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ABSTRACT

This thesis presents the problems of dynamical analysis of finite
prestressed Bernoulli-Euler beams with general boundary conditions under
traveling distributed masses. The responses of the elastic structures to
moving distributed forces are special cases of such dynamical problems.

The governing equation of this problem is a fourth order partial differential
equation, The solution technique is based on generalized integral transforms,
the use of the properties of Heaviside function f(x-¢r) as the generalized
derivative of the Dirac delta function &(x—cr) in the distributed sense and a
modification of the asymptotic method of Struble. By the usc of this
technique, one is able to obtain closed form solutions for all variants of
classical end conditions for this class of problems. The closed form solutions
are analyzed and numerical analyses in plotted curves are presented.

The results show that as the prestress value N and foundation modulli K
increases, the response amplitude of the dynamical system decreases,
However, higher values of N and K are required for a more noticeable eflcct

in the case of other boundary conditions than those of simply supported
boundary condition. It is also found that for all the illustrative examples, the

moving force solution is not an upper bound for the accurate solution of the

*viii



moving masses problem of a uniform Bernoulli-Euler beam under the action
of a uniform distributed lead. This important result also agrees with similar
problems that considered the moving load as a lump mass.

Finally, in all the illustrative examples considered, for the same natural
frequency, the critical speed for the moving mass problem is smaller than

that of the moving force problem. Hence resonance is reached earlier in

moving mass problem.
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CHAPTER ONE
LOINTRODUCTION
In the structural dynamies, the moving-load-induced vibration

problemns have been the important rescarch topic for over 100 years.
Thercfore, a great amount of work dealing with the dynamic analysis ol
structures due to moving loads can be found from existing literature[l - 7],
Until early this century, machine and structure usuvally had very high mass
and damping because heavy beams, castings and tmbers were used in their
constructions. The dynamic response of these structures and machines was
low since the vibration excitation sources were often small 1 magnitude.
However, with the development ol strong Lightweight materals, increased
knowledge of material propertics and structural loading, improved analysis
and design technigues, the mass of machines and structures built to fulfill a
particular function has decreased. Furthermore, the efliciency and speed off
machinery have increased so that the wvibration excitation with reducing
maching mass and damping has continued at an increasing rate 1o the present
day when few, il any, machine can be designed without carrying out the
necessary vibration anal ssis.

The problem ol assessing the dynamic response ol elastie structures

such as beams and plates (o moving load is of technological importance as



these structures (road-bridges, space vehicles and submarines) arc constantly
acted upon by moving loads. Moving loads have great elfects on dynanue
stresses in elastic structures and cause them to vibrate intensively at high
velocitics.

In highways and railways bridges, the dynamic analysis becomes
complicated because the mass ol a moving vehicle or train 15 comparatively
larger than that of the bridge and suspension of the vehicles. Many scholars
in the area of civil, mechanical and astronautically engineering have worked
and are sull investigating the behaviour of structures under the action of
moving loads.

The quest for analytical solutions to the fourth order partal
differential equations which have variable and singular coelTicients has also
drawn the attention of numerous Applied Mathematician to this rescarch
topic. Specilically, the effects of moving loads on elastic structures are dual.
On one hand is the gravitational cffects of the moving load while on the
other hand is the inertia effects of the mass of the load on the vibrating solid
bodies. These solid bodies which could be clastic, inelastic or viscoclastic
include beams, plate, shells c.t.e. Thus this thesis is concerned prinarnily

with elastic solid bodics.



Dynamucal problems involving moving loads can be penerally
grouped into the following three classes:

(a) In the first case, the mass of the moving load is considered much
smaller than the mass of the structure it 15 traversing,.

(b} The sccond class comprises of the system for which the mass of the
structure is assumed to be much smaller than that of the moving load
and thirdly we have

(c) the case in which both the mass of the structure and that of the
moving load are of comparable magnitude,

The first case is much simpler than the second and the third. Infact, the lirst
1% the commonest problem treated in literature. In this problem, the inertia
elTects of the moving load are assumed negligible and only the force effects
of the moving load are taking into consideration. Thus, this type of problem
15 termed the “moving force™ problem. Though, the problem, on the
assumption, had been greatly simplified, the following question arises: how
safe is a design based on this assumption? The justification of this
assumption would have Eﬁlab]iﬂheﬂ had the solution of this approximate

mudel been proved to be an upper bound for the actual deflection of the

elastic system.



The most difficult of all the three types of the problem is the third,
<while both the second and third problems involve not only the consideration
ol the force effects of the moving load but also its inertia ellects, the moving
load in the former does not have mass commensurable with the mass of the
structurc. The third type of problem may be termed “moving mass™
problem. It 1s remarked at this juncture that in most of the existing hicrature
in dynamics of structure under moving loads, moving loads have been
idealized as moving concentrated loads which acts at a certain point on the
structure and along a single ling in space [8]. That is, the moving load 1s
modeled as a lumped load.
However, in practice, it is known that loads are actually distributed over a
small segment or over the entire Ilr:ngth of the structural member as they
traverse the structure. Such moving loads are termed uniform distnbuted
loads. Concentrated forces are mere mathematical idealization, but cannot be
found in the real world, where all lorces are cither body forces acting over

g farca.

In what follows, the definition of moving loads, concentrated moving
loads and Uniform distributed moving loads with their  graphical

representations are given,



(i)

Moving loads: These are forces acling on a structure and

continually changing position. Common examples of these include

train, moving car, truck, cranes ete,

Fig. 1 Moving load

(i)

Concentrated moving load: A concentrated load p 15 a simple

force applied at a certain point of the structure AB of length [*The
graphical representation of this load 1s a straight line with an
arrow, indicating the action and the sense. All concentrated loads

arc aclually distributed loads over a small segment of the structure.
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Fig. 3 Simple beam with uniform distributed load

The concern of researchers in the field of structural Dynamics is the search
for reliable methods in accurately determining the response of an elastic
structure under the action of moving loads. The problems often encountered
arnise from (1) the type of specified end-conditions; (ii) problems of
expressing the boundary conditions [9] ; (i) the complexity in the governing
partial difTerential equation (for example, non-constant coefTicients, singular
coclTicients, complex space-time dependencies owing to varying speeds ol
the load e.t.c.)

In general, the moving load problems are mathematically complex
when the nertia effect ol the moving load is taken into consideration. Thus
most of the rescarch works available in the literature are those in which this
effeet has been neglected. This is due, at least in part, to the great amount of

computational labour, which is required both (o set up and 1o solve the



necessary equation. One important problem that arises when the inertia
elfect of the masses are considered is the singularity which oceurs in the
inertia terms ol the governing equation of motion.

In this thesis, we shall be concerned with the problem of assessing the
dynanncal response to moving uniform distributed loads of finite prestressed
Bermoulli-Euler beams with general boundary conditions. This work
incorporates the mertia effect of the moving uniform-distributed loads and
the effects of prestress and foundation moduli in the governing differential
cquation of the dynwmical problem and sets at solving it for all variants of
classical boundary conditions. The analyses of the effect of these parameters
on the response of the beams when they are being traversed by moving
uniform distributed loads shall be carried out,

In most of the previous investigations, the problem of assessing the
dynamic behaviour of structural members carrying moving loads, work has
been restricted 1o the case of when the loads are simplified as moving
concentrated lorces[io]. To the best of author's knowledge, this class of
problemgwhere the moving loads are modelled as uniform distributed loads
are scarce. The problem of determining the dynamic response of elastic
structure subjected 10 moving loads have been ol theoretical and practical

mterest in the field of Applied mathematics, Physics and Engineering. The



problem of moving load was Orst tackled for the case in which the structural
was constdered small against the mass ol a single, constant load. Willis et al
[t1] considered the problem of clastic beam under the action of moving
loads. He assumed the mass of the beam to be smaller than the mass of the
load and obtained an approximate solution (o the problem, This is [ollowed
by the other extreme case i.¢ thal of the load mass small against the beam
mass. In particular, the dynamic response of a simply supported beam,
traverse by a constant {orce moving at a uniform speed was first studied by
Krylov [12]. His resulis were obtained by using the method of expansion of
cigenfunctions. He assumed that the mass of the load is smaller than that of
the beam.

The problem of transverse oscillations ol beams under the action of
moving loads lor the general case of any arbitrary prescribed law of motion
was solved by Lowan [13] using Green’s functions. Furthermore,
Timoshenko [14] and Timoshenko et al 15| considered when a pulsating
[orce 18 moving along a beam with a constant velocity. The principle of
virtual work is used in solving the problem. The problem is an example of
moving load problems involving . time-variable concentrated force. The

response of linite simply supported Euler-Bernoulli beam to a unit force

1



moving al a uniform velocity was investigated by Steel [16]. The effects of
this moving lorce on beams with or without an elastic foundation were
analyzed. In the same trend was the work of Yoshida [17] who studied the
vibratton of a beam subjectled o moving concentrated load using limite
clement method. In all the aforementioned investigations, problems have
been largely restricted to the case when the inertia effects of the moving load
have been neglected. The more complicated case in which consideration is
given to the inertia effects ol the moving load have been neglected.
[lowever, recently, the advent of long highway bridges, together with
mereased veloeity and mass of automobiles, has lorced a renewal of
consideration ol this problem.

In general, problem of this type are mathematically complex. A major
breakthrough in this field is the work of Stanisic et al [18] who solved the
problem of simply supported non-mindling plate under a multi-mass moving
system by making use of an approximation of Dirac-delta function. Only the
mertia term which measures the effect of local acceleration in the direction
ol the dellection was considered. The method of solution was based on
Fourier sime  transform  technique suitable only for simply supported
boundary conditions. A one dimensional analogue of this problem was taken

up later by Milormir et al [19] who developed a theory deseribing the

11}



response ol o beam under an arbitrary number of moving masses. The theory
is based on the Fourier technique and shows that, for a simply supported
beam, the resonance [requency is lower with no corresponding decrease in
maximum amplitude when the inertia 1s considered. This work was later
extended by Stanisic et al [20]to include all the components of the inertia
terms. ‘They considered only the Bernoulli-Euler beam with only simply
supported end conditions, 1t is remarked at this juncture that in all these
alorementioned investigations, method of solution have been suitable only
for simply supported end conditions. To address this problem, an interesting
aitempl was made by Sadiku and Leipholz [21] who developed an clegant
lechnique capable of solving Bernoulli-Euler moving load problems for all
variants  of  classical boundary conditions. The technique involves
transtorming the dilTerential equation governing the moving mass problem
mto integro-differential equation by using the Green's function of the
associated moving force problem. Although this work is impressive, 115
apphcation is limited only to the case of beams executing Mexural vibrations
according to the simple Bernoulli-Euler beam of flexure. The extension of
the method to Mexural vibrations of structure with height —span ratio larger
than 1/10 has not been effecled. Nonetheless, it is known that during

vibration, a typical element of a beam not only performs translatory motion



but also rotates, Timoshenko et al [22]. Thus, there is the need to congider
the beam whose motion s nol governed by Bernoulli-BEuler beam theory
(thin heam). More recently, Oni [7] and Gbadeyan and Omi [23] presented a
theory for determining the response of a finite Rayleigh beam (thick beam)
under an arbitrary number of moving concentrated masses. The theory
advanced involves the development of an analytical versatile technigue
which is based on the modilied gencralized finite integral transform and the
modificd Struble’s method. An important feature of this technique is that it
is applicable to all classical end conditions, as well as both thin and thick

beam moving load problems. This technique was also extended in [23] and to

solve the problem of dynamic response of an elastic plate (which is two
dimentional) traversed by several moving concentrated masses. In particular,
a two-dimensional analogue of the analytical method in [7] was developed.
The extension was carried out in a way that the technique is also suitable for
all variants of classical boundary conditions.

It is remarked at this juncture that all the mentioned authors so far in this
thesis modeled the moving load by concentrated moving mass or moving
lumped mass. However, in practice, moving loads are in the form ol moving
distributed masses rather than that of moving lumped mass. For this reason,

Esmailzadez and Ghorashi [24] Turther studied the moving-load-induced

12



vibration problem using a moving uniform distributed mass model instead of
the moving lumped mass model, Tl-'lc_}" solved the problem by means of the
conventional analytical approach, which i1s only suitable for the simple
horizontal beam and will sulfer much difficulty if the structures are
complicated. Also, it is noted that Esmailzadeh and Gorashi [24] considered
only the vertical inertia effects of the distributed mass moving along a
horizontal pinned-pinned beam, This vertical inertia is called inertia force.
He neglected both coriolis force and centrifugal force of the inertia term in
the governing differential equation.

Wu [25] on the other hand studied the vibration analysis of a pinned-pinned
beam and that of partial frame under the action of a moving uniformly
distributed mass using finite clement method and Newmark integration
method. Other recent work that used uniformly distributed moving mass
mode! include Dada [26] who worked on the vibration analysis of elastic
plates under uniform partially distributed loads and Adetunde [27] who
studied the dynamic response ol Rayleigh beam carrying an added mass and
traversed by uniform partially distributed moving loads, However their
method of solution are only suitable for simply supported end conditions,
Thus, this study presents the problems ol dynamical analysis of finite

prestressed Bernoulli-Euler beams with general boundary conditions under
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traveling  distributed loads, All the components of inerlia 1erms  are

considered m the analysis and the prestressed beam 15 assumed 1o lie in a

Winkler foundation model.

1.2 OBIECTIVES OF THE RESEARCH

The specific objectives of this work are Lo

(1) obtain closed form solution of the fourth order differential equation, with
ariable and sinpular coeflicients governing the maotion of uniform Bermolli-
Euler beams carrying moving uniform distributed masses for all variants of
classical boundary conditions.
(b) classily the effect of the elastic winkler foundation on the transverse
displacement response ol uniform Bermolli-Euler beams for all varants of
classical boundary conditions,

(¢) determine and classify the axial force influence on the response o
maoving distnbuted masses of uniform Bernoulli-Euler beams resting on
clastie loundation.
(d) Indicate the reliability of the moving force solution as a safe
approximation 1o the moving mass problem.
(¢) Establish the resonance conditions for both moving force and moving

mass problems and the elfect ol axial force and foundation moduli on the

resonance conditions.



[ 1.3 DERIVATION OF GOVERNING DIFFERENTIAL EQUATION

* Let us consider the motion of a straight, non-uniform beam as shown below

in the diagram (hig 1a).

U{Ji,t}
e P(x.t) e
[fEs ol H]THITI_T..L]LU
' El(x), M(x) N X
X -dx
= | -—

I“ip. 4 Beam properties and coordinates
The significant physical properties of the beam: flexural stiffness £/(x)and
the mass per unit length M (x), both vary arbitrarily with position x along the
span .. The transverse load P(xt)is assumed to vary arbitrarily with
pasition and time and the transverse displacement response V{x./)also is
lunction of these variables. The end-support conditions for the beam are
arhitrary, although they are pictured as simple supports for illustrative

purposes. Consider a free body diagram shown below (fig 5).
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Fig. 5 Forces acting on differential element.

The equaton of motion of this simple system can readily be derived by
considering the equilibrium of forces acting on the differential element of
the beant shown above n fig 5. Summing all forces acting vertically leads

to the first dynanue-equilibrium relationship.

Y

LI'+I‘f1'.T—[L-"+Z—Ur£rJ—_,ﬁ.r£¥=[I' (1.1)
X

i which fov represents the distributed transverse inertia force and is given

by the product of the dilferential mass and the local acceleration:

3

Sty = miy— (1.2)
)
Substtuting (1.2) into equation (1.1 } and simplifying yields
H 2
£=F—ma’f (1.3)
dx ot

which muay be recopnized as the standard relationship between shear force

and transverse load but with the transverse load now including the inertia



lece of the aceelerating beam,  The second equilibrium relationship is
abtained by summing moments about the clastic axis at the right hand face

ol the segment as follows:

M+ U:’.lr..!'—[ﬂ-f +% r{r}:ﬁl {l_..'_‘];:]

where it has been noted that the disiributed lateral force makes only a second

order contribution to the moment, Simplilying (1.4) one arrives at

!
%:u (1.5)

No inertia force contribules in this case to (he moment equilibrium,
Dilferentiating  (1.5) wrd x  and substituting  (1.3)  vields,  afier

rersimgement,

3 4
r—-t,i i E-—,F = (1.0)
(L, (2

Fially, introdueing the basic moment-curvature relationship of elementary

beam theory that

M = f-.‘.f{.r:ﬂ (1.7)
o’

leads 1o the partial differential equation of motion for elementary case of

beam lexure.

' it a o'y
—{ BNy |+ M —— = Pix.i 1.8
ey [ {"}ﬂ'f' J - Wit} s



Now. il this beam is subjected to a force parallel to its axis in addition to the

lateral loading, the beam in fig. 5 becomes

P(x,t)

:F[.r,if} | N'“‘"?"TJJ

Fig. 6 beam deflected due to loading

In this case. the local equilibrium of forces is altered because the axial force
interacts with the lateral displacements to produce an additional term in the

moment-cquilibrium expression. A free body diagram of figure 7 is

presented below.

