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ABSTRACT

In this thesis. the dypamic response of a highly prestressed isotropic
rectangular plate resting on a bi-parametric subgrade under the action of a moving
load is investigated. In particular, the bi-parametric subgrade is the so called
Pasternak foundation model. The equation of motion of the dvnamical system
which is a fourth order non-homogeneous partial differential equation is presented
i a non-dimensionalized form. As a result of this, a small parameter £ (the ratioof
bending stiffness to the axial prestress) multiplies the highest derivative in the
governing partial differential equation. For an analytical solution to be obtained,
the eguation was subjected to Laplace transformation while the resulting partial
differential equation was solved using the singular perturbation technique,
specifically the Method of Matched Asyvmptotic Expansion (MMAE). The
methods of integral transformations and the Cauchy residue theory were then used
0 solve the resulting partial differential equations to obtain a uwmformly vahd
analytical solution in the entire domain of defimition of the rectangular plate.

Analysis of analytical solutions and numerical results in plotted curves
were presented. The results show that the prestress, shear modulus and foundation
stiffness affect the response to  O(g') of the rectangular plate. Also, the critical
velocities of the dynamical system increase with prestress, shear modulus and
foundation stiffness. Thus, resonance 15 reached earlier for lower wvalues of

prestress, shear modulus and foundation stiffness,



NOMENCLATURE
D is the bending stiffness
W is the deflection of the plate
K is the foundation stiffness
(G 1s the shear modulus
m 15 the mass of the plate
g is the ratio of bending stiffness to the axial prestress
N, is the axial prestress in the ¥ direction
N is the axial prestress in the ¥ direction
N, is the prestress in preferred direction
w, charactenistic frequency
u is the velocity of the moving load
g 1s the acceleration due to gravity
d{#} i5 the dirac delta function
M is the mass of the moving load
K. ¥ outer variable
X, Y inner variable
V" outer solution

@ inner solution

L is the characteristic length
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CHAPTER ONE

1.0 INTRODUCTION

The flexural motions of structural members carrying moving loads are of
considerable practical importance and have been of interest in Engineering and
Mathematical Physics Fryba [1,2]. Simple examples of structural members are
bridges, raifroad rails, decking slab, elevated roadways to moving vehicles,
girders, belt drive (carrying machine chain) and even floppy disks / cassette player
heads carrying tape. Moving loads on the other hand include moving trains, trucks,
cars, bicycles, criunes etc.

In most analytical studies in Engimeenng and Mathematical Physics,
structural members are commonly modelled as a beam or as a plate. These
structures may be clastic, viscoelatic or inclastic and the moving loads may either
be of constant or variable magnitude. While constant stationary loads produce
reaction stresses and deformations that are constant, moving loads produce effects
that arc vanable functions of the position of the load (which is also a function of
time). Thus, when structural members are under the passage of moving loads, the
mteraction between the passing load and the structure makes the dynamic response
analysis very complex [3]. Particularly, in our time, modern means of transport
are ever faster and heavier, while the structure over which they move are ever

more slender and lighter. The dynamic stresses they produce are larger by far than

the static ones. By virtue of the relevance in the analysis and design of railway



tracks, bridges, elevated road ways, decking slab cte, the dynamic response of
structural members under the passage of moving loads has been extensively
mvestigated and a number of experimental and numerical studies have been
published in recent years,

Basically, while a bcam may be considered as a slender bar acted upaon by
forces and moments producing primarily bending, a plate is an initially flat
structural element for which thickness s much smaller than the other dimensions.
Gencrally, plates are considered as two-dimensional structure while a beam is
considered as onc-dimensional body whose physical propertics (stilfness, mass,
length ete) are described with reference to a single dimension, the position along
the elastic axis. A typical bcam problem is governed by a fourth order partial
differential equation of two independent variables, namely, distance along the
clastic axis and time while a plate problem is governed by a fourth order partial
differential equation of three independent variables, distances along the two clastic
axes i.e. along x and vy directions and time.

In recent years, the problem of the response of elastic structural members
such as beams and plates to travelling load has been the objective of numerous
mvestigators in Bridge Engineering, Mechanical Engineering and Applied
Mathematics. However, the vibration of plate under the action of moving loads has
so far received but scanty attention. This i1s due at least in parl, to the great amount

of computational labour which is required to set up and to solve necessary
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equations, Infact, when the effect of small bending rigidity is considered, plate
moving load problems have rarely been solved in literature.

Furthermore, in most of the previous investigations, only plates not resting
on an clastic foundation were considered. For practical application, it is useful to
comsider plates supported by an elastic foundation. For instance, an analysis
mvelving such a foundation can be used to determine the behaviour of plates of
road ways or runways, as such plates, concrete or reinforced concrete, resting on
vanous preparcd foundations can very roughly be approximated by the Winkler
foundation with foundation constant K. However, since the characteristic feature
of the well-known Winkler foundation model is the discontinuous behaviour of the
surface displacement, in reality, the surface displacements continue beyvond the
load ({force) region. A more realistic elastic foundation model, known as the
Pasternak foundation model is considered in this thesis. For this model, a second
foundation constant, the “Shear modulus” G, enters the analysis.

In many practical applications of plate problems it has been observed that
the clastic properties of structural maternials are different i various directions.
Materials that exhibit such natural orthotropy include plywood, delta-wood, fibre
reinforced plastics and two-way reinforced-concrete slabs. Similarly, in such
practical problems, often, the n-plane loads (prestress) are large compared with
the flexural rgidity of the plate. When the prestress becomes so large that its ratio
of flexural rigidity becomes very smail, the plate problem transforms to that of

when a small parameter multiplics the highest derivative n the govermng



differential equation. Explicit exact analytical solutions to this class of problems
are not possible even when the applied load is stationary or the (dynamical)
system 15 executing free vibration. It becomes more difficult when the applied load
15 the moving type.

According to Nayfey [4], most of the problems facing Engincers, Physicist
and Applied Mathematicians today exhibit certain essential [eatures which
preclude exact analytical solutions. Some of these features are non-linearities,
vartable cocllicients, complex boundary shapes, non-linear boundary conditions at
known or in some cases, unknown boundaries, small parameter multiplying the
highest denvatives in the governing differential equation etc. Even if the exact
solution of a problem can be found explicitly, it may be useless for mathematical
and physical interpretation or numencal evaluation. Thus i order to obtan
information about solutions of cquations, onc is forced to resort to approximation
methods, numerical solutions or combination of both. Foremost among the
approximation methods are perturbation {asj,-"mptnli;:j methods, According to these
techniques, the solution is presented by the first few terms of an asymptotic
cxpansion, usually not more than two terms.

The expansion may be cammed out in terms of parameter (small or large)
which appears naturally in the equations, or which may be artificially introduced
for convenience. Such expansions are called parameter perturbation.

An interesting feature of a dynamical system in which a small parameter

multiplies the highest derivative is that straight forward perturbation cxpansion



does not yield a uniformly valid solution in the entire domain of definition of the
problem. The reason for this is clear. Sharp changes in dependent variables take
place in some regions of the domain of the independent variables. It thus becomes
necessary to introduce boundary or imtial layers where the solution of the given
problem undergoes a rapid transformation from a form that satisfies all the data
given for the problem to a form represented by the perturbation seres. The
determination of the boundary layers and the approximate terms of the given
cquations in these regions form the subject of boundary laver theory., The small
interval across which the independent variable changes very rapidly 15 called the
boundary layer in fluid mechanics, the edge layer in solid mechanics and the skin
laver in ¢lectrodynamics, Ench [5]. The solution in this region is usually termed
the inner solution and the solution valid away from this region 15 termed the outer
solution. The procedure whereby solution valid in the boundary layers are
identified with the perturbation series solition in the so called outer region, is

often called matching process. By combining the perturbation and boundary layer

solutions, a fairly pood approximate description of the solution of the given
problem can ofien be found for problems where the exact solution is difficult or
impossible to determine or where the solution is not easy to interpret or evaluate,
In most of the previous investigations in literature on wvibration of
rectangular plate under moving loads, the cascs when prestress is very high are
rarcly addressed, Also to the best of the author's knowledge, the cases when the

plates which are highly prestressed are placed on a bi-parametric subgrade are



outstanding. Thus; this thesis is concerned with the problem of assessing the effect
of prestress, Pasternak foundation and cross-sectional dimensions of the plate on
the dynamic response o a moving load of a highly prestress elastic rectangular

plate,

1.1  RELATED LITERATURE

Work on dynamic loading of one dimensional solids such as beams have received
more attention in literature than we have in moving load plate problems. In
particular, the problem of a beam carrying moving masscs was first attacked by
Jeffeott [6] in 1929, He was closcly followed by Steuding [7] and Odman [£]. In
their papers, the solutions were presented in approximate form involving rather
laborious permutation techniques. Timoshenko [9] also studied simply supported
finite beams on elastic foundations subjected to time dependent point loads
moving with uniform wvelocity across the beam. He used energy methods and
obtained solution in series form., In a more recent development, Milomir et al [10]
developed a method based on Fourier analysis 1o solve the problem of response of
beams to an arbitrary number of concentrated moving masses. The method leads
to an approximate rapidly converging solution readily amenable to design analysis
and calculation. This method is not connected with any previously developed
techniques in this subject. Among several authors that have worked on this subject
are Stecle [11], Bolotin [12], Stanisic et al [13] and Kenny [14], One problem in

these previous works is that the methods of obtaining the solutions are inadequate



o solve moving load problems involving end conditions other than simple ones,
This shortcoming was recently addressed by Sadiku and Leipholz [15]. The
problem of elastic beam under the actions of moving concentrated masses was
studied. A method capable of solving this problem ﬁ.::r all variants of classical
boundary conditions was developed. The technigue invoives obtaining the Green's
function of the moving force problem. Thus, the differential equation governing
the moving mass problem is then transformed into an intergro-differential equation
using Green’s function. The intergro-differential equation admits an iterative
solution process (o any desired degree of accuracy.

[n a similar manner, the problem of the response of an clastic plate to a
moving load has obtained important attention n the literature in connection with
the development ol modern trafhic over long and wide highway bridges, where, a
number of wvarious wvehicles moving with arbitrary velocities are involved,
Whereas, moving force plate problems have been considered by several authors,
the response of the elastic plate to-a moving mass has been an outstanding problem
mn Engineering and Applied Mathematics for many years. This is due, at least in
part, to the great amount of computational labour which is required both to set up
and to solve the necessary equations. Among the earliest work on moving load
plate problems is the work of Holl [16]. He solved the problem of a rectangular
plate under the action of uniform moving loads, He indicated that a critical
velocity existed for each vibrational mode. In their investigations Wu et al [17]

presented a general numerical analysis theory “which is capable of solving the



dynamic response of non-uniform rectangular flat plates with vanous boundary
conditions subjected to moving mass. Outstanding among recent investigations
mto the response of the elastic plate to a moving mass 15 the work of Stanisic et al
[18]. They studied the two dimensional problems of flexural vibration of plate
under the actions of moving masses, Only the inertia term that measures the effect
of local acceleration in the direction of the deflection was considered. The method
of solution was based on the Fourier Sine transform technique suitable only for
simply supported boundary conditions, The solutions so obtained were shown to
converge very rapidly. Also, Ailyesimi [19] studied the dynamic response of an
clastic 1sotropic rectangular non-Minldin plate resting on a viscoelastic foundation
andd under the action of a force moving with vanable velocity, His method was
hased on the finite integral Fourier transform suitable only for simply supported
end conditions, It was shown that the maximum steady amplitude was attained
when the influence of the foundation was small. It was also shown that there was a
slight drop in the maximum amplitude for the static load case before a steady state
was attained. The work in stanisic et al [18, 20] was taken up much later by
(Gbadeyan and Om [21] who studied the dynamic analysis of an elastic plate
continuously supported by an elastic Pasternak foundation traversed by an
arbitrary number of concentrated masses. All the components of the inertia terms
were considered and the rectangular plate was assumed to be simply supported.
I'he deflection of the plate was calculated for several values of the [oundation

moduli and shown graphically as a function of time. As in the previous paper, the



method of solution is suitable for simply supported boundary conditions. More
recently, Oni [22 ] developed a versatile solution techmique for solving plate
moving load problems for all variants of classical boundary conditions, This is a
two dimensional analogue of the versatile technique discussed in Gbadevan and
Oni [23]. The technique involves the use of the modified generalized two-
dimensional integral transform to reduce the fourth order differential equation
governing the motion of the plate to second order ordinary differential equation
which is then treated using the modified asvmptotic method of Struble [24].

Recently, the differential quadrature method was shown [39] an efficient
way of obtaining accurate solutions to the problem of rectangular plates resting on
an clastic foundation and carrving any number of sprung masses. There was an
excellent agreement between the method and known solutions published in
literature. Similarly, the problem of nonlinear transient dynamic response of
clamped rectangular plate on two-parameter foundations was tackled by Civalek et
al [40] using the algorithm of singular convolution. In particular, the problem was
discretized in space and time domain using discrete singular convolution (DSC)
and harmonie differential quadrature (HDQ)) methods respectively.

In all the aforementioned studies, no consideration has been given to
bending effects at the boundaries.

In particular, when a plate structure 1s highly prestressed, a small parameter
multiplics the highest derivative in the governing differential equation. Thus the

methods of solution of all the aforementioned authors break down, This 15 so



because whemr dealing with a highly prestressed rectangular plate of moderate
thickness, bending effects must be duly taken into account. In particular, the
domain far from the boundaries can generally be regarded as obeying the reduced
order theory, whereas close to the boundary, bending effects become significant
and may even dominate the deformation pattern thus; a solution valid in the
domain far from the boundary breaks down near and at the boundaries.

