
DYNAMIC RESPONSE TO MOVING CONCENTRATED MASSES OF

RAYLEIGH BEAMS ON VARIABLE WINKLER ELASTIC FOUNDATIONS.

BY

AWODOLA, THOMAS OLUBUNMI

(IMC/9J13302 )

A THESIS IN THE DEPARTMENT OF INDUSTRIAL MATHEMATICS AND

COMPUTER SCIENCE SUBMITTED TO THE SCHOOL OF POST GRADUATE

STUDIES IN PARTIAL FULFILLMENT OF TilE REQUIREMENTS FOR THE

AWARD OF THE DEGREE OF MASTERS OF TECHNOLOGY (M.TECH.) IN

INDUSTRIAL MATHEMATICS OF THE FEDERAL UNIVERSITY OF

TECHNOLOGY, AKURE, NIGERIA.

. -

-..,. JULY, 2003.

/



- ---~-

)

-

CERTIFICATION

This is to certify that this project was carried out by AWODOLA Thomas

Olubunmi of Industrial Mathematics and Computer Science Department, Federal

University of Technology, Akure, Nigeria.

11- 7- 03
DATEDR. S.T. aNI

SUPERVISOR.

c~g\!t3=?) ~
PROF. o.c. AKINYOKUN
CHIEF EXAMINER

1~-~c9---~~
DATE

~
DR. S.A. OLORUNSOLA'
EXTERNAL EXAMINER

3l~3~J 4~.3
DATE

11



- - -- - - -------

DEDICATION

This work is dedicated to the ALMIGHTY GOD who has never failed to renew

my strength and also to all friends and relatives who have contributed in one way or the

other to my academic success.

III



~- - -- ~- ~ - - -----------

ACKNOWLEDGEMENT

I wish to appreciate the efforts of my supervisor -Dr. S. T. ani, for his fatherly

love, care and guidance and for making constructive suggestions, corrections and

contributions towards the successful completion of this project.

My gratitude goes to my lecturers in the department -Dr. R.A. Ademiluyi, Dr. O.

K. Koriko, Dr. E.O. Olowofeso, Mr. O. Fashoranbaku, Dr.F.A. Alao, Mr. O. Olotu and

a host of others, for their useful contributions toward the success of this project. My

gratitude also goes to my Head of Department -Prof. O.c. Akinyokun for his fatherly

care and administrative assistance throughout the course of this work. Once more, I

appreciate the moral and inspirational support and suggestions from my project

supervisor. These have indeed contributed to the improvement of the work.

I must express my appreciation to all the efforts of Mr. B.S. Ige and Mrs. Wumi

Aladeyelu of the computing laboratory towards the success of this research work. They

have contributed immensely to the development of the computer programmes for

generating the values used in the work and also the type setting and printing of the project

write-up.

Moreover, I express my profound gratitude to the department of staff-

development and the authority of the Federal University of Technology, Akure for being

my sponsors throughout the period of this programme and for making this project a

reality.

Again, my thanks go to my wife -Mrs. Awodola Olusola Stella for her

cooperation at all times. I thank my parents, brothers and sisters and all the people that

IV



have contributed, morally, financially, academically and spiritually toward the success of

this work, may the Lord bless them all.

.J,
r

( • f

I
I,

v



TABLE OF CONTENTS

Certification

Dedication

Acknowledgement

Table of contents

Abstract

CHAPTER ONE

1.0 Introduction

1.1 Review of previous work

1.2 Objectives of the research

1.3 Governing differential equation

1A Features of the thesis

CHAPTER TWO

Uniform Rayleigh beam on a variable Winkler elastic foundation

2.1
.,'

Governing equation

2.2 Method of solution

2.3 Galerkin's method

2.4 Analytical approximate solution

2.5 Solution of the transformed equation

CHAPTER THREE

Illustrative examples, Numerical calculations and Discussion of results

(Uniform beam)

vi

PAGES

11

Ul

iv

Vi

lX

1

7

12

13

13

15

15

17

17

18

26

37



PAGES

3.1.0 illustrative examples 37

3.1.1 Simply supported boundary conditions 37

3.1.2 Free ends condition 39

3.1.3 Clamped ends condition 40

3.1.4 One end clamped and one end free condition 41

32.0 Discussion of the analytical solutions 42

3.3.0 Numerical calculations and discussion of results 44

33.1 Simply supported ends 45

3.3.2 Free ends 4&

3.33 Clamped ends 50

3.3.4 One end clamped and one end free 53

CHAPTER FOUR

Non-uniform Rayleigh beam on a variable Winkler elastic foundation 56

4.1 Introduction 56
,

4.2 Governing equation 56

4.3 Analytical approximate solution 58

4.4 Solution of the transformed equation 66

CHAPTER FIVE

illustrative examples, Numerical calculations and Discussion of results

(Non-uniform Rayleigh beam) 74

5.1.0 Illustrative examples 74

5.1.1 Simply supported boundary conditions 74

VII



5.1.2 Free endscondition

5.1.3 Clamped ends condition

5.1.4 One end clamped and one end nee condition

5.2.0 Discussion of the analytical solutions

5.3.0 Numerical-calculations and discussion of results

5.3.1 Simply supported ends

53.2 Clamped ends

5.33 One end clamped and one end free

CHAPTER SIX

PAGES

76

77

78

79

81

81

83

85

6.1

6.2

6.3

General conclusion

Summary of the research work

Contcibutiontoknowledge

Limitations to study and Recommendations for further research

References

88

88

90

91

92

96Appendix

viii



ABSTRACT

The response of Rayleigh beams carrying moving masses, resting on variable

Winkler elastic foundations is investigated in this thesis. The problem is investigated for

both cases of uniform and non-uniform Rayleigh beams.In each case, the governing

equation is a fourth order partial differential equation.In order to solve this problem, the

versatile Galerkin's method is used to reduce the governing fourth order partial

differential equations with variable coefficients to a sequence of second order ordinary

differential equations. For the solutions of these equations, a modification of the Struble's

technique is employed. Numerical results in plotted curves are then presented.

The results show that response amplitudes of the uniform Rayleigh beam decrease

as the rotatory inertia correction factor R° increases for all variants of classical boundary

conditions considered. These same results obtain for the non-uniform Rayleigh beams.

Furthermore, for fixed value of RO,the displacements of both uniform and non-uniform

Rayleigh beams resting on variable elastic foundations decrease as the foundation

modulli K increases.

".'
The results further show that, for fixed ROand K, the transverse deflections of

both uniform and non-uniform Rayleigh beams under the actions of moving masses are

higher than those when only the force effects of the moving load are considered.

Therefore, the moving force solution is not a safe approximation to the moving mass

problem. Hence safety is not guaranteed for a design based on the moving force solution.

Also the analyses show that the response amplitudes of both moving force and moving

mass problems decrease both with increasing Foundation constant and with increasing

Rotatory inertia.

IX



Finally, the critical speed for the moving mass problem is reached prior to that of

the moving force for both uniform and non-uniform Rayleigh beam problems in all

variants of illustrative examplesconsidered.
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CHAPTER ONE

1.0 INTRODUCTION

Various structures, ranging from bridges and roads to space vehicles and

submarines, are constantly acted upon by moving masses and, hence, the problem of

analyzing the dynamic response of elastic structures under the action of moving masses

continues to motivate a variety of investigations, Fryba (1972). In particular, the study of

beam and plate flexure under moving loads forms a very important structural element in

Engineering design and Construction. It has also become the objective of various

investigators in the field of Applied Mathematics. These structures may be elastic,

viscoelastic or inelastic and the moving loads may either be of constant or variable

magnitude. For moving loads, load effects are variable functions of the position of the

load. Below are the definitions of key terms relevant in this study:

A beam may be considered as a slender bar acted upon by forces and

moments producing primarily bending. A beam is also considered as a one-

dimensional bogy whose physical properties (Stiffness, mass, length etc) are

described with reference to a single dimension, the position along the elastic

axis. Thus, a typical beam problem is governed by a partial differential

equation of two independent variables, distance along the axis and time.

(ii) Plates are initially flat structural elements for which the thickness is much

(i)

smaller than the other dimensions. Thus they are considered as a two-

dimensional structures. Practical examples are tabletop, bridges etc.



(iii) Moving loads may be defined as forces acting on a structure and continually

changing position. Common examples of these include trains, vehicles, cranes

etc.

(iv) Inertia is defined as the tendency of the body to remain in its state of rest or

uniform motion in a straight line.

Pertinent to investigators in the field of structural dynamics is the quest for an

effective and reliable method in accurately determining the response of an elastic

structure under the actions of heavy masses traversing it at various speeds. Such

important fundamental dynamical problems as the analysis and design of railway bridges,

bridge girders, road tracks etc in our era of heavy motor-vehicles of various masses and

speeds continuously traversing these structures have intensified the need for the study of

the dynamic response to moving masses of elastic structures.

Several authors have extensively studied the flexural vibration of prismatic

rods and beams. In most of these previous works, it has tacitly been assumed that the

Cross-sectional dimensions of the rods and beams are small in comparison with its

length. The account of the effects of the Cross-sectional dimensions on the frequencies

has been neglected. Nonetheless, it is easy to see that a typical element of an elastic

system performs not only a translatory motion but also rotates, Timoshenko (1974).

These corrections are of considerable importance in studying the modes of vibration of

higher frequencies when an elastic system is subdivided into comparatively short

portions. It is remarked at this juncture that in most of the previous studies on moving

load problems involving rods, beams or plates, the structures have been idealized by one

2
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whose cross section is uniform. However, in the recent years, such important engineering

problems as the vibration of turbines, hulls of ships and bridge girders of variable depth

etc involving the theory of vibration of structures of variable cross-section have

intensified the need for the study of the response of non-uniform elastic systems under

the action of moving loads, Oni (1996).

The effects of moving loads on solid bodies are dual, Fryba (1972). On one

hand is the gravitational effect of the moving load while on the other hand are the inertial

effects of the mass of the load on the vibrating solid bodies. Dynamical problems

involving moving loads can be generally grouped into the following three classes:

(i) In the first case, the mass of the moving load is considered much smaller

than the mass of the structure it is traversing

(ii) The second class comprises of the system for which the mass of the

structure is assumed to be much smaller than that of the moving load, and

thirdly, we have

(iii) The case in which the mass of the structure and that of the moving load are

of comparable magnitudes.

The first case is much simpler than the second and the third. Infact, the first

is the commonest problem treated in literature. In this problem, the inertia effects of the

moving load are assumed negligible and only the force effects of the moving load are

taken into consideration. Thus, this type of problem is termed the "moving force"

problem. Though, the problem on this assumption has greatly been simplified, the

following question arises: how safe is a design based on this assumption? The

3



justification of this assumption would have been established had the solution of this

approximate model been proved to be an upper bound for the actual deflection of the

elastic system.

The most difficult of all the three types of the problem is the third, while both

the second and the third problems involve not only the consideration of the force effects

of the moving load but also its inertia effects, the moving load in the former does not

have mass commensurable with the mass of the structure. The third type of the problem

may be termed "moving mass" problem.

In general, the moving load problems are mathematically complex when the

inertia effect of the moving load is taken into consideration. Thus, most of the research

works available in the literature are those in which this effect has been neglected. This is

due, at least in part, to the great amount of computational labour, which is required both

to set up and to solve the necessary equations. One important problem that arises when

the inertia effects of the masses are considered is the singularity which occurs in the

inertia terms of the governing differential equation of motion.

Aside the problem arising from the inclusion of the inertia terms in moving

mass problems, difficulties often arise from the type of specified end-conditions. These

end-conditions can be classified into two, Bishop (1979), viz:

(a) Geometric boundary conditions

(b) Dynamic/force boundary conditions

The geometric boundary conditions relate to the deflection, say U(x,t) and

slope aU(x,t), (where x is the spatial coordinate and t is the time) while the dynamic or
Ox

4



force boundary conditions relate to the bending moments ( &U(x,t) ) and shear force
ax2

(&U(x,t)) .
ax?

In practice, in structural dynamics, boundary conditions may be classified into

two, namely (i) classical and (ii) non-classical boundary conditions.

There are four classical boundary conditions. They are described as follows:

1. Pinned end conditions: In this case the lateral displacement U(x,t) and the bending

moment &U(x,t) must vanish at the end considered, giving two conditons
&2

U(x,t) o &U(x,t)
&2

o

2. Fixed/clamped end conditions: Here the displacement U(x,t) and the slope oU(x,t)
&

must vanish

3. Free end conditions: In this case the moment and the shearing force must vanish

at the ends. These imply

o and &U(x,t) 0
ax 3

respectively.

4. Sliding end conditions: If one end is constrained to retain zero slope but is

completely free to move vertically, the slope oU(x,t) and the shear force
ax

&U(x,t) must vanish
ax 3

and it follows that
oU(x,t)

ax
o and &U(x,t)

ax 3
o

5
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at such ends for sliding endconditions.

Other class of boundary conditions termed non-classical boundary conditions

includes, Masri (1976):

(a) Elastically supported end conditions

(b) Time dependent end conditions

(a) Elastically supported end conditions: Suppose a beam is hinged or pinned at

one of its ends and supported by an elastic spring, with modulus k at the other

end, the magnitude of the shearing force must be k times the displacement, i.e.

&U(x,t) = ± kU(x,t)
8x2

Thus for such elastically supported end, the boundary conditions are

&U(x,t) = 0 , & U(x,t) - k.Utx.t) = 0
ax2 ax2

where k, is an arbitrary spring modulus.

(b) Time dependent end conditions:In this case, at least one of the geometric or

dynamic boundary conditions does not vanish but is time dependent. Problems involving

this type of boundary conditions are, in general, resistant to the classical methods of

solving dynamical problems.

In this thesis we shall be concerned with the problem of assessing the dynamic

response to moving concentrated masses of Rayleigh beams on variable Winkler elastic

foundations. This work incorporates the inertia effect of the moving load, the effect of

cross sectional dimensions of the beam and the effect of variable Winkler elastic

foundation in the governing differential equations of the dynamical problems and sets at

6



solving them. The analyses of the effects of these parameters on the response of the

beams when they are being traversed by moving loads shall be carried out. The work

covers both uniform and non-uniform Rayleigh beams.

1.1 REVIEW OF PREVIOUS WORK

The study of the behaviour of elastic solid bodies (beams, plates or shell)

subjected to moving loads has been the concern of several researchers in applied

Mathematics and Engineering. More specifically, several dynamical problems involving

the response of beams on a foundation and without foundation have variously been

tackled ,Gbadeyan and Aiyesimi (1990). Among the earliest work in this area of study

was the work of Stokes reported in Fryba (1972), who obtained an approximate solution

for the response of a beam by neglecting the mass of the beam. This is because the

introduction of the inertia effect of the moving mass would make the governing equation

cumbersome to solve as reported in Stanisic et al (1974). Recognizing this difficulty

Pestel (1951) applied Rayleigh-Ritz techniques to reduce the moving mass problem

defined by a continuous differential equation to an approximate system of discrete

differential equations with analytic coefficients. The system was reduced by a finite

difference scheme for solution, but no numerical results were presented.Aftei this,

several researchers have approached this problem by assuming that the inertia of the

moving load was negligible. Infact, Arye et al (1951) pointed out that the fundamental

mathematical difficulties encountered in the problem lie in the fact that one of the

coefficients of the linear operator describing the motion is a function of space and time.

They added that it is caused by the presence of the Dirac-delta function as a coefficient

7



necessary for a proper description of the motion. It is remarked at this juncture that,

physically, this term represents the interplay of the inertial forces due to the discrete

masses distributed over the structure during the motion, Fryba (1972). Some of the

studies reported by Arye et al (1951) include the work of Willis et aI, reported in Fryba

(1972), who considered the problem of elastic beam under the action of moving loads. He

assumed the mass of the beam to be smaller than the mass of the moving load and

obtained an approximate solution to the problem. This is followed by the other extreme

case when the mass of the load was smaller than the mass of the beam. In particular, the

dynamic response of a simply supported beam traversed by a constant force moving at a

uniform speed was first studied by Krylov (1905). He used method of expansion of eigen

function to obtain his results. Lowan (1935) also considered the problem of transverse

oscillations of beams under the action of moving loads for the general case of any

arbitrary prescribed law of motion. He obtained his solution using Green's functions.