X, f) oV
T pae  Ta®

Fig. 7 forces acting on differential element
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It is apparent in fig Id that the transverse equilibrium is not affected by the
axial force because its direction does not change with the beam deflection;
then equation (1.3} is sull valid, However, the point of application of the
axial force changes with the beam deflection so that the moment-equilibrium

cguation now becomes

M 4 !'m'x—a".-"{'r}-it—[M +aﬂﬁ'x]=ﬂ (1.9)
2
this implies
r:'.ll"' oM
L= N{x)=— +— 1.10
&) &1 ety f J

Substituting the modified expression for & into equation (1.3) and
proceeding as before gives the final equation of metion including the effects

ol axial [orce as

[H{ }‘j EJILJ[NU}EEJ-# M(x }i'ip--f*{ A {1,113

e’
When £1(y), M(x)and axial force N(x)are assumed to be constant with

respect to time and position, equation (1.11) becomes

r]-J T ﬂrJ r 3
o A B L AL S IO {1.12)
iy’ i i

In equation (1.12) , two important factors are neglected which may
influence the dynamic response if the span-depth ratio of the beam is

relatively small, They are (i) delormation due to shear forces and (ii) inertia

19



resistance aceeleration of the beam cross section (rotatory inertia). This is

shown in the figure 8 helow

v
4

X—n = dx

Fig. 8 dynamic beam dellection

20
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& o7 S
Fig.10 Forces acting on differential element

In figure 10, the forces acting on the differential elements are shown and
axial forces are neglected, The rotatory inertia per unit length m, contributes

directly to the moment-equilibrium relationship, then



M 4 Ly + ;E::h'—[m + f-gn".'rj =1

Where the product of (he mass moment ol inertig and
acceleration gives the rotational inertia as

- Fikv]
ol

I is the mass per unit volume {p= ’%{J

the rotational area, we have

Also if 2 =2

alter simplification yields

M 3o
= gt
o ar’

The shear force acting on the ¢

of the elastic axis I as follows:

U+ KAGD
where K4 is the effcctive shear arca of the section,

Dilferentiating (1.17) and substitute in cquation (1,13} one obtains,

- b7
E(EAGH} =Py =

22

FOss section is related o the angul

(1.13)

the  angular

(1.41)

and 1 is the moment of mertin of

(1.1%)

r (radius of gyration of the cross sechion) then, equation (1. [5)

(1.16)

ar rotaton

(1.17)

(1.1%8)



‘Mlso the moment-curvature relationship, expressed in term of cross-
ettional anglea , is
do
M = EJ— 1.19
- : (1.19)

Differentiating (1.19) and substituted it together with the shear-distortion
gxpression into equation (1.3), one obtains,

O[] _ g : '
&r(ﬂ ax]-x,mg“m o (1.20)

Substituting the kinematics relationship between the various rotation angle
i
aV

ra-> = (1.21)

Into the two relationship to give

i[k’;{[’,{ _EH:;:_,,.ET (1.22)
dx dx dar
~ Then,

2579 el a2 V] 28

ﬂr[ﬂarJ [-‘i’dﬁ(ﬂ: ﬂr”ﬂm o (1.23)

- Evaluating « (rotation angle) from equation (1.22) i.e for _!E (that is the
£

physical properties of the beam do not vary along ils length) then,

. 43



da 2V I —a'¥
S ok Sl 1.24
é 4 ~[F ] { }

i

Equation (1.23) is then differentiated with respect to x and substituted for the

appropriate derivatives of 5:3- rom equation (1.24) which finally gives,

EJ

Iy

av =&V -, DY . B & —~ gty a? @ —ar
T P |- et — 3 il e —| P —m-
e 5] ae'd”  KAG dx o KA

L [E—

F

Elesrenlary cam i speiia Shear daninan Conrhingnl shiear diskeatin mol pasin sriss

(1.25)

24

=]



CHAPTER TWO

UNIFORM BERNOULLI-EULER BEAM RESTING ON ELASTIC
FOUNDATION AND UNDER THE ACTION OF MOVING
DISTRIBUTED LOAD

2.1 THE GOVERNING EQUATION
In this chapter, the problem of the dynamic response to a distributed
load moving at uniform speed on a uniform elastic beam resting on elastic

foundation is considered using (1.11) the governing equation is the fourth

order partial differential equation given by

3 2 3 2
ax ax ol

z ]H,r IH,! ; . :_,r :
g [E!a ““”]—Na (0 L yEWED | pwien=Pn  (2.1)
where x is the spatial coordinate t is the time, #'(x,r) is the transverse

displacement £ is Young's Modulus, J is the Moment of inertia, s is the
mass per unit length of the beam, N is the axial force and K is the clastic
foundation and p(x.¢) is the uniform distributed load acting on the beam.
The distribuled load moving on the beam under consideration has mass

commensurable with the mass of the beam. Thus, the distributed load p(x.1)

takes the form Timoshenko (1922)

2
P{I,fjr!‘:{x,:)[lwéd Tf'”} (2.2)

where P, (x,¢) is the continuous moving force acting on the beam model

25




with the properties,
i
(i) -J--{m.r-.::}i=mx—c:} (2.7}
elx

) forx<el
fix), forxzct

(11} ffoH{r—r:]l:{
where S(x—er) represents the Dirac delta function and H(x-er) is a typical
engineering function made to measure engineering applications which often
involved functions that are either “off™ or “on”.

Below are the graphs showing the switching function of the Heaviside

[unction. IFig.g2 shows the special case H{x) which has a jump at zero and

Fig.y8) is the general case H{x-ct). Also,er is the arbitrary positive number.

yt y
1 1 -
0.5 ' 0.
— —t— ey ——
2 10 1 2 2 -1 1 2
0.5 0.
Fig .12 Special case (H(x)) Fig .13 General case (H(x-ct))

In mechanics, the Heaviside function is a function that maintain a zero
value for all values of x up to x = ¢ and a unit value for x =« and all values
of xzvr. In this thesis, the Bernoulli-Euler beam under consideration is
assumed to be uniform, that is, the Beam properties, Young's modulus E, the
moment of inertia J and the mass per unit length  of the beam do not vary
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aglong the span of the beam. Substituting (2.2}, (2.3), (2.4), {2.5) and (2.9}
mia (2.1), one obtains,

gy @ W oW(En “a Wx.i)

+ K{x}F{x,0)

= act i’ o’
g W {x,1) a W (x,1) a'Wixn _
+ MH{x - m'j[ = + 2 s +ot = = MpH (x —ot)

(2.10)
The boundary conditions of the above problem are assumed to be arbitrary,
that is, it can take any form of the classical boundary conditions. The mitial
conditions without any loss of generality is given by

:n.:.n{ == (2.11)
y=1) i =1}
2.2 METHOD OF SOLUTION

In this section, a general approach used in [2] is employed in order o solve
the initial-value problem in equation (2.11).The approach involves in the
first mstance, the use of the generalized mtegral transformation technique.
The resulting coupled second order ordinary  differential equation is then

treated using the modified asymptotic method of Struble and other integral
lransformation technigues.

13 THE GENERALIZED INTEGRAL TRANSFORM METHOD

In order to solve equation (2.10) subject to the conditions (2.11), first, the
ransformation  procedure  called  generalized  imtegral  transformation
technique 15 employed. '
This imtégral transformation technique 15 given by

Wimty= [ Wil (xx (2.12)
wilh the inverse
IF["‘[]=Z LIF{HJI.I']UM{I:I (2.13)
sl Al
where
Iﬂ_I}MHﬂﬁ (2.14)

U _(x} 18 any function chosen such that the pertinent boundary conditions

are satisfied. An appropriate selection of function for the beam problems
are beam mode shapes. Thus, the mth normal mode of vibration of a
uniform beam
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(2.15)

£F ) e iy e
is chosen as a suitable kernel of the integral transform (2.12) where, 7. is
the mode frequency, 4, #,,C, are constants, The parametersi., , A, 8, and
¢, are oblained by substituling (2.15) inte the appropriate boundary

conditions,

2.4 TRANSFORMATION OF EQUATION
Applying the generalized inlegral transform (2,12}, equation (2.1) can

be written as

PO L)+ BGF (1) = 10 () + Wi, )+ F;FF{m,.ﬂ}-l- G 1) + G+ Golt) = Ml L x - 1)

(2.16)
where
By e, g%
H 1l L
(2.17)
PIWe1) W f) df W) d :
ikl by = ——————=lJ {¥}= — L&)
G, 1.1 [ i U e mb’f.‘l rs #UH Wix, fJ'M1 {r}J
(2.18)
G (1) = _rnr’u :}E--{ﬂfi (2.19)
| oy
Gutt) = [ ’—Mrj (el (2.20)
| 3
. i Wiz,
nru}=f,mm ~ }—U (el (2.21)

P



—2t/ (x)edy (2.22)

Gutty = [ M=o P Lo i:'h.{" )

G0 = [ Mttt -en 225Dy goyax (2.23)

It is generally known that the natural modes

LR T - TEL
I, () =s5in—=—+ 4 _cos—
! &

satisty the homogeneous differential eguation

£ 2V ity =0 (2.24)

[{AY
For the Euler beam, the parameter €, is the natural circular frequency

defined by

4
ot o ta BF - (2.25)
L T

From equation {2.24) we have

[ Wi U, “} n,,fwh O, (v (2.26)
Thus, by {2.12)

G (1) = %W{m,x ) (2.27)
Naoting that 1P(k,1)is just the co-efTicient of the generalized integral
translorm,

W{.-.rj=iﬁ}ﬁ{k.r}m (x) (2:28)
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—W(x1)= z-—wm .r}-—-—-L-’ (x) {2.29)

sothat integral (2.20) becomes,

= 1
GH{!}ﬁz H"{#.-’}rd i"r{x}{’f"{:}:fx (2.30)
k=l

From [23], the Fourier cosine transform of &(x—ef) is given by

1 2 T mnax
Six—el=—+— ) Cos=—"Cos— (2.31)
o= LE L L
FUsing (2.27),
f it is straight forward to show that
r 2o AT i
Hix—=cty=—+—>) &in Cpp = (" (2.33%)
¢ ; L n-‘r§ i I8

When use is made of equation (2.31) and (2.28), one obtains,

@, m=—{-}—£ MW, uc.-}[ ]T'U,.{x]n{!mu'}eir
k=l

+—Ecmi’j£u —U,{x}[.-’ (xyde+ € [ U, (0 (e |

N i
{2.34)

using similar argument in (2.28)and { 2.31), it is straightforward to show that,

G, 0= —{-Z MC W (k. r;[ ‘[E;;i’t.a_,{xm
i

il




2 < CF W) nax dU (x) w L (x)
t Y Cos [ Cos™ ===, e 207 [0, o |

b
(2.35)
and
= d L’ gy
1] — M ’H" k.1 —-u-——ri 7
(A= = {: E e W }[ S U (xds

nact ﬂmxd U {x'.l d'l (x) a
+— ¥ Cos Cens S Ikl (2.36)
m.rg -[ .E i |

Substituting (2.26), (2.30), (2.34), (2.35) and (2.36) into (2.16) after some

simplifications, and rearrangement yields,

= = Pk o
H-'..n:m,.rﬂ[ﬂj' rE]J!F{m..r}—iL W(k.1)S, (k.m)
it Mo

.‘-F,_:k.m.rr}

{E W (kNS (i) +— Z z;ﬂm X os" ;

Ful LT pal sl

b LEY W, (k, E)S, (h m}+ EL'Z W, (k. 00N, (k. m)
k=1

1=

de

z ZH-".-{# ."J(m—— S, (kL n)+ 2007 2. v, (k0N R

T O (X} b i

Hf ZW{# )8, (&, nr) 4 —Z ZH"[& & r.l'-— ":-.,{J.' i, 1)

fil. N b 3=

Zwm 08, (k)

P |- Cos A, + A Sind, + 8, Cosh A +C_Sinh 4,
Ha
' Al A et
+r'ﬂ.v."*-*;‘:f = Am.ﬂfm% — B 'm-n—-;‘_ ~C, Sinh™= .‘- (2.37)



where,
LM
" [

and

S.{k.m}=;-’-ﬂ_[' L (), (el

T [ [ XU, (ndx
ey (x) #

1 ] ¥
1 =z — LI Sin——elx
Si(kmm = m-[ Uy (U, (x)Sin =

8, (kom) = ﬂf LU, (x)eds

[

1

Nk =
a, (x)

l:. "Y.LII]I- {'r }Llrm{x}l:&

; - : o A
S (k,mp)= [x]I'E £ () (x)Sin ; dx

Ty

|
&, (x)

S, (k. m) = [ U} a0, ()l

e, (x)

Sk my = —— [ XU (U, (x)dx
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(2.38)

(2.39)

(2.40)

(2.41)

(2.42)

(2.43)

(2.44)

(2.45)

(2.46)



. | . g TR
."I-,,I:.IL ) = m f f.-",, I.r_-r :'U,.,. {.t':l."l-iﬂ “L_"ﬁ {2_4?'}

1
ir, (x)

""m (K. mm )= _[ U:{I}UM{I}JI [2 43.}

Using (2.15) and its derivatives in integrals (2.39) to (2.48) one obtains,

‘I.'
S ko = [_"H,_-[ =l = Ay =B =Cl — Ayl — A 1 — A BLL ~AC 1 + By,
o (X

! f*l.'].urfll-' * F‘i:l_ H-.-'Flr i ‘r"if'rh'ﬂ! +£Il.jl1 +L\"“ij;“. +':'I“ HM Elﬂ -l-{:..'l{'l;ll'!.I-IIl }
(2.49)
X, thon) = Ir L i+ A Bl + Coliy 4 Ay + A Ay + 4B L+ Al 4 B
iy

A L+ B L+ B C Ty 4 C g +C A Iy ¥C BT, +C,C L

(2.50)

Ntk ) = J: | l Ly # el by + B L+ C Ly + A0y + A A Ty + AB T + A,C 1, + B,
(v

bl F # BB A BT A O ¥ AT e A C B+ G e ]

[ 1]

(2.51)

S ko) = 1 -;! hAd L+ B L+ C L+ AL+ AA L +AB L+ AL 0+ 8.1
¥

IRE
O R N O O TR G SR o R S L B PR B Y B S T S i [ ]

(2.52)
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A,
Sk, m) = _(;E{ Lo+l by + B Ly +C Tg—=dily = A didyy = By =t M

L2

- -Inﬁl;.n‘m-’:,,,al.L.ﬁ',J!Iu',,,.F,.,+J'3Jtul';'_,4f2,,-1--‘:.',h.|’,.1.+|‘:,‘*.-*I,f,.|'_m+|':',.‘i'w.|*”-|~¢"L-:'m4f,J |

(2:53)

A . .
El[iim--”} = a, {:r]f. [ ;n +""n-"|n ¥ H-u 'Fld +£’|ir';lil _""’l"rill B ""J: "’lw‘rn— ~ H.-..‘Fu A 1

+ B AT+ BBl + BC Ty + Ol + Cod By + G B + OO, F

(2.54)

ax, (x)

8.k, m) = [ § A+ B L +C L =Ad, = A A=A B - T+ B

+ B4 +Brﬂmfl| +8,C +C iy ‘*'{:IH"LIH + OB by #0000, l

(2.55)

1

.:SIH.F.H.HJ T A‘I F] [ _"'I'.' _"{n l‘Ill _BH 'rli' _[.rll'rlﬂ _"liif]'l == ""1} ""r.u "ru —d; B0y I..'r.lt i L,
@, lx)Ll '

+ B AL ¥BB L, A BC L 4C I +C AL + OB A0 |

(2.56)
!
k., m) = _""‘_}'[ 'f:n -"Jru'lrﬂl -4, 0y "f-r..-;;u = Al = A Ay = A B — AT,
a, (X)L :

+ B AT+ BB+ B C 1 +C T #C AL #C B+ 00T, I

(2.57)
2
k) =———"‘—} L —AL=-B1,-C. L —Al —A AL = A B0 =00 0 B
ar, (X)L
B AT BB+ BC Ty + Ol + C A+ C BT+ U, I
(2.58)
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sl

V=] B+ Al $ By ¥ Caly + ALy ¥ A AT+ A, Bl +AC I, +B1.,

P A+ BBy + B o + €l +Co A + CLB T +C,C 1 |

k ET)
where,
J. Hm : ‘uu A, x lx,
A A ]
_r i = i Ninnde 't efr,
! /. L

j- (T “ L i -—":.Er,
£

A Ax
JJ [ rax -;—T."fr}rfi el v,

I S
I -f Ny ; - Nin E—--n’r.

E

.-']| - ; .
I [ el —— X YT ii:ﬁ.‘,
' 1 L

o= [ cosh AX il 2 e
: ' f. L

_[ 'I."HH Ay Sin j‘-— ify,

(2.59)

LA L ALK
J’z‘—-f i 1,

SPN— |
Fl = r';l;n_r .U_'ll' e i
£

, A x
= Ca 2 Coy Auk

i T s e X
-I'Im,:f jl f-‘.,

]

b B
i f Sin) :‘ 0 ’1;‘ v,

L I C.'u.-rfri;r-{'ux ilx o,
T .r Lu.-.h f Eﬂ.i At
e A.x
1y = [ asindex =
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A :
1 = .E_H,',".'m ;—1 .\'ir;.l':"l—:'r- el

: Aex Aox
L I Ve :’.‘ = ;l o,

Lot A
Faw [ a0 28 sian 22l
f. /

e e,

ey,

A
Vil il i Nin i’"'r
L f

. = I.l'f el L S At ey,
' f 4
i B g A
Fos [ XCodh ;_1-“'”‘*” I"rtr.
A A _x ;
£y = _[ Sin 7 Nin —}-‘-" Nin ”fl elv,

A
by = J. sin 4 St A Sin ™2 o,
' L L L

.'J. w
n Sim F}'E oy,

A x A-x nx
fio= | Cox—— Ninl—=—Sin——ilx,
I f. A L

AN o
= ."II'J]' T'll‘f'l.--.

fol = J‘ RYITH A;.'T R A::Ij Kim 'I-TF-rﬁr,

=]

&

ot

A ¥
1, rXf"ﬂa'T[.:r h_f_ ofx =

i
Iy, = _Fll..-’{l‘:‘.inh--i—xﬁ'::.: "IE” i,

A,.x

JfI:r:=

%
;o fﬂmh Cos ’Tm-,

AuT ele;

e = _{ XCosh

A
+E sk
L

[ 'i.fn Em Sm fr:ﬁ'.