Closed form solutions to this class of plate dynamical problems in which a
small parameger multiplies the highest derivative in the goveming differential
equation 15 not common in literature when the plate is subjected 1o a moving load.
However, this class of plate problems has been solved when the plate is executing
free vibration or when a static load is acting on such plate, Hutter and Olunloyo
[25]-

Singular perturbation has to date seen relatively little use in solid
mechanics but it is nonetheless being successfully used, Cole [26]. In particular,
Hutter and D_l'L_InID}-'D [27] has employed it in investigating rectangular membranes
with small bending stiflness while Hutter and Olunloyo [28] treated, among other
things, the vibration of a thick strip-like membrane under amisotropic presiress.
Similarly, Schneider [29] considered the vibrations of isotropically prestressed
rectangular plates with built-in edges. In his paper, he essentially constructs outer
{core) and inner (boundary layer) solutions which are valid in partly disjomt
domains. These solutions are then matched in an intermediate domain where both

asymplotic expansions are valid. Much later, Olunloyo and Hutter [30] studied the
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response of thin, isotropic, prestressed rectangular plate for the case when the ratio
of bending nigidity 1o the applied in plane loading is small. He used the Method of
Composite Expansion (MCE) to construct solutions for wvarious boundary
conditions. Ovediran and Gbadeyan [31] considered the case when the clamped
highly prestressed rectangular plate exhibits natural material orthotropy. The
problem was solved using the Method of Matched Asymptotic Expansions
(MMAE). In a more recent article, Gbhadevan and Oyediran [32] compared the two
singelar perturbation technigues (MCE and MMAE) for imtially stressed thin
rectangular plate. They found that the results of the MMAE apree with those
obtained using generalized MCE and specialized version of MCE when the effect
of shearing deformation is 0(g). Another work worthy of mention is the work of
Olunloyo and Hutter [33] who investigated the dynamic response of prestressed
rectangular membrane to certain external time dependent forces when the effect of
bending rigidity is small using the MCE. It is remarked at this juncture that, until
recently to the best of the authors knowledge while the effect of small bending
rigidity has been investigated for free and some forced vibration of plate problems,
aside the me of Oni [34)], caleulations for this class of problems for moving load
plate problems do not exist in literature.

After an earlicr work by Oni [34] where he studied the dynamic response to
a moving load {(using the Method of Matched Asymptotic Expansion MMAE) of a
fully clamped prestressed orthotropic rectangular plate, Oni and Tolorunsagha [35]

took up the problem of assessing the rotatory inertia influence on the highly
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prestressed orthotropic rectangular plate when it is under the action of moving
load. The method of composite expansion (MCE), an alternate singular
perturbation technique is employed in conjunction with the method of integral
transformation and Cauchy residue theorem to obtain an approximately uniformly
valid solution”in the entire domain of definition of the rectangular plate. Analysis
showed that the critical velocities of the dynamical system increase with an
increase in prestress and rotatory inertia values. Thus, resonance is reached earlier
for lower values of prestress and rotatory inertia. Also, for high values of rotatory
inertia correction factor, the critical velocity approaches a constant value
indicating that resonant effect is remote for higher values of rotatory mertia
correction factor.

However, in the work of Oni [34] and Oni and Tolorunsagba [35], only
plates not resting on foundation were considered. For practical application, it is
pertinent to considered plates supported by an clastic foundation,

Thus, in this work the dynamic response to a moving load of a highly

prestressed isotropic rectangular plate resting on a Pasternak-type foundation is

considered.

1.2  OBJECTIVES OF THE RESEARCH
The specific objectives of this project work are to:

(i) ebtain uniformly valid analytical solutions that cover the whole domain of

milerest.



(i) estahlish the resonance conditions of the dynamical system.

(iii) determine the effect of prestress and elastic moduli on the resonance

condition.

(iv) determine the effects of elastic foundation on the responsc of a highly

prestressed plate.

1.3 GOVERNING DIFFERENTIAL EQUATION,
The dynamic response of isotropic rectangular plate resting on a Pasternak

Foundation under the action of a moving load is governed by the fourth order

partial differential equation [36]
.:'.'H" Wix ¥ 3 'W (x, v; F_?E'H*’ oy
{x*_v,-'} ﬂ {i_}, 2L 1,.1..:11..- ” -—{A ¥il) = P(X, 7)Y — P, (X, 350)
dx T & ay 5y " .

Where (1.1)

D is the bending stiffness

i is the position coordinate in the x — direction

7 is the position coordinate in the y — direction

I is the lime coordinate

W is the deflection of the plate

m is the mass ol the plate per unit area

P(%, 7.1 is the applied dynamic load

‘If the rectangular plate is prestress, two additional terms given by

w2 “’[A i) | '3']”"{1_1*;5}] | (1.2)

£E|_-"!

E‘i
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are added to the left hand side ol the equation

Also for a rectangular plate, the foundation for which the relation

W (x.y3t) W (x, Wty
A’ T

Foclx300) = KW{L}';F}+G|: {1.3)

holds is known as Pasternak foundation.

1.4 FEATURES OF THE THESIS

In the next chapter of this thesis, the intial-boundary value problem of the
transverse vibration of a highly prestressed isotopic rectangular plate resting on a
bi-parametric subgrade is developed. The leading order solution via the systematic
matched asymptotlic expansion is also obtained. In chapter three, the first order
comrection 1o the approximate solution is obtained and analysis of the entire
uniformly valid solution to the first order is carried out while the last chapter deals

with general conclusions.
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CHAPTER TWO

L0 GOVERNING EQUATION OF MOTION

The equation governing the dynamic transverse displacement Wi(x.v:t) of
an isotropic rectangular plate of span L, along the y-axis and span L, along the x-
axis and transverse by several moving loads moving with velocity along a straight
line parallel to x-axis when it is resting on a Pasternak foundation is governed by

the fourth order partial differential equation given by

E

da

aw(x, j;:}+a‘w{fj;r}+a‘wtf Vi) N aW(%, vit) . W%, 7ut)
_.I: e = ] | —— e
& ey ay e -

FWALE, 7.0 « FH(E.7:0
ﬁl @3

. ma W (X, 7:1)

+ KW (X, 7.0+ G[ ]= P(x.3:0) (2:1)

where all parameters are defined in the previous section.
To complete the problem. we shall specify that the boundary condition is

fully clamped, thus both the deflection and slope varnish at the boundaries,

Thus,
i=0, 0=7<8 - aw (%, 7:t)
wiEyi)=0 T _p
i=1, !}EEEH} (%.5.1) &
j=0, 0D<¥=<L " W, 7;
2 N Wz, 5.0)=0; WEF), g (2.2)
y=L '0STISL v

and for simplicity, the initial conditions are taken to be

aw (7o) _ o

2.3
5 (2.3)

L3



At this juncture, it is pertinent to present equation (2.1) in a non-dimensionalized
form for the purpose of solution. In this respect, we introduce N, a reference
prestress and L 15 a characteristic length with respect to which the deflection and

the two coordinates are normalized viz:

On the order hand, tme 15 normalized with respect to a characteristic frequency

o, such that

mea L

o i
f=— and

,

The governing equation (2.1} in non-dimensional form becomes,

E,[ﬂ'&_*l[.:,y;:} aV(x, v;0) E*F[.:,y;f}:| ) BV (x,0.1) - @V (x, 0,0)

& e | o ar’ ‘o
FVat) = 8V (x| 8V (xd
+ —.-E,'-:! Yit) + -",?Pr o+ ﬂf{ éiz}; L T ;-:1.1'" }] 5 P,{.l’._l-';!'} tlil}

Where £ << 115 defined by the relation

1 ﬂ! ) K 2 - G [2‘53}

i =— j’ — -

N.L i N,

and

A, 3 measure the prestress ratio and are defined as

:_ﬂ 1_”-.-
h=30 B = (2.5b)

respectively. These coefficients are all 0{1).
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In the same manner, the boundary conditions and the initial conditions in

non-dimensionalized form become:

=g, O=sypsbh| = L2, v
T ¥ } I"F{I,}'.f}=ﬂ; ﬂI"{I_].f}=D

r=1, 0sysbh £
=0 '0sxsll = Vix, v
g ) Fle,pi)=0 oVlxyt) o (2.6)
y=h, 0=£xsl ay
and
" 7 (v
Fix.p0)=0; o {;ﬂﬂ (2.7)
L

When the inertia effects of the moving load is regarded as negligible on the
response of the plate, the transverse load can be expressed as

p.(xy5t) = Mgdlx— wlily—,) (2.8)
where M is the mass of the moving load, g is the acceleration due to gravity and

fle) is the dirac delta function defined as

5(x - ut) = {”‘ e (2.9a)

o, X=1ul

with the properties

5l- x)= dlx)
i, X

[a{: ) f () = fat), a S ur <b (2.9h)
w, x=ul

when equation (2,8) 1 incorporated into (2.4); we have
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< &'V (x. 1300 £ &'V {x, pt) 23 E‘*F{x.y;.rj__ ||'?|1I.:-':I'::[.'l.',_\-';-l'.] _ iV (x,3:0) L & (x.3:)
i’ &'y’ ! fi ey gir~

-

87 (x,3:4) |
& |

FV (x,p:0)

& = polx—u)oly-y,) (2.10)

+ b (x50 + q:r,:[

where P, = Mg
Equation (2.10) together with boundary conditions (2.6) and initial conditions
(2.7) define completely the equation of a [ully clamped highly prestressed
isotropic rectangular plate occupying the domain 0£ x £ 1, 0< vy < b in a non—
dimensionalized form. It is observed that a small parameter multiplics the highest
derivatives in {2.10) and as such the problem is amenable to singular
periurbations.

However, equation (2.10) is considerably simplified by introducing the

Laplace transform
(3)= [ (o ai (2.11)
with the inversc |

i ﬁ [ @ (2.12)

in conjunction with the initial conditions defined in (2.3).

Taking t as the principal variable, the Laplace of (2.10) is given as

dis y 4 ” i ; 2l i dadps >, '
E,[ﬂ I {x:y,.r} g d l-"{:-,_y.;.z] " gV (e n0) | fET {.:.--J ). Alaty {:'.;l g w0
I e’ By G & oy
2 PR Iyr " e =
H?FH_MWE[a Vixyin) | & cx:y.ra} P -2, - (2.13)
ax gy u
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Subject to

=0, D=yp=h x, ¥
' Wlx, ) =0; 6{x.) J— 0
x=1, 0=y=<hbh or
p=0, 0=xsl| avix.v) .
p Fixp)=0 — =) 2.14
y=b, 0=x=1| () &y (2.14)

and initial conditions

v (x,00) _ 4
ot

lx,3:0)=0;
21 METHOD OF SOLUTION
In equation {2.13), an exact uniformly valid solution 1n the entire domain is
not feasible since a small parameter £, multiplics the highest derivative in the
poverning differential equation. This is due to the bending effects at the
boundaries. Consequently, solution valid away from the boundaries breaks down
near as well as at the boundaries. Thus, only approximate solutions are possible.
The two but equivalent approaches that could be used to tackle this tvpe of
problem are the method of composite expansion (MCE) and the Method of
Matched Asymptotic Expansion (MMALE). In MCE, it s assumed that ¢ach
dependent variable is the sum of
(1)  parts characterized by the original independent variables and
(i) parts characterized by magnified independent ".-'Hl'.i.ﬂh]i.'-; one for each

sharp-change region.

12



In MMAE, an approximate solution to {he given problem is sought nol as a
single expansion in terms of a single scale but as two separale expansions which
are valid in part of the domain. This provides two separate solutions, one valid at
and near the boundaries and the other valid away from the boundaries. These two
solutions are then blended together to obtain a uniformly valid solution in the
entire domain of interest. This method of matched asymptotic expansion is
preferred to the method of composile expansion in this study.

The Method of Matched Asymplotic Expansion (MMAE) developed by
Bretheton {1962) requires that the asymptotic solution ol cquation (2.13) be of the
form [ 18] V=b,+e, +eV+. (2.15)
when the expansion (2,15} 1s incorporated into (2.13) and we equate coefficients

of the power of &, one obtains the recurrence relation

- g 1

o iy

BV ) | e B , i, pat) | BVt
PLLHCS N :ﬁI,{xj.y,:}+EJL,L,.[MH}_JE[E-*_,;J iz F".::r 11
"1 32 &)

iﬁ{}' —._1’”]“:."-3:1-' =10
u

~g¥7 (x, ) =4 0 v=1 (2.16)
Vil vz2

= A g Agru dprai
a8Vl " d lf__!+§ g

where V') =— b :
ox & iy oy
where the subscripts denote the order i 6.

It is remarked here that equation (2.16) are not uniformly valid in the entire

domain of the rectangular plate under consideration. In fact, solutions obtained for



Vo V. v 21 are not valid near the boundarics. The rcason for this is simple. The
order of the partial differential equation {2.13) has been reduced but the number of
boundary conditions is not reduced. These solutions are termed outer solutions

and the equation (2, 16) outer problem.

11 EXPRESSION NEAR THE BOUNDARY
[t is observed that equation (2.16) is not valid near and at the

boundaries. In order to obtain an expression that is valid at the boundary, near x

; . x . . : :
=0, we set the inner variable as X == and write the eigenfunction valid near x=0
£

a5 V=g =X p)+ep (X, )+ (X )+ U[s‘] {2.17a)

where superscript i denotes the inner solution, Equation (2.17a) is also valid near

(-5

3

% = 1, where we sef the inner variable X =

An expression similar to (2.17a) can be written down for the eigenfunction near

yv=0 and y=b where we set the inner variable as¥ =< and ¥= 6-y)
E E

respectively, as

V= = (x, P )+ eyt (0. )+ (. F) + 0l (2.17b)

Using equation (2.17a) in (2.13) near either x = 0 or x = 1, the differential equation

on ' gives

&'yr! APl B, Bl J
a‘&rl _{ﬁ|z_ﬂ-|}s-.f1 = ?a-p] _ﬂplhi_sw":_nw"i



gy, @
79 Wea .__.l"fﬂ: v==0134... (2.18)

_—
E-b"t {‘]}III-
5‘w Fo BV, By g
Lg }‘._- Ea}?I > _{3}' at "J:w'-l_”w:l'-i
] ﬂ'l ; 5 e =i
_ﬂ_l. 'i*":-z +ﬁ" {-}’ }IF}Ea ] p=2 {2-19}
oy i
Subject to boundary conditron
T i
et R ) ) e (2.20)
The differential equation near y = 0, or y = b can similarly be written as
'y, &y, d'y.., 9,
‘F’ -8, -a, }E,';_ = B A = ﬂxfﬂ_]-'I - Sy, — 1
Py v,
5 I:| = = 1 wou L X {2:”
ﬂ‘. |.l azw:‘- aiwl
ﬂ}.rl {ﬁ* il at] B.Il{..rli' _Ew quwrl
1
| g 5 q.a;k Pﬂ[v y,) s iy (2.22)
ox 1]
Subject to boundary condition
i
o =%—=u e 01,23 (2.23)
UTER SOLUTION)

23 LEADING ORDER SOLUTION (O

is ohtained by setting v = 0 in the recurrence

The leading order solution

equation (2.16),

22



".Pﬁ{j-—‘-'} bz

Lﬁl:_ﬂfﬁ%i‘;_l*’ﬂ+[ﬂ; w TR T LA LS R

:;1 24)
The method of finite Fourier sine transform defined as
(ny) = [V y)sinnmeds (2.25)
with the Imverse

(2.26)

Fix,¥)= Eil" (m, y)sin o

2.24). Equations (2.25) and (2.20)