The problem of a load moving along elastic beam on an elastic foundation is of

great theoretical and practical significance, Oni (2000). Extensive theoretical and

experimental investigations have been carried out, particularly, when the foundation

modulus is constant along the span of the beam. This class of problems is generally

mathematically complex. Infact, to overcome the complexity, the mechanical behaviour

of the subgrade has often been idealized. The simplest mechanical foundation model was

proposed by Winkler in 1867. The model expresses the relation between the pressure and

the deflection of the foundation surface. The Winkler foundation model consists of an

infinite number of closely spaced springs uniformly distributed along the structure,

8



Arnold (1964). When the spring constant also called the foundation modulus, is constant

along the length of the structure, the differential equation of motion of the structure has

constant coefficients. If the foundation stiffness varies along the structure, the differential

equation is of variable coefficients and becomes more cumbersome to solve. The analysis

of beam on Winkler foundation when the foundation modulus is constant is very common

in literature. The work of Timoshenko (1921) gave impetus to research work in this area

of study. He used energy methods to obtain solutions in series form for simply supported

finite beams on elastic foundations subjected to time dependent point loads moving with

uniform velocity across the beam. Kenny (1954) also investigated the dynamic response

of infinite beams on elastic foundation under the action of moving load of constant speed.

He included in the governing equation the effect of viscous damping. The response of a

finite, simply supported Bernoulli-Euler beam to a unit force at a constant speed is

investigated by steele (1967). The effects of this moving force on beams with or without

an elastic foundation are analyzed. Furthermore Clastonik et al (1986) studied the

problem of vibrations of"Bemoulli-Euler beams on variable Winkler elastic foundation.

The load acting on the beam in this problem was static.

In all the aforementioned investigations, problems have been largely restricted to

the case when the inertia effects of the moving load have been neglected. The more

complicated case in which consideration is given to the inertial effects of the moving load

has been neglected. However, recently, the advent of long highway bridges, together with

increased velocity and mass of automobiles, has forced a renewal of consideration of this

problem.

9



In general, problems of this type are mathematicallycomplex. A major break-

through in this field of research is the work of stanisic et al (1968) who solved the

problem of simply supported non-mindling plate under a multi-masses moving system by

making use of an approximation of the Dirac-delta function. Only the inertia term which

measures the effect of local acceleration in the direction of the deflection was considered.

The method of solution was based on the Fourier sine transform technique suitable only

for simply supported boundary conditions. A one dimensional analogue of this problem

was taken up later by Milomir et al (1969) who developed a theory describing the

response of a beam under an arbitrary number of moving masses. The theory is based on

the Fourier technique and shows that, for a simply supported beam, the resonance

frequency is lower with no corresponding decrease in maximum amplitude when the

inertia is considered. This work was later extended by Stanisic et al (1974) to include all

the components of the inertia term. They considered only Bernoulli-Euler Beams with

only simply supported end conditions. It is remarked at this juncture that in all these

aforementioned investigations, methods of solution have been suitable only for simply

supported end conditions. To address this problem, an interesting attempt was made by

Sadiku and Leipholz (1981) who developed an elegant technique capable of solving

Bernoulli-Euler moving load problems for all variants of classical boundary conditions.

The technique involves transforming the differential equation governing the moving mass

problem into an integro-differential equation by using the Green function of the

associated moving force problem. Although this work is impressive, its application is

limited only to the case of beams executing flexural vibrations according to the simple

10



Bernoulli-Euler theory offlexure. The extension of the method to flexural vibrations of

structures with height-span ratios larger than about1110 has not been effected.

Nonetheless, it is known that during vibration, a typical element of a beam performs not

only a translatory motion but also rotates, Timoshenko et al (1974). Thus, there is the

need to consider beams whose motion is not governed by Bernoulli-Euler theory ( thin

beams). More recently, ani (1991) and Gbadeyan and ani (1995) presented a theory for

determining the response of a finite Rayleigh beam (a thick beam) under an arbitrary

number of moving concentrated masses. The theory advanced involves the development

of an analytical versatile technique which is based on the modified generalized finite

integral transform and the modified Struble's method. An important feature of this

technique is that it is applicable to all classical end conditons, as well as both thin and

thick beam moving load problems. This technique was further extended by ani (2000)

and Gbadeyan and ani (1995) to solve the problem of dynamic response of an elastic

plate traversed by several moving concentrated masses. In particular, a two-dimensional

analogue of the analytical-method developed in ani (2000) was developed. The extension

was carried out in such a way that the technique is also suitable for all variants of the

corresponding two-dimensional dynamical problems for all variants of classical boundary

conditions.

As impressive, though, these methods are, they are incapable of handling

dynamical problems involving beams and plates:

(i) of non-uniform cross section

(ii) resting on a variable elastic foundation

11



1.2 OBJECTIVES OF THE RESEARCH

This study considers beams, resting on variableWinkler elastic foundations and

traversed by moving concentrated masses, the motion of which is not governed by

Bernoulli-Euler (thin beam) theory of flexure, with the following specific objectives:

(a) To obtain the analytical solution of the fourth order partial differential

equation with variable and singular coefficients, of (i) Uniform Rayleigh

beam and (ii) Non-uniform Rayleigh beam for all variants of boundary

conditions.

(b) To investigate the influence of Rotatory inertia on the response to moving

masses of both uniform and non-uniform Rayleigh beams resting on a variable

elastic foundation.

(c) To analyze the effect of the variable elastic foundation on the transverse

displacement response of both types of Rayleigh beam.

(d) To examine the reliability of the moving force solution as a safe

approximation to the moving mass problem.

(e) To establish the resonance conditions for both moving force and moving mass

problems and the effect of rotatory inertia and foundation moduli on the

resonance conditions.

12



GOVERNING DIFFERENTIAL EQUATION

The displacement response to a moving concentrated load P(x,t) of a Rayleigh

beam resting on a variable elastic Winkler foundation f(x) is governed by the partial

differential equation [1]

cJ [EI cJU(x,t)] + flcJU(X,t) - ~flRo [&U(x,t)] + f(x) U(x,t) = P(x,t) (1.1)
ax2 8x2 81:2 ax ax8e

where x is the spatial coordinate, t is the time, U(x,t) is the trans verve displacement, E is

the Young's modulus, I is the moment of inertia, fl is the mass per unit length of the

beam and ROis the measure of rotatory inertia effect.

For a uniform Rayleigh beam, equation (1.1) becomes

EI 84U(x,t)] + flcJU(X,t) - flRo [ 84U(x,t) ] + f(x) U(x,t) = P(x,t)
ax4 81:2 ax281:2

(1.2)

On the other hand for the non-unifrom Rayleigh beam, equation (1.1) takes the

form

cJ [ EI(x) cJU(x,t)] + fl(X)cJU(x,t) - 8 ROfl(X)[ &U(x,t) ] + f(x) U(x,t) = P(x,t)
ax2 ax? .r 81:2 ax ax81:2

(1.3)

Where I and fl are now functions of the spatial coordinate x.

FEATURES OF THE THESIS

The procedure adopted in the remaining part of this dissertation is as follows:

In chapter two, the initial-boundary value problem of the dynamic response to a

moving mass of a uniform Rayleigh beam resting on a variable elastic foundation is

solved in general form. Illustrative examples inyolving the various classical boundary

13
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conditions, numerical calculations and discussions of results are presented in chapter

three. Chapter four considers the initial-boundary value problem of the dynamic response

to a moving mass of a non-uniform Rayleigh beam resting on a variable elastic

foundation. The analytical solution is obtained in general form. This is followed

immediately by illustrative examples involving the various classical boundary conditions,

numerical calculations and discussions of results in chapter five.

Finally, conclusions and suggestions for future work are given in chapter six of

the thesis.

14
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CHAPTER TWO

UNIFORM RAYLEIGH BEAM ON A VARIABLE

WINKLER ELASTIC FOUNDATION

2.1 GOVERNING EQUATION

The problem of the dynamic response to a moving mass of beam resting on a

variable winkler elastic fcundation is considered in this chapter. This problem is

governed by the fourth order partial differential equation given by

L [EI &-U(x, t)] + Il &-U(X, t) - BuRo
ax2 ax2 812 ex

( &U(X, t) ) + f (x) U(x,t) = P(x,t).
ax812

(2.1)
Where x is the Spacial Coordinate, t is Time, U(x,t) is the Transverse Displacement,

E is the Young's Modulus, I is the Moment ofInertia,Il is the Mass per unit length of the

beam, RO is the Rotatory Inertia of the cross section and f(x) is the variable elastic

Foundation.

The moving load on the beam under consideration has mass commeasurable with
r

the mass of the beam. Thus, the load P(x,t) takes the form Timoshenko (1922)

P(x,t) = Pr (x,t) [1 - _1 AiU (x,t) ) ]
g dx (2.2)

where Pr (x,t) is the continuos moving force,A is the convective acceleration
dx

operator and g is the acceleration due to gravity.

The load on the beam is assumed to be of mass M moving with constant

velocity c. The operatorJL used in equation (2.2) is defined as
dx

(2.3)

+ 2c &- +
axat

15



Furthermore, the moving force acting on the beam model here is defined as

N

Pf (x,t) = 2: !l g 8 (x - ct)
i=!

(2.4)

where the time t is assumed to be limited to that interval of time within which the mass !l

are on the beam, that is

o ~ ct ~ L (2.5)

and 8 (x - ct) is the Dirac delta function defined as

{

0, x "* ct
8(x - ct) =

00 , x = ct
(2.6)

with the properties

(i) 8 ( -x) = 8 (x) (2.7)

(ii)
b { 0, k< <a <b

f 8 ex -k) f(x) dx = f(k) , a< k< <b
a 0, a< b< k (2.8)

In mechanics, the Dirac delta function 8(x) may be thought of as a unit

concentrated force acting at point x= 0, Timoshenko (1922).

In this chapter, tpe Rayleigh beam under consideration is assumed to be uniform,

that is, the beam's properties such as the young's modulusE, the moment of inertia I and

the mass per unit length of the beam !l do not vary along the spanL.

As an example in this problem, a variable elastic foundation of the form

f(x) = K (4x - 3x2 + x3
) (2.9)

where k is the Foundation constant, is considered.

Thus substituting (2.2), (2.3), (2.4) and (2.9) into (2.1), one obtains

EI a4U(x,t) + !l&U(x,t)) - ~lRoa4U(x,t) + M8(x - ct) ( & + 2c& + c2& )U(x,t)
ax4 812 ax2812 812 ax8t ax2

16
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+ K( 4x ~ 3x2 + X
3
) U(x, t) = Mg8(x ~ ct) . (2.10)

The boundary conditions of the above problem are assumed to be arbitrary, that is, it can

take any form of the classical boundary conditions. The initial conditions, without any

loss of generality is taken as

U(x,O) = 0 = auex, 0)
at

(2.11 )

2.2 METHOD OF SOLUTION

Evidently, the method of separation of variables is unapplicable because it

becomes difficult to get separate equations where functions are functions of a

single variable. In fact, a closed form solution of the above singular differential

equation does not exist. As a result of the above difficulty, an approximate

solution is sought. One of the approximate methods best suited for solving diverse

problems in dynamics of structures is the Galerkin's method.

2.3 GALERKIN'S METHOD

This is one of the best methods used in solving problems involving mechanical

vibrations. The Galerkin's method is used to solve equations of the form

1[V] ~p = 0 (2.12)
where

r= the differential operator, (linear or non-linear),

V= the structural displacement,

P = the transverse load acting on the structure.

A solution of the form

Vj (x,t) = ~(t)<I>ix) (2.13)

is sought, wherej = 1,2,3, , n.

17



The functions <Pj(x) are chosen to satisfy the appropriate boundary conditions.

The Galerkin's method requires that the expression (2.13) be orthogonal to functions <P1'

<P2' <P3, , <P11, that is,

L 11
f [T L ~(t)<Pix) - P] <Pk(x)dx = 0,
o j=I

<2.14)

k=I,2,3, ... ,n

This gives us a set of ordinary differential equations in ~(t) to be solved. These

differential equations are called Galerkiri's equations.

2.4 ANALYTICAL APPROXIMATE SOLUTION

The Galerkiri's method requires that the solution of equation (2.10) takes the form

11
UI1(x,t) = L Wm(t)Y m(x)

m=l
(2.15)

where Y m(x) is chosen such that the desired boundary conditions are satisfied.

Equation (2.15) when substituted into equation (2.10) yields

11
L {EI ylvm (x)Wm(t) + j.lYm(x)Wm(t) - j.lRov'', (x)Wm(t)

m=I .. .
+ Mo(x - ct) [Ym(x)Wm (t) + zev', (x) Wm(t) + c2 y11m(X) Wm(t)]

+ k( 4x - 3x2 + x3 )Ym(x)Wm(t) - Mg o(x - ct)} = 0 (2.16)

In order to determine W met), it is required that the expression on the left-hand side of

equation (2.16) be orthogonal to the functions Y k(X).

Hence

L 11 ..
f {L [EI y1vm(X)Wm(t) + ~tYm(x)Wm(t)
° m=I

.. ..

- j.lRoyll m(x)W met) + M o(x - ct)(Y m(x)W m (t)

18
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- Mg 8(x - ct)] }Yk(x)dx = O. (2.17)

Further simplification and rearrangement of (2.17) yields

n

.. .
+ M [02(t)Wm(t) + 2C03(t)Wm(t) + C204(t)Wm(t)] } = M~k(ct) (2.18)

~ ~
where

L

OoA= IYm(x)Yk(x)dx
o

(2.19)

L

OoB= I yll m(X)Yk(X) dx
o

(2.20)

L

OIA = I yIVm(x) Yk(x) dx
o

(2.21 )

L

0lB = I xY m(x) Yk(x) dx
o

(2.22)

L

Ole = Ix2ym(x) Yk (x) dx
o

(2.23)

L

OlD = Ix3 Ym(X) Yk (x) dx
o

(2.24)

L

02(t) = I '8(x - ct) Ym(x) Yk (x) dx
o .