A, x

. A
fy = _[ an%ﬂ:.r.' Sin EF elv,

.’},—_r [m 7 Cm'a; %%q:&

]

: A x

an =

= i

Ig= .[ Sinh Ay Cox A""I,':.'r'n s ddx,
f L L

#

RPN 5 Pt T CECR T
fy= J: -‘ﬁfﬁh?iﬂ-’i‘h“i‘— ."uan.r,
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I = f € o JE}_I.‘:'J‘H A;“N Sin ”:I e, Fae = _[ Cosh A;:.r Cos AEI Sin "fr dx,
K [ i.'m.fi Y sind -Rf Nin ”fr dx, Foy [‘ thii-.—{‘ A.F Sin —L-.r.r‘:-:
F = _F .‘-Iru-ﬂ}';-'}- Sin -'fl-i-{n'.r. i u[ ."Eu'fn% . Aux
o = I Nim R'f. Ninh %:!.- ¢, Ia= { Sf'n:i'if Cosh j,“:,;- dx,
e f Cos JEI."FFM-J%"‘—:‘- d, I, = Cos “;’E't d,
fiy = I (s %;1 St i:r‘l- if, I = I Cﬂ:iz--{{.'mh%:ﬁ.
b= -r Nirehy .-1;.1' Sin i;%tir, log = _E Simfa%ﬁ' .'AE':

= I Sinh %;—r Y : Fiy = II .‘s‘:‘r:h%&mﬁ%m’.
I -[ € tavh ﬂ.r_ Sir A.x r imrhwl—f,ﬂ.h AuX

A"::
(2.60)

The solutions to these integrals are listed under the appendix.

Lquation (2.37) is the transformed equation governing the problem of a

unilorm Bernoulli-Euler beam on a constant elastic foundation when under
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the action of a traversing distributed load. This coupled non-homogeneous
second order differential equation holds for all variant of the classical
boundary conditions, In what follows, two special cases of the equation
(2.37), namely, the moving force and the moving mass problems are

discussed.

2.5 SOLUTION OF THE TRANSFORMED EQUATION
2.5.1 Bernoulli-Euler beam traversed by moving force

In this section, an approximate model of the differential equation
desceribing the response of a uniform Bernoulli-Euler beam resting on an
¢lastic loundation and under the action of a moving distributed force may be

obtained from (2.37) by seltinge, =0. Thus, settingg, =0, equation (2.37)
reduces to

-
“'..:m..fr—|_ (1 +£:|FF’NH.::|-—Z H"(J: £)S, (k.m)
i p

¥
‘r; [-Cosa, + A, Sind, + 8, Cosh A, +C_ Sinh 4,
HA

Anct = A_Sin ij : ’l

+ oy

(2.61)
This is an approximate model, which assumes the inertial effect of the

moving mass as negligible. Evidently, an exact solution to this equation is

not possible, Though the equation yields readily to numerical technique, an
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analvtical approximate method is desirable as the solution so obtained often
shed light on the vital information about the vibrating system. Therefore, we
are going to use a modification of the asymptotic method due to Struble
often used in treating weakly homogeneous and non-homogeneous non-
lincar oscillatory system. To this end, equation (2.61) is rearranged to take

the form

I-!_'"[.r.u,f]+i}'; —I'ﬁ_':,'ltm.m}ﬁ"’{m.,.’}—['nZ F{.ﬁ:,er, (&, )
K=l
K win

= ‘Z"‘ [-CosiA, + A _SindA, +B_ Cosh A_ +C_Sinh A_
At
i et Aol { A ef
+Cor 4 i _p cosn® ¢ gimp et )
3 ! 1 I
(2.62)
where,
?-u'l - ?: + E Hnd I‘l] — E {2.53.}
L Il

By this technigue, one seeks the modified frequency corresponding to the
requency of the free system due to the presence of the effect of the axial
force M. An equivalent free system operator defined by the modified
frequency then replaces equation (2.62). Thus, the right hand side of

equation (2.62} is set to zero, we then consider a parameter 1 <1 for any

arhitrary ratio 4 defined as
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=10 (2.64)

so et

[y =4+0(4) (2.65)
substituling equation (2.65) into the homogeneous part of equation (2.62)

one obtains

S 1)+~ 48, 0 (m,0) = A3 (h,0)S, ) = 0 (2:60)
¢ =l

i
Setling 4 to zero in equation (2.66) a situation corresponding to the case in
which the axial force effect is regarded as negligible is obtained, then the
solution of (2.66) becomes,

W tmt) =, Cosly, -8, | (2.67)

where ¢y, .omdip, are constants
Furthermore as 2 <1, Struble’s technique requires that the asymptotic
solution of the homogeneous part of the equation (2.62) be the form

Wim, )= ﬂ{m.,.f}fﬂ.'r[}fl“ f= gﬁ{m,r}]-l- Ag +0(4%) (2.68)

where  fMim,) and @(m.r) are slowly varying functions of time or

cquivalently,
1
dfim.i) - 0{d) : i .m-;ﬂ.f} - 0(1)
i &t
ot on, 1) d glm, 1)
-l [} 2 0l
T ar o

(2.69)

4]



where o implies “is of™
i view ol (2.68), 1t can be shown that

W :
f‘.r_[:_”.‘_'f_! = fHm. 1) 0k Lv“,: —g{m, 1 ]]+ ﬁf’”-f}-ﬁm.ﬂ-ﬁ'{"[r"fr — i mn ]]

L

+ Bty .":'."J'.Fl-y,,ll i- #(m.f}] T AW (m. 1)

(2.70)
and

LT
le.

= I.-‘:i'[.r.u.n']ul’ 'u-.-i;yw.r —.;dlfm,r]]+ ﬁ[m‘ r].;ﬂm.i‘}ﬁ'fn];v.“.' —.ﬁ{m‘.rjl
- ﬁ{m,f Vo H:'.-r[yw f— p.’r{rrr..r}]+ﬁ{m,£}qﬁ{m+f}.ﬁ'ﬁn{y"j: — g ﬁi

b i, f]-‘:'ﬂi'l)’” { —gi-[m..rjl]— ﬁ{ﬂr,l’j‘:ﬂ mJ}}J .;ﬂl{m,.r](‘m[yw [ — q.!!v{m,rjl]
+ fi{m. 1 bqi'[n:.f Wooxy, 1= q&[m.r]] - ﬁ{m.:}y,,‘r.ﬁ'r'n{,v,,', I - ;ﬁ{mﬂ]

b0 S e, 8 M 'r:.-.b",a' —qﬂm,e‘}]'l I.!'i'{m,!}}f, f:r:,!}{'m{ymr —d{m,.r}] + AW(1,m)

(2.71)
To obtain the modified frequency, equation (2.68), (2.70) and (2.71 ) are
stthbstituted o the homogencous part of equation (2.62) . Subsequently,
the variational part of the equation describing the axial force effect on the

beam is extracted, Thus, substituting equations (2.68), (2.70) and (2.71) into
the homogeneous part of the equation (2.62) one obtains,

2V, e K 'u.nf_h,f - .ﬁn{m,r}J— 20(m,y,, J-'r'."r.-LvMl =it ]i
b AN, (v, o) £, 2 0 "’-‘b’w" - ﬂm.e‘]!: 1]
(2.72)

retainig erms o (K4 only.

The variational equation are obtained by equating the coefficient of




."-'r'i.!j-’",f - .;.ﬁ{m,r]n] and {'.'n.'-{_y,dr - ;ﬁ{m,r}] on both sides of the equation (2.72).

Thus,

~2f(m. 0y, =0 (2.73)
sunnd

200Ny, B ) AS, (m,m) B, ) =0 (2.74)

Rearranging equation (2.73) and (2.74) yields,

PBim,y=10 (2.73)
and
3 5
.,a{m.u=W (2.76)
Ll
Solving equations (2.73) and (2.74) respectively gives
fim ty=c" (2.77)
pim,ty =2 (2.78)
¥
where

¢, and @, are constants,

Therelore when the effect of the axial force is considered, the first

approximation to the homogeneous system is

Wim,t)=C" C’m-[ﬁ,,_-‘ - @, ] (2.79)
where
0,y =iy | 1= 2o (2.80)
:}"".I'
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Equation (2.80) represents the modified natural frequency due to the effect
ol axial force N. It is observed that when 2 = 0, we recover the frequency

of the moving force problem when the axial force effect of the beam is
neglected. Thus to solve the non-homogeneous equation (2.62), the
differential operator which aet en Wim.)and Wimris replaced by the

modilied frequency &, . Using equation (2.80) the homogeneous part of

equation (2.62) can be written as

1

a° T ” " g ¥ ’
Wm0+ 0, W (m1) =0 (2.81)

[lence. the entire equation (2.62) takes the form

= —ia] i
ﬂu"' i Gl R LA ;; [‘ Cos A, + A, Sind, + B Cosh A, +C_ Sinh A_
& i,
A ot : ] ,
+Cos ™ _-'LST'HM—B“C:}SPIM—C'.,S.l'nh—ﬂ‘"” ]
L L L I

(2.82)
To obtain the solution of (2.82), it is subjected to a Laplace transform
defined as
(~)= [ (e dt (2.83)
where s is the Laplace parameter.
Applying the initial conditions (2.11), one obtains the simple algebraic

equations given by
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Wt s + 0, .
-'"'I 5- +ﬂ"

]: Pl [_ Him,c) i &
ul,

where

and

ime)= [Cosd, + 4,8ind, + B, Coshd,_ +C,SinhA, |
Further rearrangement of equation (2.81) yields,

T L
HrmJ}=;;_[—R|+E1—R,—R4nRJ

where
. Hfm,ujx : l -
¥ a i
5 l
R-‘ T 1 o i
Sk elpg
A
Ry = -JJ" *Jx +1 ] ]
Xy KRl
B8
Ry =—r=— “1;,
S -0 8 +80
H i Elmﬂlll J‘

i ko3 <
VN gl STy

(2.84)

(2.83)

(2.86)

(2.87)

(2.88)

(2.89)

(2.90)

(2.91)

(2.92)

Thus, the problem reduces to that of finding the Laplace inversion of (2.87).
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To do this, we adopt the following representation;

e L (2.93)
Jlar= LR L

Him,) 5 A a; B.S [
g)=| =t o  Wial Mol St | (2.94)
3 ST+ S +a "+ T :

so that the Laplace inverse of W (m,r} is the convolution of f(s) and g(s)
defined as
fia*gls) = I.ﬂf — 1)@ (w el (2.95)

Using (2.95) W(m.r) is easily expressed as;

Wi 1) = il iz =204 & -2, + & =2, + & =y + &y -Z, (2.96)
itd,,
where

I Y[ 1 Y O R 207

4= -—-E}m _rlf osll el { )

g, = 000! L’E‘:‘raﬂ_udu (2.98)
[ ﬂlr.

2= SI:H““! ‘[E‘ﬂ.ﬁ'ﬂl_nﬂma*uﬂu (2.99)

7, = 25l (G100, uCosat,ul (2.100)

2, = A“"'j”ﬂ“‘i [['r:.r:ﬂ_r.—.'ﬁnﬂmdu (2.101)
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7 = L0501 [ $ing), uSinct,uc (2.102)

L= E“Tﬁ ‘[{.'u.'.' 6 uCosher, wdu (2.103)
' i

Ll

Ly= M _E.'ﬁﬂﬂ“ uCosha, el (2.104)

i

Z o= {M [ v hCoshe, udn (2.105)
; )

Ho= E_;.wﬂ'_mr _[S:'n 0 uSinhex, udu (2.106)

ai

It is readily shown that

7 = H’:‘_]m.c] [.S'm’ﬂ',_r] (2.106)

Zy== .{{ME{?H:E“F —*f.'{l?ﬂn] (2.107)

5 S0t | Sin(f,, + o) , Sinlf,, —a ]"':| (2.108)

ST a. +a, i, —a

 Cos0[CostO @) | CorOy, ~ @) 2 ] (2.109)

y=- 20, 0 +a, 0, —a; O ]

A8, Cos(B, +a, ) Cos(0, —a)t  20.,5in0,, ]

ﬁ"‘ = Eﬂ‘l_ E‘Ln Ty Hﬂ!‘ =, E':' - ﬂlf
(2.110)

7 A Cosl,, t | Sin(6, =a ) _ Sinlf,, + ﬂ;}f] (2.111)

i 7 B =) Oo + @4
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1, Sinth 1

= e, Cosl 1Sinhea -'—ﬂﬂ.'i'fnﬂntf.'mha,!l (2.112)

y i,

B Cost] i "

Z = i Sing_tSinha,t — 0, Cost r{,us.lnru—,l
‘ ﬂ...lnf—ﬂ.,,][ . @ -0

(2.113)

L T ﬂl
4 = € Nint i [n‘{,'u.ﬂ?mrf'm'ﬁh"+ﬁuu5‘”ﬂdﬂf€ﬂ"mif_ 1_*'—,]

"0 fal 40, a; +0,,
(2.114)
¢ Casld 1 . . .
= — Sind  Coshaf+ E“Ca.-rﬂmrSmha,r]
*"{u- ﬂ I—“][ i (]
(Z21135)

when 7, 1o Z,, are substituted into equation (2.96) after some rearrangements

one ohtains,

o pL | il - Cosd0) _Cosa,t - Casd 1
A pid 0.1 al —ay

A Simee,t + Sin@_ ¢t } Jiﬂ_ﬂwc:k.'ﬂnﬂ 1Sinha i
Bi,—{.'f. ﬂ.n E;l.::--l

Eﬂ &, Lu-.if? (C sk, f, ﬂ_fﬂ.rhz*f+ﬂu{|:rf +H;j|
L 2 a, -0,

ac,, rr*"i'im'? 1Cosha,t 2{'_,' @, Cﬂs& | iSinhc t

]

¢, 05, Sina,l  a,Sind, tlai - 0, }]

i _ gl
al =0, a, -0,

+
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(2.116)
which on inversion yields,

& PLY Himaf1-Cos@,0)  Cosayt = Cosl,, 1

Hixrys ——
o, (x) ; HA, 2 O — 1y

, Al Stna,t + Sind,t ) 48,6,,a,Sin6,,Sinka,
O = ay ~ O

2B e Cosd (Coxler, t " B0, Cosha,t+B_lal + ﬂ;]

+ A4 ﬂ-l 4 ﬁd
(F —Uim &y —

A0 & e, Sind)_1Coshar,t 20 alCosltSinhe, t
+ * +
4 :- 'E-‘

il iR

a, —f

i 0" Sine, 1 L r‘d,crfﬁinﬂmxlicrf -, ]J

4 4 [ L]
i, _{:{dll oy _lf';lnw

% [Ea'n% + 4, cnﬁ% + 1, sinh izr +C, cm-h:li-f] (2.117)

Equation {2.117) represents the transverse response to a moving force
moving at constant velocity of a uniform Bernoulli-Euler beam resting on

elastic foundation and having arbitrary support end conditions.

2.5.2 Bernoulli-Euler beam traversed by a moving mass
In this section, the solution to the entire equation (2.37) is sought
when no terms of the coupled differential equation is neglected. As in

moving force problem, in section (2.5.1), an exact analytical solution to
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equation {2.37) does not exist. Thus, the approximate analytical solution
discussed in section (2.5.1) namely, modified Struble's asymptotic method
is emploved, 1t 1s noted that, neglecting the terms representing the inertia
effect of the moving mass equation (2.37) one obtains (2.61).