- used to obtain the solution of equation {

transform (2.24) into

nﬂ{;’;”—cr,]ﬂ/{u y]+[ﬁ-cr,}’ (n,3)- 5" o T b A UR yv)

P'_nm{{— 1y L 1}
=T Saniniv 8y~ 2)
So that
; (~1)e " —ll
v‘,,n_{n,yir—{ié_—l-};—-—‘—‘ Bt = };—- ()= i T =) @20
5o that the transform of (2.24) with respect to % 18
v, y)+ eV (ny) = T6(y - v.) (2.28)
where &' = -[{ﬁt = }1 745 'HT] (2.29)
pi oy
and

23



ﬁnm{{—]}"f . —l:|
T = (2.30)

- Lﬁ:f' —n'fl.'.'* +.lrI.frIu1]I
The complimentary solution of (2.28) gives
V. iny) = C; cosay + D, sinay (2.31)
Where C; and D, are arbitrary constants to be determined
Using the methods of variation of parameters, the particular solution of (2.28) can

be shown to be
" =0 L : .29
V. (ny) = —sinay, cos ff +—cosay, sin i, {2.32)
¥ ¥

Consequently, the general solution of the ordinary differential equation (2.28) can
be obtained as

V{ny)=C, cosay+ D, siney + 1, sinee{y — v, ) (2.33)
where

P"mm[[:— 1f'e i ]E|

I I [ (2.34)
' el o I.!-" +ia’)
Similarly the linite Fourier sine transform with respeet to y s defined as
Fim,x) = !:'F{x.yjsin%y:iv (2.33)
with the inverse
Viey) = =3 ¥ (m,x)sin 2T y (2.36)
i f

Using equations (2.35) and (2.36) on (2.24), we obtain

24



qi-’_{m, I', = ﬁ-{:'-:1 5||'|.E-'r—r ¥,
i b

(82 - i Wl 1—% 1o W fom, x)= 3o om, 3~

So that

{5 +ﬂ}b ]V_{m,x}= :F:' e 1&'.'m£1ﬁi ¥, (2.37)

—a) ' :
Equation (2.37) can be written as
Vo (m,x)+ oV (m,x) = = E."%. s'mﬂj-r-
AT B a » W E:' -}?ﬂ

where 1=r1=—[E = }",' ar]E» ”’F] (2.39)

lution to the equation (2.38) is

F"'ﬂl“[m,

[l

(2.38)

The complimentary so
¥ _(m,x)=E,cosax+F5 sin ax (2.40)
rmined.

Where E; and Fy are arbitrary constants to be dete

To solve the particular integral (2.38), we usc operator method to have

[D! + ﬂ'?}’w [m,.x}= -[ﬁ-‘:—_%;e_:‘ sin '—1;-:1}*“

which gives

1 A,
mi ¥ e

__-}r

¥k, x)= -[I?-—-—Fsm ;

The particular solution is obtained as

ﬂusinﬂs.}'lu =¥
¥ = e 2.41
i !~ o, 2 rou (241)

Hence the general solution of (2.38) can be shown as

25



P’__[m,ﬂ: E',msaxd-ﬂsinﬂx-r,e;l (2.42)
where

. M
Pusin—¥
L=
z Eﬁz _.ﬂ_l:l:ls:_._a_luz

The inversion of (2.33) and (2.42) gives the general solution of the equation

(2.43)

(2.24). Thus,

Vley)= 2|, cosay + D, sinay + r,sinaly - v, )|sinna

+§-[E.,msm + F,sinox — 1"11:'-'-] ]sinff_v (2.44)

Where Ca, Dz, E; and F; are arbitrary constants yet to be determined by matehing.

13 LEADING ORDER SOLUTION (INNER PRO BLEM)

The differential cquation governing the inner solution is (2.18) and (2.20},
when we substitute v =0 and neglecting terms with negative subscripts, We have

the leading order inner problem near x = 0 or x =1 given as

v, 'y,
AR o

subjected to

(]
v =2 a0 (2.46)

ax

solving equation (2.45) together with (2.46) gives

26



18t -al

= l . 1
ﬂ'u[}’}{x+]=m=l g2 h—rﬁ} near x=0
Ve = e c (2.47)
3. (») P B L Y near %=1
-'EIE _"'-'-":|J ﬂli —r:l'li

Similarly, the leading order inner problem near y = 0 and y = b obtained from

(221} and (2.22) yields

g ¥

Fﬂ{.r){.‘r" + ﬁ e"m_ -—Jﬂ%—#} near y=10
b (2.48)

7, (x) T N SR G y=b
A —of i -y

In {2.47) and (2.48), exponentially growing terms have been neglected while the
functions §,(») §,(v) #(x) and7 (x)are to be determined by matching. The
unknown in (2.44), {2.47) and (2.48) will be determined by matching inner and
outer solutions.

To this end, Van Dyke’s matching principle which requires m-term inner
expansion of (the n — term outer .r.:xpunsicn} equals the n—term outer expansion of

(the m- term inner expansion) is adopted.

According to the principle, we match one term outer expansion writien in
inner variable (2.47) with one term inner expansion written in outer variable (2.44)
for the boundary condition x = 0 (1-1 matching).
We proceed systematically as follows:

One term outer expansion:
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f (x.y)=2[C, cosay + Dy sinay +1; sin aly =y, Nsin o

. i
+ E[E’ cosox + F, sinox—=1¢ ]sin iﬂﬁi ¥ (2.49a)

Rewritten in inner variable:

For inner variable A" = X which implies that x = & is given by
£

= 2[c, cosay + D, sinay + [ sin aly — v, )sin nasX’

2 v SO v A Pt T -2y
+—E,sinm—:-ymscr5¥ +EP}|51HHE}'5MDE1L _EI s sm%.u{- * (2.49b)

Expanded for small &

i I . B T - ] lei
2C, cosay + LJ,sinﬂ}'+1"|sin{I{y—-}r,]{nm’f ¥ H; . SR }r; ~]
+1515iﬂﬂ : JJF’X’_'_.:-"::*X‘
b ﬁl I}I II_ 41. GaarERes i EEE

N A § % qel
2 mi [ﬂr_ﬂ'-‘:x +':"'EX —}

T 3! 51
_Er ik 1___;:33:' + E—-—!EIIJ - (2.4%¢)
h 1 F? > x: e’ 5
(e term inner expansion:
2 g, sin 2 y— 2L, sin "y (2.494)

£ E. sin— p——1, 810
R L S M T



One term inner expansion:
P’Fif}’&{«’f +J=_ AWl s T-=} {2.4%9¢)

Rewritten in outer variable:

=g [H{-—+T—— e LB -‘-}==-} (2.491)

Expanded for small &:

0 e £

Asg—>0 , e ¢ becomes e~ =0
i iv) V8-l - E-{}'} {1493}

e.{y}— 3-‘:&1 = '_T__ﬂf—cff

One term outer expansion:
MH% =g, ()X (2.49h)
Equating (2.49d} and (2.49h) according to matching principle, we obtain
Zl(y)=0
and £, =T,

which implies that
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P sin e ¥
b (2.50)

53=E1 _Ul:rls: +ﬂ_1”1}

Ising the same matching procedure for the boundary condition

x = 1, we proceed

as follows:
(One term outer expansion:

I (t.9)=2IC; cosay + Dy sinay + I sinaly - ¥, Jlsin nax

+%[El cosox + F, sinox = T'Ir:_:.]sin%y (2.51a)

Rewritten in inner variable:

~3) which implies that x =1-&Y is given by

For inner variable X =

2c, cosay + D; sinay + I sin aly— y. Jsinaz(l = £Y)

St

2 ms 2 . Wy . 2 .
+— B sin— cosa{l —eX )+ —Fsin— sing(l—gX)==T,sin—pe *

(2.51b)

Fxpanded for small &

b iy PO W R L S I 5
=-1C1wsny{—1}"[nm¥—" 'T; A b N; z -]
e e T R L P
—zﬂ,sinay{—u"[nm&’—” wEX wned —]
L 5t
+EE EiﬂE cos5 _.ﬂjsle +_ﬂ£k.r—4_.
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N 3yl L BT
+%E!_sln%ysina{a£¥—ﬂ e Py £ u]

ki 5
2F ™ yaino]1- T2 Xy giL.,
b h 2 4t
3 [ Frrl o h |
_E.F}sinﬂycusg ﬂ'&.‘f — aed + wa-a = aisearrEien
b b 1 5

T3 481 JX‘
— 2T, (s1n ey cos gy, —cma}lsiﬂ&}.ﬂ}{_”u[nﬂ . : X .rr ‘s

5
2 mar -t oeX ::r\e;}'z'1
— 2T, sin— | ———+ 2.351c
b e h ¥ [ I My ] { ]
(e term inner expansion:
i mi . mT o SO | 1
Z E sin— ycoso + — Fsin— sing ——1 . sin— y¢ * 2.51d)
o g e T ¢

(e term inner expansiofn:

& 1 = - .
=g, (X + S } (2.51e)
{ ;J'jf = 'f"'|2 ; fﬁ
Rewritten in outer variable:
e |- I - r#- R 1 }
=g, (}) + £ - (2.510)
g ] ‘Ullﬁﬁ = "-Tl ﬁf -a,

Expanded for small &:

3l



e U

A E—0 , & * becomes e =0

—_pil=x]

==+ J;;'ii: bl ""T..J_::;;fis (2.51g)
One term outer expansion:
&.{y}@ =q,(»IX (2.51h)
- Equating (2.51d) and {2.51h) according to matching principle, we obtain
%E, sinﬂ;ymsaw%ﬁ sin%yﬁina-%l‘, Sl'll%}'ﬂui = E,,{_ﬂl-;—j
But ¢,(»)=0
which implies that
Ecoso+ Fsing - e - =
and
Pusin= "y, -:
F= i T (2.52)

(g -a st £ ou?)| sino

Also using (1-1 matching) for the boundary condition y=0 and we proceed as
follows:
(ne term outler expansion:

Vx,y) = 2C, sinnarcosay + 20, sinnavsinay
+ 21, sin m v cos ay, sinay — 217, sin naxsin gy cos ay

iz



2 . mx ! . mmT . ek T
+ 5 E. cosovsin— ¥ +—fysinoxsin—— rmTe ¥ Sin—) 2.53a)
L CO% ] 5 ¥ p 4 5In n 5 3! i W 1 2 ! {

Rewritten in inner variable:

For inner variable ¥ = ¥ which implies that y = £} s given by
g
=[2¢, sinnme - 21 sin nmesinay, Jeos st
+ [2D, sin e + 21 sin o casay, [sineel
2 A
+ 1E,Mm:im+g-ﬂsinm—gl",e o 5inE.-:}’ - (2.53b)
h - . b
Fxpanded for small £:
R 1 & _Axs4
=[2¢, sin e — 21 sin HSin t:r_vJLI—H Z[? +E'ZTT'_]
3 Z'-J_.I';'- & Sard
+[2,i'.}1 sinnm = 21, sinnmcu&ayu{aﬂ'— 2 Z’ +E*;__r'.r’-—1
L * :
1 mx [mre¥ wix'e’) m'a'e"Y =
+—E;sin— - e T
b h b b S
2 mr |[mme¥ a'me’ m'rte’Y?
+—Fsin——) = i T it
b f f ah Slh
o 3.5y 5.8 5rd
+ET:.<: oy R LA E}F = = Ej £ i (2.53¢)
b b b 5h

(One Lerm inner expansion:
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= 2C, sinnmx — 21 sinnaxsin ay, (2.53d)

(Ine term inner expansion;

Joi-el (2.53¢)

Rewritten in outer variable:

o

aofte g o
- |

Expanded for small €

Ass—0 , e % becomes e =0
v Elx) el F(x) (2.53g)

I e

(ne term outer expansion:

)T =R ()Y (2.53h)
Fquating (2.53d) and (2.53h) according to matching principle, we obtain
20, sin e — 2T sin nosin ey, =F,{x]f (2.53d)

which implies that 7 (x) =0

g0 that
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H}mm[l[— 1)'e - -]

i r:.r[ﬁ; - fr,zl_'.':' + i’ j]smﬂ}l (234)

C

In a similar manner, the (1-1 matching) for the boundary condition ¥ = b can be
represented as follows:
(ne term outer expansion:

¥ lx, ¥} = 20, sinnmccosay + 20, sin macsin ey

+ 21, sin naecos ay, siney — 21, sin o sin ey cos ap

. B
+ §E1 msﬂxsin%y+%ﬂ sinmsin%}--- il!':v " s %_‘P (2.55a)

Hewritten in inner variable:

=2
£

For inner variable ¥ = G which implies that y = b—g) is given by

= [2{,'1 sin o — 210 sin pacsin ey, Jeose(h— 1)

+[2D, sin nax + 2T sin naxcos ay, Jsin e (b — &)

2 _ 2 e, : 2
+ —E1cmm+gjﬂ,5mm——r3c " smﬂ[b—s}] (2.35b)
b [ b b

Expanded for small &:

el o)
2 4

=2, sin s = 2T, sin naesinay, Jcos aﬁ[t -
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{IJE!‘}"J . {I.'IEJ}.-'!

e SEEEpad

+ [ECI sinnax — 21 sinnmesinay, lsin rzbl:mi' -

I L H

K &t
- ; 11yl dod
+{ZDI5Innm+11’]5innm:umy,._,]5mﬂb =i 'l:H P 21 --]
. . B 3ty 3 iy
~[2D, sin nax 4 21 sin nmcos ay, Jeos ah| aet - e ;: +2 ; - ]
25 ax(=1)" mmeY mxe'y? +3n"'.1r‘a’}"“
- = E, cosoni— - -
b b 3h' Sth’
—EF s i=1)" mas¥ miale'y? i nitmie'y? .
b b 3h' sth*
2 = Nmae¥ wm'r'e’V wia'e’V
+ Erze {-1) [ 3 Ay v ] L2 ae)
One term inner expansion:
= [2C, sin nx - 2T, sinpaxsin ay, |eosab
+ [2D. sin e + 20, sinnaccosay, Jsinab {2.55d)
One term inner expansion;
il :xl{r S - S . (2.55¢)
VA —ai VB -ay

Rewritten in outer variable:
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I e L)
by, 1 e L (2.551)
& yB-o g -oi

Expanded for small &:

= e
Ass—>»0 , e i becomes ¢ =0
o = I g L =
b ¥ f;l:.t_} 2 #, s 2. / {1‘} {2555‘}

e B o NS

(ne term outer expansion:

F,mb;? =Y (2.55h)