(2.25)

L

03(t) = I 8(x - ct) ylm(x) Yk(X) dx
o

(2.26)

L

04 (t) = I 8(x - ct) v' \n(X) Yk(x) dx
o

(2.27)

Using the property of the Dirac - delta function as an even function, it can easily be

shown that

00

8(x - ct) = L + 2 L: cos nnct cos nnx
L L n=I -L- --L

(2.28)

When use is made of (2.28) in (2.18), one 0l?tains
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n

2: {Oo(m,k)Wm(t) + 01 (m,k)Wm(t) + M [(02A(m,k)
m=1 L~

+ 22: cos nnct 02B(n,m,k))Wm(t) + 2c(03A(m,k)+ 22: cos nnct 03B (n,m,k))Wm(t)
n=1 L n=I L

00

+ C2(04A(m,k)+ 22: cos nnct 04B(n,m,k)Wm(t)]} = MgVk(Ct)
n=1

~

(2.29)

where

Ol(m,k) = EI OIA+ K [401B - 301c + OlD]
~ ~

(2.30)

(2.31)

L

02A(m,k) = I Vm(x) Vdx) dx
o

(2.32)

L

02B(n,m,k) = I cos nnX Vm(x) Vk(X)dx
o L

(2.33)

L

03A (m,k) = IVI m(x) Vk(x) dx
o

(2.34)

L

03B(n,m,k) = I cos nnx Vlm(x) Vk(x) dx
o L

(2.35)

(2.36)

L .. II
04B(n,m,k) = I cos nnX V m(x) Vk(x) dx

o L
(2.37)

In this section, a solution valid for all cases of classical boundary conditions is

sought. Consequently, Vm(x) is chosen as the beam function given as

V m (x) = sin ~~ + Amcos ~m~+ Bmsinh ~m~+ Cmcosh ~m~
L L L L (2.38)

Thus

(2.39)

Using equations (2.38) and (2.39) and rearranging, one obtains
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(2.40)

DoB = A 2m [ - II - Akh - BkI3 - CkI4 - AmIs - AmAkI6 - AmBkI7 - AmCkIs + BmI9

-fL
+ BmAkIIO + BmBkIl1 + BmCkII2 + enII3 + CmAkII4 +CmBkIls

(2.41)

(2.42)

(2.43)

(2.44)

(2.45)

(2.46)

(2.47)

D3A(m,k) =~!!! [ -AmII + 12 + CmI3 + BntI4 - AmAkIs + AkI6 + CnAkh + BnAkIs
L
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(2.48)

~m [-AmI17 + lIs + CmII9 +Bmho - AmAkhI + AkI22 + CmAkhJ
L

+ BmAkI24 - AmBd25 +Bd26 + CmBkI27 + BmBkhs

(2.49)

A?n:t [ -II - Amh + BmI3 + CmI4 - AkIs - AmAkI6 + BmAkh
LL

+ CIllAkIS - Bk19 - AIllBkllO + BmBd11 + CIllBkl12 - Cdl3

(2.50)

where

(2.51)

L

= f sin ~k~ sin ~Ill~ dx ,
o L L

L

h = f sin ~~ sinh~m~ dx ,
o L L

L

Is = Jcos ~k~ sin ~Ill~ dx ,
o L L

L

17 = f cos ~k~ sinh ~m~ dx ,
o L L

L

19 = f sinh ~k~ sin ~m~ dx ,
o L L

L

III = f sinh ~k~ sinh ~m~ dx ,
o -L L

L

113= f cosh ~k~ sin ~m~ dx ,
o L -L

L

h = f sin ~k~ cos ~m~ dx ,o - L - L

L

14 = f sin ~~ cosh~m~ dx ,o - L - L

L

16 = fcos ~~ cos~m~ dx,o - L - L

L

Is = f cos ~k~ cosh~m~ dx ,o - L - L

L

110 = f sinh ~k~ cos ~m~ dx ,o - L - L

L

112 = f sinh ~~ cosh~m~ dx,
o - L - L

L

114 = f cosh~k~ cos ~m~ dx,o - L - L
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L

115 = f cosh ~k~ sinh~m~ dx ,
o L L

L

117= f cos nnx sin ~k~ sin ~m~ dx ,
o L 1 L

L

119= f cos nnx sin ~k~ sinh~m~ dx ,
o L -L L

L

hI = f cos nnx cos ~k~ sin ~m~ dx ,
o L L L

L

116 = f cosh ~k~ cosh ~m~ dx,
o 1 L

L

IIS = f cos nnx sin ~k~ cos ~m~ dx,
o L L L

L

ho = f cos nnx sin ~~ cosh~m~ dx,
o L -L L

L

122 = f cos nnx cos ~k~ cos ~m~ dx,
o L 1 r

L L

123= f cos nnx cos ~k~ sinh ~m~ dx, h4 = f cos nnx cos ~kK cosh~l11~dx,
o L L L 0 L -L L

L L

hs= f cos nnx sinh~~ sin ~111~dx, Izs = f cos nnx Sinh~k~ cos ~m~ dx,
o L L L 0 L L L

L L

127= f cos nnx sinh~k~ sinh~m~dx, Izs= f cos nnx sinh~k~ cosh~l11~ dx,
o L L L 0 L -L -L

L L

h9 = f cos nnx COSh~k~sin ~m~ dx, ho = f cos nnx COSh~k~ COS~m~ dx,
o L L -L 0 L L L

L L

hI = f cos nnx cosh~~ sinh~m~ dx, h2=f cos nnx COSh~k~ cosh~m~ dx,
o L L L 0 L -L -L

L

117A = J' x2sin ~~ sin ~m~ dx,
o [ L

L

119A = f x2sin ~~ sinh ~m~ dx ,o -L -L

L

I21A = f x2cos ~~ sin ~m~ dx ,o -L -L

L

InA = f x2cos ~k~ sinh ~m~ dx ,
o -L -L

L

hSA = f x2sinh ~~ sin ~m~ dx ,o -L - L

L

127A = f x2sinh ~k~ sinh ~111~dx ,
o -L - L
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L

IISA = f x2sin ~~ COS~m~ dx,
o 1 L

L

hOA = f x2sin ~k~ cosh ~111~dx,
o r L

L

I22A = f x2cos ~~ COS~m~ dx,
o L L

L

h4A = f x2cos ~k~ cosh ~11l~dx,
o L L

L

h6A = f x2sinh ~k~ cos ~11l~dx,
o [ L

L

hSA = J x2sinh ~~ cosh ~m~ dx,
o L L



L

h9A = J x2cosh ~k~ sin ~~ dx ,o -L - L

L

I31A = J x2cosh ~~ sinh~m~ dx ,o -L - L

L

119B = J x3sin ~~ sinh~1l1~ dx ,
o -L -L

L

12tB = J x3cos ~k~ sin ~1l1~ dx ,o -L -L

L

I23B = J x'cos ~~ sinh ~1l1~ dx ,o -L -L

L

I25B = J x'sinh ~k~ sin ~1l1~ dx ,
o - L - L

L

I27B = J x3sinh ~k~ sinh ~1l1~ dx ,o - L - L

L

h9B = J x3cosh ~k~ sin ~m~ dx ,o - L - L

L

131B = J x3cosh ~k~ sinh ~1l1~ dx ,o - L - L

L

II7e = J X sin ~k~ sin ~m~ dx,o -L -L

L

IIge = J X sin ~k~ sinh ~m~ dx ,
o -L L

L

hie = J X cos ~k~ sin ~m~ dx ,
o L L

L

h3e = J X cos ~~ sinh~lnX dx ,
o L L

L

be = J X sinh ~k~ sin ~1l1~ dx ,o -L-L

24

L

hOA = J x2cosh ~k~ cos ~Il~ dx,
o 1. L

L

I32A = J x2cosh ~~ cosh~1l1~ dx,
o L -L

L

II8B = J x3sin ~k~ cos ~1l1~ dx,o 1. L

L

hOB = J x3sin ~k~ cosh ~1l1~ dx,
o [ L

L

I22B = J x'cos ~k~ cos ~m~ dx,
o L L

L

h4B = J x3cos ~k~ cosh ~Il~ dx,
o L L

L

h6B = J x\inh ~k~ cos ~m~ dx,
o L L

L

I28B = J x3sinh ~k~ cosh ~1l1~ dx,
o L L

L

130B = J x3cosh ~~ cos~m~ dx,
o L L

L

I32B = J x3cosh ~k~ cosh ~m~ dx,
o [ L

L

II8e = J X sin ~k~ cos ~m~ dx,
o L L

L

hoc = J X sin ~k~ cosh ~1l1~ dx,o 1. L

L

I22e = J X cos ~~ cos~m~ dx,
o L L

L

h4e = J X cos ~k~ cosh ~1l1~ dx,
o -L L

L

h6e = J X sinh ~~ cos~m~ dx,
o L L



L

I27c= f x sinh 2::::~sinh 2::::m~dx ,
o -L -L

L

hsc = f x sinh 2::::k~cosh 2::::m~dx,
o L L

L

h9c = f X cosh 2::::]s~sin 2::::m~dx ,
o L L

L

I30c = f X cosh 2::::k~COS2::::m~dx,
o L L

L

I31c= f X cosh 2::::k~sinh 2::::111~dx ,
o -L -L

L

I32c= f x cosh 2::::k~cosh 2::::m~dx,
o L L

(2.52)

The solutions to these integrals are contained in the Appendix.

Equation (2.29) can be rewritten as

n

L {Oo(m,k)Wm(t) + OI(m,k)Wm(t) + r [(02A(m,k)
rn=I

+ 2 LCos nnct 02B(n,m,k)Wm(t) + 2c( 03A(m,k)
n=I L

00 • 00

+ 2 LCos nnct 03B(n,m,k))Wm(t) + C2(04A(m,k) + 2Lcos nnct 04B(n,m,k))Wm(t)]}
n=1 L n=1 L

= Mg [ sin 2::::]sct+ Arcos 2::::]sct+ Brsinh 2::::]sct+ Cscosh2::::]sct]
~ L L L L

(2.53)

where

r = M
Cil

Equation (2.53) is the transformed equation governing the problem of a uniform

(2.54)

Rayleigh beam on a variable Winkler elastic foundation. This second order differential

equation holds for all variants of the classical boundary conditions.

2.5 SOLUTION OF THE TRANSFORMED EQUATION

In this section, two cases of equation (2.53) are considered.
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2.5.1 CASE I

Setting F= 0 in the transformed equation (2.53), one obtains

(2.55)

This represents the classical case of a moving force problem associated with our

system. It is an approximate model, which assumes the inertia effect of the moving mass

as negligible.

Further rearrangement of (2.55) yields

(2.56)
where

8\1 = £h(m,k) and Pm
Oo(m,k)

To obtain the solution to equation (2.56), it is subjected to a Laplace transform

defined as

00

(~.)= f(·)e-S1dt
o

(2.57)

Where s is the Laplace parameter. Applying the initial conditions (2.11), one obtains the

simple algebraic equation given by

Ak S
S2 + (AkC / Li

(2.58)
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Thus, the problem reduces to that of finding the Laplace inversion of(2.58). To do

this we adopt the following representations:

(2.59)

g(s)
~kC / L +

S2 +-O"kC/ L)2
A, S

S2+ (Akc / L)2

+ n, ~kC / L + Ck S
S2 -('l / L)2 S2 _ ('lkC / L)2- /\,kC /\,

(2.60)

So that the Laplace inversion ofWm(s) is the convolution off(s) and g(s) defined as
t

f(s) * g(s) = f f(t-u) g(u) du
o

(2.61)

Using (2.61), W met) is easily expressed as a sum of eight integrals namely:

(2.62)

where

I

t t

X, = sin8m1 f sin ~I&!!cos8mudu ,X, = cos8m! f sin ~I&!!sin8mudu
8m- 0 - L 8m- 0 -L

l t

X, = Aksin8m! f COS~kCU cos8mudu, X, = AkCOS8m!f COS~kCU sin8mudu
8m - 0 - L 8nl 0 - L

t t

x, = Bksin8m! J sinh ~kCU cos8mudu, x, = BkCOs8m!f sinh ~I&!!sin8mudu
8m- 0 - L 8m- 0 - L

t t

Xg = Cksin8m! f cosh ~kCU cos8mudu, Xh = Ckcos8m! f cosh ~kCU sin8mudu
8m 0 L 8m 0 L

It is readily shown that

- sin8m! rcOS(~~ + 8m)t + cos(~!f - 8m)t
28m L

AkC + 8m AkC - 8m-1.-- --c
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Ck ~!&cos8mt rsin8mt sinh ~kct - ~m cas 8mt cosh~kct +
L [ L AkCh L

8m[(AkC/d2 + 82
m]

When X, - X, are substituted into equation(2.62), after some rearrangements, one

obtains

+ Bk [8msinhrojt -Wksin8mt] ]

+ [82m+ W2k] Ek8m [cas Wkt- cos8mt]
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(2.63)

where CDk= Akc
-L

Hence in view of equations (2.15) and (2.38)

Un(x,t) = I ---.fm {[82m - CD2k]fCk8m [cosh CDkt- cos8mt]
m=I 4 -4 L

8m(8 m - CDk)

+ Bk [8m sinh COkt- COksin8mt] ] + [82
m+ C02k] fk8m [ COSCOkt- cos8mt]

- [OJ,sinemI - em sin OJ,ll ] } [ sin¥ + Am cos ~-I':"

(2.64)

Equation (2.64) represents the transverse - displacement response to a moving force

of a uniform Rayleigh beam on a variable Winkler elastic foundation.

2.5.2 CASE II

If the moving load has mass commensurable with that of the structure, the inertial

effect of the moving mass is not negligible. Thusr *- 0 and we are required to solve the

entire equation (2.53). This, we 'term, the moving mass problem.

Unlike case I, it is obvious that an exact analytical solution to this equation is not

possible. Thus, we resort to an approximate analytical method due to struble, Sadiku et al

(1981).

To this end, equation (2.53) is rewritten to take the form

Oo(m,k)Wm(t) + 01 (m,k)Wmt + r U 02A(m,k) + 2028 (m,k)cos n~t ]W~(t)

+ 2c [ 03A(m,k) + 203B(m,k) cos nct ] W met)
L
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+ C2[04A(m,k) + 2048(m,k) cosn~t ]Wm(t) ]

= Tgl. [sin ~kft + Avcos ~kft + Bj.sinh ~kft + Cccosh ~kCt1
-L -L -L - L

(2.65)
and a further rearrangement yields

Oo(m,k) +r [02A(m,k) + 2028 (m,k) cosnct]
L

(2.66)

First, we shall consider the homogeneous part of (2.66) and obtain a modified

frequency corresponding to the frequency of the free system due to the presence of the

moving mass. An equivalent free system operator defined by the modified frequency then

replaces equation (2.66). We shall consider a parameter£ < 1 for any arbitrary mass ratio

r defined as

£ r
1 + r

It is then clear that

r = £ [ 1 + 0(£) + 0(£2) + ] (2.67)

All the various time dependent coefficients of the differential operator which

acts on Wmet)in equation (2.66) can be written in terms of£ when we notice that

to 0(£)

r £

and
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Qo(m,k) + £[ Q2A(m,k)+ 2( Q2B(m,k) cosnct ]
L

1 ~-
Qo(m,k)

_1_£[ Q2A(m,k)+ 2Q2B(m,k) cosnct] + 0(£2) ] ]
Qo(m,k) L

(2.68)

where

£ [Q2A(m,k) + 2Q2B(m,k) cosnct]
Qo(m,k) L < 1

(2.69)

Now, using (2.67) and (2.68), equation (2.66) takes the form

Wmet)+ 2c£ [Q3A(m,k) + 2Q3B(m,k) cosnct)] Wmet)
Oo(m,k) L

+ {Ql(m,k) Q - ~2A(m,k) + 2Q2B(m,k) cosnct] ]
Qo(m,k) Qo(m,k) L

+ c2£ [Q4A(m,k) + 2Q4B(m,k) cosnct ] }Wm(t)
Qo(m,k) L

(2.70)
to 0(£) only.

When £= 0, a case corresponding to the case when the inertial effect of the mass of

the system is neglected, the solution of equation (2.70) can be written as

(2.71)

where 82m= num,k) and c, and <Pmare constants.
Qo(m,k)
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Since c < 1 for any arbitrary mass ratio r, Struble's technique requires that the

asymptotic solution of the homogeneous part of(2.70) be of the form

(2.72)

where <t> (rn.t) and n(m,t) are slowly time varying functions or equivalently

d<D(m,t) ~ O(E) d2<D(m,t) ~ O(E2)
dt dt2

dn(m,t) ~ O(E) d2n(m,t) ~ OCE2)
dt dt2 (2.73 )

where ~ implies "is of'

In view of equation (2.72), it can be shown that

W met)= <D(m,t) cos[ 8mt - nCm,t)] - <D(m,t)8msin[8mt - nCm,t)]

. .
+ n(m,t) <DCm,t)sin [8mt - n(m,t)] + EW1(t) + O(E2) (2.74)

and

W met)= <D(m,t) cos [8mt - n(m,t)] - <D(m,t) 8m sin [8mt - n(m,t)]

+ <D(m,t) n(m,t) sin [8mt - nCm,t)] - <D(m,t) 8m sin [8mt - n(m,t)]

- <D(m,t) 82mcos[8mt - nCm,t)] + nCm,t) 8m<D(m,t)cos[8mt - n(m,t)]

+ nCm,t)<DCm,t)sin[8mt - nCm,t)] + nCm,t)<DCm,t) sin [8mt - n(m,t)]

. .
+ n(m,t)<D(m,t) 8mcos[8mt - n(m,t)] - n2(m,t)<D(m,t)cos[8mt - nCm,t)]

(2.75)

To obtain the modified frequency, equations(2.72), (2.74)and (2.75) are substituted

into the homogeneous part of equation(2.70). Subsequently, only the variational part of

the equation describing the behaviours of <D(m,t) and n(m,t) during the motion of the

mass is extracted.
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Thus, substituting equations (2.72), (2.74) and (2.75) into the homogeneous part of

equation (2.70) and taking into account (2.67), (2.68)

and (2.69), we then have

- 28m <D(m,t) sin [8mt - Q(m,t)] + 28m <D(m,t) Q(m,t) cos[8mt - Q(m,t)]

- <D(m,t) 82mcos [8mt - Q(m,t)]

+ 2c£ [Q3A(m,k) + 2Q3B(m,k) cosnct] { - <D(m,t) 8msin[8mt - Q(m,t)] }
n (m.t) L

o

+ { Qdm,t) - £Q\(m,k) [Q2A(m,k) + 2Q2B(m,k) cosnct]
Q:(m,k) QYo(m,k) L

+ c2£ [Q4A(m,k) + 2Q4B(m,k)cos nct ] } [<D(m,t)cos[8mt - Q(m,t)] = 0
Qo(m,k) L

(2.76)

retaining terms to 0(£) only.

