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ABSTRACT

The response of Rayleigh beams camying moving masses, resling on variable
Winkler elastic foundations is investigated in this thesis, The problem is investigated for
both cases of uniform and non-uniform Rayleigh beams. In each case, the governing
equation is a fourth order partial differential equation. In order to solve this problem, the
versatile Galerkin's method is used to reduce the poveming fourth order partial
differential equations with variable coefficients to a sequence of second order ordinary
difterential equations. For the solutions of these equations. a modification of the Struble’s
technigue is employed. Numerical results in plotted curves are then presented.

The results show that response amphitudes of the uniform Rayleigh beam decrease
as the rotatory inertia correction factor R increases for all variants of classical boundary
conditions considered. These same results obtain for the non-uniform Rayleigh beams,
Furthermore, for fixed value of R”, the dispiacements of both uniform and non-uniform
Rayleigh beams resting on vanable elastic foundations decrease as the foundation
modulli K increases.

The results further show that, for fixed R” and K, the transverse deflections of
both uniform and non-umform Rayleigh beams under the actions of moving masses are
higher than those when only the force effects of the moving load are considered,
Therefore, the moving force solution is not a safe approximation to the moving mass
problem. Hence safety is not guaranteed for a design based on the moving foree solution,
Alsp the analyses show that the response amplitudes of both moving force and moving
mass problems de¢rease both with increasing Foundation constant and with increasing

Rotatory inertia.
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Finally, the critical speed for the moving mass problem is reached prior to that of
the moving force for both uniform and non-uniform Rayleigh beam problems in all

variants of illustrative examples considered.




CHAPTER ONE

L0 INTRODUCTION

Various structures, ranging from bridges and roads 1o space vehicles and
submarines, are constantly acted upon by moving masses and, hence, the problem of
analyzing the dynamic response of ¢lastic structures under the action of moving masses
continues 1o motivate a variety of investigations, Fryba (1972), In particular, the study of
beam and plate flexure under moving loads forms a very important structural element in
Engineering design and Construction, It has also become the objective of various
investigators in the feld of Applied Mathematics. These structures may be elastic,
viscoelastic or inelastic and the moving loads may either be of constant or varighle
magnitude. For moving loads, load effects are variable functions of the position of the
load. Below are the definitions of key terms relevant in this study:

(i) A beam mayv be considered as a slender bar acted wpon by forces and
moments producing primarily bending. A beam is also considered as a one-
dimensional body whose physical properties (Stiffness. mass, length etc) are
described with reference to a single dimension, the position along the elastic
axis. Thus, a typical beam problem is governed by a partial differential
equation of two independent variables, distance along the axis and time.

(i)  Plates are initially flat structural elements for which the thickness is much
smaller than the other dimensions. Thus they are considered as a two-

dimensional structures. Practical examples are tabletop, bridges ete.



(iii)  Moving loads may be defined as forces acting on a structure and continually
changing position. Common examples of these include trains, vehicles, cranes
ete,

{ivi  Inertia is defined as the tendency of the body to remain in its state of rest or
uniform motion in a straight line.

Pertinent to investigators in the field of structural dynamics is the quest for an
effective and reliable method in accurately determining the response of an elastic
structure under the actions of heavy masses traversing il at vanious speeds. Such
important fundamental dynamical problems as the analysis and design of railway bridges,
bridge girders, road tracks etc in our era of heavy motor-vehicles of various masses and
speeds continuously traversing these structures have intensified the need for the study of
the dynamic response to moving masses of elastic structures.

Several authors have extensively studied the flexural vibration of prismatic
reds and beams. In most of these previous works, it has tacitly been assumed that the
Cross-sectional dimensions of the rods and beams are small in comparison with its
length, The account of the effects of the Cross-sectional dimensions on the frequencies
has been neglected. Nonetheless, it 15 easy 1o see that a typical element of an elastic
system performs nol only a translatory motion but also rotates, Timoshenko (1974).
These corrections are of considerable importance in studying the modes of vibration of
higher frequencies when an elastic system is subdivided into comparatively short
portions, It is remarked at this juncture that in most of the previous studies on moving

load problems involving rods, beams or plates, the structures have been idealized by one



whose cross section is uniform. However, in the recent vears, such important engineering
problems as the vibration of turbines, hulls of ships and bridge girders of variable depth
etc involving the theory of wvibration of structures of vanable cross-section have
intensified the need for the study of the response of non-uniform elastic systems under
the action of moving loads, Oni (1996).

The effects of moving loads on solid bodies are dual, Fryba (1972), On one
hand is the gravitational effect of the moving load while on the other hand are the inertial
effects of the mass of the load on the vibrating solid bodies. Dynamical problems
involving moving loads can be generally grouped into the following three classes:

(i) In the first case, the mass of the moving load s considered muich smaller
than the mass of the structure it is traversing
{ii) The second class comprises of the system for which the mass of the
structure is assumed 10 be much smaller than that of the moving load, and
thirdly, we have
{11} The case in which the mass of the structure and that of the moving load are
of comparable nﬁgniludﬁ.
The first case i1s much simpler than the second and the third. Infact, the first
15 the commonest problem treated in literature. In this problem. the inertia effects of the
moving load are assumed neghigible and only the foree effects of the moving load are
taken into consideration. Thus, this type of problem is termed the “moving force”
problem. Though, the problem on this assumption has greatly been simplified, the

following question arises: how safe is a desipn based on this assumption? The



justification of this assumption would have been established had the solution of this
approximate moedel been proved to be an upper bound for the actual deflection of the
elastic system.

The most difficult of all the three types of the problem is the third, while both
the second and the third problems involve not only the consideration of the force effects
of the moving load but also its inertia effects, the moving load in the former does not
have mass commensurable with the mass of the structure. The third type of the problem
may be termed “moving mass” problem.

In general, the moving load problems are mathematically complex when the
inertia effect of the moving load is taken into consideration. Thus, most of the research
works available in the Iiterature are those in which this ¢lTect has been neglected. This s
due, at least in part, to the great amount of computational labour, which is required both
to set up and to solve the necessary equations. One important problem that arises when
the inertia effects of the masses are considered is the singularity which occurs in the
inertia terms of the governing differential equation of motion.

Aside the problem E]r'i.ﬁi]'tg from the inclusion of the inertia terms in moving
mass problems, difficulties often arise from the type of specified end-conditions. These
end-conditions can be classified into two, Bishop (1979), viz;

(a} Geometric boundary conditions
) Dwnamie/force boundary conditions
The geometnic boundary conditions relate to the deflection. say U{x.t) and

slope dU(x.t), (where x is the spatial coordinate and t is the time) while the dvnamic or
52



force boundary conditions relate to the bending moments ( E?‘!Uj:nl]l b and shear force
ax_]

{iL]{x,t}I ).
B
In practice, in structural dynamics, boundary conditions may be classified into
two, namely (i) classical and (i) non-classical boundary conditions,
There are four classical boundary conditions. They are described as follows:

1. Pinned end conditions: In this case the lateral displacement Uix.t) and the bending

moment & U{x.1) must vanish at the end considered, giving two conditons

axﬂ
Uxt) = 0 , 22Ut = 0
e
2. Fixed/clamped end conditions: Here the displacement U(x,1) and the slope dU{x.1)
ax
must vanish
3. Free end conditions: In this case the moment and the shearing force must vanish
at the ends. These imply
Ux0 = 0 and UKD = 0
g o
respectively,
4. Sliding end conditions: If one end is constrained to retain zero slope but is

completely free to move vertically, the slope dU{x.1) and the shear force

ﬂ‘ngx,t} must vanish
e
and 1t follows that



at such ends for sliding end conditions.
Other class of boundary conditions termed non-classical boundary conditions
includes, Masri (1976):

{a) Elastically supported end conditions

(b} Time dependent end conditions

{a)  Elastically supported end conditions: Suppose a beam is hinged or pinned at
one of its ends and supported by an elastic spring, with modulus k at the other
end, the magnitude of the shearing foree must be k times the displacement, i.e.

UL = + kUix.t)
ﬂxz

Thus for such elastically supported end. the boundary conditions are

FUxH=0 , & Ux1) - LUGH=0
i’ e’

where k| is an arbitrary spring modulus,

(k) Time dependent end conditions: In this case, at least one of the geometric or
dynamic boundary conditions does not vanish but is time dependent. Problems involving
this type of boundary conditions are, in general, resistant to the classical methods of
solving dynamical problems.

In this thesis we shall be concerned with the problem of assessing the dynamic
response o moving concentrated masses of Rayleigh beams on variable Winkler ¢lastic
foundations. This work incorporates the inertia effect of the moving load, the effect of
cross sectional dimensions of the beam and the effect of variable Winkler elastic

foundation in the governing differential equations of the dynamical problems and sets at



solving them. The analyses of the effects of these parameters on the response of the
beams when they are being traversed by moving loads shall be camied out. The work
covers both uniform and non-uniform Rayleigh beams.
1.1 REVIEW OF PREVIOUS WORK

The study of the behaviour of elastic solid bodies (beams, plates or shell)
subjected to moving loads has been the concem of several researchers i apphed
Mathematics and Engineering, More specifically, several dynamical problems involving
the response of beams on a foundation and without foundation have variously been
tackled ,Ghadevan and Aivesimi (1990). Among the earliest work in this area of study
was the work of Stokes reported in Fryba (1972), who obtained an approximate solution
for the response of a beam by neglecting the mass of the beam. This is because the
mtroduction of the ineriia effect of the moving mass would make the governing equation
cumbersome 10 solve as reporied in Stanisic et al (1974), Recognizing this difTiculty
Pestel (1951) applied Rayleigh-Ritz techmiques to reduce the moving mass problem
defined by a continuous differential cquation to an approximate system of discrele
differential equations with analytic coefficients. The sysiem was reduced by a fimte
difference scheme for solution, but no numerical results were presented. After this,
several researchers have approached this problem by assuming that the inertia of the
moving load was neghgible. Infact, Arye ot al (1951) pointed cut that the fundamental
mathematical difficulties encountered in the problem lie in the fact thai one of the
coefficients of the hinear operator descnbing the motion s a function of space and time.

They added that 1t 15 caused by the presence of the Dirac-delta function as a coefficient



necessary for a proper description of the motion. It is remarked at this juncture that,
physically, this term represents the miterplay of the mnertial forces due to the discrete
masses disinbuted over the structure dunng the motion, Fryba (1972), Some of the
studies reported by Arye et al (1951) include the work of Willis et al, reporied in Fryba
i 1972, who considered the problem of elastic beam under the action of moving loads. He
assumed the mass of the beam 1o be smaller than the mass of the moving load and
obtained an approximate solution to the problem, This is followed by the other extreme
case when the mass of the load was smaller than the mass of the beam. In particular, the
dynamic response of a simply supported beam traversed by a constant force moving at a
uniform speed was first studied by Krylov (1905). He used method of expansion of eigen
function to obtain his results. Lowan (1935) also considered the problem of transverse
oscillations of beams under the action of moving loads for the general case of any
arbitrary prescribed law of motion. He obtamed his solution using Green's functions.

The problem of a load moving along elastic beam on an elastic foundation 1s of
greal  theoretical and praclical significance, Oni (2000), Extensive theoretical and
experimental investigations have been carried out, particularly, when the foundation
modulus 18 constant along the span of the beam, This class of problems 15 generally
mathematically complex. Infact, to overcome the complexity, the mechamcal behaviour
of the subgrade has often been idealized. The simplest mechanical foundation model was
proposed by Winkler in 1867, The model expresses the relation between the pressure and
the deflection of the foundation surface. The Winkler foundation model consists of an

infinite number of closely spaced springs uniformly distnbuted along the structure,



Amold (1964). When the spring constant also called the foundation modulus, is constant
along the length of the structure, the differential equation of motion of the structure has
constant coefficients. If the foundation stiftness varies along the structure, the ditferential
equation i3 of variable coefficients and becomes more cumbersome to solve. The analysis
of beam on Winkler foundation when the foundation modulus 15 constant is very common
in literature. The work of Timoshenko (1921) gave impetus to research work in this arca
of study. He used energy methods to oblain solutions in series form for simply supported
finite beams on elastic foundations subjected to time dependent point loads moving with
uniform velocity across the beam, Kenny (1954) also investigated the dynamic response
of infinite beams on elastic foundation under the action of moving load of constant speed.
He included in the governing equation the effect of viscous damping. The response of a
finite. simply supported Bemoulli-Euler beam to a unit force at a constant speed is
investigated by steele (1967). The effects of this moving foree on beams with or without
an elastic foundation are analyzed. Furthermore Clastomk et al (1986) studied the
problem of vibrations of Bernoulli-Euler beams on variable Winkler elastic foundation.
The load acting on the beam in this problem was static.

In all the aforementioned investigations, problems have been largely restricted o
the case when the inertia effects of the moving load have been neglected. The more
complicated case in which consideration is given to the inertial effects of the moving load
has been neglected. However, recently, the advent of long highway bridges, together with
increased velocity and mass of automobiles. has forced a renewal of consideration of this

problem.



In general, problems of this type are mathematically complex. A major break-
through in this field of research is the work of stanisic et al (1968) who solved the
problem of simply supported non-mindling plate under a multi-masses moving system by
making use of an approximation of the Dirac-delta function, Only the inertia term which
measures the effect of local acceleration in the direction of the deflection was considered.
The methed of solation was based on the Founer sine transform technique suitable only
for simply supported boundary conditions. A one dimensional analogue of this problem
was taken up later by Milomir et al (1969) who developed a theory describing the
response of a beam under an arbitrary number of moving masses, The theory 15 based on
the Fourier technique and shows that, for a simply supported beam. the resonance
frequency is lower with no comesponding decrease in maximum amplitude when the
inertia is considered. This work was later extended by Stanisic et al (1974) to include all
the components of the inertia term. They considered only Bernoulli-Euler Beams with
only simply supported end conditions. Tt i remarked ot this juncture that in all these
aforementioned investigations, methods of solution have been suitable only for simply
supported end conditions, To address this problem, an interesting attempt was made by
Sadiku and Leipholz (1981) who developed an elegant technigue capable of solving
Bemoulli-Euler moving load problems for all variants of classical boundary conditions.
The technique involves transforming the differential equation governing the moving mass
problem into an integro-differential equation by using the Green function of the
associated moving force problem. Although this work is impressive. its application is

limited only to the case of beams executing flexural vibrations according to the simple

10



Bernoulli-Euler theory of flexure. The extension of the method to flexural vibrations of
structures with height-span ratios larger than about 1/10 has not been effected.
Monetheless, it is known that during vibration, a typical element of a beam performs not
only a translatory motion but alsoe rotates, Timoshenko et al (1974). Thus, there is the
need to consider beams whose motion is not governed by Bernoulli-Euler theory ( thin
beams). More recently, Oni (1991) and Gbadeyan and Omi (1995) presented a theory for
determining the response of a finite Rayleigh beam (a thick beam) under an arbitrary
number of moving concentrated masses. The theory advanced involves the development
of an analytical versatile techmique which is based on the modified generahzed hinmite
integral transform and the modified Struble’s method, An important feature of this
technigue is that it is applicable to all classical end conditons, as well as both thin and
thick beam moving load problems. This technique was further extended by Oni (2000}
and Cbadeyan and Oni (1993) to solve the problem of dynamic response of an elastic
plate traversed by several moving concentrated masses. In particular, a two-dimensional
analogue of the analytical method developed mm Om (2000) was developed. The extension
was carried out in such a way that the technigue is also suitable for all vanants of the
corresponding two-dimensional dynamical problems for all variants of classical boundary
conditions.