Fquating (2.55d) and (2.55h) according to matching principle, we obtain

20, sinnmccosab + 20, sinnacsingb — 21, sinnasin gy, cos ab

: . = b-
+ 21, sinnmcoay,sinab = #,(x) - 4

which implies that F(x) =0
g0 that

F;nm[l (-1fe” - l]

s alf —al Js* + Jl’fu‘]msmr"

(2.56)

Also

7,0 =G () =F(x) =7 (x) =0 (2.57)
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Substituting  (2.50),  (2.52), (2.54) and (2.56) into  (2.44)

yields
2B usin 5t 1 g
Fi(x,¥) = 3 ot Yo rmsm_ P sin o o CDSI‘:.I'EIIIER' i m.ty
b - oy Ns™ +6u ]l_ sin o sina f
(2.58)
and
Vo =0 (2.59)

13 LAPLACE INVERSION OF LEADING ORDER SOLUTION

The Laplace mmversion of equation (2.58) cannot be easily obtained due to

the complexity of a and 0. Hence, equation (2.58) can be rewritten in a simplified

form as
2P usin E_}Ju sin E_‘y
I-"Dlx,rlp},—_ _QT : L
I’[fﬂr _”'l}
coshea’x oy -Ehftsitlh iy cosho  sinha'x 3 60
] AT e 1.2 lz 1 1}5- { ::h (2.60)
5 N L N g | £+ ortut sinhea” s+ o'u’ kinheo'

_[Eﬁ‘ h}’f:ﬂf _:?‘3 +8°b (2.61)
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|
& = ! - I-Lﬁ; = JII}::!"E] + ﬁbz + SIT (2.62)
-yt "

the Laplace inversion of (2.60) is defined as

. MIT . T
EEHS'“TL EIII—b—_P'
V,(x, ) = — {F (x5t = Fy(xon) + Box aat)= Flx, ye H(2.63)
b[ﬂ. -, :| i

where

. 1 r
. zm"l‘f’f;fs (2.64a)
i it s oA

|
Fileyit)= v

| ﬂra:[ "]:nsh::r'x
F,f_:,_y:;} == ) ppe s (2.64b)

=

a1l m= e sinho'x
Flayit)= 2 b {s’ +o'u’ sinho” ! 5000

1 e cosho sinho’x
F. ¥ "',1 = iii.!' I.Md_}
(xi) 2 -[-*" _{;‘ +o’u’ }Einh a’ {

In arder to evaluate equation (2.64a) to (2.64d), we used Cauchy residue theorem
defined as

Y Reler s)] = [ e rt)as (2.659)
=1 N

where the residue Res fis) of a pole of order n at s=s5is defincd as

Rt ()] = { Tl e (2.65b)

ﬁ:T: [ifﬂd'-';m]..., Jor muliipke pole

Ta this end, we rewrite the integrand (2.64a) in form
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e"cosho'x (2.66)

b= : e
[“‘“Eﬂm}" ..;]

it is clear to show that the singularities in the above expressions (2.64) are poles.

In particular the denominators of the integrands of F(x,yr) and F,(x,3:t) have

simple poles at

Fd 2 r S 1
5= u J w;;g; E’;:f _: Ff’ (2.67)
1

Thus, incorporating {2.66) into (2.64a), we obtamn

Flx )= 2; 5 :":‘f’fg‘fﬁ:ﬁ (2.68)

A, =1-D (2.69)

o

Doy (2.70)
The contribution towards F(x,y:¢) due to simple poles at 5=+,
Fuls,it) = %,ljggl[[s —0, )" %i]
which gives
Filx,3:1)= TR, e cosh 0, x (2.71)
where

[ L, L (2.72)

&= T ot )




_{ﬂ il ::;;r + b’ (2.73)

g-—1 o0} (2.74)

(61 -ol)

In @ similar manner, the contribution towards F(x,y:¢) due to simple pole at

y==L3 I8
Falryit) =~ e ™ cosx (2.75)
Henice
F]{J-.P;;:.:‘r"u""t'::
s0 that
coshil,x¢ o oy
Rl yt) = - 2200t (g _ oo ) (2.76)

240

In order to evaluate F, (x, y;¢), its integrand is rewritten in the form

L Ivi]
L

+f-n..g(

E.r:.-'l e nllcnshﬂ'rxﬂ’s (2.77)

F{I-_]"'J}

Also, it is straight forward to show that the Laplace inversion of Fy(x, v; t) is

Bk )= —ﬁ[ al=l '“‘("f]} (2.78)

Furthermore, to evaluate Fi(x, y; t), its integrand 1s rewritten to take the form

) .
vie g v “einhax

7
Alxit)= 274, [--n{ X ﬂfjsiimﬂ'“ﬂ (279)
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where poles from the first denominator are
g=8, and 5 =—£,

while those emanating from sinho” are obtained by setling it to zero, 1.

sinha” =0 (2.80)
which implies
o' = tiva (2.81)

There are four distinct poles are

=10, (2.82)
e ” ==y (2.83)
g° = - " =-vix’
Explicitly, equation (2.83) with (2.62) implies
B R T 2
J’:—l".‘r!{ﬂ.z-ﬂ'lj]_ (ﬁ: =l }:z A
so that
3 T 175
;=i{v’n’tﬂ’—aﬂ+ il };” “ﬁ’] 2:84)
Therefore the four poles are
s=0, (2.85a)
Fae, (2.85b)
5=iJ01, (2.85¢)
F==i,L3, {2.35&]

42



| where

, = l-l-ﬁ‘z{ﬁll -a, }+ ‘ﬁ: =2 tﬂt:ﬂ! 20 (2.80)

Thus, the contribution towards F5(x, y; t) due to simple poles at 5 = €3, is given by

)
| e “'sinh{} x
Fy=—lim{(s-,) - :
A J—Is':i-l, (s ﬂﬂ{,ﬁ-? _ﬂf}sin}l £, Gt
5o that
; Bl
1 sinh@yx o] (2.88)

Fy= :
24,42, sinhf,

Similarly, contribution due to simple pole at 5 =12, is

)
| ¢ * "ginhil.x
Fo=— i Q,) : 2.89
@ g e+ N i e, (o
which implies that

| sinhQ,x -] 2.90)

iy == - &
24,Q, sinh{,

In & similar manner, the contribution due to s =i/€2, is given by

o)

1 5, . g * “sinho'x

Euleoa) = tim Al =B N 21)
1 . =L

;_]_ I 5—i4E2, i e{‘-:]sinha’x
A = sinho” ot p s -0
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=Py Py

"'f"'rn_‘] (2.92a)

and

L
Et[ ']Einhﬂ".r (2.92b)

=1
o I e

In arder not to obtain an indeterminate term in Fiy,, we adopt L" Hospital rule to

ohtain

g B _ S1s) (2.93)
T gs) g9

with

5 _1 4
gls) A rh.rl'%:

sinher”

and

[ _ ! *

1 :_E.a.ir.']‘a{f v, X E.scushm{ +0,)

L. lim {3 +ﬂ1] (2.94)
7 i P ;-“|t]l’{51+ﬂ!j

Therefore
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l.r_-—flﬁ't - }-':r (2.95)

Fuulx i) = o

Similarly, evaluating the second part F,,,(x,y:7) of the limiting process gives

5
e "/sinh . -5
= (7 o) " a? 402,07

Pl yit) = lim_ ENTY (2.96)
which gives

P e
Folx3it) = -msm X (2.97)

4
Therefore F,(x, yit) gives

+l

Folx,yit)= L) o {"6' e }JJ‘!’ Wl ll.r.uwm: (2.98}

Ay, ) ¢

Similarly, the contribution due to simple pole at s = —i,/02, can be evaluated as

Fiolx ;r.r}=— li

l LR

[ .]51 o x
{Eﬂr'r[a ﬂ’]:zha

1
baigd) | sinnots
:?,_}'}'&L‘ - Hlf% . _ﬂll (2.99)

- "F.'llln : FJI#

where
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oo {SHJE
Fue = A A sinho® (2:i00)

and

:[r—'],
. e “eipho'x
Fip= ".Iji - - -!-'1‘,1 — (2.100b})

Using L'Hospital rule and follow similar piocedure in Fis (x, ¥; t), we have

Fol,vnt) = {_}]ﬂlfjé:ﬂ'l}ﬁ (2.101)
and
),
R, 0 3) = — o [;;“ i (2.102)
which gives
-1 “;]“— AL G v (2.103)

FH{x,y'.I'j J.-—{ o ]

Combining the results in (2.88), (2.90), (2.98) and (2.103) gives

sinhQx [,_,“'[—Z] ,E'“-('-ﬂ

Bleyit)= 24 anhey,

(e o hmsinv [ ) i
) E | (2.104)

The contributions toward F,(x, ysi) arc obtaned in a similar manner as we have in

FJ{I-J"H}

Thus,



1 Tisil 1 T ;
Flewt)= Emhﬂ}'t i _ -tk ['ﬂ {ﬁ. —F) }I-'?l' R Y
(x, () 24,0, sinh Q, {F' £ }+ A,Jﬁ:{lﬂ* +£‘1f} (2.105)

Substituting (2.76), (2.78), {2.104) and (2.105) into (2.63) yields

o gy T i e )
a & = b {cnshﬂ,x{ﬂm ¥, E!.—Hll ':I

V )=
H{IJ L b, Lﬁf - "-le } 2L,

" '[-— !}u-u [ﬁf = [;-11 }m-gin VT [g"ﬂ'r“_*["f]' g E_J‘ﬁ-i:lr_&i] B sinh ﬂ!.r cosh{l, ‘.ﬁﬂ" B e'""}
Ja. (@, +a) 202, sinh €,

" (- 1}3““/[_3‘1 —a }wﬂ: sin W [‘eh'ﬁ_a' _ i )} (2.106)

[, +ai)
The combination of the results (2.59) and (2.106) yield the desired leading
arder solution of (2.1) which represents the uniformly valid solution of the entire

Jomain of definition of the given plate.

It is pertinent to show that, for the isoiropic prestressed plate resting on a

pasternak foundation, the leading order solution is affected by the foundation

parameter.
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CHAPTER THREE
10 FIRST ORDER CORRECTION (OUTER SOL UTION)

The next corrections in outer solution and ecigenvalue are obtained from

(2.16) by settingy =1. For the outer solution, the governing equation for Vv, s

given as

i L R T L
Lﬁf - crlz}a_j._%,_.‘m 3 {vﬂl oy EIFI{JH ,}'p” _EII..rI{L r"r.'f'}_ ’.?"'r-.t-’-k_l'if'l = () [3.1}
& L.

Using the methed of finite Fourier sing transform (2.25) — (2.26) on (3.1) with

respect to X gives

3 ¥ v | 1
! ll_‘ﬁ,-ﬂ',}i.:'r 45 +0 o
¥ (. 5) [ ﬁ;—ﬂ.l ]F,{H.J-]' 0 (32)

g0 that

FI||[.'r'-.1"l}+|:rzp|':"r}'}=n {33]

The homogencous solution of (3.3) gives
l“L[u,_';r]= €, cosay + Dy sinay (3.4)

where Cs and Dy arc arhitrary constanis.

Similarly, if equation (3.1) is subjected to finite Fourier sine transform with

respect to ¥, one obtains

3.3
{,ﬂ‘f —at W, LX) mhf [,ﬁ’ —af}’,{m,x}—s’iﬂ (m, x) = n¥, (m,x) =0

which implies that

i



i, )~ [{ﬁf - r:r‘.:ﬁ};:*r;:f}i-f: + b’ }p’, (m,x)=0 (3.5)

5o that

Vool x )+ W (m, x) = 0 (3.6)
- The homogeneous solution of (3.6) gives

Fim,x)= E, cosox + F, sinax (3.7)

Substituting equation {3.4) in (2.26) together with equation (3.7) in (2.36) gives

Vix,v) = 2|C, cosay + D, sinay]sinnm +§[4!-.',l cosav + 7, sin ay [sin %_1- (3.8)

Where C;, D3, E; and Fy arc unknown constants to be determined by matching.

31 FIRST ORDER CORRECTION (INNER SOLUTION)
The first order correction is obtained by setting v =1 in the differential

cquation (2.18). Doing this and neglecting terms with negative subscripts, we

have
ﬂ#w:' " alwl :
-l ~al) 5 =0 (3.9)

with the boundary condition

{3.109

Following usual argument in equation (2.47) and (2.48), the first order

correction of the inner problem can be written as:
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T, o
fm’}'){f‘* e }Ht’ﬂr X =0
T=3? Ji
%ﬂ!’{f g A ’nm; r =1
b= ‘ ; (3.11)
= i3

RxK Y + near v
; = E'rl ; =1 }
rr’x,-' ¥+ & ~H-aly Jl ; }ne’m‘ ¥
"I_JI -0, ;ﬁz =

h

Where exponentially growing terms have been neglected as unmatchable.

The functions §,(¥),4,(y), 7 (x) and F(x) will be determined by matching.