Consequently, the homogenous part of equation (2.61) can be replaced by a
free system operator defined by the modified frequency due to the presence

of axial force N, Thus equation (2.62) can be rewritten in the form

{md)+ 07 Wim, P te, Z W (k. LS, (K, nr]l+—z ZH-’.,H: f}ﬂm——ﬂ (&, m,n)
n

nzl - ke

F LY Wk, 008, (k) + 26317, (k)8 (k, m)
k=

=]

r 5 S, :‘k::ﬁmf—? (k, m.n]‘l‘ELE‘E Wk, )8, (k, m)

L e

I-Et— ZH (k108 (&, mH-—z Z:ﬂk r}cm— Sk, m,n)

| ! rll'E;_'— i F{ k, F.}‘{'rl i l k ¥ J‘ﬂ_]'

dul

_ PL

[-Cos A, + 4. 5inA, + B, Cosh A, +C_Sinh A,

+{r;r’1-—!—~_,.4 i.,r,?.'.j.JT__ﬂ Co .’Iiﬂ' —E'_Sin!'lf! ]

(2.119)

Further arrangement of equation of equation (2.119) yields
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.t:,,[!.:'.'ﬂ{ ., i)+ z{.'a.-r "—'T L S, (m.m )+ 20C"S, [m.m]J

=]

I t)

Wi, i)
“H 1S () )+ EL‘ S Jmomon)+ LC*S, (m, m}]j

[H‘ + :,,{ Helm, urj]l+ Z('
rl-l
e

[[1 + e, |8, L) )+ ’ . Zr_"m- ”":’_ S, (o mn) + LOCYS, {m‘m}ﬂ

nel

m,n)+ LEI{“'.&,u[nr m]]

H’r[mrjn

-t

[[a (k,m}) Zr:m Ts1(m,m )+ LOCS, (k, m}}
Ji'

i

Il-i ||{-klf}
] ‘ + {i < + —— E e \

el

. = Wik, i)
[{I H,,{&. {m, m}}+ ZE':HES (m,m,ny+ LOC°S (m, m}]i|

Ln[_t S (ko) + Z{ m‘T S, (kimn)+20C" S, (k, m}:|

[q' Sk, m) + : E( T — i Salks m.ﬂ]l+f..(-'1{:'”3|u,f# m}]
Wik, i)

+ =

[(I+a‘,, (5 (o, )} + 2 Zcf'r:l.;ffj- .i'_,{m,m,n}+LL“".‘5',,{m,m}H
o

=l

AT
A

— s  —

[{I + .1:,,{" {m, ru}}-!- ECmLisfm mon)4+ LOYS, (m, m}H

-

. A, ot Ay A el
= H{nr 1)+ Cox %= = A_Sin~—"— = S ——
[ (o )+ Clony . L I Lo L I :|

(2.120)

where,

Sylmom) =8, (ko) 8y (m,m)= S, (k,m) ..,

Solmom) =8, (k. m, nr]ll i Sy(m, m) = S;(k,m)
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S,(mm)=5&, (k,m)

Sl ) = 8k, m)

Vmai K msi

Solmm) =8 (K, rrer_ﬂ, Sp{m m) = S,u{.i:,mjh__
N m)= 8, f.’t,m‘,lh__,

(2.121)
like in the previous case the homogeneous part of equation (2.120) is
considered and a modified frequency corresponding to the frequency of the
free svstem due To the presence of the moving mass M is sought. An
cguivitlent free system operator defined by the modified frequency then

replaces equation (2.120).Thus a parameter 5 <1 for arbitrary mass ratio

defined by
Ey
W 145,
(2.122)
15 considered.
It can be shown that
£y =1+ 0(n)*
(2.123)

and

- .
[[ + (S, (m,m) )+ —— ZCmLmSlim.m.n]+ LCTS, [m1mJJ
R o L
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L=nlS, (m, mJ]-t- —qut 1—"5' Jmm,n)+ LC'S, (m,mn) + 0(n*)

[TF ] R

(2.124)
where
r,i'{"- i, mj}+—szLm Sy{mmon)+ LC°S (m, )+ 00" ) <
N L
(2.125)

Now using (2.123) and (2.124) in (2.120) one obtains,

TR L :I.I[Ey.‘:'.L (. m)+ Z Ehn L’Wf _;-','E {m m, )+ 208, (m, m}:[ﬁ.u (m.t)
el

+ f’.:'fm -HJ{ tg&fmmhf_: E{T‘r:.r”fmiﬂ,[mmnhl.rfﬂ" & o, mi) ] i)

- ;M;.F}{m, m,.';]F{m,I] + i!j{l - q{ﬂ{m,m,n}ﬂx [D{m,m,n}F.. (k1)
dpm]

Lp

+lI-(x, fﬂ.ﬂﬂ]“[lcﬁ',{fr. mj+iam$ S, (k. i)+ 20028, (k. m) [P (K, 1)
siml

+ —{f:{k,mn)}]x[c*s“ (k, )4 Zfi‘m Sytk,mym)+LeCS gk, m‘l}‘;"*w”

=|1=rf Dt 1t )| mr‘i‘ I-anli.I]|+r.‘_"r.r'r£ — A Sin2- -ﬂ_ﬁmﬁt"t —-{.,.":m.fi—
A, E

(2.126)

to Uiy only

where,
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j_ 2 < naci
8, (m, — ¥ Con
(S (m rrrﬂ-I-n Z e

L FLi

N, m,n)= Silmomn)+ LOCTS, MLMJJ

(2.127)

; 2 .. nmif
Hl[.‘.'-.r.u.u]=J:{."r]f.k,m)}+mzf.n: 7

A=

Sk, may+ LC"S, {It,m]:|

(2.128)
when g =0 a case corresponding to the case when the inertia effect of the
mass of the system is neglected, then the solution of (2.126) can be written
s
Wm0} = C2Caslf,, t —Dim, )]
(2.129)
where#, is as defined previously and € and d(m,r)are constants,

Howewver, since for any arbitrary mass ratio £, we always have g <1, the

solution

For the homogeneous part of equation (2.126) can be written as

Wm0 = Al ) os] ¢ = Dim,0]+7, Wi, 1)+ 001)
(2.130)

As in the previous section, equation (2.130) and its derivatives are

substituted into the homogeneous part of equation(2.126). Subsequently,
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only the variational part of the equation describing the behavior of A(m.r)and
Wm0y during the motion of the mass is extracted. Thus, substituting

equations (2,130) and 1ts derivatives into the homogeneous part of equation

(2.120) and taking into account (2.126), one obtains

- It 0, Stnl = (o) + 2A0m, 00, D(m,)Cos[@., 1 — D(m,1]]

- XA )0 S, (m, .ra.'}.‘i.-';{ﬂmf—ll{m. :in JJZCHE%WSE {m,m,n}ﬁ{m.ﬂﬁu,{lh{{{mrmﬁ{ma]]
nw =l

- Jet "8, L AG, 08 Cosd_t = ®(m,0)] = e Alm, S, (m, m)Cos|a,t - Dim,1)]

:;Ef o~ T -ﬁ[n: IS L i, n}tﬂ\.{ﬁ{",n’—ﬂ‘{mr}}

K
~ 1708 Gm YA Cm, )8 Cos [t = D (m,0)]

AN IR A E ]{"r.l.'.-i-l".i'lmr - :‘Jl[m1f]]

—f, — J;Z{'m-' “:M Al 008, G, m, mCas8,t — D{m, )]
< HET n "

(L AL U, ) ‘:1.1'[5'"_1' - tI?(m,r]]

i ZUJ[.\'__M.JH] v = Zf_m —_— "-.r k,mn)+ LS, [k, m}]{ﬂ,,{k,r]]
=l
il

[Ja T e Zf’m—-; -8, (k,m,m) + 200" 8, S(k, m}]{d,ztk t))

m;r,‘,
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.4 - :
e N ko) + -'-E-uzf‘u.': %S.,{k. mon)+ LCUS,, {k.m}}(ﬁu{k,ﬂ}‘l =0
nE i :

(2.131)
where
Ay ko) = AMANOCas|0,t - Dim,n]-240k,00,Sinlé,_t - Dm0
+ AL, D, OCas[8,, ¢ = D{m, )] Ak, Y D(m, ) Coslo_s ~@(m, )]
~ Atk,0AL CoslO 1 = D(m,n)]
Atk = Ak OCas]O, 0~ Dlm,0)]+ Ak,0) D(m, 1) Sinfe, 0 — Dlm, )]
- AkOE, Sinl6) 1 = D(m,1)]

Ay k= :\{k.f}i‘u.r{ﬂmi—tb[m.r}]

(2.132)

retaining term to Oy)
Setting the coefficient of Sinfg,, ~®(m,1)] and Cosd,, ~dim,0)]
To Zero, we have,

<A, = 2enAm, 00 S, (m,m) — 20cC S, (m,m)A(m, () = 0

(2.133)

and

Al )0 D )+ ale? A, 108, (m,m) + ¢ A m, )8, (m, m)

— gl A0S, () = 02, LC"pAm, 038, (m, m) = O (2.134)
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Rearranging (2.133) and (2.134) one,

Ry ms S, o, m }+ﬂc{'":;ﬂﬂﬁ}{m, L) o (3.135)
and
i r) = 10w Ss ) + 65, LC" S, (i, m) = Le™ €S, (my m) — S, (o, m) |
20,
(2.136)
Solving equations (2.134) and (2.135) respectively, we have,
Alm, ) = Cye™ (2.137)
where
o = LB () + cC 0, 5, {m.m}]
W 0.
(2.138)
and
(1) = lf.rf.ﬂ,-"ﬁ'; (i, ) + 8, LC"0S, (mym) = Le C'5S,y (mym) —e*nS .,{ﬂtﬂhﬂ r s
20,
(2.139)

where(, and ', are constants
Therefore when the effects of the particle is considered, the first

approximation to the homogeneous system is given as,
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|'|_'||:|_.|'| = l"':f'n_-.-[rhr L B mJ]] {E-Hﬂj

where

0, -".,[E I—:- ‘[.‘Irim, m) i F.l"".'i'.h.lr,m;] . r':;'f C Sln['”rr';? te Sl{'”-’“:'}H

(2. 141)
15 called the modified frequency coresponding to the frequency of the free

svstem due to the presence of the moving mass. Thus, the homogeneous part

ol {2.139) can be written as,

;—F}F:m,um,’,ﬁ‘{m.r] =) (2.142a)

or-

Hence the emtire equation (2. 126) taking into account (2.69) takes the form,

ri— TREE iR a1 = EE VK r)e l"'r:w?l'{r —;L,"-'.'J'n:l"'—'ﬂ—ﬁml'_"n'.v rﬂ—f;,ﬁ'ﬂrﬁ’ﬂl
it L | L L I L |

(2.142b)

Fhis 1s analogous to equation (2.82).This, using similar argument as in the

=

previous section, the solution to equation (2, 142b)is given by

s 1w [ vl - o
Py e | MY Coa ), Coie, - Coufl
L 0, 8, =o,

; A Sime gt 0 St p ) 4B, o, Sin), 1St ¢

i ) a 1
Ty w, =B

1},;

IH"I:]::('r:LﬁM.f[_'nskrl.l B0, Cosle 14 ﬂm[r:r.: i
+

a, -6, o, —0,

f

i AC 0 o, SinD 1 Cosiee, ! ; 20 o Codd, 1Sinko 0

al -, al -0}
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{'EHJ":".‘-.':H:IJ A e 3 .ﬂ'r'uﬂmf{ﬂ: = ﬂr:“ }:[

- ﬂf:ﬂ 1‘.'-!': i g:h
{2.143)
which on inversion yields,
i (o) = 1 Z Eq Lgf I, (1= E.D.\'E*“F:i_Eﬂ.‘iﬂ}:—fﬂ;&'ﬂmf
o, (XY anl 44, |_ a,., [
A Simer,t + Sin@l_t ) _r_-!lﬂ_ﬂhap'i'.'ﬁﬂ*_:.‘i‘mh&jf
O — a2} a; =0,
¢ 2BalCod, (Coshrt B8, r:.'mm t+B,\aj +8; )
a -, -
A€, 00 Sind, (Coshayt | 2C, ) {,mﬂhn‘.&a‘nﬁm:
) 8., -0,
" I.'_i-",i_."-.'imr,.f C. o, Ji'u;rﬂ .'[u', ﬂz_}
, =0, -
g A X A,x A X Ax
Sin =t 4 A, cOS——
[ o L L L J
(2.144)

Equation (2.144) represents the transverse response to a moving mass

moving al constant velocity of a uniform Bernoulli-Euler beam resting on

¢lastic foundation and having arbitrary support end conditions.

In the chapter that follows, the theory discussed in this thesis is illustrated

using some end conditions of practical interest in engineering design and

construction.
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CHAPTER THREE
ILLUSRIATIVE EXAMPLES, NUMERICAL
CALCULATIONS AND DISCUSSION OF RESULTS
(UNIFORM BERNOULLI-EULER BEAM)
ALL TLLUSRIATIVE EXAMPLES
In this chapter, some examples of classical boundary conditions are
selected to illustrate the analyses presented in this work. Three commonly
encountered end conditions selected are (1) simply supported boundary
conditions (1) Clamped-clamped ends conditions and (iii) Clamped-free
ends conditions (Cantilever beam)
3.1L1 Simply supported Boundary Conditions
In this case, the uniform Bernoulli-Euler beam has simple support at

cndsy =0 andx = L. The displacement and the bending moment vanish al

simply supported ends. Thus, the conditions are expressed as

A%} i
(0.0 = 0= WL : F"rf}‘” e w[;{'” (3.1)
oy @
and hence lor normal modes
Tpy -0
U (0)=0=U1. (L) UMDy BHAE (3.2)
s ™
which implies that
TR a*u (L)
U =0=t, (1) o =p= 13
i ™ (2.3)
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Thus, making use the of boundary conditions, it can be shown that

A, =0, 8,=0, C =0 and A =mn (3.4)
A=0 8 =0, C, =0 and A, =kn (3.5)
and the frequency equation becomes
Sink, = 8ind, =10 (3.6)
which implies
A,=mn and A, =km (3.7)

Substituting (3.4) and (3.5) into the transformed equation (2.56) to obtain the

translormed equation for Bernoulli-Euler beam resting on elastic foundation,

having supports at both edges. That is,

frfrrrIH[ﬂ +£}iF"furr}——ZW{i’ :][ k'n ]I-{j:,m}
i

Hoia .

HTOH L g

4-34,{iﬁ'.. () +LFEZW,,H OCos™ 2 13 (k)
%}m: Uk, )5 (e m) + z.—:%iﬁ[%}m,.—y;m,m}
i * dal

+EEZ§:W.[# ;}:‘:m-—-—f{k w20 = EH’.{.& {%]f:{#.”ﬂ

LS

.l."‘:'

+i52wu..- }[ ]! (ke m)

+——EZH"T# Cor— {-'i—]f {k.mm)+e E"ZW{E

ul = b=l

ot [—(-u +Cos -’“F] (3.8)

],IH‘JTI:
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where,

[ s _["i'm—.ﬁ'.f —u!::

e _[ h‘i‘:ﬂ—Sa'ﬂ—:i:'

;= | Sin- m-."? nmm—- Sy — :.Er
_ ‘[ i in 2 7
Ii=idy
L= f r(m—Sm abr

L L

" J: Cos *f"‘s;n "’;ﬁ o ALl R

# a

£ = _r{m—Sm dx
} L 1}

(3.9)

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)
(3.17)

(3.18)

On evaluating the integrals (3.9) to (3.18) the solutions are presented as

follows:
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0, i kwm
L= : 19
{/_—:- ifk=m (3.19)
' 2
f ' |:l[|l'n:-1-m',|-J [k—m}}} (3.20)
fim B 5" gy T iy B (3.21)
[ 4 - T ;
= (3.22)
L 1 1
== ——— 3.2
b En'[ k+m k-m] 3r23)
w = L2ma' | + k3 = m’ | (3.24)
' [{;4 kim—mintin-ky'a? —mlx?j '
-2lmn
{7 =— Fodea)
ke -mir’ (Rede)
L=l (3.26)
=¥ (3.27)
RS (3.28)

on substituting equation (3.19) to (3.28) into (3.8) after some rearrangement,

one obtains
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i FEH{LEF[ I k- m} JF‘:‘“}”_EES“ 'iank—mu’..m 0

L

| R , L] T
+f.["'zl-ir‘”{hr}—%;('&Tx][;[ 5 HH’ (k.0

k' —m?

O v . AR = | ke SLmw
-;I;;g‘{‘”_—f [L. HIH"'r{l‘.'J}'IT'[- %[L .ﬁ:'.!..tj .I'iri't,;rrl I'(krr:l

R WL L W 1 | —
o T ; —] = - — | ¥ o[k,
e ;( IE ][f[ {k+m}1 {k"m}j:” (k,r)

k=l

¢ ey [k mat . ket
— Sit Sir k)= m [ §le?
n:rg‘g[ i 1 gy (k1) Lc]C”Z['E;- F(#,t}

. [ (-1)" + Cos ’F;‘?"] (3.29)

FILE S

.
lam e (3.30)

G = nf.ﬁiﬂ*rm]l! —m? ]_l{n— my’ —m_’ﬂ

Iquation (3.29) is now the fundamental equation of eur problem when the
Bernoulli-Euler beam has simple support at all edges. In what follows, we

shall discuss two cases of the equation.



SIMPLY SUPPORTED BERNOULLI-EULER BEAM TRAVERSED
BY MOVING FORCE
As defined previously, an appropriate model of the system when the inertia

of moving mass M is neglected i.e. when &, is set to zero, is the moving

force problem associated with the system. Thus, the differential equation is
given by

& Weiicrs + 0L Wm0 = L. [- (~1)" + mﬂ{&;{} (3.32)
el LM L

Where

7 ={E(E] +£(E] +£} (3.33)
ITH Yy L i

I'o obtain the solution to equation (3.2), it is subjected to a Laplace

transiorm defined as,

()= f ¢ el (3.34)

Where sis the Laplace parameter. Applying the initial condition (2.11), one

obtains the simple algebraic equation given by

B P 5 {-1)"
_— , ) 3.35
(. 1) (& +80) |:."3-'! i g ] ( )
8
Where I = (3.36a)
LT
. m;ﬂ'f (3.36b)
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mf H.l||.|' o, Hnd =y,

v .‘Jr'nﬂ_ﬁj[ﬂiu[ﬂ”r + m"_]{ 5 Si'u[:Elw —mh‘,hf]
N 0

i mf

- Cosl, ¢ | Cos(B, m_l ‘ Cos(0 —mﬂ}rl By
== il B, 00, M o, ﬂ':f --m:
(1427
) [—I}I“S.fn?ﬂrif_
-8
{-|:|'*'-'-'1'?.T?H,L,!—C'mﬂnfr
- 'EI:'I

mt

wil

On substituling ¥, -, , into equation (3.40), after some rearrangements, onie

oblains,

I {—L—!}*' Costo, 1 - n.sl]qr.r:| o

T ] 3
- pom |0 0 —0,

Which on inversion yields

i< PL ( -{~1)" Cosw 1 —Cosh, 1
Wiz 1)=— = e S A4
[x, ) ;_E'”"T[ ﬂ:.‘r IE]‘:ru_ —{!]: [3 }

Equation (3,44} above represents the transverse displacement response to a
moving foree moving at a constant velocity of a simply supported Bemoulli-

Euler Beam resting on elastic foundation,



SIMPLY SUPPORTED BERNOULLI-EULER BEAM TRAVERSED
- BY MOVING MASS

This section attempts 1w solve equation (3.8) subjected to the initial
conditions (2.11) when all the inertia terms are considered. It is observed
again, that no exact analytical solution exists for this equation. The modified
Struble’s asvmptotic method discussed in the previous section shall therefore

be emploved. To this end. equation (3.8) is rearranged to take the form

E Amar _H.:.- Efﬂ[.n’ b

+

£ ] | mar |, kwi—
+EAY | —{= o 'iP Ak DF— ‘)_"-Trn Sin——W  (k.1)
= 7| tk+m" (k=m) || n'.'m“,z ! P

=|

|"‘||.ll;. I!:'

... oy
HEEY Woa ki) - T

.i:'—
B s % st @ ol kx| &mz =
- £ -.: =G Wk | — | —— W (k1)
n:i,., N F - g[\ L j_k = —mix |
e (& | (R
FRrm H U —— — T Uksr)
Z‘| I!_: | (k+m)’ [.i.'—mi'_!