As impressive, though, these methods are, they are incapable of handling
dynamical problems involving beams and plates:

(i} of non-uniform cross section

(i) resting on a variable elastic foundation

i1



1.2

OBJECTIVES OF THE RESEARCH

This study considers beams, resting on variable Winkler elastic foundations and

traversed by moving concentrated masses, the motion of which 15 not governed by

Bernoulli-Euler (thin beam) theory of flexure, with the following specitic objectives:

(@)

ib)

(e}

(d)

el

To obtain the analytical solution of the fourth order partial differential
equation with varinble and singular coefficients, of (1) Uniform Rayleigh
beam and (ii) Non-uniform Rayleigh beam for all variants of boundary
conditions.

To investigate the influence of Rotatory inertia on the response to moving
masses of both unmiform and non-uniform Rayleigh beams resting on a variable
elastic foundation.

To analyze the effect of the variable elastic foundation on the transverse
displacement response of both types of Rayleigh beam.

To examine the rchability of the mowving force solution as a safe

approximation to the moving mass problem.

To establish the resonance conditions for both moving force and moving mass
problems and the effect of rotatory inertia and foundation moduli on the

resonance conditions.

0



GOVERNING DIFFERENTIAL EQUATION

The displacement response o a moving concentrated load P(x,1) of a Rayleigh
beam resting on a variable elastic Winkler foundation f{x) is governed by the partial
differential equation [1]

i[EI alur-: 0] + j.l.BZUI[H ) - @R“[ﬂiu(x 1) ]+ fix) Ulx,t) = P(x,1) (1.1}
i ot & exor

where x is the spatial coordinate, t is the time, U{x.t) is the transverve displacement, E is
the Young's modulus, I is the moment of inertia. p is the mass per unit length of the
beam and R” is the measure of rotatory inertia effect.

For a uniform Rayleigh beam, equation (1.1) becomes

El 634I_I|{x 0]+ u?U{:-:l} - };R"[ﬂ*um 1‘1] + fix) U, = P(x.1) (1.2)
a’ a P, o

On the other hand for the non-unifrom Rayleigh beam, equation (1.1) takes the

form

g 2[ El{x) &U(x.t) | + !.ll[:t}ﬂ"U{x 1) - AR"u(x) | aJU{x t) 1+ fix) Ulx.t) = Pix.t)
et a ax Bt

2|

(1.3)

Where | and p are now functions of the spatial coordinate x.

FEATURES OF THE THESIS

The procedure adopted in the remaining part of this dissertation is as follows;

In chapter two, the inifial-boundary value problem of the dynamic response to a
moving mass of a uniform Rayleigh beam resting on a vanable elastic foundation is

solved in general form. Ilustrative examples involving the various classical boundary

13



conditions, numerical calculations and discussions of results are presented in chapter
three, Chapter four considers the initial-boundary value problem of the dynamic response
o a moving mass of a nop-uniform Rayleigh beam resting on a varable elastic
foundation. The analytical solution is obtained in general form. This is followed
immediately by illustrative examples involving the various classical boundary conditions,
numerical calculations and discussions of results in chapter five.

Finally, conclusions and suggestions for future work are given in chapter six of

the thesis,

14



CHAPTER TWO
UNIFORM RAYLEIGH BEAM ON A VARIABLE

WINKLER ELASTIC FOUNDATION

2.1 GOVERNING EQUATION
The problem of the dynamic response to a moving mass of beam resting on a
variable winkler elastic feundation is considered in this chapter. This problem is
governed by the fourth order partial differential equation given by

Z [ELEUE O]+ p UK O-R" (2Ux 1)+ £x) Ut =Pt
& o &x St

i2.1)
Where x is the Spacial Coordinate, t is Time, U(x,1) is the Transverse Displacement,

E 15 the Young's Modulus, 1 is the Moment of Inertia, p is the Mass per unit length of the
beam, R™ is the Rotatory Inertia of the cross section and fix) is the variable elastic
Foundation.

The moving load on the beam under consideration has mass commeasurable with
the mass of the beam. Thus, the load P(x,1) takes the form Timoshenko (1922)

Plxtd=Pr(x)[1 -1 dU(x1)]
g dx (2.2)

where Pr{x.1} is the continuos moving force, d is the convective acceleration

dx

operator and g 15 the acceleration due to gravity.

The load on the beam is assumed to be of mass M moving with constan

velocity c. The operator d  used in equation (2.2) is defined as
dx

d =8 + 28 + &3 )
o Exdl ot (2.3)

I'5



Furthermore, the mm'l'ng force acting on the beam medel here is defined as

Pr(x.t) = E pegdix-—ect) (2.4)
where the time 1 is assumed to be limited to that interval of time within which the mass p
are on the beam, that is

D=setsl (2:5)

and & (x - ct) 15 the Dirac delta function defined as
0,x =ct
Bx—ct) = {2.6)

oK=Ll

with the propertics

(i) G{-x) = &(x) (2.7
h 0, k=<a<h

{ii} J &(x k) fix) dx ={ fik), a<k<<h
N 0, a<b<k {2.8)

In mechanics, the Dirac delta function &x) may be thought of as a unit
concentrated foree acting at point x = (), Timoshenko (1922).

In this chapter, the Ravleigh beam under consideration is assumed to be uniform,
that is, the beam’s properties such as the voung's modulus E, the moment of inertia | and
the mass per unit length of the beam p do not vary along the span L.

As an example in this problem, a variable elastic foundation of the form

fix) =K@x-3x+x") (2.9)
where k 15 the Foundation constant, 1s considered.

Thus substituting (2.2), (2.3}, (2.4) and (2.9} into {2.1), one obtains

Ela‘_[ut] +,ua’-_[n}} - uR"3'u Ugx) + M(x - ct) ( &+ 2ed + 8 Ui
e o ot &t oaxat &

i



+Kdx = 3x" + ) Ul 1) = Mgdix —ct) . (2.10)
The boundary conditions of the above problem are assumed to be arbitrary, that is, 1t can
take any form of the classical boundary conditions. The initial conditions, without any

loss of generality is taken as

Ux,0)=0=8U (x, 0} (Z.11)
i

2.2 METHOD OF SOLUTION

Evidently, the method of separation of wvariables is unapplicable because it
becomes difficult to get separate equations where functions are functions of a
single variable. In fact, a closed form solution of the above singular differential
equation does not exisl. As a result of the above difficulty. an approximate
solution s sought. One of the approximate methods best suited for solving diverse

problems in dynamics of structures is the Galerkin's method.

23 GALERKIN'S METHOD
This is one of the best methods used in solving problems involving mechanical

vibrations. The Galerkin's I'J'H:Thl;.‘rd 1% used 1o solve equations of the form

T¥]=P=0 (2.12)
where

I'= the differential operator, (linear or non-linear),

V= the structural displacement,

P = the transverse load acting on the structure.
A solution of the form

Vi (%0 = qilOd(x) (2.13)

15 sought, where 1 = 1,2, i ccimanranarmn e



The functions ¢,(x) are chosen to satisfy the appropriate boundary conditions.
The Galerkin's method requires that the expression (2.13) be orthogonal to functions @, ,

o PR A + . that is.

L 4]

[1T Zatdix)-P 1 ulx)dx=0, (2.14)
r
x= 1230
This gives us a set of ordinary differential equations in g;(t) o be solved. These

differential equations are called Galerkin's equations.

2.4 ANALYTICAL APPROXIMATE SOLUTION
The Galerkins method requires that the solution of equation (2.10) takes the form
Ugfx,1) = mil WtV m(x) {2.13)
where V(%) is chosen such that the desired boundary conditions are satisfied.
Equation (2.15) when substituted into equation (2.10) yields
{1V (5 Wal) + 1V We(t) - KR V' (0Wal0)
+ MB(x = 1) [Vin () Won () + 26V () Wanlt) + € V' () Win(D)]
+ ki 4% — 3%+ X7 VX )Wi(t) - Mg 8(x —ct)} =0 (2.16)
In order to determine Wy(t), it is required that the expression on the lefi-hand side of
equation (2.16) be orthogonal to the functions Vi(x).
Hence

L 1]

I X TRV a(0Walt) + Vi) Wonl)
- RV (YWalt) + M S(x — 1) (VX)W (1)

+ 26V (O Walt) + VI L (Wal1) * k(4% — 357 + )Vl )W)

I



- Mg &i{x—ct)] Vidzpdx = 0. (2.17)

Further simplification and rearrangement of (2.17) yiclds

I{{ﬂm—R"' Qap)Welt) + [ EI Qs + k (4 £1p— 300 + Qip)] Wit

m=

T ("
+ M [ﬂz{t}‘-i';’mtt] + Icﬂﬂ!}\"-“mtl} F o Wilt)] 3 = MVilet) (2.18)
u v
where
L
Q.= J; Vil ) Vi x)dx (2.19)
L
Q= [ V(O Vidx) dx (2.20)
L
Qip= V(X)) Vilx) dx (2.21)
L
= ﬁr AV lx) Vi(x) dx {2.22)
L
0yc = Jx" Vlx) Vi (x) dx (2.23)
L
n.u=4rf V%) Vi () dx (2.24)
L
ﬂzll;t}=£ Blx —et) Viulx) Vie (x) dx (2.25)
L
()= | Bix—et) V! (%) Vidx) dx (2.26)
L
Q=1 x — et) V(%) Vidx) dx (227

Using the property of the Dirac - delta function as an even function, it can easily be

shown that

S(x—ect}= lL + %%Lms mrlf{:tcﬂs% (2.28)

When use is made of (2.28) in (2.18), one obtains

9



3 (o LK) Wi(t) + 0y (m k) Wot) + M [(Qaalm k)
" Ly

+ Ei Gos mnct ﬂ:a{mmk}ﬁ‘-ﬁ-’m[t} + 2¢(Qzalm k) + Englms opect Qi tnmk}.‘l"-'l'r'm{!]

=l

+c3{m¢¢m.l-:n+1£'|ms amet Dup(nm k) Wa]} = MgVifer) (2.29)
n= u
where
Qofm k) = Qun - R0 (2.30)
yimk)= ElQys + K [40a - 30ic +Qip | (2.31)
Ik i
L
aa(mk) = [ Vin(x) Vi (x) dx (2.32)
L
p{nmk)=J cns@ V%) Vi(x) dx (2.33)
[&]
Qs (mk) = f;‘u"m(x} Vi) dx (2.34)
L
Dsu(nmk) = [ cos nmx V%) Vilx) dx (2.35)
ﬂm[l'll,k]'=1'; Vo) Vi (x) dx (2.36)
5 . 1]
=g v 237
4 (nmk) :I'EI Lﬂﬁﬂti mix) Vi) dx (2.37)

In this section. a solution valid for all cases of classical boundary conditions is

sought. Consequently, Va(x) 18 chosen as the beam function given as
= 8in Lpx + + Bsi +C A

Vi (%) smﬁlﬁﬁ A.nms;g,lfg meinhzh{;_n; [mm:rsh_ﬂ,;

Thus

Videt) =sin Léc_i + Aycos h%_q + Bysinh Z.k% + Cyeosh %l
(2.39)

(2.38)

Using equations (2.38) and (2.39) and rearranging, one obtains

Qoa = 1| + Apls + Byls + Cpls + Agle + ApAmls + ABaly + ACli + Bila

il



+ BiAalip + BiBali + BeCliz + Cilis + Culia + CuBamlis + CuCalis

{2.40)
v B Em [ -1 — Aulz — Byls = Cily — Awls — AmAuls = AqBily — AnCils + Brls
L_'
+ BaAihio+ BaBilin + BiwCiliz + Calia + Crufalys +CnBilis
+ CrlCilis ] {_1141 |
Dis = Al Dea (2.42)
o

e = Lie+ Aplise + Bulise + Culaoc #Aklac + AadAglaze + BpAalza
+ CapAplige + Bilise + AnBilzee + BuBylare + CuBilase + Cilase

+ AwCilige + BpCilsic + Crlilaxe (2.43)

e = Lisa+ Amlizs + Brlisa + Calzoa + Adlzia + AnAilzza + BrAddzia
+ Cofplags + Bilaoa + ApBilags + BuBalara + CauBilags + Cilaoa
+ AmCilsoa + BrCilaia + CuCilsza (2.44)
Q= lip+ Amlizn + Bulion + Coulon + Adlzis + AwAxlns + BrAslsa
+ Crpfalan + Blzsg + AwBilaes + BpuBilass + CoBilags + Cilzon
+ AnCilyn + BpCilaip + Colilaza (2.45}
Qaadmk) =1 + Agh + Byls + Cals + Acls + ApAils + Badgly + Crduly
+ Byl + AnBilig + BaBilyy + CoBelia+ Celis + AnCilis + BuCilis
+ CuCilis (2.46)
ap(nmk) = I3+ Axlis + Balie + Calap + Adlyy + Awdylan + BrAgls;
+ Cindglsg + Bulss + ApBilys + BaBilyr + CrBilz +C0
+ AmCida + BruCilz + CulCilsz (2.47)

Hamk) = Am|[-Anl) + b+ Cals + Byly = ApAgle+ Ayl + Cryls + BrAuls
L

2]



— AgBils + Bylip + CaBiliy + BuBiliz — AnCiliz + Cilis
+ CnCilis + BpCilis ] (2.48)
Qipinmk) = Am [-Amhs+hs+ Colis +Bauloo = AwAslzi + Az + CAila
) + BmAulzs — AnBilzs +Bilzs + CoBilay + BrBilas
~ AnCilzs + Cylao+ CuCilsy + BrCilsz] (2.49)
Qua(mk) = E.E?i Iy = Aplz + Buly + Culs - Auls - AnAsls + BoAily
+ CmAils - Bilo — ApBilio + BuBilii + CrBiliz - Cilis
— AnCilig + BpCilys + CulCulis | (2.50)

Qupinmk) = .'-'-._IT [ = 17— Amlis + Bulio + Calan — Aslz) — Andudzz + BuAalzs
L
+ Cndylay = Belas — AxBilas +BBilar + CpBilag — Cilw

- ACilyg + BeCelyy + CalCilaa (2.51)
where

L L
Iy = {sin L].,:i sin Lqi_v, dx . I; = fﬂsin L;ELEUE Lm,gl_dx .