The variational equations are obtained by equating the coefficients of

Sin[8lll t - Q(m,t)] and cos[8mt - Q(m,t)] terms on both sides of the equation. Thus, noting

that

and

cos nct sin [8mt - Q(m,t)] = Y2 sin [nct + 8mt - Q(m,t)]
L L

+ Y2 sin [8mt - Q(m,t) - nct ]
L

cos nct cos [8mt - Q(m,t)] = Y2 cos [nct + 8mt - Q(m,t)]
L L

+ Y2 cos [ nct - 8mt + Q(m,t)]
L

and neglecting those terms that do not contribute to the variational equations,

equation (2.76) reduces to

[ -82
1ll<D(m,t) + 28m<D(m,t)Q(m,t) + <D(m,t)82m - £<D(m,t)82111 Q2A(m,k)

Qo(m,k)
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+ E<D(m,t)c2 Q4ACm,k)] cos [8mt - Q(m,t)]
Qo(m,k)

+ [ - 28m<D(m,t) - 2EC Q3ACm,k)8m<D(m,t) ] sin[8mt - Q(m,t)] 0
Qo(m,k)

that is,

[28m<D(m,t)Q(m,t) - E<D(m,t)82m iliACm,k) + E<D(m,t)c2 Q4ACm,k)]cos[8mt - Q(m,t)]
Qo(m,k) Qo(m,k)

- [ 28m <D(m,t) + 2EC Q3ACm,k)8111<D(m,t)] sin [8111t- Q(m,t)]
Qo(m,k)

o (2.77)

The variational equations of the problem are obtained by setting the coefficients of

cos [8111t- Q(m,t)] and sin [8111t- Q(m,t)] in (2.77) to zero. Thus, we have

28m<D(m,t) Q(m,k) - E<D(m,t )82miliACm,k) + E<D(m,t)c2 Q4ACm,k) = 0
Qo(m,k) Qo(m,k) (2.78)

and

8m<D(m,t) + ECiliACm,k) 8m<D(m,t)
Qo(m,k)

o (2.79)

Rearranging (2.78) and (2.79), we have

Q(m,t) = E [8Zl11iliA(m,k) - c2 Q4A(m,t)]
2Qo(m,k)8111 (2.80)

and

<D(m,t) = - EC<DCm,t)Q3A(m,k)
Qo(m,k) (2.81 )

Solving equations (2.80) and (2.81) respectively, we have

Q(m,t) = E [82
m Q2A(m,k) - c2 Q4A(m,k)] t + Qm

28m Qo(m,k) (2.82)

where Qm is a constant and <D(m,t)= cOe-yt (2.83)

where y = ECQ3ACm,k) and COis a constant.
Qo(m,k)
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Therefore, when the effect of the mass of the particle IS considered, the first

approximation to the homogeneous system is

Wmet)= <1>(m,t)cos[ ~mt - Om] (2.84)

where

~m = 8m- E [82.ill 02ACm,k)- c204ACm,k) ]
28mOo(m,k)

is called the modified natural frequency representing the frequency of the free system due

to the presence of the moving mass.

Using equation (2.84), the homogeneous part of the equation (2.66) can be written as

(2.85)

Hence the entire equation (2.66), taking into account (2.68), takes the form:

(2.86)
where

R, = ELg

Oo(m,t)

It is observed that equation (2.56) and (2.86) are similar. Thus, going through the

same argument as in the previous section, equation (2.86) when solved yields

Wmet)= -----.R_Ill_{(~2m-8\)[Ck ~m(cosh 8kt - COS~lllt)+Bk( ~msinh8kt - 8ksin~mt)]

~Ill(~\1-8\)

where

, ,

Hence, in view of equations (2.15) and (2.38)
r' ,
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n

Un(x,t) = L Rm {( ~2m- e\)[Ck ~m(coshekt - cos ~mt)
rn=I ~m(~41~ - e\)

+ Bmsinh .6,m~+ Cmcosh .6,m~]
r L

(2.88)

This represents the transverse-displacement response to a moving mass of a uniform

Rayleigh beam on a variable Winkler elastic foundation.
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CHAPTER THREE

ILLUSTRATIVE EXAMPLES, NUMERICAL CALCULATIONS AND

DISCUSSION OF RESULTS (UNIFORM RAYLEIGH BEAM)

3.1.0 ILLUSTRATIVE EXAMPLES.

In this section, the foregoing analysis is illustrated by various practical

examples. In particular, classical boundary conditions such as simply supported

boundary conditions, free ends condition, clamped ends condition and clamped-

free ends condition are considered.

3.1.1 SIMPL Y SUPPORTED BOUNDARY CONDITIONS

In this case, the uniform Rayleigh beam has simple supports at ends x = a and

x=L. thus the conditions are expressed as

u(a,t) = a = U(L,t), &U(a,t) = a = &U(L,t)

ax? ax?
(3.1)

and hence for normal modes

Vm(a) = Q = Vm(L),

(3.2)

which implies that

(3.3)
Thus, it can be shown that

(3.4)

and the frequency equation becomes

sin Am = sin Ak = a
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which implies

(3.5)

respectively.

Thus the moving force problem is reduced to a non-homogeneous ordinary

differential equation

d2WI11ill+ 82111WI11(t)= Ro sin knct
dt2- L

(3.6)

where
Ro=2gM ,

LPo!l

Po = 1 + ROm2n2 and 82111= 2RCk,m)
L2 LPo (3.7)

and
kL2 h6n2km(k-mi(k+mi

!ln4 (k - m)" (k + m)" L
+ 48L'km(k'+m') + 6Lkmn'(L-2) (k-m)'(k+m)'(-l)k+m J}

(3.8)

Equation (3.6) when solved in conjunction with the initial conditions one

obtains expression for WIll(t).Thus in view of (2.15)

n

Un(x,t) = L
111=\

[8111sin knct - knc sin 8111t]sin mnx
L L L

(3.9)

Equation (3.9) represents the transverse-displacement response to a

moving force of a simply supported Uniform Rayleigh beam on a variable

Winkler elastic foundation.

Next, the moving mass problem, that is when ['* 0 is considered.

Following arguments in the previous sections, the modified frequency
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corresponding to the frequency of the free system due to the presence of the

moving mass of this model is obtained as

Ym= em - E [ 4L2 e2m+ c2m271?]
4L2emPo (3.10)

neglecting higher order terms ofE. Thus, the moving mass problem reduces to

(3.11 )

which when solved in conjunction with the initial conditions yields expression for

Wm(t). Thus, using (2.15), one obtains

n

Un(x,t) = L
m=I

[Ymsin knct - knc sin Ymt]sinmnx
L L L

(3.12)

This represents the transverse-displacement response to a moving mass of

a simply supported Uniform Rayleigh beam on a variable Winkler elastic

fundation.

3.1.2 FREE ENDS CONDITION

For free ends condition at x= 0 and x= L, the pertinent boundary conditions are

&U(O,t) = 0 = &U(L,t) and &U(O,t) = 0 = &U(L,t)
ax2 ax2 ax3 ax3

(3.13)
and for the normal modes one has

(3.14)

which implies that
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r-

d2yk(Q}= 0 = d2ykaJ and d3y kill) = 0 = d3y ki.L)
d~2 dx2 dxj dx~ (3.15)

Thus, it can be shown that

Am = sinz,111 - sinhA 111

coshx.; - cosAI11

cosx 111 - coshA m= em and Bm= 1
sins,m + sinhs,111 (3.16)

and from (3.16), one obtains

cosAI11 coshx 111 = 1 (3.17)

which is termed the frequency equation for the dynamical problem, such that,

Gbadeyan et al (1990),

AI = 4.73004,11.2 = 7.85320,11.3 = 10.99561 (3.18)

Using (3.16) and (3.18) in equations (2.64) and (2.88) one obtains the

displacement response respectively to a moving force and a moving mass of free-

ends uniform Rayleigh beam on a variable Winkler elastic foundation.

3.l.3 CLAMPED ENDS CONDITION.

At a clamped end, both deflection and slope vanish. Thus when the

Rayleigh beam is clamped at x= 0 and x= L, the conditions are expressed as

U(O,t) = 0 = U(L,t) and aU(O,12 = 0 = aU(L,t)
ax ax

(3.19)
Thus, for normal modes

Vm(O)= 0 = ym(L) and dVmill)= 0 = dVmaJ
dx dx (3.20)

which implies that

Yk(O)= 0 = Vk(L) and dYUQ)= 0 = dYkaJ
dx dx (3.21 )
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Thus, it can be shown that

Am = sinhAm - sinAm = cosAm - coshAm = - Cm and Bm = - 1
cosAm - coshx.; sinAm + sinhx., (3.22)

The frequency equation, from (3.22) becomes

cosAm coshx., = 1 (3.23)

This is similar to equation (3.17) and one has

Al = 4.73004,11,2= 7.85320, 11,3= 10.99561 (3.24)

Substituting (3.22) and (3.24) into equations (2.64) and (2.88) one obtains the

displacement response respectively to a moving force and a moving mass of a clamped

uniform Rayleigh beam on a variable Winkler elastic foundation.

3.1.4 ONE END CLAMPED AND ONE END FREE CONDITION.

Next at x= 0, the Rayleigh beam is taken to be clamped and at x= L, the beam

model is free. Thus, the boundary conditions of the Rayleigh beam can be written as

&U(L,t) = ° = &U(L,t) and U(O,t)= ° = aU(o,t)
ax2 ax3 ax

'"

(3.25)

Similarly, for normal modes

(3.26)

which implies that

d2Ykill = °= d3Ykill and Yk(O)= °= dYk@
dxL dxJ d-x

(3.27)

Using (3.26), it is straight forward to show that at x= 0,

and Bm = - 1 (3.28)
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and at x= L, using (3.28)

Am = - sinAIll - sinhAIll

COSAIll+ coshx.,
- COSAIll- coshAIll = - elll

sinhx., - sinAIll

(3.29)
and the frequency equation for both end conditions is

COSAIllcoshAIll = - 1 (3.30)

such that

Al = 1.875, A2= 4.694, A3= 7.855 and so on. (3.31 )

Substituting (3.28), (3.29) and (3.31) into equations (2.64) and (2.88), one obtains

the displacement response respectively to a moving force and a moving mass of a

uniform clamped-free ends Rayleigh beam on a variable elastic foundation.

3.2.0 DISCUSSION OF THE ANALYTICAL SOLUTIONS

In studying undamped system such as this, it is desirable to exarrune the

phenomenon of resonance. Equation (3.9) clearly shows that the simply supported

Rayleigh beam on a variable Winkler elastic foundation and traversed by a moving force

reaches a state of resonance whenever

(3.32)

while equation (3.12) shows that the same beam under the action of a moving mass

experiences resonance when

Yill = bec
L

(3.33)

where
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Ym = em { 1 - E [ 1
2(1 +Rom2n2)

L2

+ c2m2n2
2L2e2

m(1 + ROm2n2)
L2

] }

(3.34)

From equations (3.33) and (3.34), it can be shown that

knc
L

(3.35)

Since 1+ ROm2n2 > 1+ ROm2n2 - ~ ( 1+ c2m2n2 )
L2 L2 2 L2e2

m for all m.

It can be deduced from equation (3.35) that, for the same natural frequency, the critical

speed (and the natural frequency) for the system of a simply supported Rayleigh beam

traversed by a moving mass is smaller than that of the same system traversed by a

moving force. Thus, for the same natural frequency of the Rayleigh beam, the resonance

is reached earlier when we consider the moving mass system than when we consider the

moving force system.

Next, the phenomenon of resonance for other classical boundary conditions is

examined. Equation (2.64) clearly shows that the uniform Rayleigh beam on a variable

Winkler elastic foundation and traversed by a moving force reaches a state of resonance

whenever

(3.36)

while equation (2.88) shows that the same beam under the action of a moving mass

experiences resonance effect whenever
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(3.37)

where
0m = 8m - E [82miliA(m,k) - c2Q4A(m,k)

28mQo(m,k)

This implies

0m = 8m [ Qo(m,k) - .§. ( Q2A(m,k) - c2Q4A(m,k) ) ]
2 82

_________ ~Il1.

Qo(m,k)
(3.38)

Consequently from equation (3.37) and (3.38), the same results and analysis obtained in

the case of a Rayleigh beam simply supported at both ends are obtained for the other

examples of end support conditions.

3.3.0. NUMERICAL CALCULATIONS AND DISCUSSION OF RESULTS.

In order to present the calculations of practical interests in dynamics of

structures and Engineering design for all the illustrative examples, an elastic

uniform Rayleigh beam oflength 12.192m has been considered. It is assumed that

the mass travels at the constant velocity 8.123m/s. Also EI andE are chosen to be

6.068 x 106m3/s2 and 0.25 respectively. The results are as shown on the various

graphs below for the various classes of boundary conditions considered.
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Figures3.01 and 3.02 display the effect of Rotatory inertia ( RO) on the transverse

deflection of the simply supported uniform beam in both cases of moving forceand

moving mass respectively. The graphs show that the response amplitude of the uniform

beam decreases as the value of the rotatory inertia correction factor increases. Values of

RObetween 0 m and 20m are used.

The effect of foundation constantK on the transverse deflection in both cases of

moving force and moving mass displayed in figures 3.03 and 3.04 respectively show that

an increase in the value of the foundation constantK decreases the deflection of the

simply supported uniform beam. Here, values ofK between ON/m3 and Im N/mJ are

used.

For the purpose of comparison, the displacement curves of the moving force and

moving mass for a simply supported uniform Rayleigh beam withRO = 4 and K =

JOOOOON/mare illustrated in figure 3.05.It can be noted that the response amplitude ofa

moving mass isgreater than that of a moving force problem.This result also holds for

other choiceofRoand K,
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The effect of Rotatory inertia(RtI) on the transverse deflection of the free-free

uniform Rayleigh beam in both cases of moving force and moving mass is displayed in

figures 3.06 and 3.07 respectively. It is shown that un increase in the vulue ofn"

decreases the deflection of the beam.

Figures 3.08 and 3'()9 display the effect of foundation constant K on the

transverse deflection of the uniform beam, with both ends free, in both cases of moving

force and moving mass respectively. As K increases, the transverse deflection decreases.

Figure 3.10 compares the displacement curves of the moving force and moving

mass for a Iree-Iree uniform Rayleigh beam for fixed values of R" and K. It is evident

that the displacement response of thc moving mass problem is greater than that of the

moving f<lnT problem.
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Displacement, W(L/2,t) (m.) Displacement, W(L/2,t) (m)
Time, t (sec.) (Moving force) (Moving mass)

0 0 0

0.1 -3.240335E-06 -3. 2404E-06

0.2 -4.833567E-05 -4.833896E-05

0.3 -2.267223E-04 -2.267578E-04
0.4 -6.594771 E-04 -6.596653E-04

0.5 -1.471216E-03 -1.471893E-03

0.6 -2.766456E-03 -2.768348E-03

0.7 -4.61019E-03 -4.614635E-03

0.8 -7.0 I424E-03 -7.023435E-03

0.9 -9.930572E-03 -9.947784E-03
1.0 -.0132521 -1.328186E-02
1.1 -1.682112E-02 -1.686933E-02
1.2 -2.044461 E-02 -2.05I855E-02
1.3 -2.391537E-02 -2.402355E-02
1.4 -2.703732E-02 -2.71 8923E-02
1.5 -2.965324E-02 -2.985905E-02
1.6 -3.167319E-02 -3.194321E-02
1.7 -3.3 to218E-02 -3.344645E-02
1.8 -3.406624 E-02 -3.449393E-02
1.9 -3.483677E-02 -.035356

Table 3.0I:Comparison of the displacement of moving force and moving mass for
clamped-clamped uniform Rayleigh beam.