JZMATCHING PROCEDURE

By matching onc term outer expansion written in inner variable with two terms

mner expansion writlen in outer variable, we proceed systematically as follows:

Matching (1 — 2 matching) procedure for the boundary condition x = 0.
One term outer expansion:
Vix, ) = 20, cosaysin nax + 2.0, sin ey sin nm

+£E t:::n.*n.‘::\n;irluﬂ +EF sinmsinﬂy
5 R T b

: G : 2 .
+ EF,{ELnﬂym&mru —cns:z_‘urama}',,]sm n.m:—ﬁ—l",e " sin %ﬁ:y (3.128)
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Rewritten in inner variable:
For inner variable A" =
£

2, cosaysinnaeX + 2D, sinaysinnzel

2 . mx 2 mi
+—E sih— cosoeX +—F,sin— singeX
; 45 = yoos zhs 2 VH

*  which implies that x = &% is given by

+ 21 (sinay cos )y —~cos aysinay, Jsin nael — t'il";| 5in ELE _1.'43'5“r
Expanded for small &:
ERE K oqrd
e , N e X n' e X
+ 20, n.umj{nm:h 3 T
LT T 1 T BN o e
+Iﬂlﬁinq{nﬂﬁf—ﬂxt l—+££—— ............. ]
' 3 5
2. . Mm% aistx? g'g'X!
+— L&, s — - + e peradians
b b 2 41
3 ]_;5{-'3 D_J i.x'!
+E*l'-"1si1-nE cra:k’—ﬁs + ol
[ b 3 5
Al
+?_I'.{5i11..r,r_|.'4:m'.aj-',, —cur‘-m]-'ﬁinm'n{imrf— i :fl A " i EI X
.
2. . MT seX  #5°X
—=Dsm—Yl=——+= =
b u u

Two terms inner expansion:

3l

(3.12h)

(3.12¢)



oo, mE . INAT ER'{EC' N Cosay + 2D nrsingy + if'

E1sm—-£— F-Eﬁsm—a—y+

}+ Elnﬂ{;}

421 e lsin @y cos @y, — coS@YSINGY, g

Two terms inner expansion :

w' =y + W

Rewritten in outer variable:

a,m{i»r L e }
= Ji -

_,q‘,ll

P

Expanded for small £

|||_ﬂ,':£ o
Asg=0 , = %Y becomes e =0

g0 ElL @.0)

e X
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sﬁ:{yl SV ag(y) (3.12g)

[ vix+
; & - '::"'l2 ﬁlz = ﬂf

Une term ouler expansion:

Fily)x {3.12h)
Equating (3.12d) and (3.12h) according to matching principle, we obtain
EE sin 2L —ET sin + &X' {2C,nmcosay + 2D, nirsin =+EF|::‘5|'11E1'
e T B AT SRR ATy

: ; : 2.8, mx %
+ 21 narlsin e cos ey, — cosaysin uyull+ El"! —smT}' =g y)x

I

which implies that
2 F 4 2 F 4
—Esin—y==I,sin—y=0

3 Y P b ¥
and

: ; : 2 . M
2{,nﬂ'smmwEﬂz.-msmuy+gf?_,,ﬂ'smT_r

> ; : 2 & ME 2
+ 21 ,rr.rrl:ﬁm COVYCOS Oy, — COSaysin :.‘a}'gzl + El’, _smT'F =g {¥)

H y
so that
M »

i3 2P usin—y, T ; p e (3:19)

¥i= = L0LT 4+ — | Bl —— ) .
. E:LS,!—cF,II.T!+ﬂ'Iu1Jlsinﬂ' uer b

Matching (1-2 matching) procedure for the boundary conditions x = 1.

Cne term outer expansion:
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Voix, =20 cos aey sin s+ 20, Sin cry Sin A

+EI_-: CO5 SN i +EF s'ml::n:r-iinlE -
g G

+ 21 (sin ay cos @y, — €08 oy Sin a}'n}sin o — % Fir:'i’ 5':11%;“ (3.14a)
]

Rewritten in inner variable:

For inner variable X' = 1=% which implies that x =1-&Y is given by
£
Vilx,») = 2C, cosaysinna(l—eX)+20, sinaysinn(l=&Y)
2 Esin M pease(l —aX) + 2 e ain™E ysing(l - &X)
o h b b

+ 2T [sin sy cosay, = cos aysinog, jsinam(l =24 - ﬁil"1 sin%w':“'m (3.14b)

Expanded for small &:

sy pSptet et
- It'zmaa}'{—n“{nnﬂ it 'T; X ; & —l

N T T L L I T
diﬂi:sinm-'{—]}"an’f-" x; . i “; & —]
2 . . mmx F#x aetx’
+— [, sin—— y€os = T .
h h 2! 4!
U T -3 _!-IE
+EE15<;H"T_".J,5{“J m;!f—ﬂ- L e E’_ e
b b 3! 5
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aleixt ole'xt
2 TR

+%Fjsin%{ysin cr[l

g 3. 3k 4 5qrd
——-Fasinﬂ_vcns:r M_fz_,k'__+ 7. X g T
b h 3 5

k| g
wreetx? L et x?

- 21, (sin ey cos avy — cosay sin mruk—l}“[nmf -~ 3

i w2 ¥ X
=T, gin——p& "l l+—F T —
b b H D

Two terms inner expansion:

T L

3

(3.14¢)

2. ..m~E v S T L 2. . omw -t .
EE,smTycmm+Ef-15m—~5—y$mcr—31“,mnTys '+.-:JL"{~E(—1] C,n cosay

; ’ . 2 -
= 2= Dzmr::muyd-%EjasmE;E;:mna— F—F;E‘S!ll %ycﬂsa
g

—2{=1)"nal;|sin fl}?mﬂﬂ}'n—'l:ﬂﬁﬂj-"ﬁiﬂﬂyu]'%rz iﬂnm—;ye'a}
il

Two terms inner expansion:

W' =+ EW

& X el - —
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Rewritten in outer variable:

i {}'}11_x — -JT i }
) & ...]_'ﬂ':l _Erll 'HI _"-Tl

v (v 1{ J—_'—=a.' AR j=-=r} (3.140)

Expanded for small &

_fpll_":lﬂ-_”
A g=—0 , € ¢ becomes ¢ =1

a=E .43} E-JFI'-W'-“;—”_ g,y

W g ot Jpi-a
'Ta.,r‘{=}'}_‘ (3.14g)
B -a

ﬁurﬂll

+q,(N1- Il."";r%;-{:%' !
| i

One term outer expansion:

g,(y)1-x) (3.14h)

Equating (3.14d) and (3.14h) according to matching principle, we obtain

EE:, 51'nE}H:usar +.£F, sin—’“'-?i_v*eiin.n:r——:-1":,1sinﬂ'1£,w:_i +;:Jf{— (-1 C,nwcosay
fr b b b b b

; : 2 3
-2(-1)" D]JIETSinﬂ}'+-E-E,;ﬂ'ﬂ-ln-ﬂﬁ}'mnﬂ'—'"ﬁcrsm -'Eymscr
b b b b
{ f 2 = -2 =
_ 2(=1)" nat(sin ey cos v, —-cusmrsmﬂ}fu]-gl'l%sm—rghiye '}: o lvH1-x)

which implies that
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EE sin ‘E-'UEG'-I-EF sin . sinc.r—EI" R s = ()
I!J d b J _b 2 h }' h I él }

and

==Y Cinreosay = 2{-1)" Dynasinay + %E,ﬂ'sian: ysing — %ﬁﬂ'sin %}' COSeT

~2(~1)"nat’ (sin ay cos ay, - cosaysinay, ]—% I —sin—— ye* } = Gy(y)
Ly

b
So that
. MT
T EHHMHT-":- ssing—aes 252 4 oeosacota— e lsin T 4
e IFJEEI'I.! ~o} I’J = "-T;Ht} siner i h -
(3.15)

Matching (1 — 2 matching) procedure for the boundary condition y = 0.

One term outer expansion:

ﬁ,t.r,}r] =20, sinnaxcosay + 2.0, sin naocsin oy

2 . mEg 2., MR
+—E, cosaxsin— y +— F, sin g sin —»
b b b fr

+ 2T (sin &y cos ay), — cosaysin oy, Jsin i ax - bil",e'_: J siu%{_r (3.106a)

Rewritten in inner variable;

For inner variable X == which implies that x = &Y 15 given by
£

[2!‘:, sinmax — 21, sin nacsinay, Il:nsu'ﬁ']r'_

a7



+ [1'. D, sin o + 21 sin papecos ey ls'm 7

.M

. s 2 =f ek
+| = E, cosax +— Fisinox = =Te - sin——£} (3.16b)
b b B b

Expanded for small &:

e - i : atatetr?

[2C sinamc — 1]--I51nnn:r:s'!n a0, ][1 - =
+[2D,sinnme + 217 sinnax cos ag:n{frm:}' o
3
2 mueY ey mie'e’)’
+—[;cos0x = s——1F 5
b b I Sth
: - maeY wr ey m'reY
+—F sinox = 3 — T A
b b b Sth

g b ST

gl mas¥ wi'xe’Y’ mr ey’
AL -

Two terms inner expansion:

e a're’y’ 1
. o - uah hwhbT
5|

] (3.16c)

20, sinnzy — 2T sinnmesinay, + &Y (2D,sinnme +21 sinnmcosag,

Two terms inner expansion:

' o=y + £

=y {3.16d)

2 .. 2 : 2 s
+ Fﬁlmxcnsﬂx+ 5 Hmmimm:—?l'lmm J



(3.16¢)

_ 1 | 1
+ & (x) ¥+ P b=
| { Jo -l Ja-a }

Rewritten in outer variable:

a ""l

Tl

Aol } (3.16f)

+ &, {I]{i{- + ;f'="'=;;; ]_ = T=- =

L+ J—_~=-1 Sl
= .I'G': =

Expanded for small £
Asw—0) , £ ¢« hecomes ¢” =0

ACEE T‘:—Fﬂm ¢ A _:[=..=ﬁ“}
) ;. .E::] = I'I-'Ei'il:r _"':'rl:I

n"{.x'i J‘. — [ﬂ (3.16g)

One term outer expansion:
(3.16h)

Flx)y

Equating (3.16d) and (3.1 6h) according to matching principle, we obtain

20 sinnax - 217 sinaesinay, £¥12D sinn mx + 21 sinn w0 coS @y

; 2
+E;E}mm:nsax+%F1urnmax~ﬁl",mm “y=F l’,.:n.']_}'
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5o that
ICsmn e — 217 sinezesin ay, =0
and
. . > 2 . . wtapi
Iiﬂ‘ﬂ'smum'+1ﬂﬂ5ln:rmmsnyu+FEjm.ﬂ'msm+ E—;F;m.frsmnxuﬁrzmm "= Etx)

which implies that

2l usin E;E ¥,

Flx) = cosax+ & o _ colasinai—g
' BLAE = a? Lt + o )| sing

(3.17)

Matching (1-2 matching) procedure for the boundary condition v = b.
{ne term outer expansion:
¥ ix, ) = 2C, sin nmccosay + 2.0, sinnasinay

z . mT 2 . 2 AT T4
+|—E,cosovsin—yv+—F sinor——1Le * [sin—
[ 3 5 ¥ b 1 Mk :[ 5 ¥

+ 217 sin naxcos ay, sinay = 21 sinwoesinay, cos ay {3.18a)
Rewritten in inner variable:

For inner variable ¥ = i which implies that y = b -£F is given by
&

EZL’I‘, sinnsoe = 21 sinnacsinay, Icns (b - £¥)

lEErJ sin e+ 21 sin e cos cl}-hjs:'n alh—-&Y)

[EEjcu&m'+Eﬁsinﬁ—irze_fﬂ]sin£{ﬁ—E}"] (3.18b)
i b h |
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Expanded for small &:

23 e 4 ey
[2C sinnax — 21 sinnsesin ey, Jeosab) 1 - - I; : B ::f 3 b ]
[ b B £ b . TR
+[2C,sinnme — 2T sinnaxsinay, sinab| arel - - ‘T; & ik 'T;; e s }
- e g £ F o ] L e T
(2D, sinnzex + 2T sinnzeccosay, Jsinab| | - < S ”4':‘ £ -}
o3 Jyrd 3.5 5qrd
-[2D,sinnmx 4 217 sinnmccosay, ]tu&&'b{fmﬂ’ = H'_;: } o :r_{: ]I TR ]
= -

—Fn{gﬁﬁmg+35mn,_ing1
b B H-F

b S, T 13 ] g Rl
maeY el el LA ( 3.18¢)
b ETS 51k

Two terms inner expansion:

[2C,sinnax — 21 sinnaxsinay, Jeosab + [20,sinnm + 217 sinnaecosay, |sinab

+&Y {(2C sinnay — 217 sinnavsiney, Jae sinab — (20 sinnm + 21 sinmimecosay, Jo cosab
% ‘g
s EE‘cnsm+3ﬁ;sinﬂx—:F:r:':h]I- (3.18d)
hLb i b
Two terms inner expansion:
' =gy +E

= J:.{r}{}' + —ﬁt
VA —a]

Ve

ped
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= 1 ey 1
+£r;l[.t}11"+ i } (3.13¢)
JBi-a Jp-ai
Rewritten in outer variable:
= Y e )z
Fu{.ﬂ{b =% :I T II :}
& "JII-I_BI. 'ﬂf JE: =0,
+a;;{.:}{b'_}r+ II ]sr'ﬁh"”;'“ﬂ ] I} (3.18f)
= \JI-E: — B -0
Expanded for small £:
x ﬂf—n.’u
Ase—D ., € r becomes e =0
su e EAR) o pa  F(x)
r(x) + == Pt
e -0l JB-ai
BT e’ﬂmw:"—T:_ﬂ:"“”, (3.18g)
;il'uﬂ: "":rlI ﬁ; =iy
(One term outer expansion:
(3.18h)

F(x)b=y)

Equating (3.18d) and (3.18h) according 1o matching principle, we obtain

[2C,sinnax — Zl'lsinnm:ain ay, |cosab + [2D,sinnm + 1[‘1sim|m::n5ayn]sin celt
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4 Y {(2C sinn e — 217 sinno sin ey, Ja sin ah = (2 D sinan e+ Irlsimrmrmam-u}a cosab

mal 2 2 ; 2 SR o =
—{-1) T[EE,cusm+Eﬁsmm-—El'=E' ]}-——F,'I:.l‘]l[b-'}'}

which implies that
[2C,sinmac — 21 sinne sinay, Jeosab + [2D, s + 20 sinnaxcos ay, |sinab =0

and

(2C sinn - 21 s sin oy, )& sinab — (2D sinn e + 20 sinnaxcos ary, ez cos b

,mr| 2 .S 2 - =

-{-1) T[;E.,msm-rsﬂsmm—grze *I]=r,{x}

s0 that

i 2(—1)" maPusin Efbi'}l’ . R

FlxX)=—7 5 T [e o _cosox—g " — +Eulﬂ'5iﬂﬂ1’] (3.19)
s sing

Matching (2-2 matching) procedure for the boundary condition x = 0.