L L
I; = J;sm }_«*E; sinh kX dx , Iy = _I'sﬂm Mlcnsh Lm%_dx 4

L

L
b= in Agyx dx , = [cos } dx .
5 ,I; Cos ?_-_lr,Ei 5iN A Iy J':]:m. hyx £0s jg_mgl. X

L L
= inh A : = sh A F
Ir=] cos J_W.EF sifth AnX dx, Iy jcém ?_.Eglcmh KX Ew

L L
Ly =j'L::.inh g,;ain }‘m{dx, Lig =_]':3]inh Lh:%.msgw_;l_u:«:.

! L
I = fns-mh 15% sinh % e, Lii= J'slnh Mlcnsh Mﬁiﬂx.

L

L
Li3= j;mshii_xsinﬂmi;dx, Lia =_Fcl::|:rshi'_ux?_:Lcn31m5Idx.



L
Iis= J;r.:l::sh Qf_: sth_Lu?_g dx., lig= J'msh cmh Lu}?i dx,

L L
7= j;cns m;rﬁsln g‘tg; sml.utgd:{ . L= Igmm 51N A "l: ::15&{1:!?:.

L L
lia= _||'1ms 0 sin }yn% sinhlu% dx . lw= j'n:tilzrs X sin :'_'-l% mshiq}; dx,

L |
Iy = _{I COs I €0 ?_.5-:5 sin LE# dx, Il = _I't:nc-:'. D7EX €08 ltﬁ oS E‘Eﬁ dx,

L L
= [cos n cos "&Lg sinh lfﬁ dx, Iy = j':ucs 0K COS l% c:ush :-::ix.
{

L l
l15= j;ln::us i sinhlﬁg sin lu[?i dx. L = _I'l::us X su':hi'l. X CO5 l.llg dx,

L L
4= j;n;:{:s i sinh.z.;% sinhlui,_;dx , g = _[::nm nax sin.hh% cu'.-:him:_f dx,

1 L
L= j;ms %ﬂﬂﬁh&&% sin Lmi); dx, Ip = _chs n_ni:-:_ cushl,klzi cos Q_Ta dx,

L L
Iy = _I;ms nmx cnsh}_.% sinhiu%( dx . I ='rc|?5 n7x cmhLL?_ cush}_.m];g. dx,
L l.
= - e
liza _{ﬂx mn?_‘.EEsmLngx, liga J'ﬂ:-: smz,pmsﬁr.{:g dx,

L

L.
lioa = [ ®’sin Myx sinh Ayx dx . Tga=J :uﬁ_v.in:a_.gmsh g d,

L L

1:.,-,—]'):1:::31 ?_um:ll;d:c. [-un—jxms}- msiu_%d'-:

L L

laza = _g x'cos h:tc sinh Lmrtc dx ., lags = _I":;Ezcus I%;g cosh LEFE dx,
L 15 LI

lsa = { *“sinh By sin &,m% dic. b =] ‘:Di: sinh LK €08 AmX dx.

L L
loa = [ x’sinh JaX sinh kX dX . Taga = [ fsinh haxe cosh g d



L
Biga = _!:x mEhlL.Lsmhm!ﬁdxr Lna =Ifwsh%cﬂs Bk dx,
L
Taia -{ % cosh dux smh J_Lm%dx, Iag =J x Zoosh A, :mh}_m%dﬁ
1, L.
Lz = jnfsing%sfn;m%m . Tiga =] :fsin Ay €0 g .
lion = _g KJS!T'I. &,q sinh A _.m:g dx, las=] xjsm LE; cosh L,_.Iﬁ dx,
Lig = _[ le:{:lb ?.. x sin émT xdx, Lop=][ :‘-‘31.115 &L'é cos E“"E’ dx,
L. L
lgu=£xmsa%smh,&m%dx, t;q.ﬂ =Ifﬂﬂ5iﬁ_}{cﬂsh5ﬂ3d&
ij |_3
Lap = { sinh By sin E'm:i dx, lea=] X sinh ;;r,x cOs L’EE dx
L. L
A FrA = 3
- =‘L sinh haX sinh ﬁm_!l]i_ dx, Tgn =] ﬁ sinh L"‘ﬁi cosh lu?i dx.
I xh
lzon = ‘g xcosh Ayx sin ng% dx, Los=J X cosh LLIE cos lﬂ‘li dx,

ls1s —Jﬂ' xjmsh l-g_i‘li_!'-iﬂh dx . bm=] kC 3cosh E&I:ES cosh :IL"KE dx,

L

Jiga= _[;Ix _'-'.in,'h_smim])gdx . e =]J H Elni_l.g'ﬁmsﬁml_dx.

L

L
Lyg =_|;:r: sml..g%smh l-m"-'id-"i- Lane =j'§¢51ni|f;cﬂsh ﬁugid:“-

L

1
1;.c=_|1'lx :usl%ﬂiu Lmlﬂ._:dx, lss; =II:|:t uusl.‘gl;cmlmigdx.
L

L
=_|1'I:r: Cos xmnhLmEidx1 Laae =fux cnsht__l:gcush ﬁml}_id}i.

1 L
lage = _[IH smhh%sm i‘m%d?h bage = J ﬁsmhla% ':DEL,HIEEE

29



L L
b7 = 'I|-l % sinh lh:ln_.. sinh im% dx, Ly =] ::I: sinh ;'_EJE cosh 5.;33 dx.

L L
Taac =LK cosh Lh:{. smimit__dx, Tape =j'::|:cush M{.gmshi;. dx,

L

L
L =j;:'x msh',-:,gfsirlhiu% dx. I 'f?éccrﬁh j‘kgéci}shﬂwﬁdh,

(2.52)
The solutions to these integrals are contained in the Appendix.
Equation (2.29) can be rewritten as

El{mm.s;}ﬁ.'rmm £ QMK Walt) + T [ ( Qzalm k)
|T|._
+32 ﬂE_;:ns nm.:!. ﬂzn{n.m.k]‘;‘;’m{lj + 2¢( Daalm,k)

2 Tcos nret Dsn(nmak) Walt) + (Qua(mk) + 25c0s amst Qan{n.m k) Walt)])
=i =1 L

= Mg [ sin Lot + Aycos dgct + Bisinh Lﬁc:_i + Cycosh hyet]
m L L L

(2.53)

where
(2,54}

o

i

Equation (2.53) is the transformed equation governing the problem of a uniform
Ravleigh beam on a variable Winkler elastic foundation. This second order differential

equation holds for all variants of the classical boundary conditions.

2.5 SOLUTION OF THE TRANSFORMED EQUATION

In this section, two cases of equation (2.53) are considered.



251 CASEI]
Setting T =0 in the transformed equation (2.53), one obtains
O KWl 1) + Qs (k) Wil
= Mg [ sin Ayet + Agcos dyct + Bysinh dgct + Cycosh Aget |
n L I L L
(2.55)
This represents the classical case of a moving force problem associated with our
system. It is an approximate model, which assumes the inertia effect of the moving mass
as negligible.
Further rearrangement of (2.55) yields
Wiit) + Bi,nwm{t} = Pulsin LF:_[ + Agcos }_‘grg + Bysinh .T-_P:_l + Cycosh ﬂ,]gt |
{2.36)
where
n= Oymk) and P, = _Mg
2(m.k) | Oo{m.k)

To obtain the solution to equation (2.56), it is subjected 1o a Laplace transform

defined as

( = [()etd . (2.57)
Where 5 is the Laplace parameter. Applying the initial conditions (2.11), one obtains the

simple algebraic equation given by

P Me/L + Ay s
Wi(s) = 8%+ 0, E‘Hlkcr’l,f 7+ (e / LY

+ By __ Mgl L +C;-,
8% - (/LY e x Ly

(2.38)

26



us, the problem reduces to that of finding the Laplace inversion of (2.58). To do

this we adopt the following representations:

iz} = Il‘m . (2.59)
o+

Ael L IR ST
8%+ (hge /LY 8%+ (e / LY

gis)
B dgell  + G 5

8 (o LY 8% - (e LY
(2.60)

So that the Laplace inversion of Wu(s) is the convolution of f{s) and g(s) defined as
fs) * p(s)= J; I fit-u) glu) du (2.61)
Using (2.61), W(t) is easily expressed as a sum of eight integrals namely:
Weanlt) = P Xa—Xp + X - Xg+ X - X+ X - Xa | {2.62)

where

1
Xa = sinflat [ sin Ly:_}._: cosByudu , X, = gg,';ﬂm_ j' sin A sml':'l,.-.udu
i Ik
i 1
Xe = Agsinfit [ cos dacu cosBpudu, Xa= AgosOiyt [ cos dgeu sinfludu
thn (i L fm [ |
L
Xe = Businfit [ sinh hﬂ_ﬁ cosByudu, X;= Bﬂgﬁﬂml _[ sinh A smﬂlml.ldu
D

L |

X = L;&.m m I:us:h = cost,udu, Hh—C.msE,u _I'n:ush L&L sinth,udu

It is readily shown that

Xa = -sinflgt  |cos + Bt + cos(Ae -0, - 2h.e
20, [ s ey, S ik S . S
LH_E + O LLF - By E'_ga % Elm

27



X

-

= goshnt finﬁgs Bt - sin(hye + aan
L a

20,
Ay g AT
gl -
S K O

Xe = A, sindnl [sin(@, + P_-_Fg Jt+sin (B - Ageht
26, : .
B l-‘sﬁ B, lﬁ‘i

Ky = -Ay coslipt | cos(By+ Ao )t + cos{Oy, - 3'-.]5]?]' ! EH I
28, = ﬁg;J
Oy LEQ B L_k!g

Xe = By Agc sinB L cosh,t mshibgl -1+ By sinBt smh_ggk_!
gl
Bl (i) + 07m]

Xr =B cosBat sinfy,t cosh Ayt - B, cos Bt sm!ukc J
L
Al |

Bulliech ) + 0%

o

Xy =G %c sinfByL costhyt sinh hﬂ_l."' ﬂi :;??ml cnshhﬂ}_ J
T 3 o
On[(AueiL) +8°y)-

Xp = CiliccosBut smﬂmt sinh By cos Bt msh}_hg + B
—E_—q eF &"k;_— A/ |, Ayely.
Ol (R ) + 8%]
When X, — X, are substituted into equation (2.62), after some rearrangements, one
obtains

Walli= P [0 0% ] [C‘B“‘ [coshagt — cosBit]
B0 — ]

+ By [Bsinhot - ousindut] |

+ [0+ i’y] Ehﬂm [cos ot — cosfit]

28



- [iysindt — B sin oyt] | } (2.63)
where o = Ak
k
Hence in view of equations (2.15) and {2.38)

Usxt) =%  _Pp [0 = 0°4] [Chbh [ cosh agt — cosOt]
=1 Hm{a+m _ Lﬂqk}

+ By [By sinh gt - oy sinfit | ]+ [67m+ w'i] E"Em [ cosmyt — cosft]

- [egsintyt — By, sin ogt) ] }[ sini?; + AyC0s _ILEQE

* H,,.-,sin.h% + Ccosh Elmla]

{2.64)

Equation {2.64) represents the transverse — displacement response to a moving force
of a uniform Rayleigh beam on a variable Winkler elastic foundation,

2.5.2 CASE 11

If the moving load has mass commensurable with that of the structure. the inertial
effect of the moving mass is not negligible, Thus I" # 0 and we are required to solve the
entire equation (2.53). This, we term, the moving mass problem,

Unlike case . it is obvious that an exact analytical solution to this equation is not
possible. Thus, we resort to an approximate analytical method due to struble, Sadiku et al
(1981).

To this end, equation {2.53) is rewritten to take the form

ﬂ;{m.lﬂi’;r."{t] + I m KWt + T Eﬂb\{ m.k) + 2005 (m K )cos m:_II lwm[t]

+2e [ Caal I:'I'.I..l!f.:l + 201 ﬂ':l]'i'.} CO5 E_%l] 1II:;"'Ia'nﬁ}
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+ ¢ [Qaalm k) + 20a(m.k) cos et JWoalt) ]

= ["gL [sin i‘*‘f“ Ajcos Euf,!:‘ Bysinh &k%'_;j Cicosh "md:ru

(2.63)
and a further rearrangement vields
Wall) + 20C] Qyx(m) + 20um(mk) cos met] Wal)
C(mk) + T [Lhaa(mk) + 20gp(mk) cos @
+ [ ©(mk) + Fe’[Qa(mk) + 20a(m.k) cos met] W1
Qu(mk) + T [Qaa{m.k) + 200s (m,k) cos ng{]
= T'gl [sin Jact + Aycos ket + Bysinh Ayet + Cy cosh et |
Qo{mk) + I [Qaafm k) + 2€n(m,k) cos 1?_1]
(2.66)

First, we shall consider the homogeneous part of (2.66) and obtain 8 modified
frequency corresponding to the frequency of the free system due to the presence of the
moving mass, An equivalent free system operator defined by the modified frequency then
replaces equation (2.66), We shall consider a parameter £ < | for any arbitrary mass ratio

I' defined as

It is then clear that
F=g[l+olg)+oled)+ o] (2.67)
All the various time dependent coefficients of the differential operator which
acts on W(t) in equation (2.66) can be written in terms of £ when we notice that
to ofe}

and
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|
Crmk) + gf Qaafm k) + 2{ gy (mk) cos E':LI | =

1 [ - 1 e[ faa(mk) + 20hp (m.k) cuﬁn_n:t]+n{e2] | ]
L

2. (m.k) £2.(m.k)
(2.68)
where
[Caaim k) + 2005 (m.k) cos !'I:l:l]
ﬂ-:.im k) < 1
{2.69)
MNow, using (2.67) and (2.68), equation (2.66) takes the form
mfl} + H,J_JI_ Qaa(m.k) + 203u(m.k) cos .‘EEIH Wm[l}
14 i
+ Oimk) |1-_¢e] ;ﬂ[mkj+2ﬂm{mk}cmM ]
£ (m, k} Cim.k)
. [ Qua(mk) + 202 (m ) cos zst | ].W...nzl
flnlm k)
= gl [0 Agel + AgCos A _E.‘i"‘ Bysinh Aget + Cyreosh lh_ |
f!c.{ k) "
(2.70)
to ofe) only.