Figures 3.] I and 3.12 display the effect of ROon the transverse deflection of the

clamped-clamped uniform beam in both cases of moving force and moving mass

problems respectively. It is evident that as the value ofRO increases, the deflection of the

beam decreases.

Figures 3.13 and 3.] 4 show that, for both cases of moving force and moving mass

respectively, an increase in the value of foundation moduli K reduces the transverse

deflection of the uniform Rayleigh beam with clamped ends.

For the purpose of comparison, table 3.01 presents the generated values of the

displacement response for both moving force and moving mass problems when ROand K
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Displacement, W(Ll2,t) (m.) Displacement, W(Ll2,t) (m)
Time, t (sec.) (Moving force) (Moving mass)

0 0 0

0.1 -3.679376E-07 -3.67973E-07

0.2 -5.820625E-06 -5.820652E-06

0.3 -2.909273E-05 -2.909324E-05
0.4 -9.069086E-05 -9.069208E-05

0.5 -2.182052E-04 -2.182098E-04

0.6 -4.455388E-04 -4.455505E-04

0.7 -8.120924E-04 -8.12121E-04
0.8 -1.361884E-03 -1.361949E-03

0.9 -2.14267E-03 -2. 142797E-03
1.0 -3.205016E-03 -3.20525E-03
1.1 -4.601392E-03 -4.601797E-03
1.2 -6.385264E-03 -6.385935E-03
1.3 -8.610255E-03 -8.611321 E-03
1.4 -1.132931E-02 -1. 133094E-02
1.5 -1.459396E-02 -1.459637E-02
1.6 -1.845366E-02 -1.845715E-02
1.7 -2.295525E-02 -2.296016E-02
1.8 -2.814249E-02 -2.8t 4925E-02
1.9 -3.405576E-02 -.0340649

Table 3.02: Comparison of the displacement of moving force and moving mass for
clamped-free uniform Rayleigh beam.

As in the previous boundary conditions, it is observed in figures 3.15 and 3.16

that as the value of the Rotatory inertia increases, the deflection amplitude of the beam
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decreases for both cases of moving force and moving mass respectively. Also, figures

3.17 and 3.18 show that as the value of the foundation moduli K increases, the deflection

amplitude of the uniform Rayleigh beam, with one end clamped and the other end free,

decreases for both cases of moving force and moving mass respectively.

Table 3.02 compares the displacement response of the moving force and moving

mass fur a clamped-free uniform Rayleigh beam for fixed values of RO and K. It is

evident that the displacement response of the moving mass problem is greater than that of

the moving force problem.

/:
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/,-.r In the previous chapter, the problem of the dynamic response of Rayleigh beam

4.2 GOVERNING EQUATION

l--.· I

I .

I :..•..
, ~
, )

'f Y i

CHAPTER FOUR

NON-UNIFORM RAYLEIGH BEAM ON A VARIABLE WINKLER ELASTIC

FOUNDATION.

4.1 INTRODUCTION

resting on a variable elastic foundation to moving concentrated masses is restricted to the

case of uniform beam, that is, when the beam properties do not vary along the span L of

the beam,However, in many practical problems involving dynamic of structures (beams

or plates) under moving loads, the structures have variable cross-sections, Gbadeyan et al

(1990). Thus, the problem of a non-uniform Rayleigh beam under the action of a moving

load is considered in this chapter. In particular, the Garlerkin's method already alluded to

is employed to simplify the governing fourth order singular variable coefficient partial

differential equation. The resulting Garlerkin's equations are solved via the modified

r struble's asymptotic technique

/. /
I

A '.

Consider a non-uniform Rayleigh beam resting on a variable elastic foundation

where the beam's properties such as the moment of inertia I and the mass per unit length

of the beam!.l vary along the span L of the beam.

The transverse displacement of the beam when it is under the action of a moving

load of massM which is moving with velocity c is governed by the fourth order partial

differential equation given by

cl- [ EI(x) cl-U(x,t)] + !.l(x) cl-U(x,t) - Q [!.l(x) RO( &U(x,t) )]

ax? 8x2 812 ax 8x812
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+ M 8(x-ct) ( &-+ 2ct + C
2&- ) U(X,t) + f(x)U(x,t) = Mg8(x-ct)

at2 axat ax2

(4.1)

where all parameters are as defined in the previous chapter.

As in the last chapter, we shall take the elastic foundation f(x) to be of the form

(2.9). Since RO and E are constants equation(4.1) can be rewritten as

E&- [ lex) &-U(x,t) ] + !-lex)&-U(x,t) - R°l! [~l(X) &U(x,t)]
ax2 ox2 at2 ox oxat2

+ M8(x - ct) ( &-+ 2c&-+ c2 &- ) U(x,t) + K( 4x - 3x2 + x3
) U(x,t) = Mg8(x - ct)

at2 axat ax2

(4.2)

Next, the example in Sadiku et al (1981) shall be adopted and lex) and !-lex)take

the forms

I(x) = 10 ( 1+ sin nx )3
L

(4.3)

and
!-lex)= !-lo( 1 + sin nx)

L

(4.4)

where 10 and !-loare constants.

Substituting equations (4.3) and (4.4) into (4.2), one obtains.

rr,&-[( 1 + sin nx )3 &-U(x,t) ] + !-lo[ 1 + sin nx ] &-U(x,t )
ax2 L ax2 L at2

- RO !-lol![(1 + sin nx )( &U(x,t) )] + M8( x - ct )( &- + 2c&- + c2&- ) U(x,t)
ax L oxat2 at2 oxat ox2

+ K( 4x - 3x2 + x3
) U(x,t) Mg8( x - ct) (4.5)

which, on further simplification, yields

Elo &- [( 10 + 15sinnx - 6cos2nx - sin 3nx ) &-U(x,t) ]
4- ax2 L L L ax2

+ !-lo[ 1 + sin nx ] &-U(x,t) - R°!-lo Q [ ( 1+ sin nx ) ( &U(x,t) ) ]
L at2 ax L axat2
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+ M8(x-ct) ( &- + 2c&- + C2&-) U(X,t) + k( 4x - 3x2 + X3) U(X,t) = Mg8(x-ct)
Ot2 axOt ax2

(4.6)

4.3. ANAL YTICAL APPROXIMATE SOLUTION

Evidently, a closed form solution of the partial differential equation (4.6) does not

exist. Thus, the Garlerkin's method described in chapter two is employed to reduce the

equation to a sequence of ordinary differential equations. Thus a solution of the form

n

Un(x,t) = L: Wm(t) Y m(x),
m=I

(4.7)

where Ym(x) is chosen such that the desired boundary conditions are satisfied, is sought.

As in the previous chapter, equation (4.7) when substituted into equation (4.6) yields

11

I {EIo &- [ 10 Y" I1l(x) + 15sin nx yllm(x) - 6cos 2nxYII l1l(x)
m=I 4 ax2 L L

- sin 3nxY"m(x)]Wm(t) + 110 [YI1l(x) + Ym(x) sin nx]WI1l(t)
L L

..
- RO Qgo [(Y'I1l(x) + Y'I1l(x)sin nx )Wm(t)

ax L

.. .
+ M8(x-ct) [Ym(x) Wm(t) + 2cY'!n(X) Wm(t) + C

2yllm(X) Wm(t)]

+ K( 4x - 3x2 + x3 )Ym(x)Wm(t) - Mg8(x-ct) } = 0 (4.8)

Simplifying equation (4.8) further, we have

n {I EIo [ 10 yivm(x) + isv"m(x)sin nx + 30nY'"m(X) cos nx
m=I 4 L L L

- 15n2y "l1l(x)sin nx - 6yiv m(x)cos2nx + 24 n Y '"m(X) sin 2nx
L2 L L L L

+ 24n2yllm(X) COS 2nx - yiVm(X) sin 3nx - 6ny'"Il1(x) cos 3nx
L2 L L L L
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+ 9n? V11m(X) sin 3nx] Wm(t) + flo [Vm(x) + Vm(x) sin nx] Wm(t)
L2 L L

.. .
+ M8( x - ct) [Vm(x)Wm(t) + 2cV\n(x)Wm(t) +c2Vllm(x)Wm(t)]

+ K( 4x - 3x2 + x3 )Vm(x)Wm(t) - Mg8( x - ct) } = 0 (4.9)

In order to determine WI11(t), it is required that the expression on the left hand side of

equation (4.9) be orthogonal to the function Vk(x).Thus,

L 11 {

J L EIQ..[ ( 10 + 15sin nx - 6cos2nx - sin3nx )V iv
l11(x)

o m=I 4 L L L

+ 6n ( 5cos nx + 4sin 2nx - cos 3nx )V111m(x)
L L L L

+ 3n2
( 3sin 3nx + 8cos2nx - 5sin nx )V11m(x) ] W met)

L2 L L L

+ flo [ 1 + sin nx] Vm(x) Wm(t)
L

- floRo [( 1 + sin nx )Vll
l11(X) + ~Vlm(X) cos nx] Wm(t)

L L L
.. .

+ M8( x - ct) [Vm(x) Wm(t) + 2cV1m(x)WI11(t) +c2Vllm(X)Wm(t)]

+ K( 4x - 3x2 + x3 )Vm(x)Wm(t) - Mg8( x - ct) } Vk(X) dx = 0 (4.10)

When equation (4.10) is further simplified and rearranged, one obtains

m~l {[ ( 81 + 82) - RO
( 83+ 84 + ~L 85) ] Wmet)
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+ M [8'9(t)Wm(t) + 2c820(t)Wm(t) + c282,(t)Wm(t)] }
) .10 (4.11)

where

L

8, = f Vm(x)Yk(x) dx
o

L

82 = f sin 1tXYm(X)Yk(X) dx ;
o L

L

83 = f yllm (x) Yk (x) dx
o

L

84 = f sin 1tXY"m(x) Yk(X) dx ;
o L

L

85 = f cas 1tXY'I11(X)Yk(X) dx
o L

L

86 = f yivm(x) Yk(x) dx ;
o

L

87 = f sin 1tXyivm(x)Yk(x) dx
o L

L

88 = f cas 21tx yivm(x)Yk(x) dx ;
o L

L L

89 = f sin 31tx yivl11(x)Yk(x) dx ; 810= f cas 1tXY'"m(x)Yk(x) dx ;
o L 0 L

L

811= f sin 21tXy'"m(X)Yk(X)dx
o L

L

812= fcos 31tx Y'"m(X)Yk(X) dx; ,I •. /

o L I J

L

8I3 = f sin 31tx Y"m(X)Yk(x) dx
o L

L

8'4 = fcos 21tx Y"I11(x) Yk(X) dx;
o L

L

8'5 = f sin 1tXY"m(X)Yk(x) dx
o L

L

8'6 = f xY m(x)Yk(x) dx ;
o

L

817= f x2yl11(x)Yk(x) dx
o

L

8'8 = f x3yl11(x)Yk(x) dx ;
o

L . L

8'9(t) =f 8(x - ct)YI11(x)Yk(x)dx; 820(t) = f 8(x - ct)Y'm(X)Yk(x) dx ;
o 0

and

L

82,(t) = f 8( x - ct )Y"m(X)Yk(x) dx .
o

When use is made of the property of the Dirac-delta function as an even function,

and substitutes it into equation(4.11), equation (4.11), after some rearrangements takes

the form:
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co

+ M [( U2A(m,k) + 22::cos nnct U2B(n,m,k) )WIl1(t)
LIl O n=I L

co •

+ 2c (U3A(m,k) + 22:: cos nnct U3B(n,m,k) )WIl1(t)
n=' L

(4.12)
where

u, (m,k) = EIo [1086 + 1587 - 688 - 89+ 6n (5810 + 48" - 8'2 )
- L

4j...lo

+ 3n2
( 3813+ 88'4 - 58,5) ]+ K [48,6 - 3817 + 8'8]

L2 ~o

L L

u2A(m,k) = J VIl1(x)Vk(x) dx ; U2B(n,m,k) = J cos nnx Vm(x) Vk(x) dx
o 0 L

L

U3A(m,k) = J V'Il1(x)Vk(x) dx
o

L

U3B(n,m,k) = Jeos nnx V'Il1(x)V k(x) dx;
o L

L L

u4A(m,k) = J V"I11(x)Vk(x) dx ; u4B(n,m,k) = jcos nnx V"Il1(x)V k(x) dx;
o 0 L

Using (2.38), it is straight forward to show that
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84 = f....2m [ -b-Aml34 + Bmb + Cml36 - Akh7 - AmAd38 + BmAd39 + CmAd40
LT

- Bd41 - AmBkl42 + BmBkl43 + CmBkl44 - Ckl4S - AmCd46 + BmC,.J47

8s = ~ill [-AnJl7 + 118+ Cml19 + Bmho - AmAkIn + AkIn + CmAkl23 + BmAkl24
L

- AmBkhs + Bkl26 + CmBkl27 + BmBd28 - AmCkl29 + Cd30 + CmCk 13'

86 = /i,4m [II + Aml2 + Bml3 + Cml4 + AklS + AkAml6 + AkBml7 + AkCml8 + Bd9
L4

+ BkAmlID + BkBmlll + BkCml12 + Cd13 + CkAml14 + CkBml15

87 = f....\1 [ h3 + Amh4 + Bml35 + Cml36 + Ad37 + AkAmh8 + AkBmh9 + AkCnI40
L4

+ Bkl41 + BkAml42 + BkBml43 + BkCml44 + Ckl45 + CkAml46 + CkBml47

88 = f....4m [ 117+ Aml18 + Bml19 + Cmho + Akl2J + AkAnJ22 + AkBml23 + AkCmI24
L4

+ Bkhs + BkAmI26 + BkBml27 + BkCml28 + Cd29 + CkAmhO + CkBmh I

8ID = f....3m[Aml17 - 118+ Cml19 + Bml20 + AkAml2J - Ad22 + AkCmI23 + AkBmI24
LJ

+ BkAmhs - Bkh6 + BkCml27 + BkBmh8 + CkAmh9 - Ckho + CkCmI31
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ell = 11.3m [Amh3 - b4 + CmI35 + BmI36 + AkAmI37 - AkI38 + AkCmb9 + AkBmI40
LJ

+ BkAmI41 - BkI42 + BkCmI43 + BkBmI44 + CkAmI45 - Cd46 + CkCnI47

J -

el2 = 11.3m [AmIl7 - 118+ CmII9 + Bmho + AkAmhI - AkI22 + AkCmI23 + AkBmh4
LJ

+ BkAmh5 - Bkh6 + BkCmI27 + BkBmI28 + CkAmI29 - CkI30 + CkCmh I

eI3 = A.2m [-h3 - Amb4 + BmI35 + Cmh6 - Akh7 - AmAd38 + BmAd39 + CmAkI40LL
- BkI41 - AmBkI42 + BmBd43 + CmBd44 - CkI45 - AmCkI46 + BmCd47 +

el4 = A.2m [ -Il7 - AmII8 + BmII9 + Cmho - AkI2l - AmAkI22 + BmAkb + CmAkb
LL

- Bkhs - AmBkI26 + BmBkI27 + CmBkh8 - Cd29 - AmCd30 + BmCd31 +

el5 = A.2m [-h3 - AmI34 + BmI35 + CmI36 - Ad37 - AmAd38+ BmAkI39+ CnAd40
LL

- Bd41 - AmBkI42 + BmBkI43 + CmBkI44 - Cd45 - AmCd46 + BmCkI47
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A?m [ -II - Amh + Bml3 + CIlJ4 - Ads - AIlAkl6 + BmAkl7
LL

+ CmAklS - Bkl9 - AmBkllO + BmBk111 + CmBkl12 - Ckl13

= A?m [ -117 - Amlls + Bml19 + Cmho - Akhl - AmAd22 + BmAkh3
LL

+ CIlAkb4 - Bd25 - AmBkh6 + BmBkI27 + CmBkI2s - Ckb9

where

132B have been defined in the previous chapter and
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L L

b = f sin nnx sin ~k x sin ~m~ dx ; I34 = f sin nnx sin ~k ~ cas ~11l~ dx ;
o L L L 0 L L L

L L

I35 = f sin nnx sin ~k ~ sinh ~11l~ dx ; h6 = f sin nnx sin ~k ~ cosh ~11l~ dx ;
o L L -L 0 L L L

L L

I37 = f sin nnx cas~k ~ sin ~11l~ dx ; h8 = f sin nnx cas~k ~ cas ~11l~ dx ;
o L 'r L 0 L L L

L L

I39 = f sin nnx cas~k ~ sinh ~111~ dx ; I40 = f sin nnx cas ~k ~ cosh ~111~ dx ;
o L L L 0 L L -L

L L

I41 = f sin nnx sinh ~k x sin ~111~ dx ; I42 = f sin nnx sinh ~k x cas ~111~ dx ;
o L L t 0 L L L

L L

143 = f sin nnx sinh ~k ~ sinh ~111~ dx ; 144 = f sin nnx sinh ~k ~ cosh ~111~ dx ;
o L L L 0 L L L

L L

145= f sin nnx cosh~k ~ sin ~111~ dx ; 146= f sin nnx cosh ~k ~ cas ~111~ dx ;
o L L r 0 L L L

L L

147= f sin nnx cosh~k ~ sinh ~111~ dx ; 148= f sin nnx cosh~k ~ cosh ~111~ dx .
o L L L 0 L -L -L

Next, equation (4.12) is simplified and rearranged to take the form

n

L {uo(m,k)WI11(t) + ul(m,k)WI11(t)
11=1

+ I', [ ( u2A(m,k) + L cas nnct u2B(n,m,k))Wm(t)
n=1 L

+ 2c (u3A(m,k) + 2 L cas nnct u3B(n,m,k))Wm(t)
n=I L

00

+ c2 ( u4A(m,k) + 2 L cosnrrct u4B(n,m,k))WI11(t)] }
n=1 L

(4.13)
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where

Equation (4.13) is the transformed equation governing the problem of a non-uniform

Rayleigh beam resting on a variableWinkler elastic foundation and traversed by a

moving load.