We seck an asymptotic outer solution of the form

=V 4l (3,20)
which imphes
. 4 "pginge cosgsingx | . MT
3 -_-A,,[wsmr-e + & - - - ]sm—-_v
s ginda /]
. % , 2 i . mT
+26|C; cosay + [, sinay Jsin n +ES{E, cosa + F, sinaxjsin == (3.21)
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where

2 Pusin ;E v,
(3.22)

5 Tl o I +¢r’u—’j

We now match two terms outer expansion writlen in innet variable with two terms

inner expansion written in outer variable (2 — 2 matching) for the boundary

condition x=10.
We proceed systematically as follows:
Two terms outer cxpansion:

P =2+ &

4, .apsinox cosgsingx [ . mA
= A cosam—e * +e& " - sm—-E—y

sing sing
v 26C, cos aysin i + 2el, Sit axy sin #om

+E££4ﬂnﬁm5inﬂy+—:-ﬂ¢,Eiﬂmﬁinﬂ]f {3.23a)
b b b [}

Rewrilten in inner variable:

For inner variable X = which implies that x =b— &X' 1s given by
&

=4, sm%—ycmm&‘ A sm-b—_w* VA= - sinfﬂ,ursinmﬂ'

sing

sin - ¥
— A, SN Y cosersin oeX + 260, cosaysin nweX
sin

+ 2D, sin ay sin naeX +— P EE sin 2L ycosgel + iaF' sin 2 ysin oeX (3.23b)
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Expanded for small &:

omm a2t X! o's'x?
A sin—y1- + s ,
b il 4
A ms 1 sEX X et x?
b’ b M R

+.4,

5 ﬂn—-n_].llja'.t:.k' -

51N eT I

.'IE.'l_kl'.‘- EJEJ }'-.1

sty OEX gwEA
- A, — = cosa| oY — i
siner K at

X 3 3.4 3
+ 2a; cos nm!’-"ngﬁ HIEI— .............
3 5
3 43 § 48
+E£ﬂ1sin&;1-'|i;mal’—ﬁnsx "'TEI Focamr i ]
' 3 5
+23£ ‘n"”r}— [ E:Eifz+ﬂ"£’£“
— kI, 51 = e FPRRR N -
il 2! 4
2 . mmw agx o' x
+ ;';Eh sin T}I:ux.k’ -0 + o T

Two terms inner expansion:

Tr.
S

A‘mnm Y- Abm _1-'+.E.3|:’{A4—5|nm—y+d,, ainﬂ_}'
h b b sing f
5
- A, U‘_msﬂ-sin "m_p}+:a£4 sinE_}'
SN b b b
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(3.23¢)

(3.23d)



Two terms inner expansion:

W=, W

'__:-:Ii.u{}r}{x '1'—“[-’—5?"_? fot-als :j=_.:=}
+&?I{”{X+Tn-=c}" """ i) J—_..-=}

Rewritten in outer variable:

g m{i+3=-=1 L ?—T=-=}

) # ﬁl:: "ﬁl e
:'-dff = 1

+HJ'.U’J{ ﬁ: Tﬁ?}

Expanded for small £

B = -
As g=0 , e_'[ ¢ becomes - =0

SO A0 I A AU
X x40 Iy,
WY T fi-or

di(y) Aot ap(y)

a 1 P 2
ﬂl = ﬁl =g

+ g (plx+

Two terms outer expansion;

(3.23e)

(3.231)

(3.23g)



(3.23h)

IF.['PJJ-’= '!'Y{I{}'}J

.Iﬁl- =

Equating (3.23d} and (3.23h) according to mztching principle, we obtain

Lr{.-‘l*isiﬂ-'ﬁ}'-l-ﬂ. aE . sin"m_y—di EI'?-'DEG'E].“ T y}
b sim o b M F b

2 . omx g, (y)x
—&gE, sin—y = -
g St qilyx T=_ﬁf- .

which implies that

M+ ocosg 5| . mT
sin——

él{.-”}z"d‘ﬂ[. — +=
sin o 5N T i b

and

A, op ¥ gcosg 8| . A
- = S:Il'l-"b—}’

-J]:iaf_gf:j sing sing W

Hence
P 1t 5in ik -
il .I" .. AR I}III |-' 2
e __f.r:::ascr+1 (3.24)
u

By = ] i :
sinar SR cF

(g7 —ﬂf]i (s* + ou’ }

Matching (2-2 matching) procedure for the boundary condition x =1

Two terms outer expansion:
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=L - sinox  coscrsinex | . omx
V" = d;| cosax—e ~ +e - - - Sin V
sinr sing

: : v R ; 2
+ 1.5‘[[" yeosay + [, sin J:I_]-'}:sm e+ Ea[.-':, cosax + F sin m]sinfg ¥ (3.25a)

Rewritten in inner variable:

For inner variable X = —* which implies that x=1-£¥ is given by
2

=3 sin%ymsaﬂ - &X) — A, sin ELEW':”'“”*_,_ A, E

] S ’
s8I —— ysina{l —&¥)
siner i

sinTr y
A, I -£Y)+ 2 / —-eX
o COS 7 510 or( )+ 2eC; cosaysinna(l — X7

. , 2
+ 2eD), sin ey sinna(l - gX) rl-FE:EE.'4 sin %t yoosa(l - £Y) + 2.5‘1’*" sin &t ysino(l - £X)

(3.25b)

Expanded for small &

A EinE P ]_U!-Elnh:! a_‘lal-li-l
S T
_-][ 5-E._5xi
+.JI,,,k|nT_}5:|ﬂﬂ'|t:rr:JL"——ql 5 —:|
.M -:[ seX ety ]
A sm—e |l ——
b _ 7 il
T [ T 4444
+A,sinﬂyc': e & Pl A A S
h il 4!
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|l B i
—.J,_—n-:alnTymscr[m;k'—

Pt e G &
- =

EINa

_omr [ et X" olelxd :|
— A, sin—— yeoso| 1 - + e T
h 21 41
- 1 _3qrd E_§qyri¥
COS™¢F . M X A
- smLym:ﬁf—JE YEEZ i
sina f 3 Ll
o3 Ywed 5 5 Foqes
= 1{—]}"::{',.:::“{;{:?#5‘[' A yEL 2 SN ]
M 5t
ST B L
—2{—|;|"ED_~5ina_s{ﬂm_1:*—" r; it L 'T;r o T :|

oe X oe'x? }

;. . W
+Ea£'_,sm—h- _]-u.:us.:'.r[]— 5 2

L B SRR
+E.5:E‘ sin o ysing] gek - —— 4 Pl 3 I —
b ' § 3l 5
) Emr:- i ”II}.S'HH-I eyt +D“E*JL'4
s — V'Si = il
§ =0 = 4
L 1) LT
1-%.1:.1'-',, sinﬂ:ymm[m'—”’;r"‘ +";"‘ ~] (3.250)

Two terms inner expansion:

. mr T -y I « MM
A sin—yeosg — A *sin— y+ A C sin—— y — A, sin— yeos o
b b b

6y



\ 2 P . : i =it . I
+£{% E, mscrsmm;:y-l- EF‘ sin ﬂ'smﬂzfvy}+ &’c’{.-i,-:rsm & 51N E;i]' -de i-sm%y

" .
—A‘e"crcmgsinf‘—{y+ .445:?5 gsinﬂ-ﬂ-’y} (3.25d)
sin SIN T b

Two terms inner expansion:

=y + £V,

LB + i —_a.,-.ri’r

Joi-aix } (3.25¢)

+ﬂ§|ff1{-—’f +‘J—E;1—=ﬂ'f Tl—=

Rewritten in outer variable:

=X 1 -y i’|“”I }
q,(v) -—-+?= Tsr
{ & ﬁli _":"l1 &,
- X | B o Ul |
+ap{yy——+ g (3.250)
{ ‘\II'J&IJ _ﬂ-ll .Iﬂ| "'”1I }
Expanded for small &
R ﬂ,'l_u-;l'u
Ass—0 , e ¢« hecomes ¢ =0
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(-0, q) W= g

.3
T R B
5 . e L 7
+R 0N =2)+ T L _E0) (3.25¢)

Two terms outer expansion:

G ()1 - x) — 2 (3.25h)
A -0

Equating (3.25d) and (3.25h) according to matching principle, we obtain

1 \ - YT , . _ _ _
{EE* “”‘E“”‘“EJ’*,—E 5in ﬂﬂlﬂﬂf}i“ﬂ?{atasm 55||1L:,1'—.44c - ism%}'
4 I

E-i COSaF . mT LO5" oF mx

= smT_v} =g, (¥l -x)-

ﬁﬁl{.}l.}
7] ]

A —a

which implies that

. ma
2Busin—y,
o & -}'I
ST '}

WO ol v w)

. -1 COSO & 20 - MR
asing —o +ocosgcotor——e * E-EI'I.T_P

and

£ B s in D e L) EF Sin o sin —— y
B b7 Jg-a b b’

Hence

i

—HHEiHE_ﬂ " Leole e 5
.' b o-2e " +20cot’ o - ——cola {3.26)
T 1

(5 ~at) e o)

F.om

BIN 7 Usina
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Matching (2-2 matching) procedure for the boundary condition y=10.

T'wo term outer expansion:
i =y .-ll-r\.- n
F' =V, %&b,

which implics

sSim—y

S
A_,[L'nsﬂx—e e ;
h

-t SinOX  cosasingr | . omT
sine sing

+ 2aC’, cosaysin nax + 20, sin ey sin o

2 .M 2 : . M
+ — &, CoSoxsin — y 4+ —&F, sinoxsin— y
b h b b

Rewritten in inner variable:

For inner variable ¥ =2 which implies that y =&l is given by
£

-:y £ "Singx cososinox | . mr
=4, cosox—g *" +— - : sin
SN AT b

+ 2ot ysinnmcosasl + 2eD, sin navsinasl

. s .M
+ L'[E+cusﬂx+!-|5c:n::|:r]5|n—£l

| b

Expanded for small &:

= STl . . [V
| . “t @ sinax cosesinoy | mas)l  wm'zls'?
sJJLms,m-—u e — L

sino slner h h'

(3.274)

(3.27h)



. o W o e 1
+22C,ysin nm[l e + T sz
]-!.r\ 5 i}xi
+2£D.5mmn'|:m:}'— = '; —]
2 [ . P magl m'zie’y! 4 m're't’ (3.27¢)
+EE E,cosax + F sinagx Ty UL :

Two terms inner expansion:

it T ¢ -sinex n.".i:asn.':':-;im:::lxr-h
s[2C sinnax]+ g¥i A, —cosax—¢ ' +— - .
h SIn ST

}’{Erxﬂ' sin nm + 2;" g|E; cosax + I, sin m]} (3.27d)

Two terms inner expansion:
W =y + 5%,

IF"rr B

-7

; |
“”{* ﬁ F}

A =T

1 1
-|-EFL'|.} }'l-|-— ¢ ——:-...=
' { Jp -al JBi -l }

(3.27¢}

Rewritten in outer variable:

. "I:-' J. -aﬁ-
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(3.276)

= .I'JI ary =

S P e o

Expanded for small &:

I e Bl e
ps g —0 , e " becomes ¢ =0

ﬁ.'lx‘.li+ J-=.-=P;}'t] ,: Snlali ;}{f}

ﬁ] —
3 gy "
+h{x)y+ (1) ﬂ‘ o) (3.27g)}
ﬁf k) I'5'-! ﬂzl = "5:1
Two terms ouler expansion:
(3.27h)

;{I;y_:rm...”“ﬂ
pi —o;

Equating (3.27d) and (3.27h) according to matching prineiple, we obtain

£[2C, sinnmx] +5}*{,14 ﬂ[msm_f-iT e H _cosasin .:E]}
b sino sin o

2 : ” &nix)
glf{ltlﬂl sit A+ __;i:t E[E‘ COS + F; 2N m]} B li{ﬂ.'!l" = ﬂz{x} 1
y — 0y

which implies that

LX)

Jﬁ: _"'JlI

2C, sinnme = -
and
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"I
2o pesin —-—1u it
GI‘JEJ_‘I!:+E '

B = hll:ﬁ, I.r + o ]Il_ sin e

E -7
— ol ooy —¢& }

Hence

¥ Pummsin=* =
C, = u 8 lcosax —¢”

b (F - o) WG, - ﬂf}’l{s: + ot )sin

v S1THEEY _E'.'.‘IS-!_'FS'II'.IC'.'I.'} {323.}

TE T
s a SN

Matching (2-2 matching) procedure for the boundary condition ¥ = b.

Twao lerm ouler expansion;

Ve =P+ eV

which implies

__:mn.::x cOscrsing | . Img
gin ¥

A, I:DEE'I"E“ +e " -
sing SINF

4+ 260, coscpysin px + 26D, sinaysmnz

2 1
+Eaf-.‘,m5msinr—*;;£}r+ ;a"‘sinmsmi::—”_v (3.29a)

Rewritten in inner variable:

For inner variable ¥ = b= which implies that y =b-&V is given by
£

(el



_ ) ¢ "SINOX  CcOSOSinay | . mrT 3
= A, cOsox —¢ " +—— - - S0 — (1 = ]}
S0 Eine i)

+ 20 ysin navcosa (b — £F) + 2el) sinnmsin e (b — £F)

+ %E[E,, cose + F, sin o Jsin %{h -&F}) {3.29b)

Expanded for small &:

=y 3 . T T |
€ "BIngx cosasingx || masl o wmrTe’l
5N SINAT

—(=1)"A4,| cosox —e " + = =
(7Y *! h ELS

1 Tyrd 4 _dqyrd
+1i’,ysinnmcnsaﬁ[] Lk ¥ Pl : —:|
2 4
I _tyrd £ Sard
+ Ef:fisinnm'sinab{m:}’— 2z LS J T ]
¥ 3t
B Ayl § dyes
+Isﬂlyﬂlnnmsinah|:w}"-ﬂr ;'F +& .-.:rF b :|
i a

EI'I.FTJ..F'I] n.:'Ei}.rﬁ
e

3t 5!