When g = {), a case corresponding to the case when the inertial effect of the mass of

the system is neglected, the solution of equation (2.70) ean be written as
Wum{t]=ﬂlﬁﬂ'ﬂfﬂmt— $m} 12.?]]

where 8%, = Qmk) and ¢; and @, are constants.
£2(m.k)

3



Since £ < | for any arbitrary mass ratio I, Struble’s technique requires that the
asympiotic solution of the homogeneous part of (2.70) be of the form
Wolt) = ®{m.t) cos [Bat - Qmt] +eW,(t) + 0" (2.72)

where @ {m.t) and Q(m.t) are slowly time varying functions or equivalently

db(my) —> o) : dPmy —> ofe)

di dv
dCm.t) p 0OlE) : d’O(m.t) > ole’)
dt dr (2.73)

where ——pimplies “is of”
In view of equation (2.72), it can be shown that
Winlt) = @(m,t) cos[ Bt — Q{m )] — D(mt)0.sin[0qt - m.1)]

+ C3(m,t) Dm.1) sin [Bat - Qmt)] + £Wi(1) + o(s?) (2.74)

‘I-"':-"m{i]l = ti:ll{m,t) cos [Bpt = {m.t)] - l‘I:Il{m,!} B sin [Bt - L{met))
+ D(m,t) Qfm,t) sin [Ot - Qm.)] — © (m.1) By, sin [Bt - Q(m.1)]
- D(myt) 0%cos[Oat - M. + Qm.t) BuD(m,eos[Byt - Q(m.1)]
+ ﬁ[m.l P m,)sin[ Bt - Qim.1)] + ﬂ{majﬁﬁtm.t} sin [Bt - Cm.1))
+ ﬂ[mJ}lb{ m,t) Bpcos[Byt - m.t)] - fil[m,t}tb{m,tjcﬂs[ﬂml - £){m,t)]
+£Wy(0) + o( 8 (2.75)
To obtain the modified frequency, equations {2.72), (2.74) and (2.75} are substituted
into the homogeneous part of equation (2.70). Subsequently, only the variational part of
the equation describing the behaviours of ®{m,t) and {m,1) during the motion of the

mass 15 extracted.



Thus, substituting equations (2.72), (2.74) and (2.75} into the homogeneous part of
equation (2.707) and taking into account {2.67), (2.68)
and {2.69), we then have
- 28 tﬁ[m.t] sin [Bt - £Am,t)] + 200 D(m,1) !‘i{rn,u e[yt - LX{m.1}]
- O(m.t) B eos (Bt - Q(m.1)]

+r2C:E: [Qsalmk) + 203p(m.k) ms_] { - ®{m.1) BpsinfByt - CH{m.t)] }
¥ {I'I1 i

+ 1 Qum.D - s20mk) [aa(mk) + Adan(m.k) cos met |
£1im.k) o almk)

+ L_g | Lafmk) + 20 a(m k)cos m:t] } [D{m ticos[B,t - (Hmt)] =
£24m.k)
{(2,76)
relaining terms 1o o) only,

The variational equations are obtained by equating the coefticients of

SinfBnt - Qim,1)] and cos[Byt - 2(m,1}] terms on both sides of the equation. Thus, noting

that
oS mI:_l sin [Bt - Q2{m,t)] = ' sin | EI.I + eyt = £2(m,1]]
+ Yo sin [Byt - £2(mit) - met |
i
and

cos met cos [Bt - Lmyt)] =Y cos | EI!: + Bt - Cmit)]
E:
+ Y2 cos [ mel - Byl + £4{m,t)]
1
and neglecting those terms that do not contribute to the variational equations,

equation (2.76) reduces to

[ 0% ®(m.1) + 20.D(m0QAmD) + D00, - 6Bm,H0%, Qu(mk)
Climk)



+ ed(mt)e’ Qialmk) ] cos [Bat - (m.1)]
£im.k)

[ - 20,u@{m,t) - Zee Qaalmk)fu®(m,) 1 sin[0at - Qm] = 0
£l(m.k)

that is.

[zﬁmm;m.uﬁ[m.n - {00 Qoa(mk) + e®{m e’ Quaimkijeos|But - C2(m.1)]
imk) Qum.k)

<[ 200 D(m1) + 26 Qaa(m IO D(NL) ] 5in [t - Am)] = 0 (2.77)
£3(m.k)
The variational equations of the problem are obtained by setting the coefficients of
cos [Bt - £2{m,t)] and sin [B,t - {m.t}] in (2.77) to zero. Thus, we have

20 ®{m1) Q(m k) - eD(mt 0 lhatmk) + e®ime’ Qaa(mk) = 0
Qfm k) (1, (m.k) (2.78)

B ®{m.t) + ge Qua(mk) BuB(mt) = 0 (2.79)
£2,(im.k)

Rearranging (2.78) and (2.79), we have

Qm,1) = ¢ [0%ulhalmb) — ¢ Qualm)]
200 im ke, (2800

';D[m.i:l = - g O{m U0 (m.k)
Lmk) (2.81)

Solving equations (2.80) and (2.81) respectively, we have

Qm,0) = & [07, Qaalmk) — & Qeafm k)] t+ O
26 £ (m.k) (2.82)

where {2, is a constant and O(m.t)=c%™ {2.83)

where v = gc (ha(mk) and ¢” is a constant,
£2.(m.k)
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Therefore, when the effect of the mass of the particle is considered, the first

approximation to the homogeneous system is

Wrlt) = Dim.t) cos[ Pul - Onl {2.84)
where
P = O — & [0°0 Qoalmk) — ¢* Qua(m.k) |
28 £2,(m k)

15 called the modified natural frequency representing the frequency of the free system due
to the presence of the moving mass.

Using equation (2.84), the homogeneous part of the equation (2.66) can be written as

ﬂf.é\':;mm + Bl Wal) = 0 (2.85)
.

Hence the entire equation (2.66), taking into account (2.68), takes the form:

2 % = R [sin At + Ay + P.si - i
d‘:r;?{u + i m Wiitl =R [hméf_gg_l MWELLg:_i BiEIﬂl'llLrgl:_[ Ckcushﬂrﬂ_ﬁ]
(2.86)
where
Ra=  elg
L{m,t)

It is observed that equation (2.56) and (2.86) are similar. Thus, poing through the

same argument as in the previous section, equation (2.86) when solved yields

Wall) = _Ejm_gﬁzm 07 C P (cosh Ot — cosPmt) +Byf P sinthByt — By sinPit)]
Bm “-1‘ m= £y L:'

+( B + 0% ) [AxPm (cosByt - cosPut) - (Bysinfut - Pusin 81010 (2.87)

where By = 555;

Hence, in view of equations (2.15) and (2.38) . _'
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n
Uxt)= £ Ry {( P~ 05[Cx PrulcoshByt - cos fit)
"= Bl B~ 6%
+ By, (P sinhByt - O5inBet)] + (B + 0% [AyPmicosbut - cosPat)

- (Bgsin Pt - Busin B4t )] } [ sin F_LE,E 3 ﬁmms&,{z,

 Bysinh Jipx + Ciy cosh Jpx | (2.88)

This represents the transverse-displacement response to a moving mass of a unilorm

Ravleigh beam on a variable Winkler elastic foundation,
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CHAPTER THREE
ILLUSTRATIVE EXAMPLES, NUMERICAL CALCULATIONS AND
DISCUSSION OF RESULTS (UNIFORM RAYLEIGH BEAM)
310 ILLUSTRATIVE EXAMPLES.
In this section, the foregoing analysis is illustrated by various practical
examples. In particular, classical boundary conditions such as simply supported
boundary conditions, free ends condition, clamped ends condition and clamped-

free ends condition are considered,

3.1.1 SIMPLY SUPPORTED BOUNDARY CONDITIONS
In this case, the uniform Rayleigh beam has simple supports at ends x = (0 and

x=L. thus the conditions are expressed as

Uiy =0="1UL1), U= 0 =FULy
et et

3:1)
and hence for normal modes
V() =0=V. (L), & =0=4d
(0) =0 = V. (L) d "u-’g-._{ﬂ‘] 0=d "-.-fqﬂ_}
dx dx
(1.2}
which mmplies that
Vi) =0=VyL),  dVy{l) =0= d’Vy(L)
dx” dx”
(3.3)
Thus. it can be shown that
An=A:=0: Bg=B=0 :Cu=Cr=0 (3.4)

and the frequency equation becomes

ginAm™sind, =0



which implies
Am=maamd i, =kn (3.5)
respectively,
Thus the moving force problem is reduced to a non-homogencous ordinary

differential equation

d*W () + 6 Wit} = Ry sin ket (3.6)
dt” L

where

Ro=2¢M ., Po=1+ R'm’s" and &%, = 2R{km)

LPop L2 LP, (3.7

and

Rikm)= ‘{Elm'n‘]_ + k2 Eﬁﬂzkm{k-mﬁmm}z

2ul’ ur® (k —m)* (k + m)’

+ 48L7km(k*+m’) + 6Lkma’(L-2) (k-m ) k+m)(-1)* ™" ] }
(3.8)
Equation (3.6) when solved in conjunction with the initial conditions one
obtains expression for Wy (t). Thus in view of (2.15)
Unx,t) = % Ra [By sin kaet - kne sin Ot ]sin max
LS = (kne/LY] 1 L L
(3.9
Equation (3.9) represents the transverse-displacement response to a
moving force of a simply supported Uniform Rayleigh beam on a variable
Winkler elastic foundation.

Mext, the moving mass problem, that is when I = 0 is considered.

Following arguments in the previous sections, the modified frequency
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3.1.2

corresponding to the frequency of the free system due to the presence of the

moving mass of this model is obtained as

Yo =By - € [ 412 0, + "' m’n’]
41.°0,,P, (3.10)

neglecting higher order terms of £. Thus, the moving mass problem reduces 1o

?; )+ me{t] _f;Em kmct
~k (3.11)

which when solved in conjunction with the initial conditions yields expression for
Wlt), Thus, using (2.15), one obiains
n

Uyxty= Z 2e [ym sin kmet - Kmc sin ymt Jsin max
m=] P[I Tl'n[rm —{k:l'n.‘.-"L}E] L L L

(3.12)
This represents the transverse-displacement response to a moving mass of
a simply supported Uniform Rayleigh beam on a wvariable Winkler elastic

fundation.

FREE ENDS CONDITION

For free ends condition at x = 0 and x = L, the pertinent boundary conditions are

m mwm—n _E}:.J
&%

(3.13)
and for the normal modes one has
d*V wf0)=0=d m-i[ } and V00 = 0= d"V (L)
dw [?{.ﬁ dx’ (3.14)

which implies thai
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L!J d* V(L) and AV 0)=0= d L}
X" dx dx (3.15)

Thus, it can be shown that

Ap=5sink y—sinhk 5 = posd gy —coshh , =Cp ond Bp=
cashi,, — cosk sink u +sinhi o (3.16)

and from (3.16), one oblains
cosAg coshh =1 (3.17)
which is termed the frequency equation for the dynamical problem, such that,
Cibadeyan et al (1990},
A =4.73004, ;= 7. 85320, A5 = 10.99561 (3.1%)
Using {3.16) and (3.18) in eqguations (2.64) and (2.88) one obiains the
displacement response respectively to a moving force and a moving mass of free-

ends uniform Rayleigh beam on a variable Winkler elastic foundation.

CLAMPED ENDS CONDITION.
At a clamped end, both deflection and slope vanish. Thus when the

Rayleigh beam is clamped al x = 0 and x = L, the conditions are expressed as

U(0.)=0=1(Lst) and ﬂg_m,u 0 = JU(L.1)

ox
{3.19)
Thus, for normal modes
Vil0)=0=V(L) and dVo(0) = 0 = dV (L)
dx dx (3.20)
which implies that
Viy=0=VYL) and d¥ !j 0)=0=dV{L}
dx (3.21)



Thus, it can be shown that

Am =sinhhy —sinky, = cosAn—CcoshAy =-Cn  and By, = -1
COBAy, — coshiy, SiNAgy + sinhi g, (3.22)

The frequency equation. from (3.22} becomes
€0shn, coshig =1 {329
This is similar to equation (3.17) and one has
Ay =4.73004, Xk, = T.85320, A; = 10.99561 {3.24)
Substituting (3.22) and (3.24) into equations (2.64) and (2.8%) one obtains the
displacement response respectively o a moving force and a4 moving mass of a clamped

uniform Rayleigh beam on a variable Winkler elastic foundation.,

3.1.4 ONE END CLAMPED AND ONE END FREE CONDITION,
Next at x = (}, the Rayleigh beam is taken to be clamped and &t x = L, the beam

model is free. Thus, the boundary conditions of the Rayleigh beam can be written as

FULLD =0=2WL1 and U0, =0= 3004 (3.25)
i’ | i’ ax

Similarly, for normal modes

V(L) = 0= V(L) and Val(0) =0 = dV,(0) (3.26)
dx"J{_} dxju dx

which implies that

d:V!{LJ =0= dJ"f! (L) and Vi(0)=0=dVy0) (3.27)
dx* dx dx

Using (3.26), it is straight forward to show that at x = 0,

ﬂ|||,= - Cm HIH:E Bm - 1 LE.ER}
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and at x = L, using (3.28)

Ay =-sink, - sinhhy = -coshy,-coshiy = - Cy
CO8A + coshi, sinhiy, = sink,
(3.29)
and the frequency equation for both end conditions is
COSAy, coshiy, =- | {3.30)
such that
A= 1875, J,=4.694, b,="T.8535 and s0 on. (3.31)

Substituting {3.28), (3.29) and {3.31} into equations (2.64) and (2.88). one obtains

the displacement response respectively to a moving force and a moving mass of a

uniform clamped-free ends Rayleigh beam on a variable elastic foundation.

3.2.0 DISCUSSION OF THE ANALYTICAL SOLUTIONS

In studying undamped system such as this, it is desirable to examine the
phenomenon of resonance. Equation (3.9) clearly shows that the simply supported
Rayleigh beam on a variable Winkler elastic foundation and traversed by a moving force
reaches a state of resonance whenever

Oy = E«I% (3.32)

while equation (3.12) shows that the same beam under the action of a moving mass
experiences resonance when

Yo = EI-[_E 13.33]

where
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von =B {1 | - cmr 1}
AHR"m'n) 200 + R’y

L: L..
{3.34)
From equations {3.33) and (3.34), it can be shown that
B [1 + R'mn® - (1 +'m'r’ )]
R « kme
| + Rom’n’ :
L
(3.35)
Since 1+R'm'7m > 1 +R'wm’n" - gl 1+ e
I By £ A, for all m.