These second order differential equations are valid for all variants of the classical

boundary conditions.

4.4. SOLUTION OF THE TRANSFORMED EQUATION

As in the previous chapter, we shall discuss two cases of the

transformed equation.

4.4.1 CASE I

Setting ra = 0 in the transformed equation (4.13), one obtains

(4.14)

This is the classical case of a moving force problem associated with the system. It is

an approximate model which assumes the inertial effect of the moving mass as negligible.

A rearrangement of equation(4.14) yields

(4.15)

where 2
YIll

(4.16)
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+ B, (Ym sinh8kt - 8k sin Ymt) ] + [y2 rn+ 82
k ] [ AkYm( cos8kt - cos Ymt)

- (8k sin Ymt- Ymsin8kt ) ] } (4.17)

Consequently, it can be shown that

W met) = __ Fm__ {[ y2m - 8\] [ c, Ym( cosh8kt - cos Ymt)
Ym[y4m- 8\]

Hence in view of equations (2.15) and (2.38), one obtains

(4.18)

n {Un(x,t) = L __Fm__ [ lm - 82k] [ C,Ym( cosh8kt - cos Ymt)
m=l ( 4 84 )YmY m - k

+ B, (Ym sinh8kt - 8k sin Ymt) ] + [lm + 82k ] [ AkYm( cos8kt - cos Ymt)

- (8k sin Ymt- Ymsin8kt ) ] } [sin ~m~+ Amcos ~111~ + Bl11sinh ~111~
-L ~ -L

as the transverse - displacement response to a moving force of a non-uniform Rayleigh

beam resting on a variable Winkler elastic foundation.

4.4.2 CASE II

As discussed in the previous chapter, if the mass of the moving load is

Commensurable with that of the structure, the inertial effect of the moving mass is not

negligible. Thus T, 7:- 0 and one is required to solve the entire equation(4.13). This is

termed the moving mass problem.
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Unlike case I, it is obvious that an exact analytical solution to this equation is not

possible. Thus, one resorts to the approximate analytical method due to Struble

enumerated in chapter two.

To this end, equation (4.13) is rearranged to take the form

+ 2c ( cx3A(m,k) + 2cx3B(m,k) cos nct) Wm(t)
L

2+ C (cx4A(m,k) + 2cx4B(m,k) cos nct) W met)
L

(4.19)

which implies

cxo(m,k) + raCcx2A(m,k)+ 2cx2B(m,k)cosnct)
L

[ cx,(m,k) + raC2 (cx4A(m,k)+ 2cx4B(m,k)cos nct) ] Wm(t)
L

+

(4.20

As in chapter two, the homogeneous part of (4.20) is first considered and a modified

frequency corresponding to the frequency of the free system due to the presence of the

moving mass is sought. An equivalent free system operator defined by the modified

frequency then replaces equation (4.20).

Thus, consider a parameterA < 1 for any arbitrary mass ratioI' a defined as
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(4.22)

Obviously

ra = A [1 + O(A)+ 0(A2)+ ] (4.21)

All the various time dependent coefficients of the differential operator which acts on

W met) in equation (4.20) can be written in terms of A when one considers that to O(A).

and

uo(m,k) + A( u2A(m,k) + 2u2B(m,k) cosnct )
L

1 [ 1 -

uo(m,k)

-----=.1_ A( u2A(m,k) + 2u2B(m,k)cos net) + O(A2) + ]

uo(m,k) L

(4.23)
where

uo(m,k)

( u2A(m,k) + 2u2B(m,k)cos nct )
L

< 1 (4.24)

Now, using (4.22) and (4.23), equation (4.20) takes the form

WIll(t) + 2CA [ ( u3A(m,k) + 2u3B(m,k) cos nct] WIll(t)
uo(m,k) L

+ { ~dm,k) [1 - _--,-A=---_ ( u2A(m,k) + 2u2B(m,k) cosnct ]
uo(m,k) uo(m,k) L

+ c2 A [ u4A(m,k) + 2u4B(m,k) cosnct ] } WIll(t)
uo(m,k) L

----,-A-"!:g=L,---[ sin ~kct + Ak cos ~!&!+ Bk sinh ~kct +Ck cosh ~kCt ]
k L L L C

uo(m, )

to O(A) only.

(4.25)

When A= 0, a case corresponding to the case when the inertial effect of the mass of

the system is neglected, the solution of equation (4.25) takes the form
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where lm = g:l(m,k) and Co and ~m are constants
cxo(m,k)

Since A< 1 for any arbitrary mass ratiora, Struble's technique requires that the

asymptotic solution of the homogeneous part of equation (4.25) be of the form

(4.26)

where the conditions (2.73) hold.

To obtain the modified frequency, equation(4.26) and its derivatives are

substituted into the homogeneous part of equation(4.25). The resulting variational

equations describing the behaviour of <l>(m,t) and Q(m,t) during the motion of the mass

determine the modified frequency.To this end, substituting (4.26) and its derivatives into

the homogeneous part of equation(4.25) and taking into account(4.22), (4.23) and (4.24)

one obtains

- 2YIll<l>(m,t)sin [Ymt- Q(m,t) ] + 2Ym<l>(m,t)Q(m,t) cos [Ymt - Q(m,t)]

- <l>(m,t)y2mcos [Ymt- Q(m,t)]

+ 2CA [ cx3A(m,k)+ 2cx3B(m,k) cosnct] { -<l>(m,t)ymsin[Ymt - Q(m,t)] }
cxo(m,k) L

a (4.27)

+ { ...Ql(m,k) - A cxl(m,k) [cx2A(m,k)+ 2cx2B(m,k)cos nct]
cxo(m,k) cxo(m,k) L

+ C2A [ cx4A(m,k)+ 2cx4B(m,k) cos nct] } { <l>(m,k) cos [ Ylllt- Q(m,t) ] }
cxo(m,k) L

where terms higher thanO(A) have been neglected.

The variational equations are obtained by equating the coefficients of
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(4.28)

sin[Ymt - O(m,t)] and cos[Ymt -O(m,t)] terms on both sides of the equation. Thus, noting

that

cos nct sin[Ymt - O(m,t)] = Y2 sin[ nct + Ymt- O(m,t)] + Y2 sin[Ymt - O(m,t) - nctl
L L

and

cos nct COS[Ymt- O(m,t)] = Y2 cos[ nct + Ymt- O(m,t)] + Y2 cos[ nct -Ymt+ O(m,t)]
L L L

and neglecting those terms that do not contribute to the variational equations and taking

into account (4.16), equation (4.27) reduces to

r:

- 2Ym<D(m,t)sin [Ymt- O(m,t)] + 2Ym<D(m,t)O(m,t) cos[Ymt - O(m,t)]

- <D(m,t)y2m cos[Ymt - O(m,t)] - 2cA, <D(m,t)Ymu3A(m,k) sin[Ymt - O(m,t)]
uo(m,k)

+ lm <D(m,t) cos[Ymt - O(m,t)] - ~m u2A(m,k)<D(m,t) cos[Ymt - O(m,t)]
uo(m,k)

+ C2A, u4A(m,k)<D(m,t) cos[ Ymt- O(m,t)]

uo(m,k)

o

The variational equations of the problem are obtained by setting the coefficients of

cos[ Ymt- O(m,t)] and sin[ Ymt- O(m,t)] to zero in (4.28), thus one obtains

2Ym<D(m,t)O(m,t) - A,<D(m,t)y2m~A(m,k) + A,<D(m,t)c2u4A(m,k) 0

uo(m,k) uo(m,k)

(4.29)
and

Ym<D(m,t)+ A,Cu3A(m,k) ym<D(m,t)

uo(m,k)
o

(4.30)

Rearranging (4.29) and (4.30), we have

O(m,t) = A,[ind!2A(m,k) - c2u4A(m,k)]

2uo(m,k) Ym (4.31 )

71



am = Ym - A [imQ,2A(m,k) - c2a4A(m,k)]

2Ymao(m,k) (4.36)

and

<D(m,!) - AC<D(m,!) a3ACm..kl

ao(m,k) (4.32)

Solving equations (4.31) and (4.32) respectively yields

O(m,t) = A [ im a2A(m,k) - c2a4A(m,k)] t + Om
2Ymao(m,k) (4.33)

where Om is a constant and

<D(m,t) = \I' e(-yot) (4.34)

where Yo= A c a3A(m,k) and \I' is a constant.
ao(m,k)

Therefore, when the effect of the mass of the particle IS considered, the first

approximation to the homogeneous system is

Wm(t) = <D(m,t) cos[ amt -Om] (4.35)

where

is called the modified natural frequency representing the frequency of the free system due

to the presence of the moving mass.

In view of(4.35), the homogeneous part of the equation (4.20) can be written as

(4.37)

while the entire equation (4.20) takes the form, taking into account (4.23),

d2Wm(t) + a2mWm(t) = AO
[ sin .6:kCt+ AkCOS.6:kCt+ Bksinh.6:1&1+ Crcosh .6:kCt]

dt2 - L - L - L - L

(4.38)

where AO = ~
ao(m,k)
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- (80 sinamt - am sin80t ) ] } (4.39)

Clearly, equations (4.15) and (4.38) are similar. Thus going through the same

argument as in CASE I, equation (4.38) when solved yields

Wm(t) = AO
{ ( a2

m - 82
0) [ C, am ( cosh 80t - cos amt)

am(a4
m - 84

0)

where

Hence, in view of equations (2.15) and (2.38)

n

Un(x,t) = I
m=!

A ° { ( a2
m - 82

0) [ C, am ( cosh 80t - cos amt )

amCa\l - 840)

C4.40)

This represents the transverse - displacement response to a moving mass of a non -

uniform Rayleigh beam on a variableWinkler elastic foundation.
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U(O,t) = 0 = U(L,t) and a 2U(O,t) = 0 = &U(L,t)
&2 &2 (5.1)

CHAPTER FIVE

ILLUSTRATIVE EXAMPLES, NUMERICAL CALCULATIONS AND

DISCUSSION OF RESULTS (NON-UNIFORM RAYLEIGH BEAM).

5.1.0 ILLUSTRATIVE EXAMPLES.

As in the previous chapter, we shall illustrate the foregoing analysis by various

practical examples. Particularly we shall consider classical boundary conditions such as

simply supported boundary conditions, free ends condition, clamped ends condition and

clamped-free end conditions.

5.1.1 SIMPLY SUPPORTED BOUNDARY CONDITIONS.

For the non-uniform Rayleigh beam having simple supports at ends x= 0

and x= L, the deflection and bending moment at both ends vanish.Thus

and hence for the normal modes

(5.2)
which implies

Yk(O)= 0 = Yk(L) and d2yk(O)= 0 = d2Yk(L)
dxL d~2 (5.3)

with the frequency equation
,

)

It can then be shown that • 1, t

• •

sinAm= sinx, = 0

which implies

Am= mn and Ak= krt respectively.

74



Thus the moving force problem for the non-uniform Rayleigh beam is reduced to

the non-homogeneous ordinary differential equation given as

(5.4)

where
Ao = gM

!-loL[A, + R071?m2B,]
L2

(5.5)

and

1
2

rom

+ 30(1 - k2 - m2)(1 + 2km - m2) + 3(9 - k2 -m2)(9 - 4km + m2) ]
[(1 + ki - m2] [(1 - k)2 - m2] [(3 + k)2 _m2][(3 - k)2 - m2]

+ KL [3e[71?(2-L)(k+m)2+2L] (k-m)4(-ll+m

n\k - m)4(k +m)"

_ 3L2[n\2-L)(k-m)2+2L] (k+m)4( _l)k-m

_ 32k,,'m(k' -m')' + 12L'(k'+ 6k'm' + m") ] } (5.6)

where

B, = Y2 + 2k(1 + m2 - k2)

n[(1 + k)2 - m2] [(1 - ki - m2]

When equation (5.4) is solved in conjunction with the initial conditions, one

obtains expression for Wm(t). Thus in view of (2.15) and (2.38), one obtains

n

[comsin knct - knc sin comt] sin111nx
L L L

Un(X,t) = L Ao
rn=I [2 (k / )2]C0111 co 111 - nc L

(5.7)
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as the transverse-displacement response to a moving force of a simply supported non-

uniform Rayleigh beam on a variableWinkler elastic foundation.

Next, we consider the moving mass problem, that is, when la:t:O. Following

arguments in the previous section, the modified frequency corresponding to the frequency

of the free system due to the presence of the moving mass of the model is obtained as

8m= Wm- A.[ 4L2w2m + c2m2n2 ]

[ 0 2 2 ]8Lwm AI + R n m BI
L2

neglecting higher order terms of A..Thus, the moving mass problem becomes

(5.8)

[ sin knct ]
L

(5.9)

which when solved in conjunction with the initial conditions yields expression for

Wmet)and in view of (2.15), one has

n

Un(x,t) = L
m=I

[8m sin knct - knc sin 8mt ] sin mnx
L L L

(5.10)

This represents the transverse-displacement response to a moving mass of a

simply supported non-uniform Rayleigh beam on a variableWinkler elastic foundation.

5.1.2 FREE ENDS CONDITION.

For free end conditions at x= 0 and x L, the pertinent boundary

conditions are

&U(O,t) = 0 = &U(L,t) and &U(O,t) = 0 = &U(L,t)
ax? &x2 &x3 ax?

(5.11)
and for normal modes
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(5.13)

(5.12)
which implies that

Going through the same procedure as in the previous chapter, we have

Am = sinAm - sinhA rn = COSAm - coshA m = em and Bm = 1
coshx., -co SAm sinAm + sinhAm (5.14)

and the frequency equation for the dynamical problem is

COSAmcoshx m = 1 (5.15)

Such that

Al = 4.73004, A2= 7.85320, A3= 10.99561, ..... (5.16)

Substituting (5.14) and (5.16) into equation (4.18) and (4.40) one obtains the

displacement response respectively to a moving force and a moving mass of a free-ends

non-uniform Rayleigh beam on a variableWinkler elastic foundation.

r
5.1.3 CLAMPED ENDS CONDITION.

