D0*H
XN4=XN+4 DO*H
WRITE (§,9)

9 FORMAT (4X, 23HPROBLEM: Y'=(1-x)"Y*Y-Y/)

WRITE (6,11)

11 FORMAT (4X, 7H Y (0)=1/)

WRITE (8,8)
8 FORMAT (4X, 'H=. 1/401
WRITE (6.7)

PROBLEMS

¢

N OF SAMPLE



7 FORMAT (4X,'EXACT SOLUTION: Y=1/(EXP {2X)-X)')
WRITE (6.5)
5 FORMAT (7X,'%', 15X, 'YEX', 20%,'YC', 20%,'ER')

C CALCULATE PREDICTORS
K=0
DO 11=1,11
DO 2 J=1,NSTEP
FO=F XN, YN)
PDFX=-YN"YN
PDFY=2.00%1.D0-XN)*YN-1.00
YN1=YN+H*FO+(H*H/2 DO)* (PDFX+FO*PDFY)
Y=Y (XN1)
F1=F (XN1, YN1)
YNZ=-4.00"YN1+5.DO*YN+2 DO'H(2.D0*F1+F0)
F2=F (XN2, YNZ)
YN3=3,D0*YN2+9,D0*YN1-11.D0°YN+2.D0*H*(F2-5.D0°F 1-2. DO*FO)
F3=F (XN3, YN3)
K=k +1
IF (K.GE.2) THEN
YN4=YC
ELSE
YN4=-28,D0"YN3+28 DO"YN1+YN+(12.DOH)"(F3+3. DO"F2+F1)
ENDIF
Fd=F (XN4, YN4)

C CALCULATE COEFFICIENTS OF CONTINUDUS METHOD
DO 3 K=1,10
TT {1, Jy=XN+DX*FLOAT (K)
¥=TT ()
T=(X-XN3)/H
ADT =(1.D0/144.D0)*(66.00° T+137.D0*T*T+48. D0 T**3-58. D0 T**4-
142 DO*T**5-7.D0*T**8)
A1T=(1.D0/34.D0)*(-63.D0"T-123.D0"T*T-34.D0 T™3+54 DO T*"4+
133 DOT*T*T *T* T+ 5.D0°T*T*T*T*T*T)
AZT=(1.D0/16,D0)*(-18.D0°T+15,D0°T*T+16.00*T**3-6.00°T**4-

5]



16.00°T™5-T"G)
A3T=(1.00306.00)*(306.00+771, 00 T+529 D0*T*T-102.D0*T**3-
1248.00°T*4-93.D0*T**5-11.00*T**6)
B4T=(H/544.D0)*(18.00*T+57 DO*T"T+68.00*T**3+38.00"T**4+10.00
1475+ T*6)
B2T=(HMmAa.00)*(-180.00*T-264.DO*T*T-17.00*T**3+113.D0*T**“4+53
1.00'T**5+7.D0*T**8)
BOT=(HME32.D0)*(258. D0*T+545, DO*T*T+204, DO*T*3-226.D0°T**4-
1174.D0*T**5-31.D0*T**G)
Y4C (1, H=ADT*YN+ATT*YN1+AZT*YNZ+AIT"YN3I+BOT*FOHB2T*F2+B4T F4
YC=Y4C {1, J)
C  CALCULATE EXACT SOLUTION
YEX (I, J)=Y (X)
YE=YEX (I, J}
EC (I, J)=DABS (YC-YE)
IF (X.GE.C) THEN
ER=EC (I, J}
GOTO3
ELSE
ENDIF
3 CONTINUE
IF (C.GE.B) THEN
WRITE (6,10) X, YE, YC, ER
10 FORMAT (5X.F5.1, 3x, 3020.10)
GOTO4
ELSE
C CHANGE VARIABLE
C=0+H
KMN=XN1
XN1=XN2
KMN2=XMN3
XN3=XN4
KMNA=XN4+H
YIN=YMN1
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YN1=YN2
YMN2=YN3
YN3I=YN4
ENDIF