It can be deduced from eguation (3.35) that, for the same natural frequency, the critical
speed (and the natural frequency) for the system of a simply supported Rayleigh beam
traversed by a moving mass is smaller than that of the same svstem traversed by a
moving force. Thus, for the same natural frequency of the Rayleigh beam, the resonance
15 reached earlier when we consider the moving mass system than when we consider the
moving force system.

Mext, the phenomenon of resonance for other classical boundary conditions is
examined. Equation {2.64) clearly shows that the uniform Rayleigh beam on a variable
Winkler elastic foundation and traversed by a moving force reaches a state of resonance
whenever

B = LLE {3.36)

while equation {2.88) shows that the same beam under the action of a moving mass

experiences resonance effect whenever
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P = ,}:F; (3.37)
where
Ban= By - £ [ Pplaalm k) — €0,(mk) |
268 p(m,K)
This implies

P =8 [ Lhofmok) - £ { Lza(m k) — ' Qua(m.k) ) |

[ = AjE

Lpim k)
{3.38)

Consequently from equation (3.37) and (3.38), the same results and analysis obtained in
the case of a Ravleigh beam simply supported at both ends are obtained for the other

examples of end support conditions.

3.3.0. NUMERICAL CALCULATIONS AND DISCUSSION OF RESULTS.

In order to present the calculations of practical interests in dynamics of
structures and Engineering design for all the illustrative examples, an clastic
uniform Rayleigh beam of length 12.192m has been considered. It 15 assumed that
the mass travels at the constant velocity 8.123m/s. Also El and £ are chosen 1o be
6.068 x 10"m’/s” and 0.25 respectively. The results are as shown on the various

graphs below for the various classes of boundary conditions considered.
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Figures 3.01 and 3.02 display the effect of Rotatory inertia ( R® ) on the transverse
deflection of the simply supported uniform beam in both cases of moving force and
moving mass respectively. The graphs show that the response amplitude of the uniform
beam decreases as the value of the rotatory inertia correction factor increases. Values of
R" between 0 m and 20m are used.

The effect of foundation constant K on the transverse deflection in both cases of
moving force and moving mass displayed in figures 3.03 and 3.04 respectively show that
an increase in the value of the foundation constant K decreases the deflection of the
simply supporied uniform beam. Here, values of K between ON/m’ and Im N/m' are
used.

For the purpose of comparison, the displacement curves of the moving force and
moving mass for a simply supported uniform Rayleigh beam with R” = 4 and K =
100000M/m are illustrated in figure 3.05, It can be noted that the response amplitude of a
moving mass is greater than thal of a moving force problem. This result also holds for

olher choice of R and K.
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The effect of Rotatory inertia (R") on the transverse deflection of the free-free
uniform Rayleigh beam in both cases of moving force and moving mass is displayed in
figures 106 and 3.07 respectively. 1t i shown that an increase in the value of R"
decreases the deflection of the beam.

Figures 308 and 3.00 display the effect of foundation constant K on the
transverse deflection of the uniform beam, with both ends free, in both cases ol moving
faree and moving mass respectively. As K increases, the transverse deflection decreases,

Figure 3.10 compares the displacement curves of the moving force and moving
miass lor a free-free uniform Rayleigh beam for fixed values ol R" and K. It is evident

that the displacement response of e moving mass problem is greater thain that of the

maowving force problem.
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Displacement, W{L/2,1) (m.) Digplacement, W{L/2,1) (m)
Time, { (sec,) (Moving force) (Moving mass)
0 0 0

0.1 -3.240335E-06 -3,2404E-06

0.2 -4, 8313567E-05 -4 B33B96E-05

0.3 -2.267223E-04 -2.267578E-04

0.4 -6.594771E-04 -6.596653E-04

0.5 -1.471216E-03 ~-1.4718%3E-03

0.6 -2, 7664 56E-03 -2.768348E-03

0.7 -4.61019E-03 -4 .614635E-03

0.8 -7.01424E-03 -7.023435E-03

(.9 -0.930572E-03 -9.947784E-03

1.0 - 0132321 -1.328186E-02

.1 -1.682112E-02 -1.686933E-02

1.2 -2.044461E-02 -2.051855E-02

1.3 -2.391537E-02 -2.402355E-02

1.4 -2.703732E-(2 -2.T18923E-02 )

1.5 -2.965324E-02 -2.985905E-02

1.6 -1.167319E-02 -1, 194321 E-02

Lt -}.310218E-02 -3.344645E-02

1.8 -3.406624E-02 -3.449393E-02

1.9 -3 483677E-02 -035356

Table 3.01: Comparison of the displacement of moving force and moving mass for
clamped-clamped uniform Rayleigh beam.

Figures 3.11 and 3.12 display the effect of R" on the transverse deflection of the
clamped-clamped uniform beam in both cases of moving force and moving mass
problems respectively, It is evident that as the value of R" increases, the deflection of the
beam decreases.

Figures 3.13 and 3.14 show that, for both cases of moving force and moving mass
respectively, an increase in the valve of foundation moduli K reduces the transverse
deflection of the uniform Rayleigh beam with clamped ends.,

For the purpose of comparison, lable 3.01 presents the gencrated vahlues of the

displacement response for both moving force and moving mass problems when R” and K
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are fixed for a clamped ends uniform Reyleigh beam. It can be noted that the

displacement response of a moving mass is greater than that ol a moving force problem.
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values of foundation moduli K.

Displacement, W{L/2,1) (m.)

Displacement, W{L/2,t) (m)

Time, | (sec.) {Moving force) {Moving mass)
) 0 0
01 -3 .67T29376E-07 -3.67%73E-07
0.2 -5.820625E-06 -5.0820652E-06
3 -2.908273E-05 -2. 9093 24E-05
.4 -9,.062086E-05 -9.062208E-05
0.5 -2.182052E-04 -2.1B2098E-04
0.6 5 -4.455388E-04 -4.455505E-04
0.7 -8.120924E-04 -8.13121E-04
0.8 -1.361884E-03 -1,.361949E-03
0.9 -2.14267E-03 -2 142797E-03
Lo -3.205016E-03 -3.20525E-03 ]
.1 -4.601392E-03 -4.601797E-03 i
- 1.2 -6.385264E-03 -6.385935E-03
f: — 1.3 -B.610255E-03 -B.611321E-03
i -1.132931E-02 -1.133094E-02 i
1.5 -1.459396E-02 -1.459637E-02
1.6 -1.845366E-02 -1.845715E-02
1.7 -2.205525E-02 -2.206016E-02
|.8 -2.814249E-02 -2 814925E-02 _|
1.9 -3.405576E-02 -(01340649

Table 3.02: Comparison of the displacement of moving foree and moving mass for
clamped-free uniform Rayleigh beam.

As in the previous boundary conditions, it is observed in figures 3.15 and 3.16

that as the value of the Rotatory inertia increases, the deflection amplitude of the beam
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decreases for both cases of moving force and moving mass respectively. Also, figures
3.17 and 3.18 show that as the value of the foundation moduli K increases, the deflection
amplitude of the uniform Rayleigh beam, with one end clamped and the other end free,
decreases for both cases of moving force and moving mass respectively.

Table 3.02 compares the displacement response of the moving force and moving
mass for a clamped-free uniform Rayleigh beam for fixed values of R? and K. It is
evident that the displacement response of the moving mass problem is greater than that of

the moving force problem.

a5



CHAPTER FOUR
NON-UNIFORM RAYLEIGH BEAM ON A VARIABLE WINKLER ELASTIC
FOUNDATION.

4.1  INTRODUCTION

In the previous chapter, the problem of the dymamic response of Rayleigh beam
resting on a variable elastic foundation to moving concentrated masses is restricted to the
case of uniform beam, that is, when the beam properties do not vary along the span L of
the beam. However, in many practical problems involving dynamic of structures (heams
or plates) under moving loads, the structures have variable cross-sections, Ghadeyan et al
{1990). Thus, the problem of a non-uniform Rayleigh beam under the action of a moving
load is considerad in this chapter. In particular, the Garlerkin®s method already alluded o
15 employed to simplily the goverming fourth order singular vanable coefficient partial
differential equation. The resulting Garlerkin's equations are solved via the modified

struble’s asymptotic technigue

4.2 GOVERNING EQUATION

-
Consider a non-uniform Rayleigh beam resting on a vdriable elastic foundation

where the beam’s properties such as the moment of inertia | and the mass per unit length
of the beam p vary along the span L of the beam,

The transverse displacement of the beam when it s under the action of a moving
load of mass M which is moving with velocity ¢ is governed by the fourth order partial
differential equation given by

& [ Elx) &U(x0] + p(x) 2Ux) - 8 [uix) RY 2L )]
ax’ a & &% i’
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+MB[x-ct) ( & +2ed + 22 ) Uk + fx)Uxt) = Mgh(x-ct)
at et
4.1}
where all parameters are as defined in the previous chapter.

As in the last chapter, we shall take the elastic foundation fix) to be of the form

(2.9). Since R" and E are constants equation (4.1) can be rewritten as

h@:[!m ef_ix 1) ]+ pix) 2UGxt) - R"r‘s’{u{ma’_{x ]
ax’ ar ox o’

+ MB(x - ct) (& + 28+ 8 YU + K 4x - 37 + &7 Y Ulet) = Medix - et)
& iy e
(4.2}

MNext, the example in Sadiku et al (1981) shall be adopted and 1{x) and pu(x) take

the forms
Kx}=To( 1 +sinmx ¥ 4.3)
(x}=1La( sin 1X ) (
and
= o (1 + 5l 4.4
XY = g | sin E:-:I_jl (4:4)

where 1, and pi, are constants.

Substituting equations (4.3) and (4.4) into (4.2), one obtains.

ELE [( 1 +sinmy P UMD |+ po [ 1+ sinamx | FUKL)
ﬂ?{l L ‘-__-_':.12 L a]

R po @ [(1 + sinmx ) Ut )] M x—ct ) & + 2c& + 7 ) Uk t)
B L et & oxar A’

+K(4x-3x"+x ) Ulx) = Mgd(x—ct) (4.5)
which. on further simplification, vields

g._,’,;‘:'_‘_ [ ( 10+ 13sin 11: Boos Egt'g sin 3mx “r_'l,._Hx.tj]
4 ot TR e

+;:u[1+mnnx]a’-h|:xt] - R"j.luﬂ[ﬂ+5m§3]l[ﬁju[!{t‘]]]
ar % Bxt’
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+ MB(x-ct) ( & + 2c8 +’8 ) Ulxt) + ki 4x - 3x" + x7 ) U(x.t) = Mgd(x-ct)
o oxdt o’
(4.6)
4.3 ANALYTICAL APPROXIMATE SOLUTION
Evidently, a closed form solution of the partial differential eguation (4.6) does not

exist. Thus, the Garlerkin's method described in chapter two is emploved o reduce the

eguation to a sequence of ordinary differential equations, Thus a solution of the form

n
Uaix,1) = ng_]wmm V%), (4.7

where V(%) s chosen such that the desired boundary conditions are satishied, is soughi.

As in the previous chapter, equation (4.7) when substituted into equation (4.6) yields

n
T {Ele & [10 V!n(x) + 15sin Hiv”m:u - Geos zﬂg”mm

=1 _1 ‘:.b‘;_
- sin 3V ()W) + o [Vinlx) + Vi) s %]w,',,m

- R B, [V ) + V' (0sin e YWo(t)
ax :

4 MB(x-¢1) [ Vinlx) Wanlt) + 26V (%) Wanl ) + 2V () Woalt)]
+ K 4% - 3 + X Walx)Wall) - Mgd(x-ct) } =0 (4.8)

Simplifying equation (4.8) further, we have

m
Y 4 EL[ 10 V*¥.ix)+ aﬁv“m:x}sin%y ill}_n‘r"”n,{xjn cos X

m=] 4 L
- 15V (x0sin mx - 6V ix)cos2ax + 24 1 VL% sin 2nx
12 L E L L

+ 24n° "-"”m[x]-uu& Zax - V" u(x) sin 3nx - ﬁ_n\"”tm{xj COS 3%

L L L. L




"--

¥ ﬂﬂiv“m{‘.ﬂ sin 3mx | Wilt) + po [ Vanlx} + Vin(x) sin 5% | “;r:“{ﬂ
% L L

R [ V() # ¥V axsin mx + 1V (X)) cos ax | ‘nl;."lm[l]-
L L L
+ MB( X — e ) [ Vi) Wanl) + 26V nfX)Woal1) +2V o (x)Won(1) ]
+ K 4% - 37 + X0 IV alX)Walt) - Mgd( x—ct ) } = ) (4.9}
In order to determine W (1), it is required that the expression on the left hand side of
equation (4.9} be orthogonal to the function Vi{x). Thus,

L m

I Z {ﬂ,l [ ( 10+ 15sin g% — 6eos2ax — sin 3ax )V " m(x)

dhioae. B L L L

+ 6m ( Scos mx + 4sin Eﬂacnsm}‘u’”'m{m
L L L L

- hr;{ 3sin 3mx + Beos2mx — Ssin mx )V mix) ] Walt)
L L. L L

Frg| 1 +sinmx | Vidx) ‘I.i-"m{t;n
L

T p.ﬂE':' [(1+5smnux W”m{ﬁ}l + E"-"'m{x}l cos X | ‘IFIi-’mH}
L L L
+ MB( x - ¢1) [ Virlx) Winl1) + 26V nx) Wonlt) +6V'(x)Wonlt) |
+ K 4% - 37+ 8 WVl x)Walt) - Mgd( x —ct ) }Vk{x} dx =10 (4.10)
When equation (4.10) 15 further simplified and rearranged, one obtains

E [{'}I+HE]_RH{H3+HJ+ﬂa‘s}l‘t‘;r;n.l{"[']
m=1 3

+ | EL; | 108 +158; - 6l - By + 6m ( 58,5 + 40y, - By2)

I|_|D L
+ }j: (30 + 80 -50) ]+ E( 485 -30)7+813) } Wi
i ‘o

b




+ M [ B16(t)Wult) + 26Baa( WD) + c20a1 (W) ] ]» = Mg Vifet)
o TH {4.11)
where

L 7
B, = ‘!;"u"m[x}‘u’k{x] dx : By = _['ﬂsin ELVm{KWle}dHJ

L L
E|'3=j'“\-’“m{x} Vi(x)dx ; H;=_|-ﬂsin Eﬁv['m{x}"ﬁ[x}dﬁ;