- "l"-\" -
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equation (3.45), it can be shown that
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(3.46)

A further rearrangement of equation (3.46) gives.

F.mul*_ f [E-:i:f_‘:’|. H F.lm,ﬂ
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and

[1 +&,

Applying (3.49) and (3.50) in (3.47), one obtains

1 =] A[[+£[ 'F'- . Z[I fr.n.....L. ]rf.i"]‘
I S ’"“”Jm: ]] 2
m'r onamis f.

(3.50)

Walm,t)+ [Ale - G W (m.1)

; e il  ommty mizielc” 3 —
+[5';.;—a'1[—£ TZ(I_{M : ] i ]:F!{mf]—H;fM{FJJH}W{”rJ}

nomemen 2L

- dkem y 8 mie |-
+I‘Z HI h"{m,m:lFu ﬁ.‘ I":IH{[ _mz —'f_r_!__ —m]}ys {.i:r]
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11 2
Rk ¢ m.r.ln'zf. maet mrn’l’."}wik”

1= Zim. alk,
-|-! HImM}F { ;}K[Llﬁi_lklmi.ﬁ.mll nl wisl L i

:[I - Hfm,m}F.. (k,f)= Al'g [— (—1" +Cox mﬂrr] :
m

(3.51)
tod(d)only.
when 4=0 in equation (3.51) a case corresponding to the case when the
inertia effect of the mass of the system is obtained, then the solution of

(3.51) can be written in the torm

Wim,ty=C Coslo, t -w,] (3.52)

where ¢, isas previously defined and ¢, and g, are constants.
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itr, since for any arbitrary mass ratio g, we always have i <1, the

o for the homogeneous part of equation (3.51) can be written as

W (m,1) = Cxm.YCos[d,, — $lm,1)+ 477 (m,0) + 007 (3.53)
et 1o obtain the modified frequency, equation (3.53) and its derivatives
ghstituted into the homogeneous part of equation (3.51). Subsequently,
ihe variational part of the equation describing the behaviour of Qm.i)
fim.1) during the motion of the mass is extracted. Thus, substituting
fien (3.53) and its derivatives into the homogeneous part of equation
]md taking into account (2.66) one obtains

bim.1)6, Sinl6,, £ - im0} = 20m, gm0\, Coslo,, 1 - dtm.1))
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m R
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(3.54)

ferms higher than 0(2) have been neglected.

aobtain variational equation, we equate the coefficient of Sinl8, ¢ — g(m, )]
Cm[ﬂ_,:—ﬁm;}] terms on both sides of the equation. To do this we note
trigonometric identity below

[
1,1~ gtm.)cos mzw =%‘ifﬂ3[ﬂwf—iﬁm.:}+ '”f’}r Cm[ﬂ_r: —mm,:].-..u__’“f’ ]}

(3.53)
e only the terms involving Srr:[ﬂ_,.'-ﬂm.r}[ and Cﬂ."-’l_ﬂﬂfl'—ﬁ'l'm..f:lj

ntribute to the variational equations describing the behaviour of Q(m.r)
#im.1), in view of the identities (3.55), equation (3.54) reduces to

“0(m.0 )8, Sinl@_t — g m. r}]-— 20 £ )bl m,r)ﬁn,f'miﬂmr.r - gﬁ{m‘-f}]

. Aleém’n’e _
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e i9°
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(3.56)

ing coefficient of Sinl|_ ¢ —g(m.r)| and Cosld, s —¢(m.1)| on both sides to

one obtains
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Further arrangement of (3.57) and (3.58) gives
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Solviag equations (3.59) and (3.60) respectively yields
(Um0 =wpe "
and
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(3.59)

(3.60)

(3.61)
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N Além'ze
nldin+m) —mll{n—m]lr —mli}_
: 2

(3.63)

" and C are constants

efore, when the mass effect of the particle is considered, the first

roximation to the homogeneous system is given by

H (m.1) = CoCosla, 1 — dim.1)] (3.64)

E_:.!J",\\]—i{ﬂm[ £ +LC”] Z[ ¢ ] e H
d Imix? T\ nam 5 e [
(3.65)

ion (3.65) is called the modified frequency corresponding to the
pency of the simply supported system due to the presence of moving

Thus. the homogeneous part of (3.51) can be expressed as,

%F{m..’}+ﬁ'§_ﬁ’{m.f}=ﬂ (3.66)

. the entire equation (3.45) takes the form,

“r—'_mm.majﬁ{m.n=£[-c-n mﬂ] (3.67)
L L

‘ di”

Clearly, equation (3.67) is analogous to equation (3.32) and solving vields

(3.68)

ity = PL ]_{—1} {I—Cﬂsﬂmr]_t‘mmﬁ-ﬁmﬂ“t}

pma | & . & -

vhich on inversion vields,
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‘Bernoulli-Euler beam resting on elastic foundation.

312 Clamped/Fixed Ends Condition

W6 = zi Al'g |:{_|}n (1-Cosf,.) (Cosai- E‘mE"}] ” Sin? (3.69)

Equation (3.69) represents the transverse-displacement response to a

distributed mass moving with constant speed of simply supported uniform

At clamped-clamped ends, both deflection and slope vanish. Thus when the
long thin beam is clamped at x =0 and x = L, the condition are expressed as,

Wi0n=0=W(lL+ and %H"{ﬂ.f] == %H’{Lr}

And for normal modes,

U 0=0=U) and  ZU0=0=2v,(1)
o x
which implies that,

U, 0=0=U,(L) and —U,(0)=0=-U,(L)
o ox

Thus it can be shown that

_ SinhA, —8inA,  Cosd, = Coshi, _

4. = = =f
CasA, —Coshd,  Sind, +Sinhi,

Lu] L

In view of (3.73), the frequency equation is given as

CasA, Coshd, =1

It follows from equation (3.74) that

A, =4.73004, i, =7.85320, A, =10.99561,
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(3.73)
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Substituting (3.73) and (3.75) into equations (2.117) and (2.144) one obtains
the displacement response respectively to a moving force and a moving mass

of a Clamped/fixed long thin elastic beam resting on elastic foundation.

313 One End Clamped and One End free Condition-Cantilever beam
Next at x =0 the beam is taken to be clamped at the end L =0, the beam is
| free. Thus, the boundary conditions of the Bernoulli-Euler beam can be

written as,

]

i) il &
Wiln=0=—W{01) and —WI(Ln=0=—W{(L.1) 31.76
(0.1 P (5 V(L I (3.76)
And for normal modes.
1

d d’ o
U (y=0=—0L_(0 d —U (Ly=0=—-U_(L A7
ml:. } {ﬁ' ml:: J an Eﬂ:" h‘- } dr" rrl[ :I {3 }

which implies that,

. d . d” F
LIL{UJ:{J:ELIJ'th and FL‘{L:I:D:ELI‘:(L} [_3.?3}
Using (3.78), we can show that at x=0,
A, =C, and B, =-1 (3.79)

P Sind,, = Sinhd_ s Cos4, —fmh:ii b G Be (3.50)
Cosd, + Coshd,  Sinhd_ - Sind

and the frequency equation for both end conditions is

CosA Coshi, == (3.81)
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such that

) A =1.875, A, = 4694, A, =7.855, (3.82)
Using (3.79), (3.80) and (3.82) in equation (2.117) and (2.144), one obtains
the displacement response respectively to a moving force and a moving mass

of a uniform clamped-free ends of Bernoulli-Euler beam resting on elastic

foundation.

3.2.0 DISCUSSION OF THE ANALYTICAL SOLUTIONS

If the undamped svstem such as this is studied, it is desirable to examine
the response amplitude of the dynamical system which mav grow withom
bound. Thus we called this resonance conditions. Equation (3.44) clearly
shows that the simply supported elastic beam resting on elastic foundation

and traversed by moving force reaches a state of resonance whenever

4., 2% (3.83)
while equation (3.69) indicates that the same result beam under the action of
a moving mass experiences resonance effect when

m
g = 3.84
w =7 (3.84)

from equation(3.65),
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(3.86)

mi

Fiom equation (3.8 it is deduced that for the same natural frequency, the
tritical speed for the svstem consisting of a simply supported elastic beam
resting on an elastic foundation and traversed by a force moving with a
uniform speed is greater than that of the moving mass problem. Thus, for the
* ame natural frequeney of an elastic beam, resonance is reached earlier in
the moy ing mass svstem than in the moving force system.
For the resonance conditions of othe- classical boundary conditions,
equation (2.117) clearly shows that the uniform elastic beam resting on an
elastic foundation and traversed by a force moving with a constant speed

reaches @ state E!F resonance \'-'hET'lE".'ET
g aliE (3.87)

while equation (2,144) shows that same heam under the action of a moving

mass experiences resonance effect whenever
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By = (3.88)

*

From equation (2.141)

Brn = ﬂ.ﬂ[l -%{[sz (momy + L5, ) - L C S ) + 5, "ﬂ]ﬂ

H:I

(3.89)
which implies
m;
g =
3 e 3
l‘%{ﬁ-ﬂ'g{m+MJ+L{"' S,m.m}}_{“ ¢ SWEM-;}H Sg{m,m}—;}
(3.90)

Evidently, from ( 3.88) and (3.89), the same results and analyses obtained in
the case of a simply supported Bernoulli-Euler beam are obtained for all

other examples of classical boundary conditions.
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0 NUMERICAL CALCULATION AND DISCUSSION OF

- RESULTS

For the purpose of Numerical analysis of our dynamical system, the

miform beam of length 12.192m is considered. Also, E o 200m* /5°, speed
u

of Ijl'lE: mass i58.128m/s and the ratio of the mass of the load to the beam is
0.25, The transverse deflections of the beam are calculated and plotted
‘against time for various values of axial force N and subgrade K. Values of
N between 0 and 20,000,000 were used while the values of K were varied
between 0 N/m® and 400,000 N/m’ . The results are as shown on the various

raphs below for the various classical boundary conditions considered.

331 Simply Supported Ends

Figure 3.1 displays transverse displacement response of a simply
supported uniform beam under the action of distributed forces moving at
variable velocities for various values of axial force N for fixed values of
foundation moduli K=40,000. The figure shows that as N increases the
deflection of the .unifﬂrm beam decreases. The same result is obtained when
the simply supported is traversed by a distributed masses moving at constant
speed as shown in figure 3.3. Also, for various time t, the deflection profile

of the beam for various values of foundation moduli K and for fixed axial

80



force N are shows in figure 3.2. It is observed that higher values of
- foundation moduli reduce the deflection profile of the beam. The same
behaviour characterizes the deflection profile of the simply supported beam
under the action of distributed masses moving at constant velocity for

various values of foundation moduli as shown in figure 3.4,

:

Fig 3.1: Transverse displacement of the simply supported beam under the action of
forees moving at constant velocity for various values of axial force N for fixed value
of foundation moduli K (40000},

g
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Fig 3.2: Deflection profile of the simply supported beam under the action of Torce
moving at constant velocity for various values of foundation moduli K for fixed
value of axial force N (20000).
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Fig 3.3: Transverse displacement of the simply supported beam under the action of
distributed masses moving at constant veloeity for various values of axial force N for
lixed value of foundation moduli K (40000),
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Fig 3.4; Deflection profile of the simply supported beam under the action of
distributed masses movieg at constant velocity for varions values foundation
moduli K for fixed value of axial force N (200000).

Finally, figure 3.5 depicts the comparison of the transverse displacement of
moving force and moving mass cases for simply supported uniform beam
traversed by a moving distributed load moving at constant velocities for
N=200,000 and K=40.000.Clearly, the response amplitude of moving
distributed mass 1s higher than that of the moving distributed force. This
important results agrees with the existing result for cases when the traveling

load is moving at variable velocities.
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Fig 3.5: Comparison of the displacement response of moving force and moving mass
eases for simply supported beam for N=2000H and K=40000

132 Clamped Ends

Figure 3.6 displavs transverse displacement response of a clamped-
clamped uniform beam under the action of distributed forces moving at
constant velocity for various values of axial force N for fixed value of
foundation moduli K=40,000. The figure shows that as N increases the
deflection of the uniform beam decreases. The same results is obtained when
the simply supported beam 1s traversed by a disimbuted mass moving atl
constant speed as shown in fipure3.8. Also, for various time t, the deflection
profile of the beam for various values of foundation moduli K and for fixed

axial force N are shown in figure: 3.7, It 15 shown that higher values of



foundation moduli reduce the deflection profile of the beam. The same
~ behaviour characterizes the deflection profile of the clamped-clamped beam
under the action of distributed masses moving at constant velocity for

various values of foundation moduli as shown in figure 3.9,

]
) ' | ) I.' .|
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Hdi000

Timaqess

Fig 3.6:Defection profile of the clamped-clamped uniform beam under the action of
distributed forces moving at constant velocity for various values of foundation

moduli K and for fixed value of axial force N (200000).

-
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Fig 3.7: Transverse displacement of the clamped-clamped uniform beam under the
action distributed masses moving at constant velocity for various values of axial
force N and for fixed value of foundation moduli K (40000).
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Fig 1.8:Deflection profile of the ¢la mpr:d—c'tamptd uniform beam under the action of
distributed masses moving at constant velocity for various values of foundation
moduli K and for fixed value of axial force N (200000).
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Fig 3.9:Deflection profile of the clampcda:lampeh uniform beam under the action of
distributed masses moving at constant. velocity for various values of foundation
moduli K and for fixed value of axial force N (200000},

Finally, figure 3.10 depicts the comparison of the transverse displacement of
_' .mﬂving force and moving mass cases for clamped-clamped uniform beam
:. ﬁ“_;aversed t;}f a moving distributed, load moving at variable velocity for fixed
WN=200,000 and K=40.000, Cléﬂ:!y, the .1':3.'5pu:m5e amplitude of moving mass
is higher than that of the moving force. This is in conformity with what

obtained in [6,10,15] that relying on the moving force problem as a good

approximation to a moving mass problem is not only misleading but tragic.
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Fig 3.10: Comparison of the displacement response of moving distributed force and
moving distributed mass cases for clamped-clamped beam for N=200000 and
K=40000.

3.3.3 One End Clamped and One End Free.
[n figure 3.11, the transverse response of a ;:;anti]évﬁr umfﬁrm baaﬁ"undtr
the action of distributed force moving at constant veliﬂcitjr for warious
values of axial force N and for fixed value of foundation modulus K=40,000

is displayed. The figure shows that as N increases, the deflection of the

umiform beam decreases.,
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Fig 3.11: Transverse displacement of the clamped-free oniform beam under the action of
distributed forces moving at constant velocity for varions values of axial foree N for fixed
vilae of foundation modull K (40000},
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Fig 3.12:Defection profile of the clamped-free uniform beam under the action of
distributed forces moving at constant velocity for various values foundation moduli
K and for fixed value of axial force N (200000).



Fig 3.13: Transverse displacement of the clamped-free Uniform beam under the
action distribpted masses moving at ennstant velocity for various values of axial
force N for fixed value of foundation moduli K (40000).
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Fig 3.14: Deflection profile of the clamped-free uniform beam under the action of

distributed masses moving at constant velocity for various values of foundation
moduli K and for fixed value of axial force N (200000).
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Fig 3.15: Comparison of the displacement response of moving force and moving
mass cases for clamped-free beam for N=200000 and K=40000

The same result is obtained when the cantilever beam 1s traversed by
distributed masses moving at constant speed as shown in figure 3.12. Also,
for various time t, the deflection profiles of the beam for various values of
foundation modulus K and for fixed axial force N are shown in figure 3,13,
It 1s shown that as foundation modulus increases, the deflection profile of the
beam decreases. The same behaviour characterizes the deflection profile of
the cantilever beam under the action of a distributed mass moving at
constant velocity for various values of foundation moduli as shown in

figure 3.14.



Finally, figure 3.15 depicts the comparison of the transverse displacement of
smoving force and moving mass cases for cantilever uniform beam traversed
by moving distributed load muviﬁg at constant velocity for N=200.000 and

K=40,000. Clearly, the response amplitude of moving mass is higher than

that of the moving force.
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CHAPTER FOUR
GENERAL CONCLUSION

4.1 SUMMARY OF RESEARCH WORK

The problem of dvnamical analysis of finite prestressed Bernoulli-Euler
beam with general boundary conditions when it 1s under the action of
rransverse travelling loads is considered in this thesis. The governing
eguation 15 a non-homogeneous fourth order partial differential equation
with variable and singular coefficients. At the right hand side is the so-called
Heaviside function which describes the arrival of a continuous load
distributed along the beam. The main objective is to obtain a closed form
solution vahid for all vanants of classical boundary conditions to the
cumbersome partial differential equations. To this end, the Heaviside
function is expressed in series form and the parial differential equation
subjected to generalized integral transformation. The resulting second order
differential equation is then solved using the modified Struble’s Asvmptotic
lechnique and the method of integral transformations.

The theory is then illustrated using some examples of Classical boundary
conditions commonly encountered in engineering practice. These are

(i)  Simply supported end conditions



(ii)  Clamped-Clamped end conditions

{(iii) Cantilever or Clamped-free end conditions

Analysis of the closed form solutions obtained 1s carmied out for all the
illustrative examples. The resonance conditions for the wvarious end
conditions are obtained.

The influence of the axial force and foundation moduli on the dynamic
response to moving force and moving mass of prestressed Bermouli-Euler
beams when it is under the actions of moving distributed loads is
investigated. The transverse displacement for all the illustrative examples
are calculated and presented in ploted curves.