Both the deflection and slope vanish at a clamped end.Thus, considering

the Rayleigh beam when it is clamped at x= 0 and x = L, the conditions are

expressed as

U(O,t) = 0 = U(L,t) and aU(O,t) = 0 = aU(L,t)
ax ax (5.17)

and for normal modes

Vm(O) = 0 = Vm(L) and dVmtO) = 0 = dV m(L)
dx dx (5.18)

which implies that
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Yk(O) = 0 = Yk(L) and dYjs(O)= 0 = dYjs(L)
dx dx (5.19)

Following similar argument as in the previous section, it is straight forward to

show that

Am = sinhAill - sinA.m= COSAm - coshA rn = - em and Bm= 1

COSAm- coshx., sinAm + sinhAm

and

cos Am cosh Am= 1

as the corresponding frequency equation.

Thus,

Al = 4.73004, A2= 7.85320, A3= lO.99566, .

(5.20)

(5.21)

(5.22)

When (5.20) and (5.22) are substituted into equations (4.18) and (4.40) the

displacement response respectively to moving force and moving mass of a non-uniform

clamped Rayleigh beam on a variable Winkler elastic foundation is obtained.

5.1.4 ONE END CLAMPED AND ONE END FREE CONDITION.

At x = 0, the Rayleigh beam is taken to be clamped and at x= L, the beam model

is free as obtains in the last chapter. The boundary conditions of the beam are

&U(L,t) = 0 = &U(L,t) and U(O,t) = 0 = 8U(0,t)
&2 &3 &

and for normal modes

lYm(L) = 0 = d3Ym(L) and Y 01(0)= 0 = dYm(O)
dxT dx""1 dx

which implies that

d2Yk(L) = 0 = d3Yk(L) and Yk(O) = 0 = dYk(O)
dxL dxJ d~
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Thus, following the same procedures, we have

Am = - sinAm - sinhA rn = - COSAm - coshA m = - em and Bm = - 1

COSAm+ coshx.; sinhAm - sinAm (5.26)

and

COSAmcoshx., = - 1 (5.27)

as the frequency equation for the system such that

Al = 1.875, A2 = 4.694, A3= 7.855, . (5.28)

Using (5.26) and (5.28) in equations (4.18) and (4.40) one obtains the

displacement response to a moving force and a moving mass respectively of a non-

uniform clamped-free-ends Rayleigh beam resting on a variable elastic foundation.

5.2.0 DISCUSSIONS OF THE ANALYTICAL SOLUTIONS

As in the previous chapter, we shall examine the phenomenon of

resonance in this section.

Equation (5.7) reveals clearly that the simply supported non-uniform

Rayleigh beam resting on a variableWinkler elastic foundation and traversed by a

moving force reaches a state of resonance whenever

COm = krtc
-L-

(5.29)

While equation (5.10) shows that the same Rayleigh beam under the action of a moving

mass experiences resonance when

(5.30)

where

) ]

(5.31)
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From (5.30) and (5.31), it is easily shown that

rom[Ar + R071?m2Br - !::. (1 + c2m2n2) ]
L2 4 L2ro2m

knc
L

(5.32)

Clearly

for all m.

Consequently, for the same natural frequency, the critical speed (and the natural

frequency) for the moving mass problem is smaller than that of the moving force

problem. Thus, the resonance is reached earlier in the moving mass system than in the

moving force system.

Furthermore we exarmne the phenomenon of resonance for other classical

boundary conditions. From equation (4.18), it is evident that the non-uniform Rayleigh

r: beam on a variableWinkler elastic foundation and traversed by a moving force

encounters a resonance effect when

11m= !::.kf
[

While equation (4.40) reveals that the same beam under the action of a moving mass

(5.33)

reaches the state of resonance whenever

\

(5.34)

where
am= 11m- ')..,[ n:.miliA(m,k) - c2a4A(m,k) ]

211mao(m,k)
Consequently,

am= 11m[ ao(m,k) -!::. (a2A(m,k) - c2a4A(m,k))]
2 2n m

ao(m,k)
(5.35)
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Thus, from equations (5.33) and (5.35), results and analysis similar to those of the

simply supported Rayleigh beam arc obtained far other examples of"classical end support

conditions.

5.3.0 NUMERICAL CALCULATIONS AND DISCUSSION OF RESULTS.

In this section, calculations of" practical interests in dynamicsor structures arc

presented for the illustrative examples.

An clastic 1101l-Ulliform Rayleigh beam or length 121.lJ211l has been considered.

The mass is assumed to travel at the constant velocity 8. I2311l/S. Furthermore, EI andA

are chosen to beG.OGS x I(hlll/s2 and 0.025 respectively. The results are as presented on

the various graphs below for the various classes or boundary conditions considered.

5..1.' S'M"LV SllI'l'OUTEU 'i~Nf)S.
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N
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values of RO for simply supported non- uniform
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The ellect of Rotatory inertia RO011 the transverse deflection of the simply

supported non-uuiform Rayleigh beamin both casesof moving force and moving mass is

shown in ligures 5.01 and 5.02 respectively. It is shown that the response amplitude of

the lion-uniform Rayleigh beam decreases as the value of the Rotatory inertia correction

factor increases.

Figures 5.03 and 5.04 present the effect of foundation moduliK on the transverse

deflection ill both cases of moving force and moving mass respectively. It is observed

that as K increases, the deflectionof the simply supported non-uniform beam decreases.

Here, values of K between 0 N/m3 and IJJ1 N/m3 are used.

lor t ht' IHII pose {)f comparison, Ihe displacement curves of the moving Ii)!ce and

moving mass Ior n simply suppotlcd 11011- uniform helllll with fixed R" III III K are

presented in figure 5.05. It can be noted that the response amplitude of a moving mass is

greater than that of a moving force problem.The result holds lor every choice ofRO and

K.

5.1.2 CLAMI'EU ENnS.
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0r---~~~~~,------.------~----~ 2.5 t (sec)
2'0E

- -0'0
N
<,
..J -0,03
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••.0·05
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RO:: so
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RO:: 50)( If

Fig. 5 -06: Deflection profile of moving force at various values

of RO for clamped- clamped non-uniform RayleiCJh beam.
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Figure 5.06 and 5.07 display the effect of Rotatory inertiaRO on the transverse

deflection of the clumped-clamped non-unifbrm beam ill both cases of moving force and

moving mass respectively. It is observed that as the valueof RO increases the deflection

of the beam decreases.

The ellect of foundation constant K011the deflection of the non-uniform clamped

- clumped Rayleigh beam in both cases of moving force and moving mass is displayed in

figures 5.0R and 5'<)9 respectively. The graphs show thatall increase in the value of K

gives a decrease illthe transverse deflection of the clamped-clumped11011- uniform beam.

Figure 5.10 compares the displacement curvesof the moving force and moving

mass for a chunpcd-chuuped non-unilonn Rayleigh bcmn Ior lixcd values ofRO and K. it

is evident that the displlln:nwnt response ofthe Illovilll!, mass pruhlem is greater than thnt

of the moving force problem.
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0
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FilJ. 5·11 : Deflection profile of moving force at various values
of RO for clamped- free non- uniform Royleigh beam.
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As in the previous sections, figures5.11 and5.12 display the effect ofRo on the

transverse deflection of the clamped-free non-uniform beam in both cases of moving

force and moving mass problems respectively. It is shown that as the value of RO

increases, the deflection of the beam decreases.

Figures5.13and5.14show that, for both cases of moving force and moving mass

problems respectively, an increase in the value of foundation moduli K reduces the

transverse deflection of the non-uniform Rayleigh beam with one end clamped and the

other end free.

Figure 5.15 compares the displacement curves of the moving force and moving

mass for a clamped - free non-uniform beam for fixed values ofRO and K. It is observed

that the displacement response of the moving force problem is greater than that of the

moving mass problem.
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CHAPTER SIX

GENERAL CONCLUSION

6.1 SUMMARY OF RESEARCH WORK.

/

The objective of this work has been to study the problem of the dynamic response

to moving concentrated masses of Rayleigh beams on variable Winkler elastic

foundations. In particular, the closed form solutions of the fourth order partial differential

equations with variable and singular coefficients of

(i) Uniform Rayleigh beam and

(ii) Non-uniform Rayleigh beam.

moving mass problems are obtained. The method of solution is based on(i) The Galerkin

method, (ii) The Modified Struble's Technique and (iii) The method of integral

transformations.

Important features of this technique include the following:

It can be used to solve moving mass problem involving Bernoulli-Euler beams

theory of flexure.

(ii) It can also handle moving mass Rayleigh beams problems having uniform cross-

(i)

section.

(iii) It also readily yields solutions to movmg mass non-uniform Rayleigh beam

problems having arbitrary classical end conditions.

In both problems, illustrative examples involving (i) Simply supported end conditions,

(ii) Free end conditions, (iii) Clamped end conditions and (iv) One end fixed and the

other free are given.
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These solutions are analyzed and resonance conditions for the various problems

are obtained. Numerical analyses for both moving force and moving mass problems are

carried out and results in plotted curves are presented.

The major findings from the various analyses are summarized as follows:

For all the four illustrative examples considered, the moving force solution is not

an upper bound for the accurate solution of the moving mass solution in both

uniform and non-uniform Rayleigh beam moving mass problems.

(ii ) As the rotatory inertia correction factor increases, the response amplitudes of both

uniform and non-uniform Rayleigh beams decrease.

(i)

(iii ) When the rotatory inertia correction factor is fixed, the displacements of a

uniform Rayleigh beam resting on a variable elastic foundation decrease as the

foundation moduli increases for all variants of the boundary conditions.The same

results obtain for non-uniform Rayleigh beams.

Higher values of rotatory inertia factor are required for a more noticeable effect in(iv)

the case of clamped-clamped end conditions than those of simply supported end

conditions for both moving force and moving mass problems of both uniform and

non-uniform beams.

(v) For fixed rotatory inertia factor and foundation moduli, the response amplitude for

the moving mass problem is greater than that of the moving force problem for all

illustrative end conditions considered.

(vi) In all illustrative examples considered, for the same natural frequency, the critical

speed for moving mass problem is smaller than that of the moving force problem.
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(vii) As rotatory inertia correction factor increases, the critical speeds of both uniform

and non-uniform Rayleigh beams increase.

(viii) In general. higher values of rotatory inertia correction factor are required for a

marc noticeable effect on the response amplitude ofnon-uni fonn Rayleigh beams

than would be required for similar uniform Rayleigh beam moving mass

problems.

Finally, this work has suggested valuable method of analytical solution for this

category or problems for all variants of classical boundary conditions,

6.2 CONTRIBUTION TO KNOWLEDGE

Analytical solutions have been provided for both problems of uniform and non-

uniform Rayleigh beams resting on variable Winkler elastic foundations for all

variants ofc lassicul boundary conditions and analyses have indicated

(a) the influence or Rotatory inertia on the transverse-displacement response of

both uniform and non-uniform Rayleigh beams under the action of a moving

load,

(b) the effects or the variable Winkler clastic foundation modulli on the response

or both uni form and non-uni form Rayleigh beam problems.

(c) the resonance conditions for both moving force and moving mass of uniform

and non-uni form Rayleigh beam problems.

(d) the reliability of the moving force solution as a safe approximation to the

moving mass problem for all variants of classical boundary conditions,
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These findings are useful tools in the hands of practicing Engineers in structural

design and analysis.

6.3 LIMITATIONS TO STUDY AND RECOMMENDATIONS FOR

...,-. FURTHER RESEARCH .

The dynamic response of Rayleigh beams resting on variableWinkler elastic

foundations to moving concentrated masses is the main objective of this study.

Illustrative examples have been limited to classical boundary conditions only. Non-

classical boundary conditions such as (i) elastically supported end conditions and (ii) time

dependent boundary conditions are not considered and as such are suggested for future

research.The two-dimensional analogue of the theory developed in this thesis could be

extended to moving load rectangular plate problems. Structures (beams or plates) on

other foundation models are left for further research. Other beam models under the action

of moving loads such as Shear beams and Timoshenko beams described by simple

equations resting onWinkler or non-Winkler elastic foundation and Visco-elastic

foundation are not considered in this study.
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APPENDIX

SOLUTIONS or SOME INTEGRALS

This appendix presents the solutions of the definite integrals listed

in chapters two and four of this thesis.

={lo [ sin .(1\,1;.-/\,11\) sin (/\'I;. I- :\'11\ )I
II 2 Ak- 1..11\ /\'1;.-11..11\

lo [I - sin2A 1111
2 21..11\

-f lsin(AI;.+/\'I1\) +
I r,- 2 ICk+ICI11

lo II+ sin2AI1\]
2 21..111

sin(AI;.-AI11) .I,
)\,k-IC111
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I

\

1
/

sinh(f"k-AIll )] ,

Ak-AIll

112={i
Ll
2

cosh2AIll -\ 1

21..111

{

LI
I,,~ ~

cosh2AIll -I 1

21..111

sin(Ak-AIl1) I_

Jq,-AIll

{

L sin (n11:+Ak-AIll) + sin(n71:-Ak-I-AI1 1)-sin(I171:+Ak+AI11)- sin(n11:-Ak-AIll )

b7= 4 1111:+1..1;-1..111 1111:-Ak+AIll 1111:+1..1;+1..111 n11:-AI;-AI11

L [ 1 - sin 2(n11: +Ak)] L [I - sin2(n11: - Ak )]
4 2(n11: +1..1;) A",=11)(+Ak 4 2(n71: -AI;) I,,,, =11)(+ )'k

LI (cos(n71:-Ak-AI11)-I)

118= 4 n11:-(AI;+AI11)

+ (l-cos(n11:+Ak+AI11))
1111:+(1..1;+1..111)

+ (cos(n11:-Ak+AI11)-I)

1111:-(Ak -1..111)

+ ( \- cOS(I111:+A k -/~111»)

n11: + (A k -1..111)
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+

Am (sin(nn+Ad COShAm - (nn+AIJ cos(nn+Ak)sinhA m)

ALm+(nn+Ak)L Am

Am (sin(nn-Ak) cosh Am - (1m-Ad cos(nn-AdsinhAm) 1

ALm+(nn-Ak)L Am

11 Am (sin(nn+Ad sinhAm- nn+Ak (cos(l1n+Am)coshA m-1))
bJ= 2 ALm+(nn+Ak)L Am

Am
A2m+( nn-Ak)L

(cos( nn+ Ak - Am)-1 ) + (I-cos( nn+ Ak+ Am) +
(I1n+ Ad - Am (nn+ Ak) + Am

(cos(nn-Ak-A m)-I)
(I1n-Ad - Am

sin(nn+Ak + Am) +
nn+Am + Ak

+

-I- sin (nn-AI;+ Am)
11rt - I\.k + 1\.1l!