L L
Bs= _|; cos mx V(X IVix) dx ; B = _I-‘;"-"'"'m{x] Vidx) dx ;

L L
By = _I;sin s ViV dx 5 By=] caos Emft VY Vi(x) dx ¢

; L
B = [ sin 3m¢ V™o{x)Vi(x) dx ; 810 = feos mx V' () Viix) dx
o L i L

L L ;
81 = [ sin 2mx V() Vidx)dx ; 812 = feos 3mx V1) Vidx) dx /-
=

L L s
= 4 '\Ir”. s = I|;.Ir|| . R z
Bz _{I sin 31::_.*; mlXIVi(x) dx ; By j'r.l';.:s 2 V' (x) Vidx) dx ; \ €

| L
Bs = [ sin ¥ V9OV dx 2 By=J XVl Vi(x) dx ;

L L
E|'|1=_Ir;xz‘|u’.,.{:-:]\-’k{x}dx 3 H|a=_]'§tl"-"m{x}‘k’..{xjdx;

L L
0401} =I¢. Blx — etV u(X)Vi(xMx 3 Oalt) = J él?{x — etV W XIVX) dX ;
and
L
Bi(t) = J; 5 x — et W) Vi(x) dx .
When use is made of the property of the Dirac-delta function as an even function,
and substitutes it into equation (4.11), equation (4.11), after some rearrangements takes

the form:



[+ aw
1 ot (k)W) + oo m K Win(t)

in=

+ M [ { opa(mk) + 2T cos nmet ogn (nmk) )W (1)
Ll.'.ﬂ =1 L

+ 2¢{ aaalm.k) + 2¥ cos nnct osg (nomuk) ]"v.l'!r’,r.{t)
L

=l

+ e (aua(mk) +2 ilcm nmet. s (k) Wal)] = me Videt
n= Mo

(4.12)
where

ta{m.k) =8+ B;—R"( E‘!"'E‘-"%Eﬂ;
oty (mk) = EL; [ 1085 + 1587 - 68 - By + 6m ( 58 + 48y -8y7 )
d, -

31 (3053 + 801- 5015 ) | + K [40)5 - 38 +8y4]
g "o

L |
uzn{m.k}=JL Vil x)Vi(x) dx ; s (nmk) = | cos g‘#.n{x} Vi(x) dx ;

L L

aza{m.k) = J;‘v’[mlix}‘v'k{x} dx ; asp(nm.k) = fcos nmx V! (X Vix) dx ;
L L

daaimk) = I“ VHaGOVR) dx 3 oun(num k) = jcr?s X VI V() di

Using (2.38), it is straight forward to show that

Ii + Apla + Bl + Culi + Agls + AgA L+ ABrly + ACrls + Bily

By

+ BeAmlio + BuBaln +BiCaliz + Ciliz + CoAml 1a + CiBiulis #CiCinlis
B = | b + Al # Blis + Colis + Aclir + AxAnlas + AgBrlio + A Culio
+ Bila + BeAnlyz + BiBmlas + BeCrlay + Cilys + CuAmlas + CiBulis
+ Cilinlig ot 0-1

B; = L-{l;u. [ -1i — Amlz + Baly + Cala — Auls — Apils + BuAqly + Coluls — Bely
La.
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— AnBilio + BeBili) + CuBiliz — Cilis — AqCilis + BrCilys
+ CnCalis |
By = ll,]_i? [ <liz = Aalzs + Balas + Colis — Axlir — AmAclzs + BoAilie+ CaAilao
= Bilyy - ApBilis + ByBylay + CrBilis = Ciles = AqCilye + BpCilys
+ ConCilis Jat n=1
Bs = Ly [ -Awliz + Lz + Culis + Brlao - AnAsla + Ailyy + CoApas + BrAgla
: - ApBylas + Bilag + CaBilar + BrBilzg— AnCilae + Cilyo + CuCi I3y
+ B Cilsz Ju n=1
b = r"'I-_IjEE [ 11 + Apla + Buls + Cala + Ails + AsAnls + AlBuly + AlCuls + Bily
+ BiAplio + BiBuli + BeCrliz + Cilis + CrAmlis + CuBilys
+ CilCnlis ]
By = -‘-[e_diu [ Bz + Anlas + Bulss + Culss + Aulsy + AxAmlas + AxBmle + ACamla
4 Bilyy + ByAwliz + BiBala + ByColay + Cilis + CuAnlas + CiBplsr
+ CpCnlag Jas =1
By = Z'.L:F [ 7+ Awlis + Bmlio + Colzo + Aclai + AgAnlaz + AuBilyy + ACrilg
+ Bulas + BuAnlas + BiBular + BuCulaz + Cilas + Crfwli + CiBylay
+ CiClaz Ju n=2
By = -"'L_Ij!Iu [ L33 + Aglsy + Bylys + Cilig + Aglsy + ApAmly + AcBplie + A Crlyo
+ Bily + BrAmlez + BiBrles + BuCrles + Cilss + GiAnlis + CiBalis
+ CiCnlag Jin n=3
By = L:lﬁ! [ Awliz = Lig + Cplio + Bulao + AgAnlzy - Aglay + AeCrlzs + AgBilay
o+ BiAmlzs - Bilze + BiCalzy + BiBnlas + CrAmlzs - Cilzo + CilCilyy

+ CiBulsa Jat a=1
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8 =

B =

B3 =

tys =

Bi5 =

by =

Hyg =

l-;g: [ Amlis = I3y + Caulas + Bulag + AgAnlar - Aglie+ ACanlae + AcBrlan
"o ByAply - Belya + BiCylay + ByBplyy + CpAplis = Cilgs + CuCalyr

+ CyBlsg Jat n=2

LE? [ Amliz - Tig + Calis + Buloo + AgAala) - Al + AuCalza + AuBplag
+ BiAmlas - Bulas + BiCular + BaBnlas + Camlae - Cilio + CuClii
+ CiBuliz Ja n-3

?LT‘“ [l = Al + Biohs + Colas - Ay - AmAilis + BuAdzo + Codilio

4 Bilyy - AwBilaz + BuBulis + CuBilis - Cilss - AnCilss + BpCilsy  +

ConCilag Jar n=3

K [ 7 - Amlin + Balis + Calip - Al - ApAidz + BuAils + CoAihy
= Bilas - AnBilas + BuBilzy + CoBylag - Celas - ApCilyg + BoCilay
ConCilaz Jut n=2

?{F [ -I33 = Amlas + Blis + Cialis - Awlsr - AmAulzz + BuAulie + CrAals
- Byly) - ApByls + BuBylis + CiuBalas - Cilas - ApCilis + BrCilss
+ CnCilag Jat =)

ljze + Aglige + Byt + Calage + Aglye + ApAgdze + BuAulac

+ Coidaac + Bilase + AnBulzse + BpBilyse + CoBylase + Cilase

+ AnCilae + BuCilsie + CrCilsac

liza + Amliga + Bulioa + Culaoa + Aglzia + AnAilzza + BoAglia

+ Condiclagn +Bilasa + ApBylaga + BaBilaga + CrBalzga + Cilsga

+ AnCilina + BuCilzia + CuCiliza

lima + Apligs + Bplisg + Calaa + Avlaie + AnAclszn + Bpdaloss

+ CnAkhan + Bilase + AnBilags + BiuBilam + CaBilaga + Cilasg
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+ AmCilson + BrCilaip + CuCilan
caalmk) = @
azpimk) =17+ Aglig + Balio + Calag + Al + Apdila + Bpigln
+ ConAilag + Bilzs + AwBilas + BaBilas + CrBilan + Cilae
+ AaCilio + BuCils) + Colilaz
azaimk) = &E. [ -Aml) + 12+ Cals + Baly = AnAcls + Al + Caluly
+ BaAils — AgBile + Balip + CrBilis + BruBaliz — AnCilis
+ Cilyg + CaCilis + BuCilis)
telmk) = L'I'f [ -Aplis + Lig + Calie + Bala - Amdilz + Aglsy + Crfils
+ BuMalag = AmBilas + Bilsg + CoBilas + BuBylas - AnCilx
+ Cilag + CoiCilzs + BrCilsz ]
taa(mk) = _:-.E_:[ -Ij = Amls + Baly + Cils - Als - AnAils + BaAuly
+ Cayly = Bl - ApByilig + BByl + CpBalyz - Culyy
= A Cylis + B Cilvs + ClCilys |
ttgplmk) = Eﬁ* [ =li7 = Awlia + Balio + Calan - Aslyy - Awdulas + Bpfuhys
" & ConAilzs - Bilzs - AmBilis + BaBilyr + Culilas . Cil
- ApCilzo + BaCila + CuCilaz |
where
Lo B2 b, Ba B, L B, B, B, Doy Do, Doz, B, Digs D, Do Doz, Lis Do, D, B o Do, Do,
Las, bas bavs Loss baes Lsow laus Lsz L, Dise, Lioey baocs ke, Taae, lase, Laac, lase, lase, lose, lagc,
Lase, Lage, laie, baze, lizas Ligas Livas Daoas Laias Tozas Doaas Daaas Dasas lasas l2sas Lzsas looa. Loas
Baias Tizae Lizwe Tians Lo booss Tim. Los, T Tosgs Dosps Tasm. Taom. Dosie Loos. Do, Ty and

hap have been defined in the previous chapter and



L L
Iy = ApxsinApX dx ;1 =] s X 8i 205 AmX dX ;
31 _[smnm:sm_%:g N A 14 J'nmml__ ‘“ELIE‘- b

lss ={Jsin£ﬁsmlﬁgsinhlm%dx : s =_["f'm%sin ikl.i cuﬂll_n[idn:

In=Ismm§msgﬂ£35qu§dx Igg-jsmn_rrl_g,cos} cns_q_d_r.:

L

L

L = .I‘Dsm% Eﬂi‘rltﬁ sinh I',L,Ey. dx : L =I“s1n BTN €05 &Jﬁ cosh Aus dx ;
|

Ly —,I'sln . sinh 2 ﬂmJ_uEL_d‘: sli= _I'smg_rLQ; sinh E,,{x -:::rsi' X dx ;
I |

lyg = j'"sm nax sinh Ay X sinh ,i'_»,,t& Xl = _I'nsm nmx sinh L!:IE cosh l,[n_li dx :

L L
lyg = _I' sin n:rn: cosh it‘ Em x I = j;!-:'tn %}g cosh !_Lgr_; COs L,DLE, dx

|

L
s = J;EiﬂE cushigsh‘:hi_.%_x dx ; Lz = fus'in uj;];cnsh ,EHL_E cosh E,m;ttdx ;

L=

Mext, equation (4.12) is simplified and rearranged 1o take the form

T 1 et mAIWalt) + ey (m k) Woslt)

m=1
T, [ ( caalmk) +.:E| cos et czanm K)) W)
+ 2¢ (oaa(mk) +2 ﬂE_J-:us nmct am{n.m.k}}‘u‘;‘v‘mi:}
+ &7 oyalmk) + 2 %:cnsn_n? gl nLmL k)WL) )
= Mg [sin et + Avcos dyet + By sinh dut + Cy cosh dyct

I.IU
(4.13)

L]



where
e = M
Ly
Equation (4.13) is the transformed equation governing the problem of o non-uniform
Rayleigh beam resting on a variahle Winkler elastic foundation and traversed by a
moving load.

These second order differential equations are valid for all vanants of the classical

boundary conditions.

44. SOLUTION OF THE TRANSFORMED EQUATION
As in the previous chapter, we shall discuss two cases of the
transformed equation.
44.1 CASE]
Setting ', = 0 in the transformed equation (4.13), one obtains
ol m.k) 'in‘p-’.“[l]- + o mk) Wiit)

= Mg [ sin Azt + Ay, cos Aget + By sinh Lt'c_l-'-[lh cosh Aget |
Koy L L L

{4.14)
This is the classical case of a moving force problem associated with the system. I 15
an approximate model which assumes the inertial effect of the moving mass as negligible.
A rearrangement of equation {4.14) vields

Walt) + ¥ Wanlt) = Fu [ sin L}g + Ay c0S ?_LkEi + By, sinh .L*Ez + Cy cosh E‘F‘g |

(4.15)
wheere sz = a)(m.k)
ot (m.k) {4.16)

it



Consequently, it can be shown that

Wlt) = _ By {[ Y= %] [ Ck Ym ( cOshBLt — c0s ymt )
1
Yool ¥'m = 6]

+ By { Y SinhO4 - B sin vt } | + [V + 0% ] [ Asy { cosByt — cos 7t )
- {Hk 5in Yl = ¥m Eﬁnﬂkt]! } (4.17)
where B = L%i_-'

Hence in view of cquﬁinns (2.15) and (2.38), one obtains

i
Uxthi= £ _ Fu 417 m= ] [ Ck tm( coshByt — cos Yt )
m=1 Tranm = ﬂ+k:|

+ B { T sinhiBt - B sin 1t ) 1+ T m + 0% 1T Aivi ( cosBit — cos it )

= (B §in Yot = 7 sinlit ) | }[sin Lm;[q + AL 008 :_-',m% + Bysinh 3:,";{[

+ Cycosh imlg i
(4.18)
as the transverse - displacement response 10 a moving force of a non-uniform Rayleigh
beam resting on a variable Winkler elastic foundation.
4.4.2 CASEI
As discussed in the previous chapter, 1f the mass of the moving load is
Commensurable with that of the structure, the inertial effect of the moving mass is not

negligible. Thus 'y = 0 and one is required to solve the entire equation (4.13). This is

termed the moving mass problem,
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Linlike case 1, it is obvious that an exact analytical solution to this equation 1% nol
possible. Thus, one resorts to the approximate analvtical method due o Struble
enumerated in chapter two,

To this end, equation (4.13) is rearranged to take the form

(k) Win(1) + i (mk)Wi(t)
+ Iy [ { otzafm k) + 2ap{m k) cos EcL_t 1 ‘i:":-',,,{t}
+ 2e { aya{mk) + Zapim k) cos met ) ‘-;r“mu.‘l
| otya(m.k) + 2oypim.k) cos %'E 1 Wit)
= [aglfsin J_._}Lc_t + Ay cos Lig + Bysinh ?u,_%t + Cycosh }_MLFI | (4.19%
which implies

Wult) + 2T ( csalmik) + 2ocsa(m k)cos met ) Wot)
L

ctal k) + Ualeaa{m k) + 2ooa(m.k)cos u{}

+ [ o(mk)+ [ (galmk) + 2op(m, K)cos m}_‘] | Wait)

ok} + Dalatzalm k) + 2ospim k) cos '."[_l.'!} j

= [l sin "—51"3 + Agtos Lh_-zl-_t + Bysinh ﬁﬂ:é + Creosh Ayt |

a{m.k) + INlozadm.K) + 2oizp(m, k) cos n_c:i J
(4205
As in chapter two, the homogeneous part of (4.20) is first considered and a modified
frequency corresponding to the frequency of the free system due to the presence of the
moving mass is sought, An equivalent free system operator defined by the modified
frequency then replaces equation (4.20),

Thus. consider a parameter A < 1 for any arbitrary mass ratio I', defined as



A= I
B o P
Obviously

Fo = A1+ o)+ oA+ e (4.21)
All the various time dependent coefficients of the differential operator which acts on
Wiit) in equation (4.20) can be written in terms of A when one considers that to o{4).