The major findings from the wvarious analyses are summarized as

follows:
(i) For all the four illustrative examples considered, the moving force
solution is not an upper bound for the accurate solution of the moving mass
solution for uniform Bernoulli-Euler beams problems.
(i} As the axial force N increases, the amplitude of uniform Bernoulli-Euler

L]

beams under the action of moving loads moving with constant velocities
decreases.

(i11) When the axial force N is fixed, the displacement of a uniform

Bernoulli-Euler beam resting on elastic foundation and traversed by



distributed masses travelling with constant speed decreases as the foundation
moduli increases for all variants of the boundary conditions.

(iv) For fixed axial force and foundation modulus, the response amplitude
for the moving mass problem is greater than that of the moving force
problem for all illustrative end conditions considered when the beam is
uniform.

{v) Higher values of axial force N and foundation modulus K are required
for a more noticeable effect in the case of other boundary conditions than
those of simply supported boundary conditions for both moving mass
problem of uniform beams.

(iviln all the illustrative examples considered, for the same natural
frequency, the critical speed for moving mass problem is smaller than that of
the moving force problem. Hence, resonance is reached earlier in moving
mass problem,

Finallv, this work has suggested valuable method of analytical solutions for

this category of problems for all variants of classical boundary conditions.
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6.2~ CONTRIBUTION TO KNOWLEDGE

Analytical solutions have been provided for problems of finite prestressed
Bernuolli- Euler Beams under travelling disinibuted loads for all vanants of
classical boundary condition and analysis have indicated

(i) the resomance conditions for both moving force and moving mass
problems of the Bernoulli-Euler beam model.

(1) the effect of axial force on uniform Bemoulli-Euler beam when under
the actions of distributed masses or forces moving at constant speed.

{111} the influence of the foundation modulus on the displacement response ol
uniform Bernoulli-Euler beam model.

(1v)the reliability of the moving force solution as a safe approximation 1o the

moving mass problem for all vananis of classical boundary conditions.

0.3 LIMITATION TO THE STUDY AND RECOMMENDATION
FOR FURTHER RESEARCH

The main objective of this study is the dynamical analysis of a presiressed

Bernoulli-Euler beam resting on an elastic foundation and traversed by

distributed masses moving at constant velocities,

DG



lllustrative examples have been limited to classical boundary conditions
only”. Non-classical boundary conditions such as (i) elastically supporied end
conditions. (ii)time dependent boundary conditions are not considercd and as
such are sugpested for further research. The two-dimensional analogue of
the theory developed in this thesis is left for further research.

Structures such as beam or plate on the other foundation models are left
for further research. Other beam model under the action of moving loads

such as shear beams. Rayleigh beams and Timoshenko beams are not

considered in this study.
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APPENDIX

This appendix presents the solutions of the definite integrals listed in
chapttrrs two of this thesis.
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IT IS WRITTEN TO EVALUATE THR TRANSVERSE DISPLACEMENT o)
*MOVING FORCE UNIFORM BEAM FOR OTHER BOUNDARY CONDITION,

DIM wWE{3), LM(3), LK{a)

COPEN "CFMFAF.BAS" FOR QUTPUT AS fi3

FOR mm = 1 TO &

PRINT "Enter the value of AF W', mn

INPUT AF

L= 12,192

E = £.10024K+009

P = B407.27 » 9.81

MI = 2758,.291

MIU = 2758.2591

IN = 002875988
M1 = 8407.27

pl = 22 /7%

FM = 40000

‘AF = 20000

£ = L3

C =8.128

0 = 5

PRINT #1, "TIME(t)", SPC(2); "DEFLECTION Vix,c)™
PRINT #1,

IMI{l) = 1,875

LM{Z) = 4.694

IM{3}) = 7.8585
N = 3

50 LK{1) = 1.87%

160 LK{2) = 4.694

270 LK(3) = 7.858

{80 PRINT #1, "This ia ThHe Result for N", aF

90 FOR E = 0 TO 1.5 STEP .1 .

A0 PR mMm =1 TO 1

0 k =m

120 AM1 = SIN(LM(m) - (EXP{LMim)) - EXP{-LM{m) )} / 2}

330 AMZ = COS{IMIm) ) + ((EXP{LM(m}) + EXP(-LMIm))) / 23

M0 AM = AM2Z / AM1

150 BM = ]

IE0 M = AM

370 AKL = SIN(LK(k) - (EXP({LE(k)) - EXP(-LE{k})) / 2)

180 AKZ = COS(LE(k)} + ( (EXP{LK(k)) =+ BXP(-LE(k))) ¢ 2]
130 AK = AK2 / AK1

100 BEK = 1

110 CK u AR

20 COSHLM = (BXB(LM(m]}] + EXP(-LM{m}}} / 2

30 BINHLM = {(EXP{ILM{m)) - EXP{-LM(m))) / 2

40 COSHLE = (EXPE(LE[m)) 4 BXP(-LKim}}) / 2

50 SINHLK = (EXP(LE{m)) - EXP(-LK(m))) [/ 2

60 CoOsSH1 - [EXP{LM{m) + LE(m}) + BEP(-{LM{m) 4+ LE(mb})) / 2

T SINHLI = (EXP(LM(m} + LE{m)) = EXP{- (LM (m) + LEimI)yy 2 2
A

B0 COSH2 = (EXP (LK {m) - LMim)) + BEXP{-{LKim} - LM(m} |
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450 SIRH2 (BXP{LK{m) - LM(m)) - EXP(-(LK{m) - LM{mi}}] / 2
=00 COSH3 = (EXP(LMim) - LK{m)) + EXD[- ({LM{m) - LK(m)})) [/ 2
b IR e

510 SINH3 = (EXP(LM(m} - LK(m}] - EXB{-(LM(m} - LKim})
520 “COSH4 = (EXP(2 * LM(m)} + EXP(-2 * EM{m)1)] / 2
530  SINH4 = (BXP(Z * LM(m}) - EXP[-2 * LM(m))) / 2

]
sS40 COSHS = (BXP(2 * LK(m)) + EXP(-2 * LX(m}}} / 2

250 SBINHS = (EXP(2 * LK(m)) EXP(-2 * LE(m)}} / 2

560 Gl = L/ 2 * (1 - SIN(2 * LM(m}) / 2 * LM{m))

570 BG2a = AM * L [ 2

580 G2b = (COS(2 * LM{m)) / 2 = IMtm)) - 1

590 G2 = -GZa * @2b

600 G3a = (BM * L) /2 * LM{m)

610 G3b = SIN(LM(m}] * COSHLM - COS(LM{m)) * SINHLM

620 G3 = @3a * 33k

630 G4a = (CM * L) / 2 * LM({m)

640 G4b = SIN(LM(m)) * SINHLM - [(COS(LM{m}) * COSHLM - 1!
650 G4 = G4a * CG4b

G50 Goag = AM ¥ T, f.3

670 G3b = (COS{Z * IM(m)) / 2 * LM{m)) - 1

BEQ G5 = -05a * G&h

690 G&a = AM * 2+« I, / 2

700 GEb = 1 + (SIN(2 * LM(m)) / 2 * LMim])

710 G6 = GEa * G&b

720 G%a = (AM * BM * L) [ 2 * LM{m)

730 G7b = (COS{LM(m}) * COSHLM - 1) + SIN{LM{m}] * SIHNHLM
T40 G7 = G7a * G7bh

750 GBa = (AM * CM * L) / 2 * IMim}

760 GBb = (COS({LM(m}} * SINHLM) + (SIN(LM(m}} * COSHLM]
T70 GO = GBa * G#b

TEBD G% = (BM * L / 2 % LM(m})

790  GS% = SIN(LMIim)) * COSHLM - COS{LMim)) * SINHLM

BOD. 3% = 3% * @%b

Bl0 Gl0a = (AM * €M * L) / 2 % LM{m)

820 G10b = (COS{LM{m)) * COSHLM - 1} + VEIN(LMim) )y * SHHLM)
830 G10 = Gl0a * G10b

B40 Glla =BM " 2 * L. / 2

850 Gllb = (SIN(2Z * LM{(m)) / 2 * IMIim})

BE0 Gll = Glla * Glib

370 GlZa = (BM *~ CM + LM[m)) [/ 2

580 Gl2zb = (COS5{(2 = LM{m)) / 2 = LM(m}) - 1

590 Gl2 = G1l2a * Glzb

600 Gl3a = (CM * L) / 2 * LM(m)

610 Gl3b = SIN(LM(m)) * SINHLM - (COSILM{m)) * COSHLM 1}

620 G131 = Gl3a * G1ib
630 Gl4a = (AM * CM *= L) / 2 * LM(m)

640 Gld4b = COS{LM(m]) * SINHLM + SIN(LM(m]] * COSHLM
650 ©G14 = Gl4a * Gl4b

660 GlS3 = M % BM » L J 2

670 Gl5b = (COSH4 / 2 + LMm)) - 1

680 G15 = Gl5a * G15b

690 Gleéa = CM ™~ 2 = [, / 2

W0 Gleb = 1 + (SINH4 / 2 * LM{m))

111



710
120
730
740
T50
Ta0
770
TED
T80
BO0
814
B2
330
B40
BSO
Bl
570
B0
BaQ
B
510
520
3310
g40
250
B
9o
oRO
990
1000
140140
1020
1030
1040
14650
Loéo
1070
1080
1aaa
1100
11140
1120
1130
1140
1150
1160
1170
1189
11590
1:00
1210
1220

Glé = Glea * GQl6b

afAMl = 31 + 82 + 03 + 04 » G5 + G + G7 + GB + C7 + 8
‘ngHE = O3 + Gl0 + G11 + 012 + Q13 + Gld + G199 + GI6
afam = afAM1 + afamz

IF m = k THEN

Ila = BIN{2 = LM{m)) / (2 » LM {m) )

Il = L /2 # {1 - I1a)

ELSE

[la = SIN{LK({k) - IM(m)] / (LE{k} - LM{m])

Ilb = SIN(LK(k) + LM{m)) / {LE(k} + ILM({m))

Il = Lo fracs (TyH-= I1h)

END IF

IF k¥ = m THEMN

I2a = (CO5{2 * IM(m}} - 1) / (2 + LM (m} }

I2Z = -L f 2 » |I2a)

ELSE

IZa = [LE{k} = LM{m)) # (oS (LK{k) + LM{m)) - 1)
IZb = {LX{k) + LM(m)} + (COS{LK(k}) - LM{m)) - 1)

IZ2e = (L / 20 / (LE{k) ® 2 - iM{m) ™ 2}
I2 = I2a * {I2a + IZb)

END IF

I3a = SIN(LK(k)})} * COSHIM

13b = {LK{k] / LM{m)) * (COS{LK(k)) * SINHLM)
I3c = (IM(m} * L) / (LM(m} * 2 + LK(k} ~ 2)
I3 = I3c * (I3a - I3h)

I4a = SIN[LK(k)) * SINHLM

14b = {LK{k} / LM{m}] * {((COS(LK(k]) * COSHLM) - L)
l4c = (IM(m} * L) / (IM{m) * 2 + LE(K) * 2)
I4 = I4c * (I4a - Iab)

IF k = m THEN

[5a = {COB(2 * LM(m}} - 1) / (2 * LM {mjy )

I5 = -L f 2 * I5a

ELSE

1%a = [(LK{k] + LM{m)) * (COS{LK(k] - LM{m)) . 1}
I5b = [LK{k) - IM(m}) = (1 - COSILK(k) « LM(m)))

I5c = (L f &) f (LE(k) * 2 - LM{m} * 2)
15 = I5c * (I5a + ISh)
END IF

IF k = m THEN
I6a = SIN{2 * LM{m)) / (2 = LM{m})

I6 =L/ 2 % (I6a ¥ 1) .

ELEE

I6a = SIN(LK(k) + LM(m})} / (LK(k) + LM{m]]

I6b = SIN[LK{k] - LM{m)) / (LK{k) - LM{m))

I6¢ = L / 2% (I6a + I&h)

END IF

I7a = COS{LK{k]) * COSHLM

ITb' = (LEK(k) / LM(m)) + {{8IN(LKE{k)) * SINHLM) - 1}
I7c = {LM{m} * L} / (IM{m} * 2 + LK(k}] = 2)

=I5 # T8 4. 378
[8a = COS(LK(k)) * SINHLM
Iab = (LK(k} / LMi{m}} * (SIN(LK{X)) * COSILM)
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(R
1240
1250
LG
1270
1284
1280

| 1390

1110
1az0
1330

' 1340

1350
13g0
1370
1380
13530
1404
1410
1420
1430
1440
1450
14610
1470
1480
1420
15040
1514
1520
1534
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1600
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1740

P = (LMlm) * 03 / (1Mim) ™ 2 4 LE(K) * 4y
I8 = IBe * [IBa «+ -IBL)

I9a = SIN{LM(m)}) * COSHLK

19 = {LM{m} / LK{k}) * (COS(LM{m)) * SINHLK)
I9c {LE{k) ~ L} / (LEik} ® 2 + LM(m) * 2}
I9 = I92 * (I%a - I9b)

Iloa = COS(LM{m)) * COSHLK

I10b = (LM{m) / LK(m)} * (SIN(LM(m)) * SINHLE - 1)
Il0g (LK * L) / (LE(k) * 2 + LtM(m) ™ 2}

I10 = T10¢ * [I108 + Ilnh;

IF k.= m THEN

I1la = (BINH4 /S (2 * LM{m)})

I11 & Eifgs witnita <39

ELSE

Illa = SINH1 / {(LK{k} + LM(m})

I11b = SINH2 / (LK(k) - LM({m})

Il = L / 2 % (Iila - Tiib)

END IF

IF k-= m THEN

I13a = [COS{2 * LM(my} - 1) / {2 * LM{m))
13 =L f 2% [I12&)

ELSE

I13a = (LE{k]) - LM{m)) * [(COSH1 - 1)
I12E = (LE(k) 4+ LMim)) = [COSHZ - 1)
112 = (L / 2) / (LE(k} ™ 2 + LM{m}
I12 = 112 * (IlZa + I12h)

END IF

I13a = SIN(LM{m)) % SINHLE

113b = [(LK(k} [/ EM(m}} * {{COS{LMim}} * COSHLKI(k])
Tlig = [LE[k] # L) o (LEAK) T o20% DMim) Y @)

113 = Ii3c * (Il13a - Il13bl

Ilda = COS(LM(m)) * SINHLK

I14b = (LK / LM{m}) * (SIN(LM(m)}) * COSHLEK}

Tide = (LK * L} / (LE(k) ™ 2 « LMim} * 2)

£

2]

I14 = Ild4c * {Il4a + Il4b)

IF k¥ = m THEMN

I15a = (COB(2 * IM{m}} - 1) / (2 * LM{m}}
I15 = L / 2 * (I15a - 1)

ELSE

T158 = (LM{m} - LEK(k)) * (COSH1 - 1)

I15b = (LM({m) + LE(k)) * {COosHz - 1)

I15c = (L f 2} / (IM(m) * 2 + LE{k) * 2}

I15 = I1l5¢c + {IlGa + I15h)
END IF

IF k = m THEN

Il6a = (SINH4 / (2 * LM([m)])
I16 =« L/ 2 % [I16a + 1}

ELSE -

Il6a = SINHI J/ (LE{k) + LM{ml)
Ilabh = SINH2 / (LE(K) - LM{m)}
116 = L / 2 % [Il6a + Ii6h)
END 1F
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1754
1760
1780
1790
1800
18140
1820
1830
1840
1850
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18e0
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IF k = m THEN

I17a = (LE(k}) + LMim}} * SIN[LX{k] + LM{m))

117h = (COS(LE(k} + LM{m)) - 1}

Y17c = L * 2 / 2+« (LE(K) « LMim}) ™~ 2

I17 = (L™ 2 / 4) - {I17c * I17a) + I17h

ELSE

I17a = (LEK(k) - LM{m)) * SIN(LE({k) - LM({m))

I17h = [(COBILK{K) - LMim}) - 1]

I17e = [(LK(k) + LM{m)) ™ SIN(LK{k}) + LM([m}]

I17d = [COS(LK{k) + IMim]) - 1)

I17e = (L™ 2 /2 % (LE(k) - LM(m}} = 2} * {IX17a &+ I17h)
I17f = (L™ 2 /2% (LEOS + IMm)) *2) # (I17c + I17d)
117 = I17e - I17F

END IF
IF k = m THEN

IlBa = (2 * LEK(k}) = Co5(2 = LEKlk)) - BIN(2 * LEikl1) [ 4
I18 = -(L.* 2 f 2} * {IlBa)

ELSE

Il8a = {({LK{k] - LMim}} * COS{LX(k}) - LM{m)) - SIM{LKik)
I18h = ([ (LK{k) + LM({m}] * COS{LE(k] + LM{ml) - SIM{L¥(k)
118 = -L ® 2 / 2 * (liga + Iish)

END IF

* LKik]

I1%9a = [LE(k) T 2 % LM{m} ™ 2§ * LM{im] * SIN(LE({k)) * COSILM

I18b = (LE({k} “ 2 + IM(m)} * 2) * LKi{(k) * COSHLK * SINHLM
I19¢ = (LE{k) ® 2 - ILM{m] * 2} * SIN(LK(k)) * SINHLM
I15d = .2 * ILM{m] * LE{k) * COSLK(k) * COSHLM - 2 * LMim]
I18%e = L =™ 2 / [1K({k}) * 2 + LM{m) = 2} © 2

I1% = T1l9e * [I19& - I1985 + I19%c 4 I19d)

s R

I20a = (IM{m) * 2 + LEK(k) * 2} * LM{m] * SIN(LK({k)) * SINILM
1200 = (LE{(k) ™ 2 + LM{m}) ™ 2) # LE(k] * COS{LK{k)) * COSILM