GOTOZ

4 IF(B.GED)GOTO1
B=B+DIST

2 CONTINUE

1 CONTINUE
STOP

END

. NAME OF FILE: AYO4 FOR
C  K=4(Prob. 1)
. SOLUTION OF FIRST ORDER INITIAL WALUE PROBLEMS
C OF THE FORM Y'=F (X, Y}
IMPLICIT DOUBLE PRECISION (A-H, O-F)
DIMENSION Y4C (15,40), YEX (15,40, EC (15,40), TT {15,40)
F (X, Y)=DEXP {10.D0*(X-Y)
Y (X)={DLOG (DEXP (10.D0*X)+DEXP (1.D0}-1.00))/10.D0
OPEN (6,FILE='AYO4.0UTH
N=10
NSTEP=40
A=0.D0
B=A+. 1D0
=1
DI5T=8-A
H=DIST/FLOAT {(NSTEP)
C=A+H
DX=HFLOAT (N)
XN=A
K=EN
YM=. 100
HAN1=XN+H
XMN2=XN+2 DO*H
XN3=XN+3 DO"H
ANd=XN+4.DO*H
WRITE {6,9)
8 FORMAT (4X, 34HPROBLEM: Y'=(DEXP (10.D0*(X-Y))}f10/
WRITE (6,11)
11 FORMAT (4%, 8H Y (0)=0.1)
WRITE (8 8)
8 FORMAT (4X, 'H=_01'/)
WRITE (8,7)
7 FORMAT (4X'EXACT SOLUTION: ¥=DLOG (DEXP (10.D0*X)+DEXP (1.00)-
1,007)
WRITE (6,5)
5 FORMAT (7X,%', 15X 'YEX', 20X,'YC', 20X.'ER")



=  CALCULATE PREDICTORS
k=0
DO 1 1=1,11
DO 2 J=1 NSTEP
FO=F (XN, YN)
POFX=10.00*DEXP {10.D0*{XN-YN))
POFY=-10.D0*DEXP (10,D0*{XN-YN))
YM1=YN+H*FO+(H"H2.00)* (PDFX+FO*PDFY)
YMNA1=Y (XN1)
Fi=F (XN1, YN1)
YN2=-4, DO*YN1+5 DO*YN+2 DO*H*(2.DO*F1+F0)
F2=F (XN2, YN2)
YMN3I=3.00*YN2+9.D0*YN1-11.D0*YN+2 DO*H*(F2-5. DO*F 1-2.D0*F0)
Fa=F (XN3, YN3)
K=K+
IF (K.GE.2) THEN
YM4=Y_
ELSE
YMNA=-28 DO*YN3I+28.D0*YN1+YN+(12.D0*H)*(F3+3.DO*F2+F1)
EMNDIF
F4=F (XN4, YN4)
C  CALCULATE COEFFICIENTS OF CONTINUOUS METHOD
0O 3 K=1,10
TT (I, JI=XN+DX*FLOAT (K)
=TT (I, J)
T={X-XN3)H
ACT =(1.D0/144 DO)* (66, DO*T+137.D0O*T*T+48.00*T**3-58, DO*T**4-
142 DO*T*5-7.00"T*"6)
A1T=(1.00/34 DO)*(-63. D0 T-123.D0*T*T-34. D0 *T** 3454 DO T4+
133.00°T*T*T *T* T+ 5. DO*T*T*T*T"T"T)
AZ2T=(1,D0/16,D0)*(-18.D0*T+15.D0*T*T+16.D0*T**3-6. DO*T*"4-
16.D0*T**5-T"6)
A3T=(1.D0/306.D0)*(306.D0O+771.D0*T+529.D0*T*T-102.D0O*T**3-
1248.00°T*4-83.00°T**5-11.D0°T*6)
B4T=(H/544 DOY'(18.00*T+57 . DO*T* T+68.D0T**3+38.00*T**4+10.D0
1*T**5+T**6}
B2T=(HM8.00)(-180.00*T-264.00*T*T-17.00*T**3+113.00*T**4+53
1.D0*T**5+7 DO*T**6)
BOT=(HMB32.00)*(258 DO*T+545.D0*T*T+204.00*T**3-226.00"T**4-
1174.D0°T**5-31.00°T**6)
Y4C {1, D=ADTYN+ATTYNT1+AZTYN2+AIT*YNI+BOT* FO+B2T*F2+B4T*F4
YC=Y4AC (I, J)
L CALCULATE EXACT SOLUTIONM
YEX (I, Y=Y (X)
YE=YEX (1, J)
EC {l, J)=DABS (YC-YE)
IF {(X.GE.C) THEN
ER=EC (|, J)
GOTG3
ELSE
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ENDIF
3 CONTINUE
IF (C.GE.B) THEN
WRITE (6,10) X, YE, YC, ER
10 FORMAT (5% ,F5.1, 3X, 3D20.10)
GOTO4
ELSE
C CHANGE VARIABLE
C=C+H
FN=XN1
AMN1=XN2
XMN2=XN3
KMA=x N4
XMN4=XMN4+H
YR=YM1
YM1=YMN2
YMZ=YN3
Yh3I=YMN4
EMDIF
GOTO2
4 |F (B.GED)GOTO 1
B=E+DIST
2 CONTINUE
1 CONTINUE
STOP
END