[, = A (4.22)
and
]

atg(m.k) + Al caa(m.k) + 2opp(m.k) cos Bt )

= 1 [1= _ 1 A ooafmk)+20m(mkicos met )+ o)1+ ... ]
ol k) ctalm,k) ;

where

A ( opalmk) + 2ozp(mkposmet ) | < | (4.24)
ey m k) "

Now, using {4.22) and (4.23), equation {4.20) takes the form

‘;‘-I“n.{th + ek [ caalmk) + 20a(m k) cos met ] ‘Fr"mu}
ool m.k) &

s

{oufmki[1 = & ( czaimk)+ Zoop(mk) cos met |
o m.k) k) %

+

k[ oyaimk) + 2op(mk) cos met | § Walt)
ot k) g

Agl, [ sin th_c_[ + Ay cos Lot + By sinh Aget + Cycosh agot |
com.k) & : '
1o of4 ) only.

{4.25)

When A =0, a case corresponding to the case when the inertial effect of the mass of
the system is neglected, the solution of equation (4.25) takes the form

Wiselt) = Coeos(Ymt = dm)
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where ¥ = o(mk) and Cpand di are constants
tiglm K}

Since A < | for any arbitrary mass ratio [, Struble’s technigue requires that the
asymptotic solution of the homogeneous part of equation (4.25) be of the form

Woalt) = D{m.t) cos [yt - mt)] + AWi(t) +o(a’) (4.26)
where the conditions (2.73) hold.

To obtain the medified frequency, equation (4.26) and its derivatives are
substituted into the homogencous part of equation (4.25). The resulting variational
equations describing the behaviour of d({m.t) and £3{m.t) during the motion of the mass
determine the modified frequency. To this end, substituting (4.26) and its derivatives into
the homogeneous part of equation (4.25) and taking into account (4.22), (4.23) and (4.24)

ane obtains

- E'rmfiil[mJ} S0 [Tt - £{m.t) | + 2yn B{mit) ﬁ{m,l} cos [ mt - £2{m.t)]
- tI?{m,l:l}':m cos [ymt - L2{m.t})]

+ ek [osalmk) + 2ogpimk) cos met | { -D{mtlyy sinfymt - C{mt)] |}
ﬂ-ulm1k} L

+{ _a{m.k) - & oy(m.K) [aa{m.k) + 2oa(m k)cos mct
aoimk) og(mk) :

toth | caalmk) + 2eap(mk) cos met ]} L @(mk) cos [ rul - Qimt) ] |}
cta(m k) e
= ") (4.27)

where terms higher than oA ) have been neglected.

The vanational equations are oblained by equating the coefficients of

7o



sin]yat - £2m.t)] and cosfy,t - Q2{m.t)] terms on both sides of the equation. Thus. noting
(hat

COS _rrlc_l sin[ymt - {m,t)] = Y sin| 11_:% + Yt - CUm1)] + 5 sinfyyut - C{m,t) - xet ]
and

cos met cos[ymt - {m,1)] = ¥4 cos| ﬂ‘ff:l + ¥t - Q(m )] + % cos| !_'r,s,':_E; tml + C2{m;1))
|

and neglecting those terms that do not contribute to the variational equations and taking

into account (4,16), equation (4.27) reduces to

- 2 im,t)sin [ypt - (mat)] + 2y @m0 m.t) cos[tmt - ({m,1)]

- DM COS[ymt - CHm.1] - 2ch DMty caa(mk) sin[ymt - C{m.t)]

ta{m,k)
+ fm D{m,t) cos[ynt - {m,t)] - A 35,' | Caal{m kb m.t) cos[yl - £2(m,t)]
a{m.k)
+ b auamkID{mt) cos| Yt - Ymyty)] = 0
Ctg(m.k) (4.28)

The variational equations of the problem are obtained by setting the coefficients of

cos| yut = L2{m,t)] and sinf yut - £(m,t)] to zero in (4.28), thus one obtains

2 (m, A1) - ROt pea(m k) + A(mOc (k) = 0
o (m.k) oyl m.k)
(4.29)
and
Tmiil[m.!}+lcu=!£[m.k1hﬂm.u =
ag(m.k) i4.30)
Rearranging (4.29) and (4.30). we have
Qimt) = h | gzalm k) = oy (mk)]
2ot (mk) ¥ (4.31)

T



and

q;{m” = « g {mt) oya(mk)
o{m.k) (4.32)

Solving equations (4.31) and {4.32) respectively vields

(mt) = & [ Ygozadmk) - Cosp(mk] t + Qa
2V Olalm k) (4.33)

where €1, 13 a constant and
O{ma)= ye'™ i4.34)

where v, = A aaa(mk) and w isaconstant,
ttg(mk)

Therefore. when the effect of the mass of the particle 15 considered, the first

approximation to the homogeneous system is

wm“} = ml:m:l} EDEI_ Oyl = [lﬂl] {4-3 5.]
where
O = fo — & | Lnttzatmk) - Cau(mk)]
2pm aim k) {4.36}

i5 called the modified natural frequency representing the frequency of the free system due
to the presence of the moving mass.
In view of {4.35), the homogeneous part of the equation (4.20) can be written as

%’wmm*ﬂlmwmm = d (4.37)

while the entire equation (4.20) takes the form, taking into account (4,23},

P Walt) + o Wilt) =A% [ sin kyct + Aycos Aget + Bysinh dyet + Cucosh duct |

o L L L L
{4.38)

where A" = _Alg
otk )
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Clearly, equations (4.15) and (4.38) are similar. Thus going through the same
argument as in CASE [, equation (4.38) when solved yields

Walth = A § (et = 0%} [ Ck o | cosh Byt — cos et )
(i — 0%

+ By aty, sinhByt - Bgsinagt )] + (o' + 8%0) | Ag ot ( cosBit - cos agt )

- (Bg sineugl - oy siBpt ) ] | (4.39)

H{.=2-+:,'_

Hence, in view of equations {2.15) and (2.38)

Unix.ti= % A" I { o m—0%) [ Ck ctm ( cosh Byt — cos ot )
m=1 um{u'lm = H-lu]
+ Bl cty sinhBgt - Opsingegt )] + (e + 0%) [ Ak ctm ( cOSBgt - COS Ot )
- (B sinctmt - cty sindat)] |} [5'mL,E[5 + AnCOS ?hméﬂ + Bmsinh&m% +Cmmsh3_.mﬁl]
(4.40)

This represents the transverse - displacement response to a moving mass of a non -

uniform Rayleigh beam on a variable Winkler elastic foundation.
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CHAPTER FIVE
ILLUSTRATIVE EXAMPLES, NUMERICAL CALCULATIONS AND
DISCUSSION OF RESULTS (NON-UNIFORM RAYLEIGH BEAM).
5.1.0 ILLUSTRATIVE EXAMPLES.
As in the previous chapter, we shall illustrate the foregoing analysis by various
practical examples, Particularly we shall constder classical boundary conditions such as
simply supported boundary conditions, free ends condition, clamped ends condition and

clamped-free end conditions,

5.L1 SIMPLY SUPPORTED BOUNDARY CONDITIONS.
For the non-unitorm Rayleigh beam having simple supports at ends x =0
and x = L, the deflection and bending moment at both ends vanish. Thus

U060 =0=U(Lg) and 2°U(01) = 0= FULL)
i it (5.1}

and hence for the normal modes

-

V.(0)=0=V_(L) and d_"‘lf'm_{m =)= g V(L)
dx= r_h;: (5.2)
which implies

Vi(0)=0=Vy(L) and dVy(0)=0=d"Vy(l)
dx” dx” (5.3)

It can then be shown that
A=A =0 By =B, =0; Cp=Cc =0 "
with the frequency equation
Sifth = sindy =0
which implies

A= muand &y = kn respectively,
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Thus the moving force problem for the non-uniform Rayleigh beam is reduced to

the non-homogencous ordinary differential equation given as

FEWlt) + @' Wilt) = Ag sin kg (5.4)
a ==
where
!ﬂm =, EM ; N
ol [A) + R m By (5.5)
L
and
| {El.;mjvf E‘ml{im _6)
o'n = 2upl A+ Rnﬂlmzﬂ!} 21}
L-
+ 3001 = kK — m3(] + 2km — m7) + 39 = K —m )9 — dkm + m’}
[(1+kF—m] [(I-kF=m’] [(3+k7-m’][(3 - k) —m’]
5 KL [31} frf(2 Lk + my* + 2L (k-m)'(- 1)° 7"
'k — m)'(k +m)*
o ALYAN2 - Lk - my + 20) (k+myt- 1)F T
. 32kmid —m) + 12030 + 60m + m') J } (5.6)
where

A= ﬂl_ [L +(L - ma’ (2B — 1}],

Bi=% + kil +m -k .
al(1+ k) —m'] [(1 -k - m]

When equation (5.4) is solved in conjunction with the initial conditions, one
obtains expression for Wy(t). Thus in view of (2.1 5)and (2.38), one obtains

Unxt)= & Ay |esin kmet - ke sin @yt | sin max
m=l By [mlm 2 {k“ﬂ"}.l‘] L. L I

{5.7)
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as the transverse-displacement response o a moving force of a simply supported non-
uniform Ravleigh beam on a variable Winkler elastic foundation,

Mext. we consider the moving mass problem, that is, when T'p20. Following
arguments in the previous section, the modified frequency comresponding to the frequency

of the free system due to the presence of the moving mass of the model 15 obtained as

Bn=om— A 4llo°ntcm’ns |

SLaoe[ A + R m By (5.8)

L
neglecting higher order terms of L. Thus, the moving mass problem becomes

A W(t) + 65 Wn(t) = L. [ sin kmet | (5.9)
dr’ [A+R n*m R'nr'm’B) -

which when solved in conjunction with the initial conditions vields expression for

Wilt) and in view of (2.15), one has

L]
Un(xt) = Z Lk [O sin kmct - ke sin Ogyt | sin mox
™ B[Ar+ RICm’By] [6%, — (ke )] - ] e
L-.

(5.10)
This represents the transverse-displacement response 1o a moving mass of a

simply supported non-uniform Rayleigh beam on a variable Winkler elastic foundation.

5.1.2 FREE ENDS CONDITION.
For free end conditions at x = 0 and x = L, the pertinent boundary

conditions are

‘ﬁu;u ]—u—frugl t) and U0 =0=FULD
&t e i’
(5.11)
and for normal modes

L




dlv?{ﬂj == E,fL;| and d*V ij =0=dVy(L)
dx dx dx dx?
which implies that

ifv.;{}}—u—g-_u;k{l ) and d}‘ufiltm 0= gi_"j;,g!,,)

dx” dx
Going through the same procedure as in the previous chapter, we have

A= sindy, - sinhd 5 = cosh - coshh = Crand By, =1

coshhy - COshym  SiNAL + Sinhiy,
and the frequency equation for the dynamical problem s
c05hm coshh = |
Such that

A= 473004, &; = 7.85320, &3 = 1099561, .....

(5.13)

(5.14)

{3.15)

(3. 16)

Substituting {3.14) and (5.16) into equation (4.18) and (4.40) one obtains the

non-uniform Rayleigh beam on a variahle Winkler elastic foundation.

3.1.3 CLAMPED ENDS CONDITION.

displacement response respectively to a moving force and a moving mass ol a free-ends

Both the deflection and slope vanish at a clamped end. Thus. considering

the Rayleigh beam when it is clamped at x = 0 and x = L, the conditions are

expressed as

U(00) =0 =U{L.t) and FU0)=0=gU(L.1)
ax ox

and for normal modes

Vinl0) =0 = V(L) and dV(0)=0=dV,y(L)
dx dx

which impliés that

)

(3.17)

(2. 18)



Vi(0)=0=V(L) and dV;(0)=0=dVy(L) .
dx dx (3.19)

Following similar argument as in the previous section, it is straight forward to
show that

Aw= sinhhy - sinh o= co8h g -coshh p= -Cy and By, =1
Em}.m Lk msl]lm Slﬂ:'l.m o Ejnhlm [5.2':}}

and
C03 Ay cosh iy = | {5.21})
as the corresponding frequency equation,
Thus,
Ay = 4. 73004, A2 =T.85320, k3 = 10.99566, ....... (5.22)
When {5.20) and (5.22) are substituted into equations (4.18) and {4.40) the
displacement response respectively to moving force and moving mass of a non-uniform

clamped Rayleigh beam on a vanable Winkler ¢lastic foundation is obtained.

5.1.4 ONE END CLAMPED AND ONE END FREE CONDITION,
At x =0, the Rayleigh beam is taken to be clamped and at x = L, the beam model

is free as obtains in the last chapter. The boundary conditions of the beam are

FULL) =0=ZU(L1) and U0.t)= 0= aU(0.1)
e a’ & (5.23)

and for normal modes

EV(L) = 0= V(L) and Vi(0) = 0= dV,u(0)
dx” dx dx {3.24)

which implies that

d*Vy(L) = 0=dVy(L) and Vi(0)=0=dVy0)
d:-:ki ae dx (5.25)
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Thus, following the same procedures, we have

Ay = = sinky - sinbd gy = - €08) o - €0SHA = - Cpy and By, =-1
CO8Ay T coshh,  sinhi, - sink, (5.20)

C08hy, coshiy, =~ 1 (527
as the frequency eqguation for the system such that
At = 18T 50 Ky =00 iy = T B35, ciiivven (5.28)
Using (5.26) and (528) in equations (4.18) and (4.40) one obtains the
displacement response to a moving force and a moving mass respectively of a non-

uniform clamped-free-ends Rayleigh beam resting on a variable elastic foundation.