= 2eld, sin naox cos aﬁ[::ra‘}" -

(3.29¢)

a 1.3 dy#l
—E{—IJ“E[E4E:EI5CIX+ £, sinem mixel .m 'TEII\ S TP
h b ki1

Two terms inner expansion:

£[2C, sin naxe cos aeh + 20, sin nacsined |
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= .
- a}"{ A(-1)" i lcusm: T _51“ v Eﬂst_rau: m]}
b sing sino

: ! 4 LT
+ EIF{Em‘:] sin nocsinah — 2al), sinnmcosab + EJ :

(—1)" [ E, cosax + F, sin m]}

(3.29d)
Two terms inner expansion;
W=, &Y,
- I i 1 }
=T (xH ¥+ RELATEE
{ ;ﬂzz -0y Jﬁzl -0,
+an(xa) ¥+ (3.29e)
{ ; - E: "I_.I = Ul }
Rewritten in outer variable:
S SUrrRe L | }
r {x) : [ IR
{ '\'I[-Bz = ElrL ﬁz! -
+aﬁ{ﬂ{‘” . S L . 1} (3.291)
Juﬁz -] b -o

Expanded for small e:

‘I'I_u_ll_nsi.l:l-:l
Ag =0 , e ¢ becomes e~ =0
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= I e | /1 & i
+R(x)y + oA P A (3.29g)
o —ay =~ a
Two terms ouler expansion:
Rl &i(x) (3.29h}

? _ o

1
Equating {3.29d) and (3.29h} according to matching principle, we obtain

H2C, sinnaxcosah + 20, sin o esan a ]

_EF{-’!-.{"U” %{EUEM-E'F L S ax _ﬂﬂsﬂsinm-]}

siner sing

7 . ]
+.51:r’{2a:1’:'J sin noesinoh — 2abD, sinnavcosah + :;'T |.’_--I]|"‘e:LE.'al cosdx + F, 51 a‘r]]»

= F(x)y - ai“”:' -
JB? = o,

which implies that

2{—1]"rrmﬂusln%}, ;

Rlx) = fE ma — ol ljr +cr]n":||!_= o —Eﬂﬁm’—e_f E:;{: + col a7 sin m']
and
2C, sinnmxcoseab + 2C, sinnmesingh = - Al
Jp o
Hence
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. M
2P ummsin s cosax  (—1)"e "

b v e woa
bz[ﬂll_ﬂ'lzlﬁzj_ﬂ'ﬂ {'I+Jlul]5iunm i Siad

i (- l}"' e_i singx {— 1]"msasinm

- , , : + cos axcol ah
sin o sinah gith 7 5in e
—e "cosah+2 'sml::xmlab -ml:rsinmmlah} {3.30)
sinad

Substituting (3.24), (3.20), (3.28), and(3.30) into (3.8), it is straight forward to

show that
2P umrsin E-E-E_',-', i
Fix, b ~cosavcosay +¢ | cosay

)= :
vz -t gt - i) (¢ + o)

-2, SINOXCO5 Y : —1)" cosaxsin
= - +l::.ul.ﬂ'smm:::u5a}r+{ T 4

1N &7 sinah

w b osinay L gin axsin ay COS SN o S a2y
-(-1 w1t {1 :
{ } % sin af { TE sin ersin b { T sin o sinah

! sin o cot afrsin ay

e )
+eosexcolabsingy —e © colabsingy + ¢

sing
— cotorsinoxcot absinay|
1 p E.“m-uer i ma
—T] — ]
ol b Yo SIY b Y [acosocosax » COsOY X
= I A —m‘ = -—EDE[H'
3 sin o sing M
[ﬁlz _E,I:} {51+ﬂ,:u:}
: -+ col ersin e ! g -usinox. 3 :
—osinax + e -—1~———2.crmt’cr5u1.m'+—e . +—mt::rsmm}
sina ] sing o

(3.31)
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It remains to ebtain the Laplace inversion of cquation {3.31).

3.3 LAPLACE INVERSION OF FIRST ORDER SOLUTION

It is observed that & and o are complex expressions, as such the first order

equation (3.31) can be rewritten as

—cosh o’ xeosha’ _'|.r+a-" coshea v [ 1) e - sinh o xcosha’ ¥

Flx,y)=£F
he . 5!+ olut Pty -{‘.' +:7?u"llsmhﬂr

L]
cotho sinhe’zeosha’y  (-1) cosherxsinha®y  (-1)"e* sinha’y
* 1 17 *+=r Tl TSR (e B
5400 [.i' +o'u }smh-:t_v {J + o JEITlfll.'l‘ b

I_r—l}"aa " sinh o xsinh & 'y {—Irmshcrsmhﬂ' asinha”y
{.': +|:r:u‘1_}smhﬂ"ml]1.-iy {.i‘ +n:r’u1Jsmhn:r sinhea’y

o cosho'xcotha bsinha®y ¢+ catha*bsinh a’y
o’ # +o'u

e " sinh o xcotha bsinh a* 3 cothe” sinh g xcotha hsinha'y

{'.!-'2 +D’1u!}5inhﬂ‘r i+ o'’

p | ooosha’ cosha's e " cosh o’ v
[.#I +ortut jsinha" {3* + a"ut}sinh a’

5 . 2 oy 5 :
—eosha x4 asinhe x—=cotha’ sinho"x + Zocoth® o’ sinh o’ x
[T i

._'i‘I +l__|_.1"!

B0



Ee * cother” sinha'x s sinho x }

{5 +a u'_:bmhur’ (x +¢'u“}:smlm
where
Iﬁ,wﬂréiﬂ:ﬁy_
F:'I. = Al =l
bl‘ﬁll -Elliﬂ: _c_'il:‘,F
o 2Pusin %’r ¥, ﬁih%
U?.I =y }1

The Laplace inversion of (3.32) 1s defined as

Vs, ) =P |-G (x vit)+ G, (2 050)-G, (x, wa0)+ G, x50 )+ G lx, vit)
- G x3i) 4 Gyl yit)= Gl 330 + Gy (3, 30) = G b 121)

+E],{I,_}J:I]—Cﬂ=[l'.}";fﬂ'

+ P 1 Gu[hy;r]—fﬂ‘[.'t, it )= Gislx,pi1)+ G,z 0]+ G lx, vith

where
sme” cosho’xcosha'y
Gl Fﬂ- e s hatu’ e
e g I:J r]cusha ¥
¥ {"I! ¥ !'}— 7 7.3 ik

R R . T F i

i
mg'(r_;] sinho’ xcosha® 5.5

1
EJ{I!JJ;;}= 2 i {E! +ﬂ'1u:l:|5inh [-r‘

img®™ cothe” sinhe’ xcosha” Y g
G‘,[.r,y',r:l: 2R v st+a'ut
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ST wm(=1)"e" cosharxsinha’y
’ Im’ i [sf 4ot Jsinho'h

we(—1)" e ) sinha'y
(5 + o'u’ Jsinha’h

G, (5. y5t) =5~ [

L) m{—l}"e[ Jsmh.:r .:.s:mhﬂ'_t"d
{1, Eh_.'r’-f} ‘['*m {S + i hmhg sinha'b .

”“{_ 1)e" cosh o’ sinh g xsinh ﬂ"_]-"fs
£ [.-f1 +ao szsmhcr sinha'b

Gl-{'tf J";'r] s

«img” cosh o xeotha bsinha’y
~fo s* o'’

Gq{_.f.. 'I-'.l'} = __m

£.+.'-f_- [,-1] cotha“bsinhe” v i
{3 +au’

(1] )=
|-:1["'J’ } T

=¥
G (x,y:t) = - [mij{ )mnha “yeoth e bsinha” Y s
MBI 2 4o bs* + a'u’ Jsinha’

g™ coth o smha*'.xml.haf’bsumrr ¥ ds
.5' +'-|:F H

u‘.xr} 'r}_ "_'['

| pr=e"ocosho’ cosho'x
3 prf = — ds
'E-'”.{I!_‘-' :E} Tm [..-. LT] +51H!J5jﬂhﬂr

spn @ (h:-']ﬂ' coshea’x

fils !}__ E MET +|:r“u:}|55nh ﬂ"'ds

G fx, pit) = 1_.:':1- .E::E"H{J:A' s

where

Bl



5 y : 5 . : : ,
—coshea x+ asinhe®x——cotho sinhea™ x4+ 2ocoth” o sinha'x
Hixs)=X . T 2
F S e 1)

o = Mg
Gglxipit) = ; : .E.:EELSI +:zu:zﬂl]-_ﬂ-:hm;f s

]
sm sel[‘_;] sinhea’x

“in (5% + o’u’ psinh o

1
G!r{xrl’;‘l}=ﬂi.' ¥

gouss 1 R OF O T |
o {ﬁ;—afF[m ::r,}::r " 3]'

(3.36)

(3.37)

To evaluate the integrals (3.36), we shall follow the procedure earlier outlined for

F (x,y;t)— F,(x, y;t). Thus, we notice that integrals G, (x, ;¢ G, (x w0} G, (x 3:0),

Gylx,wit), Golx,mt) G, (x, y:r) and G, (x. v:¢) have simple poles ats =02, .

Thus, their results are histed as follows

cosh £2, xcosh ﬂhy{en" - :|

(3 {-"‘:1 J*'#f.] o 3

1

Where £, =£6‘f—a‘f}11;r] +17 (3.38)
1 " '
=— (@l +q,) (3.39)
= ﬂ'JJ]I

0, f.r,_v;t} s cosh ﬂn_k{en.[‘-:] - n.[ -:]]

1=
G, (x,pir) = T coth €2, ainhﬂ,xcmhﬂay{e“" —e'“"}
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By -n.r ]

{F.{J.'. _1-;-']= FAD cosh€), xsinh €2, bsinh ﬂi}'{e

t Lt

Gm{..l'. _‘lr;f} = .i;_n coth n‘-ﬁ' sinh n‘}l]:eﬂ.[a . i :I E =i [r—f }]

coth €2, sinh £, xcoth €, sinh £2, }[E"-J Qi ]

{-' -l."?£=
"lz{':.-'r } A0

| bt

{GIEH {I, .!"'Il‘l}+ Glu-jf. {-"::_"':”"' Gl-f-r {I._}':I}Hﬂ“'r e ﬂfuﬂ ]

E’rn{xn}"-f:':

TAL,
0, GEs o
G, (x 3it)= Tmsh €1, x + (€2, sinh £, x (3.40)
(9. :
G,_.,d.r,y;-‘]:——Lmlhﬂ,smhﬂjx (3.41)
u
(3.42)

e, b3 300 = 28, coth® £, sinh €2, x

Furthermore, integrals
ﬁ;{-"r.!'-'t}- Gn{-":-.}'-"r}- Gn(-"'-.}’-""]' Gu{xr:l'-"r}- Glﬂ{I,y.'.f} anid G,,{J‘.J'.T}

have simple poles at s=1Q, andg’=%ive, a similar case to those of

F,(x,350) and F,(x, y:1) in the leading order solution. Thus, the solutions are

Gbk 3t sinh €2, xcoshd, ¥ Ln.[r-ﬂ i Eml['-s}
WERUE T, smh 0, |

A0.0,

[n l'j’“fﬁ’ e, ]wrsmvmcmha y[ ﬂu[‘-;]wc-'“T[*-ﬂ}

where



E"=m[—v‘r’iﬂ.‘ ~a})- g —-:r.}”L— B - ot }:’n‘] (3.43)

Q, =8, = (g -t )+ 2,) (3.44)

=|:v’:r"|Lﬁ,’—ﬂ,’}+ﬂ=+ﬂ,‘"F (2.45)

i 1 P i - =L s
oo Rz )]

2403, sinh L2,
[ l}'”Lﬁf o, }J:rsml.’n:rcﬂlh{:r sinha” y| I:I I]_E"m[";']
4920,

02, cosh €2, cosfl,x [:e"*‘ _E_ﬂl,}
24,82, sinh £2,

{FLE{IFJ,;{] o

{_ 1]?-“ [.512 = ,;.-II }vl o Cos v {e'“" E E_,ﬂl,}

24,0,0,

+

G x0)= M..—[ ['_:j _E_“'["E}]

242, sinh£},

A9,

g -aiyeamel ol o6

Gln{'t-}“}=

coth O, sith @, [;*'[";‘]_E-“l["i)]

ALY, sinh £,

(g ot (] ;JH}
N

AL,

aﬁiﬂh fl‘.\' I n.[4_l] _;1.[1_1]
LY e wl - -
Gl yst) 240, sinh €y, | ‘
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= 1 gyl i ' [ 1
e 51]—Hfﬂrﬁ'm’ﬂ[fm.[.-ﬂFe-n,{.-:q

A,

The integral G;{x, yut) and G, x, y;1) have simple poles at 5=

'.'I:ﬂ, anda’ = .'l:—r.

The poles emanating from sinhg’ are obtained by setting it 10 270, 1€

sinha® =0

which implies

" ikt g kn’
af =+— &t w—
b
ik 1.1
EEE=——-— ﬂ"": =—_'i.;_'lf-—
b B

Explicitly, equation (3 A7y with (3.37) implies

st =gt - p'n’ —fr-—-—[ﬁ’ ol

5o that

5 .-t{{ﬁ - l}‘!:ﬂ'l +1 ""%fi[ﬁ; _HEI]T

Therefore the four poles are

s=L82
g =-L1
s =ikl
5 ==ill,

Contribution duc to the poles g =01, ond s==1

1]

(3.47)

(3.48)

(3.49)

(3.50a)
(3.50b)
(3.50c)

(3.50d)

[y
3

(3.46)



G, (vt} = (=1)"e™ cosh Q,xsinh Q,y
24,02, sinh€,b

Gl :} (-1)"e™ cosh£2,x sinh £, ¥
e Xl == :
e 24,0, sinh Qb

Contribution due to the poles 5 =€, and s =-il, are
ok 2 1 iy K
(=1) Lt?, - :l’cn'cushﬁ .tsm—;y

G:‘J{Ir}"r'}s 0.0 Fiug
1* g3y

v F | ~* 2 kﬂ'
(-1) *{:ﬁtz_ﬂa y-'ﬂ'm&hcr .\'::an-lp =

. lx,ylj=-
lxorit) bADLCY, &
Thus. summing Gs (x.251) - G, (x.i0) yields
(=1)" cosh €, xsin Q¥ [ ay _ -0
G : J;I - A - . W
s yt) 24,02, sSnh €2, b (e ™)
ki
1P (2 - o2 Kreosha® xsin——
{ } {ﬁz I.:k C o XS b'}r{elﬁ.l ._E-"“"}

h""l'l nqnlﬂ

Also

G, (x,yit) =

{-urssnnn,,.v[ a-3) -ﬂ-{--ﬂ}

- e -
2483, sinh €2,y

+

[—ir-a{ﬁll_..:rf}k:rsin%y “""E"] ) 5]
BASL,, [ﬁ o ]

where

i (3.51)

1, =[{ﬁ.’ —cr.:}l’:r‘ +n+k—;-if—llﬁﬁf g, }] .