I20c =2 * LEKlk} * ILMim) * COS{LE[R)) * SINHLM

I20d = (LK(k) * 2 - IMim} © 2) * SIN(LK(k)) * COSHLM
130 = L © 2 / (LE(k) * 2 + IM{m} ™ 2) * 2

120 = I20e * (I20a - I20b + I20c + l2od)

IF k. = m THEN

I2la = L = 2 / (2 * LM{m))

I21lb = COS(LM(m}) - (SIN(LM{m)) / (2 * LM{m)))

131 = IZ1a * I21b

ELSHE

I2la = [IM{m) - LElk)}) * COS|{IM(m] - L¥ik)) - SIN{LM(m)
121b = {LM{m} + LK(K}) = COS{IM{m) + LE(k)) BTN (LM m)
I21 =» =L * 2.0 2 » (I21a + IZ21b)

Ewn 1IF

IF k = m THEN
I22a = 2 = LK{kK] = BIN(Z * LKk}

I22b = (CO8({2 * LE{k)l) - 1]

I22c¢= L %2 J 2 % |2 » LE{k]}) * 2

I22- = (L 2 / 4) + [I22¢ *» 122a) + 132b
ELSE

I22a = (LE(k}) + LM{m}} *= SIN(LK[k) + LM{m))
I22b = (COS{LK(k) + LM(m)) - 1)

IZ220 = (LEi{k) - LMim}} = SIN(LK[kK) - LM{m})
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I23d = (COS(LE(K) - LM{m)} = 1)

T22e = (L =2 J 2 % (LKilk) » LMim)) ™ 2) # (1220 ¢ 122k
I232f = (L * 2 /J 2+ (LK(k) - LM{m)) ™ 2} * (122c + 122d)

122 = I22e + I23f

END IF

I[23a = (LM{m) © 2 + LK({k) ® 2} * LK(k}] *= SIN(LKik}) * SINHLM
IZ3b = (LEK(K) © 2+ IM[m) ™ 21 * LMiml * COS(LE(R)) * CORILM
I23¢ = 2 * LE{(k) * LM(m) % BIN{LK(kl) * COSHLM

I23d = (LM{m) ™ 2 - LK({k) * 2) * COS{LE{k)) * SINHLM

I23g = L " 2 ) (IM{m) * 2 + L¥lk) * 20 * 2

I23 = 123 % (I23a 4 I23h - I23c - I23d)

I24a = (LM{m) * 2 + LK(k) © 2) # LK(k) * BIN[LK{k)] * COSHLM
I24b = (LK{k) * 2 + IM(m) ™ 2} * LM(m} * COS(LKik]) * SINHLM
I24c = 2 * LK(k} * ILM(m) * SIN(LK{k}}) * EBINHLM

I24d = [(LM(m)} * 2 - LK(k) * 2} * COS(LK(k)) * COBHLM - (LK(k]
I24e = L ~ 2 / (IMim} ® 2 + LKk} * 270 * 2

124 = I24e * (IZ4a + IZ4b - IZ24c - 124d)

I25a = (LK(k) * 2 + LMim)." 2) % LE(k) * SIN(LM({m}} * COSHLE
I25b = (LK ™ 2 + LMim) ™ 2] * LM{m)] * COS(LM({m}} * SINHLE
I25c = (LMim} = 2 - LE(k] = 21 * SIN(LM(m}} * SIHHLKi{k)

T2a5d4 = 2 + LM(m) * LK(k] * COS[LMim)} * COSHLK - 2 * LMim} *
I25e = L * 2 / (LK(k} * 2 + LM{m) ™ 2) * 2

I25 = J2he = [TaGp - I25k + I25g + I125d])

Iaga = (IM{m) * 2 + LK(k) * 2) # LM(m) * SIN{LMim]) * SINILE
IZ6b = (LK™ 2 + ILM{m) * 2} = LK(k) = COS(LM{m)) * COSHLKI|k]
I26c = 2 * LE(k) * LMim} #* SIN(LM{m)) * COSHLE{k)

I26d = (IM(m] ~ 2 - LE(k} * 2) * COS{IM{m)) * SINHLK

I268 = L 2 J {(LMim) * 2% LK™ 2) Y2

I26 = I26a * (I26a + I126b - I26c - T2ad)

IF k = m THEM

I27a = 2 * LMim) * SIN{2 * LM(m]) - COSH4 2% LMim) " 2
127 = (L. "2 /8% IM{m) * 2} * (I27a)

BLSE

I27a = (LKtk) + LM[m)) * SINHI

I27b = (COS(LE({k) + LM{m))} + 1)

I27c = (LEK(k} - LM{m)) * BINH3

I274 = [ [COSH2) + 1)

I27e = (L." 2 f 2 * (LE(k) + LM(m)) * -2} * (127a - IZ27h)
I27E = (L™ 2.0 2 % (LE(X) —IMim)) &2y = {(I37e = I[2M)

I27 = I27e - I27E

END IF

IF k = m THEN

I28a = 2 * IM(m) * COSH4 - SINH4

I286 =L * 2 ./ 8 % IM[{m} ® 2 * (I28a)

ELSE

I28a = (LK(k} - LMim}] * COSH1

I28b = [LE(k} + LMim)) * (COSHZ)

I28c = (LE(k) - LM{m)) * 2 + SINH1

I268d = (LK(k) « LM(m)) ® 2 * (S5INH2)

I28e = [L ™ 2/ 2 = (LK(K} ® 2 - LM(m) 21) * (I128a + I28h)
I2Bf « (L * 2 / 2 * (LK(k}) © 2 - LM{m) ™ 2)) * (I2Ac + [2Ad]
I2B8 = T28e - IT28f

15
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END IF
I2%9a = (LM{m) * 2 + IM{m) * 2} # LE(k] = SIN(LM(m)) * SINHLK
I29b = [LK{(k] ™ 2 + IM(m] ™ 2) * LM[lm} * COS{LM{m)) * COSHLE
I29c = 2 * LK(k) * LM(m) * COS{LM(m}) * SINHLK

I29d = (LMim) “ 2 - LK * 2) * SIN(LM[m]) * COSHLE

I292 = L " 2 / (LKik) = 2 + LMim) ~2) " 2

129 = I29e % (I2%9a - I29b + I29c « [29d)

I30a = (LM(m) * 2 + LKi{k) * 2) » LMim) * SIN(LM(n]) * COSHLEK
I30b = (LMim} * 2 + LE * 2) * LK({k) * COSHLM * SINHLK(k}

I30c = 2 * LK(k]} * LM({m} * SIN(LM{m)) * SINHLK

I30d = {LE(k} * 2 - LM{m) ™ 2} * COSHLM * COSHLK - {1Mim)

Ti0e = L .~ 2 / (IMim) " 2 + LE(K}) = 2) * 2

130 = I3Q0e = (I3Da + [30b - I3dc - I30d)

IF m = k THEN

Iila = 2 * LK({k) * COSH5 - SINHS

I31 = L ® 2 /B« LK{k) ™~ 2+ [131a)

ELSE

I3ia « (LMim) - LK{k)} * COSH1

I31b = (IM(m) + LK(k)} * COSH

132 = 132a + 1321

END IF

I33a = (COS{LE(k) - LM{m).+ n * pi} - 1) / (LK{k) - LMiml
133b = (COS{LE(k} - LM{m) + n * pi) - 1) / {(LK{k) - LM[m]

I33c = (COS(LE(k]) + IMim} = n * pi)] = 1) f (LE(kR) + LM(m)

I33d = (COS(LK(k] - LM{m} no* pi} - 1) S (LE(K) - LM{m)

I33 = L / 4 = {I33a + 133b - I33c - I33d)

I3d4a = (SIN(LEK(k) + n * pi + LM{m}}) / (LE(k} « n * pi + LM[m))
I134bh = (SIN(LK(k}) + o * pi - LMim)j} / (LE(k}l » m * pi 1M mhh
I34c = (SIN(LK(k) - n * pi +« LMim}}) / (LE(k] - m * pi + LM{m)}
I34d = (SIN(LK(k) - n * pi - ILMim}}] / {LEK{k) - n * pi LM )
I34 = L / 4 * (I34a - Ti4h - I34c + [14d)

1358 = LM{m} / (LMim) © 2 » {n v pi + LEtk)) 7 2}

I35h = LM(m} / {LMi{m} * 2 » (n * pi - LK(k}) * 2}

I35c = COSin * pi + LK(k}) * COSHLM

I38d = (n * pi + LK(k)) / LM{m} * SINHLM * SIN{n * pi + LK(k])
I352 « COS(n * pi - LK(k)) * COSHLM

I35f = (n * pi - LK(k}} / IM(m} * SINHLM * SINin * pi - LKi{k))
I35 = L /.2 * [(I35a * {I35¢ & I36d} + (I35b * (I35e + I11Kf)))
I36a = LMim) (IMim} * 2+ (o *pi » LK{k)) ™ 20

I36b = LM{m} 7/ (LM{m) * 2 &+ {n * pi - LKi(k)} = 2}

Ii36e = COS{n * pi + LK{k)) * COSHLM

I36d = [t pl + LK{k}}) / LMim) * COSHLM * SINIn * pi » LE(k))
I36e = COS{n * pi - LK{k)) * COSHLM

I36f = (n * pi - LE(k)) / Ldim) * COSHLM * SIN{n * pi LK (k) )
I36 = L / 2 * ({I36a * (I36c + I36d} » (I36H * (I36e + 1AGTDDN)
I37Ta = (SIN{n * pl + LKk} + LMimbll) J no* pi + LK{k) + LM{m)
I37b = (SIN(n * pi + LK(k} - IM{m}}] / mn * pi + LK(k)} L
137c = (SIN(n * pi - LK(k} + ILMim})) / n * pi LE(K) o LMim)
I137d = (BIN(m * pi - LE{K] - LMml)) JSon % @i LE (k] I iml
137 =« L /4 * {I37a - 137b + 137c - 137d)

I3fa = (£O8(n * pi + LE(k) + LM{m)) 1) f (% pi o+ LK(R}
I38b = (COS(n * pi + LK{k) - LM{m)} 1} / [n * pi » LK(KI
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I38c (Cos(n * pi - LK{k) + LM(m]) 1y £ fh * pi ALY
[3ed (Cogs(m v pi - LMim) - LM(m)) - 1} / (n * pi - LE(k}
I3 = L / 4 % (I3Ba « I3Bb - I3Bc - I3Bd)

I39a = LM(m) / (IMim} * 2 - {n * pi + LE(kl} = 2)

I39b = IMim) / (LMim} * 2 - {n * pi - LK{k]] = 2]

I39c = SINIn * pi + LK{k)) * COSHLM

139d = (n * pi + LK(k)) / LM({m) * COS({n * pi + LK{k)) * SINHLM
I39e = SINin * pi - LK(k)) * COSHLM

I39f = (n* pi - LK(k]) /LM{m) * COS{n * pi LE(XK)) * SINILM
T39 = L /2 = ({I3i% * (I39% - IA%1) 4 (13% * {1309 LASLY Y )
[40a = LM{m) / (IMim} * 2 - {n * pi v LK(K}} © 2}

T40b = WMTm) / (IMim} * 2 - (n* pi - LK(k)) ° 2}

T40c = SINin * pi + LK{k}]} * SINHLM

T40d = (o * pi + LE(k)) / LM{m) * COS{n * pi + LK(k]| * COSHLM
TI40e = SIN{n * pi - LK{k}] * SINHLM

T40f = (o * pi - LE(k)) / LM{m} * COS(n * pi - LK(k}} * CNGIILM

T40 = L/ 2 * ((I40a * (140c - I40d) + (I40b * [140e IEISERE

T4la = LKi{k) / (LE(k} * 2 + {n * pi + LMim}} = 2)

T4lb = LEK(k) / (LE({k} *“ 2 + (n* pi - IM{m}) ° 2)

I[4lc = COSi{n * pi + LM{m)} * COSHLK

I41d = {n * pi + LM(m}) / LK(k) * SIN{m * pi + LM(m}} * SINHLE
I41e = COS{n * pi - LM(m)} * COSHLK

141f = (n * pi - tMim}) / LK(k) * SINin * pi + LM(m}} * SIHNLK

741 = L / 2 * ({I4la * (Id4lc + I41d) + (Id4ib * (Id4le + T41E3}1)

T42a = LK(k) / (LK{k}) © 2 - (n * pi +» LM{m)) * 2)

142b = Lk(k) / (LEik) ™ 2.- (n* pi - IMim)) = 23

I42c = SIN(n * pi + LM{m)) * COSLK(k)

I42d = (n * pi + LM({m}) / LK{k) * COS{n * pi + LMimi) * SINLE{E!
[42e = S5IM(n * pi - LM{m)) * COSLE (k)

T42f = (n * pi - LM{m)) / LK(k) * COS{n * pl - LM{m)} * STHLETE)

142 = L / 2 * {{I4Za * (I42c - I42d) + (I42b * (I42e - T420)))
Ta3a = 1/ {{LE{) + IMim)) “ %« (72 * pi : 21)

T43b = 1 / ((LK(k) - LMim)) "2+ (n ™ 2 ¥ pL ™ 2))

I43c = (n * pi ® COSH1 + COS(n v pi)) - 1

I43d = (n * pi * COSHZ) * COS{n * pi) - 1

243 » L/ 2 * ({1432 * I43c) - {143k * I43d))

*

Id4da = 1 / [(LK(k} - IM{m)} * 2 - {n " 2 * pi -

T44b = 1 / ((LK(k} « IMim}) "2 4 (n " 2 * pd

Ig¢d4c = (n * pl * SINHYL * COS(n * pill

I44d = (LE(k) + LM(m}) * COSH1 * SIN{n * pl)

I44e = (n* pi) = SINHZ * COS{n * pi) _

I44f = (LK(k) - mM(m}) * COS(LK{k}) - LM{m}) * SIMin * pil

I44g = (I44a * I44c) + (T44a * T44d)

IT4dh = (I44b * Idde)} + (I44b * T44f]

I44 = L/ 2 * (l44g + Id4h)

T458 = LEDE) / (LE{k) 2 + (o v pi + IMlm}) * 2)

I45h = LK({k) / (LK(k] * 2 + {n * pi - LM{m}}) * 2}

I45c = COS{n * pi + LM{m}) * COSHLK

T45d = (n* pi + IM{m)) / LK(k) * COSHLK * SINin * pl o+ TMiml)
I46e = COS{n * pl - ILM{m}} * COSHLK

I45F = (n * pi = LM{m)) / LK{k) * COSHLK * SINin * pi - LMiml]

T45 = L / 2 * ({I45a * (I45c + I45d} « [I45b * (TI45e + 14500010

117



3840 I48a = LKik) / (LE(k}) * 2 - {n* pi + LM(m)) * 2)

3g50 I4sb = LE(k) / (LEK(k} * 2 - {n * pi - LM({m}} * 2]

3860 I46c = SIN(n * pi + LM(m}) * BINHLK

3870 I46d - (n * pil + LM{m)) / LK(k} * COS(n * pl o+ LM{m))

3BB0 I46e = SIN(n * pi - LM(m)) * SINHLK

3890 I46f = (n.* pi - LMim}} / LK(k] * COS[n * pi - LMim)} * COSHLE

3900 I46 =« L / 2 % ({I46a * (I46c - I46d) + (I46L * (I46m - TAGL1)))

3910 I47a =1 / ({IMim} - LKik}) * 2 - (n " 2 * pi * 2))
3520 147 = 1 / ((LMim}) + LK(k}) * 2 + (n ™ 2 » pi * 2))
39230 Id47c- = (n * pd* SIMHI ¥ COSin * pi})

3940 I47d = {LM{m) + LK{k)} * COSH1 * SIN(n * pi}

3950 I47e = (n * pi) * SINH3Z * COS(n * pi}

3960 I47E = {LM{m) - LK(k}] * COSH3 « SIN[n * pi]

3970 IA7g = (I47a * I47c) + (I4a7a = 147d)

3980 T47h = (I47b * I47e) + (I4Th * I47f)

1990 I47? =L / 2 * (I47g + I4Th)

4000 I48a = 1 / ([({LK(k)} + LMim}) * 2 + {n ® 2 * pi * 2}}
4010 Id8b = 1 / ((LK(k} - LM{m)) * 2 + (n * 2 = pi * 2))
4020 I4Bg = (n * pi * COS{LK(k) + LM{m)}) * COS(n * pill - 1
4030 I4Bd = (n * pi * COS(LEK(K) - LM{m)) * COS{n * pi)) {

4040 I48 = L f 2+ {{I4Ba * Id48c} + (I4BhL = I4fd))

4050 S1lA = -Gl - G2 - @) - G4 - Gb - 'GB6 - G¥ - GA

4080 BIB = G% + Gl0 + Gl1l + GlZ + Gl3 + Gld4 + G15 + Gl&

4070 51 = ({IMIm) / L} * 2 * (S1A + 51B)) / afam

40B0 F17 = (L 2 / (8 * ILM({m) * 2)) * ({2 & LM & SIN(2 ¢ LMim)))
4090 cos(2 * LM(m}) - 2 % LM(m) * 2 - 1)

4100 F18 = -{L ™ 2 / (B8 * IM{m) ™ 2]} * ((2 * ILM(m} *» [COS{2 * LMl

4110 Fl9a = (SIN{IM(m}} * COSHLM} - (COS(LM(m)] * SINIL
4120 Fl9b = (SIN(IM(m}] * SINHLM} - {((COSLM{m] = COSHLM] - 1}
4130 F19¢ = ((COS{LM(m)) * COSHLM) - 1} & (SIN{LM{m)) * SINHLM]

4140 F19 = ((L ™2 / (2 + LM(m})) * Fl%a) - {{L ® 2 / (4 * LM{m)
4150 F20a = SIN(LM{m]] * SINHLM - (COS{LM{m)} * COSHLM - 1|