5.2.0 DISCUSSIONS OF THE ANALYTICAL SOLUTIONS
As in the previous chapter, we shall examine the phenomenon of
resonance in this section.
Equation (5.7) reveals clearly that the simply supported non-uniform
Rayleigh beam resting on a variable Winkler elastic foundation and traversed by a

moving force reaches a state of resonance whenever

o = kae (3.29)

While equation (5.10) shows that the same Rayleigh beam under the action of a moving

MAss CXPCricnoes resonance when

Hm:i'_;,"%; {2.30)

where

| + cm'n )]
AA + gj&f%’ﬂu A %0 A+ R mBY)
I, 2 (5.31)

Bn=wg [ 1- Al

%




From (5.30% and (5.31), it 15 easily shown that

mmm.+_ﬂ.imﬂ. - MHE.M 3] = u

Ll

Ay R !I'l'.'1 E]
L (532)

Clearly
A+ R“fmzﬂi > At Il' m'B -k {|+E21':‘.|1'I! )
[ by ! Lo’y forall m,

Consequently, for the same natural frequency, the critical speed (and the natural
frequency) for the moving mass problem is smaller than that of the moving force
problem. Thus, the resonance is reached earlier in the moving mass system than in the
moving force system.

Furthermore we examine the phenomenon of resonance for other classical
boundary conditions. From equation (4.18), it 1s evident that the non-uniform Rayleigh
beam on a variable Winkler elastic foundation and traversed by a moving force
encounters a resonance effect when a

T = ¢ (5.33)
While equation (4.40) reveals that the same beam under the action of a moving mass

reaches the state of resonance whenever

O = 4 (5.34)
where
= M= 2 [ 0lptaalmb) — euml) ]
INmoto(m.k)
Consequently,

O = i [ Gom k) - & ( cza(m k) ~ giu,mulal.m 1
m =

|"'I-
Tr

oug{m.k)
(5.35)
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iz, fromy cgueations (5.33) and (5.35), results and sonlyvsis similir to those of the

simply supported Ravieigh beam e obtained Tor other examples ol classical end suppor

li.'I1II1.|I1 LLEL b

530 NUMERICAL CALCULATIONS AND DISCUSSION OF RESULTS.

In s section, caleulations of practical interests in dynamics of struclures are
presented Tor the iHlustrative examples

An elastic non-onilonm Ravieigh beam of length 121 42m has been considered
The mass is assumed to travel o the constant velocity $.123m/'. Furibermore. El and L
are chosen (o be 6,068 5 10 m s nd 0,025 respeetively. The results ane as presented on

e various graphs below Tor the various classes of boundary conditions considered,

SL1 SIMPLY SUMMORTED ENDS.
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Fig. 5-01. Deflection profile of movingforce of vorious
values of R® for simply supported non-uniform
Royleigh beam,
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Fig. 5-02 . Deflection profile of moving moss ot various values

of R® for simply supported non-uniform Rayleigh
beam,
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Fig 503 . Displacement response of moving force for simply
supported non-uniform beom for various values of
foundation moduli K.
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Fig 5 05:Comparison of the deflection of moving force and

maoving mass for simply supported non-uniform beam.
"2



he elfect of Rotatory meria R™ on the transverse deflection of the simply
supporied non-unifirm Rayleigh beam in both cases of moving loree amd moving ness is
ghown in ligores 500 wmwd 502 respectively, 1 s shown thal the response anplitinde of
the non-uniform Ravleiph beam decreases as the value of the Rolatory inertia correclion
leclor increases.

Figures 5003 and 5,04 present the elfect ol foundation moduoli K on the transverse
deflection in both cases of moving Torce and moving nmss respectively, 1t is observed
that ns K increases, the deflection of the simply supported son-unifiorm beam decreases,
Here, values of K between () Mian' and Lm NAn' are used,

For the popose of comparison, the displacement eorves of the moving fince and
mowving sl o simply sopported mon- uniforme benm with fixed R nmd K e
presented in ligure 505, I can be moled that the response smplitude ol a moving mass is
greater than that of & moving foree problem. The result holds for every choice of R” and

K

5132 CLAMI'ED ENDS.
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- DO

=002y

fLA2Z, 1) {m)

- B3
¥ _0gn4

= 015

Fig 5:-06.Deflection profile of moving force at various values
of R® for clamped - clomped non-uniform Rayleigh beam.
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Figure 5.06 and 5.07 display the effect of Rotatory inertia R” on the transverse
deflection of the clamped-clamped non-uniform beam in both cases of moving force and
moving mnss respectively. 1 s observed it as the vl of B? fnereases the deflection
ol the beam decreases.

The ellect of foundation constant K on the dellection of the non-uniform clamped

clomped Rayleigh bemm in both cases of moviog fivee and moving mass is displayed in
figures 508 and 500 respectively.  The graphs show that an increase in the vlue of K
gives a decrense in the trmsverse dellection of the clmyped-clunped non- uniform beam.

Figure 510 compares the displicement corves ol the moving foree and moving
s G clmped clomped non unitirm Rayleiph bemm for lixed valoes of R and K it

i evident Ut the ddisphiconwent sespomse of the aswvieg mess probdem s greater than thit

of the moving foree problem,

.31 ONE END CLAMPED AND ONE END FREE.
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Fig 5:11 | Defiection profile of moving force at vorious volues
of R* for clomped-free non-uniform Rayleigh beam.
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As in the previous sections, figures 5.11 and 5.12 display the effect of R” on the
transverse deflection of the clamped-free non-uniform beam in both cases of moving
force and moving mass problems respectively. It is shown that ss the value of R’
increases, the deflection of the beam decreases.

Figures 5.13 and 5.14 show that, for both cases of moving force and moving mass
problems respectively, an increase in the value of foundation moduli K reduces the
transverse deflection of the mnon-uniform Rayleigh beam with one end clamped and the
other end free.

Figure 5.15 compares the displacement curves of the moving force and moving
mass for a clamped — free non-uniform beam for fixed values of R” and K. 1t is observed
that the displacement response of the moving force problem is greater than that of the

moving mass prohlem.
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CHAPTER SIX
GENERAL CONCLUSION
6.1  SUMMARY OF RESEARCH WORK.

The objective of this work has been to study the problem of the dynamic response
to moving concentrated masses of Rayleigh beams on vanable Winkler elastic
foundations. In particular, the ¢losed form solutions of the fourth order partial differential
equations with variable and singular coetficients of

(i) Uniform Rayleigh beam and

(ii}  Non-uniform Rayleigh beam.
moving mass problems are obtained. The method of solution is based on (1) The Galerkin
method, (i) The Modified Struble’s Technique and (ii) The method of integral
transformations.

Important features of this technigque include the following:

(1} It can be used to solve moving mass problem mvolving Bernoulli-Euler beams
theory of flexure.

(i) It can also handle moving mass Rayleigh beams problems having uniform cross-
section.

(1) It also readily yields solutions to moving mass non-uniform Rayleigh beam
problems having arbitrary ¢lassical end conditions.

In both preblems. illustrative examples imvolving (1) Simply supported end conditions,

{ii) Free end conditions, (1) Clamped end conditions and (iv) One end fixed and the

other free are given.



These solutions are analyzed and resonance conditions for the various problems

are obtained, Numerical analyses for both moving force and moving mass problems are

carried out and results in plotted curves are presented.

(1)

(ii)

{iii}

(v}

(v}

{vi)

The major findings from the various analyses are summarized as follows:

For all the four illustrative examples considered. the moving force solution 15 not
an upper bound for the accurate solution of the moving mass solution in both
uniform and non-uniform Rayleigh beam moving mass problems.

As the rotatory inertia correction factor increases, the response amplitudes of both
uniform and non-uniform Ravleigh beams decrease.

When the rotatory inertia correction factor is fixed, the displacements of a
uniform Ravleigh beam resting on a variable elastic foundation decrease as the
foundation moduli increases for all vanants of the boundary conditions. The same
results obtain for non-uniform Ravleigh beams.

Higher values of rotatory inertia factor are required for a more noticeable effect in
the case of clamped-clamped end conditions than those o simply supported end
conditions for both moving force and moving mass problems of both uniform and
non-uniform beams,

For fixed rotatory inertia factor and foundation moduli, the response amplitude for
the moving mass problem is greater than that of the moving force problem for all
illustrative end conditions considered.

In all illustrative examples considered, for the same natural frequency, the eritical

speed for moving mass problem is smaller than that of the moving force problem.,

B



(vit)  As rotatory inerlia cormection [actor mereases, the cnlical speeds of both wniform
and non-uniform Rayleigh beams increase.

(vittd  In general, gher values of rotatory merti correction factor are reguired for a
more noticeable effect on the response amplitide of non-oniform Rayleigh beams
than would be regquired for similar wnilorm Ravleigh beam moving  mass
problemns.

Finally, this work has suggesied valwable methed of analyticnl solotion for this

category of problems for all viiants of clagsieal houndary comditons,

f.2 CONTRIBUTION TO KNOWLEIDGE
Amalvtical splutions have been provided for both problems of wiform and non-

uniform Ravleigh beams resting on vanable Winkler elastic foundations for all

varanis of classical bowndary conditions and amalyses have indicated

(] the infloence of Rotalory inertin on the trmnsverse-displacement response of
hoth uniform and non-vnifonm Rayleigh beams under the action of a moving
lovinel.

ihi the effects ol the vanable Winkler elastic foundation modulli on the response
ol both uniform and non-oform Rayleigh beam probleims.

(ch the resonance conditions Tor both moving force mul moving mass of unifonn
and non-umiform Rayleigh heam problems,

{d) the reliability of the moving force solution a5 o sale approximation 1o the

moving nass problem for all variants of classical boundary conditions.
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These findings are useful tools in the hands of practicing Engineers in structural

design and analysis.

6.3 LIMITATIONS TO STUDY AND RECOMMENDATIONS FOR

FURTHER RESEARCH.

The dynamic response of Rayleigh beams resting on variable Winkler elastic
foundations to moving concentrated masses is the main objective of this sudy.
Mustrative examples have been limited to classical boundary conditions only. MNon-
classical boundary conditions such as (i) elastically supported end conditions and (ii) time
dependent boundary conditions are not considered and as such are suggested for future
research. The two-dimensional analogue of the theory developed in this thesis could be
extended to moving load rectangular plate problems. Structures (beams or plates) on
other foundalion models are left for further research. Other beam models under the achon
of moving loads such as Shear beams and Timoshenko beams desenbed by simple
equations resting on Winkler or non-Winkler elastic foundation and Visco-elastic

foundation are not considered in this study,
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APPENDIX
SOLUTIONS OF SOME INTEGRALS
This appendix presents the solutions ol the definite integrals listed

in chapters two and four of this thesis.
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Al leos{nn + Ay) coshd,, + (nx + Xy) sin (nr + &) sinhd,, - I!}
3k (nm 4 ) Y

Iu= % Al leos{nm - Ay, ) sinh Ay + (nm- A5 sin (nn- A;) coshid,,|
AL, Hnm- Il.,kf y -

- . [eos{nn + Ay} sinhd,, + (nr + &) sin{nn + L) coshi,,| }

:'.1.“1 (e + Jl.h]z -'.'l'u
[37= L | sin{nn-A; <Ay} - sin{nod A, + Ay) + sin{nn-A, Fhy) - sin(nmt A, -Ay)
41 nm-Ap- nn+ Aa+ A nw - Am + Ay [} S o W I

ly= —L{ [ cosfom+ A + A, ) =1 |+ cosfar-Ax-An)—1 ]
4 ne 4+ L+ Ay, =l = A

+[ cos(nr + A=A ) =1 | +| cosinm-A+ 4,01 |
nathy - A nm- Ay + Am

Iw= ¥ AmL. . | sin{nmtly ) cosh Ay - (nm + Ay) cos (nr+ Ay sinhd) |
PRI Y S L A
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+ Al | sin{nm - Ly} coshidey - (nx - Ay) cos (nx - Ay) sinhdy |
WopHnm - Ag) p -

L= !-fi{ AmlL | sin{nm + Ay) sinhdy - (AR + Ay) ( cos (nm + Ay) coshd, - 1) |

Al wH(nm + A i
+ Al | sin{nm - Ly} sinhdg, - (nn - &) ( cos (nm - &) coshdy, - 1) f}
11“4‘[“1'! i ?'rh}l ,'q“

la= % ML | cos{nm - &,,) coshdy + (nn - L) sin (nm- L) sinhd, -1 ]
:I'..'!'h'l'{l'll't = :.-m]'! Ay

- ML ]cos(nm+ A.) coshiy + (nm+ A, sin (nm o+ o) sinhd, - 1]
AHnm + L) Ay

lg= % AL | sin{nm + A,,) coshiy - (nm + A,,) cos (nr + A,,) sinhdy |
AHnm 44" i

b ML | sin(nm- A coshiy - (- L) cos (nn - L) sinhiy |
Al - )t e

L= %) _ (A +AqlL | sin{nu)sinh{A,+thy ) - _nm_ ( cos(nmjeosh{igth, ) —1) |
(A + )+ (nm)’ M + A

-y ;F] L |sin(nm)sinh{}, . 2,)- nn (cos{nm)coshii,  Ay,)-1)]
(=D ) + ()’ Mo = }

L= %) (At Al | sin(nmcosh(iuthy, ) - _nn  cos(nm)sinhid,#hm) |
(Ax + A }1 + ["‘“]1 A + Am

+ (A _&Eﬁ} L | sim{mm)coshii, A0 - nn cos(nm)sinh(iy . 4. )| }
(Au-Am ) +(nm)y F s VR

Lig= !-"r{ AL [cos{nm - Ay, Jsinhdy + (nn - A) sin(nm - Ay,) coshiy |
My tnm - dy)’ M
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- Al leosinr + Ag)sinhdy + (nx 4 4,) sin(ne + Ly) coshd, f\’>
Myt 4 Aw) A

lis= 1 [ T P [sin{nmt Ao )sinbiy - (nn + X, (cosinm + L) coshdy, — 1) |
]_lﬂ;ﬂnn+1mjl M

¥ AL [sin{nn-dy)sinhdy - (nu-A,,) (cos(nn-A,)coshiy, 1) |
My o= Ay )’ My

L= % { Ay 4 3 )L [ sin(nm)coshid, +hy ) - o cos(nmsinh{i. A ) ]
(A + Ay 4 (mm)’ R +

+ _{Am. EI L [ sin{nrlcosh{ly . 2a) - nn cos{nm)sinh(d,, . %) | }
= i )* + ()’ Yo e

lis= %2 (A + AL | sin{nm)sinh(detdy, ) - _nm (cos{nmjcosh{iytd,)-1) |
(A + A0 )* + (mm)’ e+ A

b (A Amd L | sininm)sinh(iy A - _nm (costmmcoshild, - A, ) I”]f
(Aa- A )’ + () K~ B |
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