87



Q,= L(_lil +ﬂ;! (3.52)
[ _at it -\ - o )+ - U.I}E-f—:l; (3.53)
ﬂ'l}; B

Furthermore, one observes that the integrals G (x, yit) and G, [(x, ;1) have simple

poles at & =££2,, g’ =+ivr and a® = :l:%r-

Using equation (2.83) with (2.62) and (3.47) with (3.37), one obtains

.rﬂij[w --ﬂ:l',,zl:mr.fl:':':+J';||'-+-k1'”::I {,B, ﬂ'1 ] (3.54)
and

o [ i }_—w] (3.59)

Clearly, there are six simple poles. These are
s=0, ; s5=-8, {3.50a)

s=i), ; s=-H (3.56b)

g=ify, 3 s=-ill (3.56¢)

The contribution due to the poles s =£2, and s=-£, arc

e —
(~1)"e * "' sinhQ,xsinh€d, v
24,02, sinh €2, sinh Qb

(Fu {.I:', .P:l'} =
and

afe
Gy ﬂnl'}s{-_“ﬂmft( ']Sinhﬂlﬂi“hﬂn:"
12 1.F'| z"'II|ﬂ| 5""|,h nl Elnhﬂgh

BE



The contribution duc to the poles s =i, and 5= —i{, are

G?_._[x,_m;; '[-'l}f*"{ﬂ — Ty }w'rsmvmsinh.ur \:Em,[.-_]
A4,Q,0, sinha® b

and

H {_ I}um [’31: 1 ﬂ.ll }Uﬂ-’ sinvaxsinh ﬂ';-}' -n,[f—l ]
&74[.*‘-'}?"{]: A€, 51 E: g
[€2,Q, sitha® b

The contribution due to the poles s =ik, and 5 = —if2, are

- 1]“'{)0 -, }kn‘smf—ysmhcr x nk'”]

Gy lx, vt
nlxyit)= M.ﬂunmﬂllhﬁ g

and

I:—J}“'{ﬂ; —a,*:l‘rﬂ'sin"'—-ﬂ—r}'sinhu"‘ .y 5
G-l 5:0)= b -
g sl )= = = Fad
bA 2,02, sinh o

Thus, summing up G, (x, yit) - Goolx, pit) yields

[—1)" sinh€2,xsink ﬂﬁ[ﬂ“'{"ﬂ B E'"'["'.IT]]

Gylx, it )= ;
()= o Gy, sinh b

(—1)*" (67 - o7 parsinymxsinha” y[ () E“‘[l]}

+ -
AQ,Q, sinha”b

(-1)' '"‘Lﬁ_-f = glr}wsin%r ysinha" 3 tf'il'fl'] E_m_[J 'ﬂ

+ : . -
hA 02,52, sinh o

The solution G, (x, ;) is obtained through the same procedure as
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e (~1)" cosh£2, sinh ﬂjxs'mhﬂty{ﬂu‘. —.:'“"}

(FA ST
oy 2463, sinh €2, sinh €2, b

0] - ot psinvavsinhay (e e
bA£1.02, sinha™ b

. " o . KA
{_ ]]* z LE;I —ﬂ'f }"ﬂ' coshe™ sinho” xsin— v
+ b My -y j
. Bl E E
b4 2,02 sinh o’

Substitution of integrals G, (x,y;r) - G(x,3:¢) into equation (3.35) gives

the complete inversion of ¥, (x, v;t).

3 " g 1 7 P " c o
Vilx oyl = e {Mh e nﬁiy{f ‘ ] + cosh (2,1 [E"“’ll--.ﬁ — 2= ']

2‘4'#? f..ﬁpi T ﬂf H.nﬂ: = ﬂ-”’} ﬂI ﬂ:

sinh £2, xcosh ﬁﬁ_'r'[gn.u-:r L-n.:r--';-] 21" —al vasinvavcosha” v[ -0 -.u.|--'-1]
= L A — 5 i e 0 g s
€2, sinh £2, 02,00, L

™ coth £, sinh £, xcosh 2, [E“" —e'ﬂ""]i- (—1)" cosh L}, xsinh {2, v [:,HI‘ o u_,]

Q (3, sinh €2,
2 21" 4 -] }kﬁtﬂ&hﬁr".x'sin’f}'[em., —e"“"]u{—l}l“" :iinlhﬂ ¥ [Eu.:.--gu ] E-Jr.|-—{|]
b1, 0 sinh Qb

i 2~ ]}.H “3: = f:F: Yeasmh IT" ¥ rﬂﬂ.u-fj » E-.I'J,.l_r-fp:l " {_]1_ Hil‘lf.‘i ﬂ_,.'r Sil.lll ﬂn_'l.' ]:Er.l,u-;'q s TR |]
b0, L €3, sinh €2, sinh £2,5

i 3- I:""iﬂf —frl";lm!.inrms'um ur'y{sn,||-{; -c'“'lr'il]+ Ei—IJ'"l’.ﬁ; —a’,’h‘::':rsm J.: peinha " x [e"""-l' _‘_..,.,_:-.]
£2,03, sinh @b L Be2, 00, sinh o

{—1)" cosh £2, sinh £, xsimh 2, v [e"""' N ] =12 - ol v sinvasinh ey [ ot _ it ]
- o '-' L] - —————— - |.I — B
£}, sinh £, sinh £, 5 0.0, sinha” b




K-1)"""( @ — o) vkm cosh o™ sinh o xsin 'T" ¥ [e""' 3 ﬂ_,n_,.i " cosh £, v ooth 02, fsinh £2 v [I.'”'I i :."”"]
BELLY, sinha® {1,

_cothQ bsinh 02, v [En.{r—fr N E-n;,:r—.'m] " sinh €2, xcoth L2, bsinh 2,y [Eﬂ.:.'-i:l _ ;:]
£ £, sinh 3,

-1 (A — o) e sin varcotha” sinha” v [ m,i-d -4|.|.--J|] eoth €2, sinh £3, rcoth £, sinh {2, v [ o -m#
' ¢ = - |- e — ¢
3,03, L o,

" 2Fusin =% y, sin 5 ¥ {:’ﬂJ cosh (), cosh ) x[ —E'""]+ -1 - ol e’ cosim [-!'"‘r _E__ﬂ_,]
La'.fﬂf ‘1‘-'-"|1:|% £, sinh £, 2,02,

18, coshQ,x [En,u.:. _e-niiraﬂj]_ -1 (f —ai w'n’ cos P;EI[Eln.u-£| _E-n,rr-f|j|
L) sinh 2, 0.0,

LeoshQ,x =40, sinh €, x + Leoth 2, sinh Q,x = E£ O, coth” 2, sinh Q2 x

" 2coth ﬂ!.3 sinhﬂrxrﬂu.u-ip i e-n.qa-gp] g ln_l}h{ﬁ: _lehin FM[EJ*-‘M“:'* - E-.n,“-;';.]
0. sinhf2, L 0.0,

%ﬂn]'ln_‘x[ P -H,ir-l;l] IE—I}rLﬁ: - CI'IIE], %Eiﬂ V-ﬂ'[ .-n_.:r-lrl —ﬂ.‘.l,q.l--':.]
T hummmit sl (LS i g g .
sinh €2, 0,0,

(3.57)
From equation (2.15), the perturbation scheme of a uniformly valid solution in
the entire domain of definition of the plate problem is given by
Vi pst)=V,(x )+ e¥ (x,50) (3.58)
Where V.(x, y, t) is the leading order solution and V{(x, v, t) is the first order

correclion.
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Thus substituting Vy(x,y,1) and V,(x, y, 1) inlo cquation (3.58) gives the required

solution.

34  REMARKS ON THEORY

Equations (2.106) and (3.57) are the leading order and first order
(transformed) solutions of the problem. The leading order and the first order
solutions are combined 1n equation (3.58) to form the composite solution which is
uniformiy vahd in the entire domain of the highly prestressed plate.

Form equation (2.106), it is found that the anisolropic prestress, shear
modulus and the foundation stiffness affect the response to ofg) of the rectangular
plate, In an undamped system such as this, it is perlinent to examine the

phenomenon of resonance,

It 15 observed from the leading order and the first order correction results

that fully clamped prestressed isotropic plate resting on a Pasternak-type

foundation and transversed by & moving force reaches the state of resonance

whenever at B =a] (3.59)
other conditions when the system reaches a state of resonance are
I.E:'l‘f = ol (3.60)
(B =al) =u (3.61)

{ﬁh_{,; }!:;ELHT} (g} ~ai )+ (8] - 0 ) 5 r;r] (3.62)
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.[LLIE;I }" Ff'rjb i| = [nzﬂzm! ...-_-;f:l-l-{’ﬁf “ﬁﬂ%"‘ﬁ} (3.03)

From (3.59) to (3.63), 1t 15 observed that the resonance conditions of the plate are
dependent on the anisotropic prestress and th2 clastic foundation. It is also evident
that to any order of calculation, resonance conditions are affected by both the
shear modulus G and foundation stiffness K.

At this juncture, the critical velocities for the system of a highly prestressed
isotropic rectangular plate on an elastic foundation traversed by a moving load are
sought, The three distinct critical velocities that exist in the dynamical system are

given as

Uiv,mm) = —%ﬁi[v’:r’bl{ﬁ — }+{ — iy }.Hz.ﬂ'l + b ]-

¥

r ) ‘ I” #h° |‘Iﬁ o j + 1 ﬂf}ETIT + mg.l]:r
Uik, m) = .-T[ (#1 S L_r,' -, }-Ia.r::h?{ﬂ: "EI}

and

U, =g -a}

where

[/ _= velocity u at which resonance ocours.
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3.5 NUMERICAL CALCULATIONS AND DISCUSSIONS
In order to illustrate the analvtical results, for example, the isotropic

rectangular plate is taken 10 be of length L= 1.0m and width 0.5m. Other values

used for the analysis in this sectionare b=05m,v=1, 5 = % . The values of the

prestress in x - direction 4 range between 0 and 100000, The critical velocities

are plotted against prestress and foundation stiffness for various values of shear
modulus G and subgrade K. Values of shear modulus G between 0 and 100000

were used while the values of foundation stiffness K were varied between ON/m’

and 2000000 N/m’,
TOO
&0
s00
5
E‘ an0
B 300
z
200
100
g I:I 0000 WI;H]'D I!I{rﬂﬂ'l] BOOGD 100000 120000
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Fig. 3.1: The graph of Critical Velocity U,against Prestress for fixed values of
Shear modulus G (100000) and Foundation stiffness K (2000000).
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Fig.3.2: The graph of Critical Velocity U; against Prestress for fixed values of
Shear modulus G (50000) and Foundation stiffness K (2000000).
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Fig. 3.3: The graph of Critical velocity U, against Prestress for various values
of Foundation stiffness K and fixed value of Shear modulus G (100004)
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Fig. 3.4: The graph of Critical velocity U, against Prestress for various values
of Foundation stiffness K and fixed value of Shear modulus G (100000).
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Fig.3.5: The graph of Critical velocity U, against prestress for various values
of Shear modulus G and Foundation stiffness K. =
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Fig. 3.6: The graph of Critical velocity U, against Prestress for various values

of Shear modulus and Foundation stiffness.
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Fig. 3.7: The graph of Critical velocity U; against Foundation stiffness K for
fixed value of Shear modulus G (1000040).
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Fig. 3.8: The graph of Critical velocity U; against Foundation stiffness K for
fixed value of Shear modulus G (100000).
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Fig. 3.9: The graph of Critical velocity U, against Prestress for fixed value of
Shear modulus G (100000).
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Figure 3.1 displays the graph of critical velocity L/, against prestress. From the
graph, it is obscrved that the critical velocity U/, increases with prestress for fixed
values of shear modulus G and foundation stiffness K. Thus, for high value of

prestress, our design is more stable and reliable. In a similar manner, in figure 3.2,

the critical velocity U7, behaves exactly the same way asl/, . Results and analysis
similar to those of figure 3.1 are obtained.
The graph of U/, against the prestress for various values of foundation

stiffness is shown in figure 3.3, Evidently, the critical velocity increases with
prestress for all values of foundation stiffness used. Thus resonance 1s reached
earlier for lower values of prestress than for high values of prestress. Thus the
design is more stable and the risk of resonance is remote for high values of

prestress. Also, the eritical velocity U, in figure 3.4 against the foundation stiffness
behaves the same way as U, .
Figure 3.5 shows the plotted curves of U, aganst prestress for various

values of shear modulus and foundation stiffness. The graph shows that as

prestress increases, the critical velocity increases as well. Thus, with these, the
likelihood of collapsed structure is very remote. The critical velocity U/, in figure
3.6 behaves exactly the same way asU, . Rusults and analysis similar to those of

figure 3.5 arc obtained.

The graph of U/, against foundation is shown in figure 3.7. Evidently, the

critical velocity increases as the foundation stiffness increases. Thus resonance is

Y



reached earlier for lower values of foundation stiffncss. Also, the stability and
rehiability of the structural design is enhanced, The critical velocity U, in figure
1§ behaves exactly the same way as U/, . Results and apalysis similar to those of
figure 3.7 are obtained.

Fig 3.9 displays the graph of critical velocity U, against prestress. From the
graph, the critical velocity increases with prestress for fixed value of shear

modulus. Thus, resonance 1s reached earlier for lower values of prestress.
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CHAPTER FOUR
4.0 GENERAL CONCLUSION
4.1 SUMMARY OF RESEARCH WORK

The problem of the dynamic response of a highly prestressed isotropic
rectangular plate under a travelling load is considered in this thesis. The problem
15 governed by a fourth order non-homogenous differential equation,

For the purpose of solution, the equation 15 presented in a non-
dimensionalized form. It is observed that a small parameter multiplies the highest
derivatives in the governing differential equation. Thus, this type of dynammcal
problem is usually amenable to singular perturbation technique. In particular the
Method of Matched Asymptotic Expansion (MMAE) i1s used. This technique
constructs outer (core) and inner (boundary layer) solutions that are valid in partly
disjoint domains. These solutions are then matched in an mtermediate domain
where both asympilotic expansions are valid. Consequently, an approximate
uniformly valid solution in the entire domain of definition of the rectangular plate
is obtained with the rigorous use of Laplace transformation and the Cauchy
residue theorem. This solution i1s analysed and three distinet resonance conditions
arec obtained in the dynamical system.

Numerical analysis i1s carried out and the study exhibits the following

results:

1. The leading order solutions and the first order correction are affected by the bi-

parametric subgrade moduli and anisotropic prestress.
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2. As the foundation stiffness increases, the critical velocities of the isotropic
rectangular plate transversed by moving load increased.

3. The entical velocities of the dynamical system increases with increase in
prestress for fixed values of shear modulus and foundation stiffness.

4, The critical velocity of the dynamical system also increases with increase in
shear modulus for fixed foundation stiffness and prestress.

5, There may be more than one resonance condition in a dynamical system such as
this which involves plate flexure under moving loads.

Finally, this work has showcascd the use of a valuable method for the

solution of this class of dynamical problems.

4.2 CONTRIBUTIONS TO KNOWLEDGE

Closed form uniformly valid analytical solution has been obtamed for the
problem of the dynamic analysis of a highly prestressed isotropic rectangular plate
resting on a bi-parametric subgrade under a travelling load and analysis have
indicated

(1) the resonance conditions for the dynamical system

{11) the influence of prestress, shear modulus and foundation stiffness on

the response of a highly prestressed plate under moving load.
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4.3 LIMITATION TO STUDY AND RECOMMENDATIONS FOR
FURTHER RESEARCH
The response of an isotropic rectangular plate on a hi-parametric subgrade
under the action of moving loads 15 the main objective of this study. The study
assumes that the load moves at a constant velocity and the inertia effects of the
moving load are not considered. The theory could be extended to the case when
the load moves at a variable velocity and the inertia effects of the moving load

considercd.
Plate models resting on variable clastic Winkler foundation or visco-clastic

foundation and under the action of moving masscs arc not considered in this study

and hence left for further study.
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