Am (cos(nn+Ak) COShAm+ I1n + AI; sin(nn+AI;)sinhAm-l)

A2m+(nn+AJ.J2 Am

-I- Am (cos( nn-Ak) cosh/'mi- I1n- AI; sin(nn-I'k)sinhA m-I ) 1

A2m+( nn-AJ.;)L Am

11 Am (cos(nn+Ak) sinhAm+ (nn+AJ.;) sin(nn+l,dcoshA m)

h-l = 2 ALl!1+(nn+),dL Am

)'m (cos(nn-Ak) sil1hAm+ (Iln-Adsill(nn-AJ.;)coshAm) 1

ALm+(lln+Ak)L Am

11 Ak (sin(nn+AI11) COShAk - (nn+AI11) COS(AI11+ nn)sinhAJ;)

lzs = 2 A\ +( I1n+ Ani Ak

+ AI; (sin(lln-Am) coshhx, - (nn-Am) cos(nn-Am) sinhAI;) 1

AL" +(Iln-)'Ill ),"
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11 Ak (cos(nn+AllI ) coshx,+(nrr+Arn)sin (nn+AIlI )sinhAk-l)

h6 = 2 A\ +(Arn+nn/ Ak

+ Ak (cos(nn-Arn) coshAk +. (nn-Arn) sin (nn-Arn) sil1hAk-l) 1

A\ +(nn-Ani Ak

L 1 Ak (sin(nn+Anl) sinhAk - (I1rr+Arn) (cos(nn+Arn)coshAk-l))

Il!) = 2 A\ + (nn+/"nl I"k

L
127 = 2

L
lzs = 2

11 Ak (cos(nn+Arn) sinhAk + (nrr+Arn) sin(nn+Arn)coshAd
I10= 2 A\+(rm-I-Arn)L Ak

-I- I"k (cos(nn-Arn) sinhAk + (nn-Arn) sin(rm-Arn) coshAk) 1

1,,\ -I-(rm-Ani Ak

L 1 (I"k I/"rn) « - I)" COShOlk I/""1) - I)

2 (Ak+Anl)2 + 112rrL

2(Ak -Xrn)J
L1 I(Ak-/-Ani -21 sin(l"k-l- l"ln)-/- 2(Ak -I-Arn)COS(Ak-l-Arn) j,

m -:f; k

L - LJ [(2AJ..:)Lsin 2Ak-l- 4Ak COSAk-2 sin 2Ak j.
6 2(2Ak)3 m = k

L3 [-(Ak-l- AnicoS(Ak-l- Anl)-I-2(Ak -I-l"rn)sin(Ak+ Arn )-1-2COS(Ak-I-Arn)-2 1

2(Ak-l-Arni

+ LJ [ -(Ak-Arn)L COS(Ak- Ani) -I-2(Ak -Arn) sin (Ak - Arn)
2(1"k -Ani + 2COS(l"k- AlII) -21, 111-:f; k

111= k
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bA == L3 [-(lck+AIlI)2 COS(Ak+Am) +2(Ak +Am) sin (Ak+Am )+2cos (Ak + Am) - 2]
2(Ak +Am)~

+ L3 l-(A111-Ad2 COS(A111-Ak)+ 2(A111_AI;)sin (AIlI-Ak) + 2 cos (Am-Ak)- 2 J

2(A111-AdJ

JnA == LJ (W~k+A111)2 - 2] sin (Ak+Am) + 2(J~k +A111)COS (Ak+A111)J

2(Ak +)~k)3

+ L J {[(I~k-)~111)2_2] sin(Ak-AIl,)+2(Ak -)~111)COS(Ak-A111)J

2(Ak-Am)J

2L lA111b4c+ Ak h9c]
(ALIlI+A\)

124A == LJ

A2111+A\

- 2L rA111123c+ Ak 120c1
AL111+A\
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L3 [sinh(Ak +Am) - sinh(Ak-Am) ]
2 I~k +Am Ak -Am

- L3 [(Ak +A I11) COSh(Ak+Am) - sinh(Ak+Am)]

(I~k +Am)-'

+ L3 [ (Ak -Am) COSh(Ak-Am) - sinh(Ak-Am) ]
(AI; -Am) _1 AI; :;tAm

L3 [sinh2Am - 2Am] - L3 [2Am cosh2Am - sinh2Am +L
3

]

4Am 8A 3'11 3, I~I; =AI11

+ L3 [(Ak-Am)2 COSh(Ak-Am)-2(Ak-AIII)sinhO~k-A"1)+2(cosh(Ak-Am)-I)]

b~i\= 2(Ak -Am}~ I~k :;tAm

LJ l2A2m cosh(2Am)-2AI11 sinh (2Am) +cosh(2Am)- 1- 8A
3
m

8A-'m Ak = Am

L3[(Ak +Am)2cosh(Ak+Am)-2(AI;+Am)sinh(Ak+Am)+ 2( COSh(Ak+Am)-I)]

2(AI; +AIII )3

-+ LJ W~III -Ad2 COSh(Am-Ad-20~"I-Adsinh(A"1-/~k)-+-2( COSh(AIII-Ad-I)]

IJ1i\ = 2(Am _/~k}l
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LJ [(Ul.k +Am)2+2)sinh(Ak+Am)-2(Ak+Am) COSh(Am+Ak)j

2(Ak +Ani

132/\ = + L3 [«Ak -Ani +2)sinh(Ak-Am) -2 (Ak-Am) COSh(Ak-AIl1)j

2(Ak - Ami Ak *Am

L4 {(Ak -Am) [(Ak -Am)2 -6]sin(Ak-Am) + 3[[(Ak -Anl-2]cOS(Ak -Am)+2]}

2(Ak -AmY'

I'R'l
\

L~1I6-0'L +/l.m)2J(Ak+Alll)Cos(ll.k-i-Anl)+31 (Ak -I /1.111/-2lsin (/"k +/"m»)

2(/"k +AmY'
+ L 4 ([6-(Ak -Am)2](Ak -Am)COS(Ak-Am)+ 31U"k -Allli -2Jsin(Ak -Alii»)

2(Ak -An,)4 , Ak *Am

L"16(Ak + !"m)COS(AJ,;+AIII )+3( Ak+AlIlsi n(Ak + Am)-( Ak+Am)\OS(Ak + Am)

2(AJ,;-I-AIII )

lzrn L4 {[6-(AJ,; +Anl ](AJ,;+Am)COS(AJ,;+Am)+ 3 IO"k +/"11I/ -2Jsin (I"k +/"m):

2(J,,,J,; +/"m),4

+ L4 ([6 - (Am-Ak)2](Am-Ak) cos (AI1l-Ad+3[(Am-Aki-2]sin(Am-At;)}

2(AI1l-Ad4
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Ins

[ sin(Ak +Am)

Ak +Am

+ sin(Ak -Am) ]
Ak-Am

1
24

8 = L 4 P~m cos Ak sinhAm + Ak sinAk COShAm ] - 3L [Am I2JA + Ak bOA]
A2m +A2k A2m +A\

I27B =

+ 6 (Ak+A1l1 ) sinh(Ak+Am ) - 6cosh (Am+Ak) + 6]

_ L4 l(Ak -Am}' sinh(Ak-A1l1') - 3(Ak-Anl cosh (/"'k-Am)
---'=

2(Ak- Am)
+ 6 (Ak-Am ) sinh(Ak-A1l1 ) - 6cosh (Ak-A1l1) + 6]

, Ak:f:- Am

L" (4)",3m sinh 2Am- 6AL
nl cosh2Am+6Amsinh2Am-3cosh2Am+ 3-2A 4mJ

16A4m ' !"'k = Am
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+ 6 (Ak-Am ) COSh(Ak-Am) - 6sinh (Ak-Am)]
,Ak 7= Am

L 4 l4A3m cosh 2Am - 6A2m sinh2Am + 6A mcosh2Am-3sinh2Am ]
16A\1 . . Ak = Am

h913 L 4 [Ak sin/"m sinhx; -Arncos Arncosh Ak] - 3L [Ak 125;\- Amho;\]
A2rn+A\ A2rn+A2k

L4 [(Ak +Am)3 cosh(Ak+Am) - 3(Ak+Anl sinh (Ak+Am)
42(Ak+Am)

+ 6 (Ak+Am) COsh(Ak+Am) - 6sinh (Ak+Am)]
+ L" [(Am -Ak )3 COSh(Am-Ak) - 3(Am-)\,k)2sinh (Am-Ak)

131B = 2(Am- Ad4

+ 6 (Am-Ak) COSh(Am-Ak)- 6sinh (Am-Ad]
,Ak 7= Am

L'I [4A -\ cosh 2Ak - 6A\ sinh2Ak + 6Akcosh2Ak - 3sinh2Ad
4 -16/" k • /q, = AliI

L4 [(Ak +Am)3 sinh(Ak+Am) -3(Ak+Am)2cosh(Ak+Am)

2(Ak +Amyl
+ 6 (Ak+Alll) sinh (Akl-Am) - 6cosh (Ak+Arn) -+ 6 ]

+ L4 [(Ak -Arn)3 sinh(Ak-Arn) -3(Ak-Alll) 2cosh (Ak-Alll)
13213= 2(Ak -Alll)4

+ 6 (Ak-Am ) sinh (Ak-Arn) - 6cosh (Ak-Arn) + 6]
,Ak 7= Am

L 4 [4A ~msinh2Am-6A2rncosh2Am+6A msinh2Arn -3cosh2Am+ 3+2A
4

m]
16A4m ,Ak = )"m
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{(l.,-l.", )Sin(l.,-l.",) + [cost l.,-l.",)-I ] }

{(l., +,-",)Sin(l., +A",) + lcos(l.,+l.",)-I J }

m :to k

{(A' +l.",)sin(A,+).",)+cos( A,+l.",)-I }

m= k

118c =

~l." +).'",)l.", sin A, cosh l.",-(l.\ lA'",) A, cosl., sinhA",

+ (A' ,-A'",) sin A, sinh A",+lA",l., cosx, coshx., - 2l.",A']

-r-_L_~ ...--~{ (A21l,-I-),,2dAm sin Ak sinh A.IlI-(A\+A~IlI) Ak COSAk COShAll1

(A2m+A\/

+ lA,A", cos A, sinhA", + (l.\_l.2",) sinAl coshA", }

- L2 { (Am-Ad cos (AII\-Ad - s]1Il (AIl,-Ad
2 (Am-Ad

IlOt·

I2Ic =

InC =

111 = k

+ (/"II\+Ad cas (A\\\+)\,k) - sill O\'II\-)\,k)
:1

(AII\+Ad

{O\,k+Am) sin(Ak+)"m) + COS(Ak+Am)-1 }

+ L2

2(Ak-AII\)2

{(A,-A",) sin(A,-A,,,) + cos(l.,-l.",)-I }

III :to k

L2 + L2 {2AkSin2Ak+COS(2Ad-l}

4 2(2Ad2 III = k
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l} [(Ak+Am ) sinh (Ak +Am) - cosh(Ak + Am)+ J 1
2(Ak+Am/

127c = - L2 l(Ak-AIJ1 ) sinh (Ak -Am) - cosh(Ak - Alii) -I- J I,
2(Ak-Alli

i2RC = _ L2 r (Ak -Am) 2 sinh(Ak+Am) + (Ak +/\.m) 2 sinh(Ak -Am)l.
2()1.\-I\.2m)

. L 2 1 2Am cosh 2Am - sinh2Am I,
~

SA III
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L2 (AIl1-Ak )cosh (AIl1+Ak ) + ( AIl1+Ak )cosh (Am -Ad]

2(J.. 2m-A \)

I} [(Ak+AIll ) sinh (AIll+Ak) - COSh(AIll+Ak) + I ]
2

2(Ak+AIll)
+ L2 f(Ak-AIl1) sinh (Ak-Am) ~ cosh (Ak-AIll) + I].

2(Ak-Ani
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133= k{ [cos(nn + Ak + A!!!l=l ] - [ cos(nn + Adm) - 1 I
4 nrt + Ak + Am nn + Ak - Am

+ [ cos(nn - Ad!!!l=l ] - [ cos(nn - Ak+ Aml=.l ] }
nrt - Ak - Alii nrt - Ak + Alii

134= L { sin (nn - Ak - A.m,)- sin (nn+ Ak + A!!!) + sin (nn - Ak + Am} - sin (nn + Adm}}
4 nn - Ak - Am nn + Ak + Am nn - Ak + Am nn + Ak - Am

135= Y2{ AmL (cOS(nn-Ak)CoshAIII+(nn-A~)sin(nn- Ak)sinhAm)-l)
A2m +(nn - Ak)2 Alii

- AmL (cos(nn + Ak) coshAm + (nn + Ak) sin (nn + Ak) sinhAm -1J}
A2m+(nn + Ak)2 Am

136= ~ { AmL (cos(nn - Ak) sinh_Am +(nn - Ak) sin (nn- Ak) coshAm)
A2m +(nn - Ak)2 Alii

AmL (cos(un + Ak) sinhAIII + (nn + Ak) sin(nn + Ak) COShArn!}
A2rn+(un + Ak)2 Alii

137= L {sill(lIn-AIII -A~ - sill(nn+ Am + A~ + Sill(nn-Am +A~ - sill(lIn+Ad~ }
4 nn - Am - Ak nn + Am + Ak nn - Am + Ak nn + Am - Ak

138= -k { ( cos(lIn + Ak + Am) - 1 ] + [ cos(nn - Adm) - 1 1
4 nrt + Ak + Am nrt - Ak - Am

+ ( cos(lIn + Adm} - 11 + [ cos(nn - Ak + A!!!'l..=.l J}
nn+Ak - Am IIn - Ak + Am

( sin(nn+Ak ) cosh Am- (nn + Ak) cos(nrt+ Ak) sinhAm) )

Am
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+ AmL [ siu(n1t - Ak) COShAm- (U1t - Ak) COS(01t -Ak) siuhAm] }
A2m+(n1t - Ak)2 Am

140= 12 { A!!!L [ siu(u1t + Ak) siuhAm - (U1t + A~) ( COS(U1t+ Ak) COShAm- 1) ]
A2m+(U1t + Ak)2 Am

+ AmL [ sin(n1t - Ak) siuhAm - (U1t - A~) ( COS(U1t - Ak) COShAm - 1) J}
A2m+(U1t - Ak)2 Am

141= Y2 { __ A~L Icostnn -Am) coshAk + (U1t - Am) sin (nn - ~m) siuhAk -1 J
A\+(n1t - Ani Ak

~--=-=AkL [ cos(n1t + Am) COShAk + (U1t + Am) sin (U1t + Am) siuhAk -IJ }
A\+(U1t + Ani Ak

142= 12 { A~L Isiu(n1t + Am) COShAk - (U1t + Am) cos[nrc + Am) sinhAk )
A\+(n1t +Ani Ak

+ AkL Isiu(u1t - Am) COShAk - (U1t - Am) cos (U1t - Am) siuhAkJ }
A\ +( nn - Ani Ak

143= Y2 { ~k. + A!!!~ [ siu(n1t)sinh(Ak+Am ) - .2!1L ( cos(n1t)COSh(Ak+Am) - 1) J

(Ak + Am)2 + (n1t)2 Ak + Am

- ~k - Am) L [siu(u1t)sinh(Ak _Am) - ---..!!1L(cos(lm)cosh(Ak - Am) - J)J }
(Ak - Am)2 + (n1t)2 Ak - A",

144= 12 { ~k. + A!!!~ [ sin(lm)cosh(Ak+A", ) - .2!1L cos(u1t)siuh(Ak+Am) ]
(Ak + A",)2 + (Im)2 Ak + A",

+ ~k - Am) L [ sin(n1t)cosh(Ak _Am) - ---..!!1Lcos(n1t)sinh(Ak - Am)J }

(Ak - Am)2 + (n1t)2 . Ak - A",

145= 12 { AkL [cosln1t - Am )siuhAk + (U1t - Aml sinfnn - Am) COShAkJ
A\ +( U1t - Aml Ak
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- AkL Icos(111t+ Am)sillhAk + (un + Am) sintun + Am) coshAk I}
A2k+(Il7t + Ami Ak

146= ~ { AkL Isill(Il7t + Am)sil1hAk - (U7t+ Am) (cosmn + Am) coshAk - I) I
1.\ +(I17t + Ami Ak

+ AkL Isill(I17t-Am)siuhAk - (111t-A!!!)(cos(U7t-AIII)coshAk-l) J}
1.\+(Il7t - Ami Ak

147= Yz { -.11!!l. + A~ [sill(Il7t)cosh(Am+Ak) -...l!L cos(ll1t)sillh(Am+Ak) I
(Am + Ak)2 + (U7t)2 Am + Ak

+ ~m - Ak) L r sin(ll1t)cosh(Am - Ak) - ~ cos(II7t)sinh(Am - Ak) J }
(Am- Ak)2 + (un)2 Alii - Ak

148= Yz { -.11k. + A!!!~ [siu(u7t)sinh(Ak+AIII) -....!!1.L (COS(U7t)cosh(Ak+Am) -I) I
(Ak + Am)2 + (nn)2 Ak + Am

+ ~k - Am) L I sill(un)sinh(Ak - Am) - ~(cos(nn)cosh(Ak _Am)-I) I}
(Ak - Am)2 + (n7t)2 Ak - Am
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