4160 F20h = SIN(LM{m)) * COSHLM - COS{LM(m)) * STNHLM

4170 F2Z00 = COS(LM{m)) * SINHLM - SIN{LM(m)) * COSHLM

4180 F20 (L 2 / (2 v cM(m))) * F20a) - ((L * 2./ (4 * LM(m)
4190 F21 ({-L / (& * IM[m))) » (COS{(LM(m)) - 1)) + ({L = 2/
4200 F22 = (L * 2 / 4} + ({L* 2 / (4 ~ IM(m) ™ 2)) * ((2 * LMim}

4210 F23a = (SIN{LM(m}) * SINHLM} + ([(COS{LM{m)) * COSHLM} - |}

4220 F23b = (BIN(LM(m)) * COSHLM] + ([COS{LM(m}) * SINHLM)

4230 F23c = (SIN{LM{m)) * COSHLM) - (COS(LM(m}} = SINHLM]

4240 F23 = {{L-"2 / (2 * tM{m))) * F23a} - [(L ™ 2-/ {2 * L#im|
* COSHLM) « (COS(LM{im)) = SINHLMI

4250 F24a = [SIN(LMI(m))
4260 Fa4b = {({COS{LM{m)) = COSHLM} - 1} + {(SIN{LMim)) * SIHHLM]
4270 F24c = (SIN{LM{m)) * SINHLM] - [([COS{LMim)) * COSHLM) 11

ES

4280 F24 = ({L % 2 / (2 * LM(m})) * F2d4a) - {{L “ 2 /7 (4 * LMim)
4290 F25a = (SIN(IM{m)) * COSHLM) - (COS{IM(m}} * SINHLM)

4300 F25b = (SIN(LM(m)) * SINHLM) - [(COS(LM(m}} * COSHLM) 1)

4310 F25c = ((COS(LM{m}} * COSHLM} - 1) + (SIN[LM{m}} * SINNLM)

4320 F25 = ((L' ™ 2 / (2 = LM{m)}) * Fasal - ({L 3 / (4 * LMim
4330 F26a = (SINILMIm}] * SINHLM} + {(COS(LM{m]] * COSHLM) 11

4340 F2Ebh - [SIN(LM(m))} * COSHLM) + (COS(LM{m)) * SINHLM)

4350 F2oc = [(SIN(LM{m]] * COSHLM} - (COS{LM{m)) * SIMNHLM)
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4360
4370
4380
4390
4400
4410
4420
4430
4440
4450
A460
4470
4480
4490
4500
4510
4520
45340
4540
4550
4560
4570
4580
4590
4600
4610
4620
4630
46440
4650
4660
4670
4680
4680
4700
4710
4720
4730
4740
4950
4760
4770
4780
4790
4800
4810
4820
480
4840
4850
4060
48740

s

F26 = ((L ~ 2 4/ (2 = IM{m}]) * F2éa) - ((L 2/ f2 o+ LMim)
F27 = (L 7 2 / (8 = IM(m} ™ 2)) * ((2 * LM * SINH4) + COSH4
Fif = =(L “ 2 / (8 * LM(m) * 2)) * ({2 = LM{m)} = (COSH4 - 1))
F28 = F20

FiD = F24

Fil = [[=L / (4> IMiml)) = [(COSHLM - 1)) + ((L ° & 0 18 * LM
Figz = (L ™ 2./ 4) + ((L ™ 2/ (4 « tMim) ™23 = {42 * Mim)
B¥l « F17 « BM * P18 + BM * F19 4+ CM* F20 +« AM * 21 « AWM " 2
F22 + AM = BM + F23 + AM + OM * F3i4

B33 = BM * F25 + BM * AM #* F26 + HM ™ 2 + F27 + HM * M * F2A

S3 = [521 + 522) [ afam

S41 = G1 + AM * G2 + BM * G1 + CM * G4 + AM * G5 + AM " 2 *+ G&
542 = BM = AM * Q10 + BM ™ 2 % G11 + BM * CM % G132 « OM ° 2

4 = (541 + 8542} / afam

881 = =F17 - AM * F1B - BM * F19 - CM * F20 - AM * F21 - AM °
SA2 = =AM * CM * F24 + BM * F25 + BM * AM = F26 « BM ° 2 * F27
S8 = {(LM{m] * 2 /L = 2).* (581 4« 582)) /[ afam

5101 = -G) - AM * G2 = BM * G3 - M * G4 - AM * G5 - AM ™ 2
5102 = BM * AM % G10 + BM * 2 * G11 + BM * OM * GL2 + ¢M * 611

[ s

L]

510 = (IMim) * 2 / L * 2 = {5101 « 5102)) / afam
LAM = AF / MIU
OME = [{E = IN / MIU) * ({LMim}} / L) * 4) + (FPM [ MIU}

fal

TAI1 = {LAM * 51) / (2 * OME
TAIZ = 1 - TAIl

TAI = OME * TAIZ

AK = LM(m) *C / L

A = -COS(LM(m)) + (AM * SIN(LMim)))} + [BM * COSHLM]

PRINT TAI, A

T1 = [A * (1 - COS{TAI * t})) / (TAI)

TZa = (COS{AK % E) - COS(TAI * ki)

‘b = TAI * 2 -~ AR * 2

T2 = T2a / T2b

Tia = AM * (TAI * SIN(AK * t) + AK *» SIN(TAT * c}}

Tib = TAT * (TAI *~ 2 - A ™ 2)

T3 = Tia / T3b '

T4da = AK * BM * SIN(TAI = t) * COS{TAI = £} * (EXPAK * t)
EXP{-AK * _t))

Tih = 2 % TAT * [AK '™ § + TAI * 2]

T4 = Téa / T4b

T6a = BM = TAI * (SIN{(TAI * t)} ™ 2 * (EXP{AK * )

T6b = 2 * TAI * (AK * 2 + TAI * 2]

TS = Tsa / Tsbh

TGa = BM # AK % SIN{TAI * t) * COS{TAI * £} * (EXP{AK * L]
EXP{-AE * £}

TEh = 2 + TAT * [(AK * 2 - TAl
T6 = Tea / T&b

T7a = BM * TAI * COS(TAI * £} * (COS(TAI * £} = ([EXP{AK * 1}
EXP{-AE * £1) f 2} = 1}

Tib = (AK * 2 - TAI ™ 2)

™ = Tva / T

TBA = CM * AN * SIN(TAI * t} * {COS(TAI * t) * ((EXP(AK * tr)
EXP(-AK = £}} S 2} - %)
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ES

4880 T8bh « TAI *+ (AK “ 2 &+ TAI * 2)

4890 TH = TEa / Teb

4900 T9% = CM * TAI * (BIN{TAI * t)} ™2 * (RBXP(AK * )

4910 Tsh = 2 « TAI * [AK * 2 + TAI * 2)

4920 T9 = To9a / T%b :

4930 Tl0a = CM * AK * SIN{TAI * t) * COS{TAI % £} * [(EXP(AK * ]
4540 Ti0b = 2 = TAI * {(AK * 2 + TAI " 2)

4950 T10 = Tida / Ti0b

F e

4960 Tlla = CM * TAI # (COS({TAI * L)) 2 * [EXP(AK * t)
4970 Tllbh = 2 * (AK ™ 2 - TAI * 2)

4980 T11l = Tlia / Tiih

4550 'T12 = ((BM * SIN(TAI * t)) / (AK * 2 - "TAI ™ 2))

5000 M1l = SIN(IM(m} * X / L) + AM * COS{LM{m) * X / L)

5010 M2 = BM + (EXP(LM{m} * X / L} - EXP(-LM{m) * X / L)} » M

5020 wa = (T1 «+ T2 - T3 - T4 - T5 + T6 - T7 - TB - T9 &« T10 + Til
5030 Ti12) * (M1l « (M12 f Z])

5040 WB(m} = wa * {{(P * L) / (MIU = LMim} * afam)]
5050 HEXT m

o0 W = WB{(1)} + WB{2) + WB(3)

5070 PRINT #1, t, W

5080 'PRINT WB({l), WB{2), WB(3)

2050 PREINT t, W

S1o00 '"SLEEP

5110 NEXT t

5120 PRINT #1, .

5130 HEXT mm

CL.S
REM THIS PROGRAM IE5 WRITTEN BY OGUNYEBI SEGUN N.

REM IT IS WRITTEN TO EVALUATE THE TRANSVERSE DISPLACEMENT OF

BEEM MOVING FORCE UNIFOEM BEAM FOR OTHER BOUNDARY COMDLITTON,
18 DIM wB{i), LM[3), LK(3]

) OPEN "CFMMAF . BAS® FOR OUTPUT &5 H1
g FOR mm = 1 TO 5

&0 PRINT "Enter the wvalue of AF H", mm
50 INPUT AF

A L= 2,192

70 E = 2. 10924E+09

B0 P = g407:27 + 0.81

oo GRA = .81

100 MI = 2758.291

110 MIU = 2758.2%1

130 IN = ,002BTES8F

130 M1 = g407. .37

140 pl =23 07

150 Fi = 40000

160 'AF = 20060

179 T PR

104 C =8.128

19¢ €O =5

200 PRINT §1, "TIME(&]", SPC[Z); "DEFLECTION Wix,E)"
210 PRINT 1.

220 LMi{1l} = 1.875
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230
240
250
260
aTn
280
290
Iod
316
3Z0
Jin
340
35D
160
370
180
190
400
418
420
430
440
450
460
470
480
490
500
510
R20
530
540
550
550
574
580
594
600
G10
G20
B30
[7E 1)
G50
B&O
E70
&R0
&80
T00Q
T10
720
T3ia
T40
750
760
770
180
794

LM{2}) = 4.694

LM{3} = T7.855

no= 31

LE{l] = 1.A7S

LE{Z] = 4.6594

LEf3) = 7.8B5%5

PRINT #1, "Thise is The Besult for H®, AF

FOR £ = 0 TO 1.5 STEP .1

FORE m = 1 TD 1

k=m

AML = SIN(EM{m} - {EXP{LMim]] - EXP{-LMimb)] & 2}
AMZ = COS(LMim}) + {(EXPI{LM{m]} + EXP{-LM{ml}) S 2]
MM o= AMZ [/ AM1

B =1

CH = AM

AKL = SIN(LECR)] - (EXPILEK{k}) - BXP(-LE(kl} J 2}
AKZ = CﬂE{LK{h?J + E(EKFtLK[h}ﬁ + BAPL-LEMRMYD S 20
MK = AKZ2 / AK1

HE = 1

CF = AKX

COSHLM = (EXP(LM[m)] + EXP{-LM{m))} [/ 2

EINHLM = (EXP{LM{m)) - EXP(-LMim)]} F 2

COSHLK = (EXP{LK(m)) + EXP(-LEim))} / 2

SINHLE = (EXP{LK{m}) EXP{-LEim))]] /2

COSH1 = (BXP(LM(m] + LKim}} + EXKP{-{LM[im)] + LEKimiil}
SINH1 = {EXPILM(m) + LEKim]l} - EXP{-(LMIm) + LE{m))]}
COSHZ = (EXPILKIm) - LMim)) + EXP{- [LKlm) - LMimf)])
SINHZ = (EXP(LK{m) - LM(m)] - EXP({-[LKim)} - LE{m]})]|
COBHI = [EXPiIMim} - LE(m)) + EXP(-[LMi{m} Lk tm] b1
SINHI = (EXP{LM(m] - L¥(m)) - BXP{-{LMiml - LE{iml}}1
COSH4 = (EXP{2 * LMim}) + EXP(-2 * LM(m])} / 2
SINH4 = (EXP{2 * LM(m)) - EXP(-2 * LM{m))} / 2

COSHS = (BXPI2 * LEK(m)) + EBXP(-2 * LEIm))} # 2

BIMME = (BXP{2 * LK(m)] - EXpl-2 * LE{myi} / 2

G1 = L /S 2 * {1 - BIN{Z * LMim}} S Z-* LM(m)]

G2a = AM * L S 2

Gib = (COS{2 * LM{ml} J 2 * LM[my) - 1

GZI = -3Za * Gzh

Gla = (BM * L] f 2= LM(m)

Gib = SIN(LMim)) * COSHLM - COS(LM{mi) +* SINHLHM

G3 = G3ia * E3b

C4a = (CHM « L) / 2 = LM{m)

Géb = SIM{LM(m)} *= SINHLE - [(COS{LM{m}) * SOSHLM - 1)
Gd = Gda * Gdb

Gg5al= AM = L J 2

Gsh = (COs(2 + tMim)) S 2 * LM({m)] - 1

G5 = -35a * G5b

Géa = AM = 2 + L / 2

Geb = 1 + (STIN(Z = LMim)} F 2 * LM{m})

g6 = déa = 4&b

G7a = {AM * BM = L] S .2 = LM[m)

G7b = (COSILMImMm)) = COBHLM - 1) + SIN(LMIim)] * SINHLM
G7 = G7a * G7b

OBa = [(AM * CM * L) J2 = LEMim)

GEb = [(COS{LM{m)] * SINHLM} + [(SI1M([LM{m}) = COSHLMI
GE = GAa * Gib

G89a = (BM * L / 2 % LM{m}])
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aon G = SIN(LM(m)} * COSHLM - COSILMIm) ] * SINHLM
Bin 39 = E9a * @Eab

420 0l0a « (AM * CM * L) f 2 L& im)

B30 Glob = (COS{LM[m)) * COSHLM - 1} + (SN (LM im] § * SHHLWI
840« 010 = Ql0a * 3lob

BS0 ©Glia « BM ™ 2 « g, -

BG0 Gllb = (SIN(2 * LMim}) / 2 » LMim)

870 Gll = O1ia * dilb

a0 Glza = (BM * CM * LM{m]} /f 2

B G1Zb = {(COS(Z * LM{m}) / 3 LMim]} - 1

F00 G12 = @1l2a * gi1zb

310 Ol3a = (CM* L) / 2 * LM(m) -

ey G13ab = SIN(LM(m)) * SINHLM - {COE{LMIm] } = COSHLM 1]
a3 G1l = G1l3a * @1k

940 Gl4a = (AM™* CM * L) [ 2 * LM(m)

350 Gldb = COS{LM{m}) * SINHLM SIN(LM{m))] * OOSHLM

860 Gl4 = 214a * Ql4b

a70 GlSa = CM * BM * L / 2

980 G15b = (COSH4 / 2 * LMim}) - 1

1] 315 = @l%a * dlsh

1000 Glfa = €M “ 2 ~ L. / 2

1010 Glek = 1 + [BTIMH4 / 3 = LM {m} §

1020 O16 = Glea * S1l&b

1030 af.ﬂHl:EI¢GE+E33+E4+D5+GE+G?4GErGT+G!]
1040 BEAMZ = G% & G100 4+ 21T & G12 + 313 + 814 + 615 & 016
1050 afam = afAMl 3+ afaMe

1060 IF m = k THEM

1070 Ila = SIN(2 = LMim)) / (2 * LM(m})

1080 Il =L f 2+ (1 - Tia)

1080 ELBE

1100 Ila = BIN{LK{k} - Lm{m)) / [LK{k} - CMim}}

1110 1b = SINILK(K) + LMim}} / (LE(k) LM {m) |

HNIg 'I1 =L A 3% TI1a = 1ib}

1130 ENO IF E

1140 IF k = m THEN

1150 I2a = {COS([2 * LM(m)) - 1) FOA2 or LMiml}

1160 I2 = =L/ F % (TZa)

L1760 ELSE

1180 I2a = {LK{k} - LM{m}} * (cos(LK(k) + LMim)) - 1)
1180 I2b = (LK(k] + LM{m})} * (COS{LK(k| - EMimb ) - 1}
1200 I3e¢ = -(L / 3} / (LE(k)} * 2 - LMim) * 2}

1210 I2' = T2& * (I3a + I2Bb)
1229 END TF

1230 I3a = SIN{LE{K}] * COSHLM

1240 I3b = (LK(k] / LM{m)) * (COS(LE({k)) * SIHHLM)
1230 I3c = (LM(m) * L) / {LM{m) " 2 + LE{k] * 2}

1260 IY = I3c * (I3a - I3h)

1270 Ida = SIN(LK(k)) * STINHLM

1280 I4b = (LE(kK) / LMimr] * ([(COS[LE{k}} = CoOSHLM) 1}
1230 Tdc = (LM{m} = L) / (LMIm) ~ 2 + L[k} - 2]

1300 T4 = Id4e * [T4a - I4b)

1310 IF k = m 'THEN

1320 ISa = (C05f2 * LMim]} - 19 doAZ o« LMim) |

1338 1§ = -L /S 2 » IBa

1340 ELSE

1350 IS8 = [(LE(k] + LMim)]} # (COS{LE(k) - LMim)} - 13
1360 I5b = (LEK{k) - LM{m)}) * (1 - COS{LKE{k} + LMim]})
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1370
1380
1390
1400
i£10
1420
1430
144l
1450
1460
1476
14aa
14590
1500
1510
1520
1530
1540
15540
1560
1590
1580
1280
1600
1510
1620
1630
15410
1650
1660
1470
1680
165840
1760
1710
1720
1730
1740
1750
1760
177
1780
1780
1840
1810
1820
1830
1840
1850
1850
1870
18480
1890
1900
1910
1920
15340

&

IS¢ = {L / 21 [ ILEtk] ™ 2 = Ldim) Z]

I5 = I5e * (LI%a 4 I5B)

END IF

IF k = m THEN

I6a = SIN(2 * LM[m)} / (2 = LMiml)

I6 =L JS:2 * {I6g + 1)

ELSE

16a = SIHILE{k} 4+ LMim)] / I(LE{k] % LMim})

I6b = BINILK{k] - LMim)] / (LE{k] - LMi{m})

Ia = L f 2 * [Iga + I6hb]

END IF

I7a = COS{LK(k)) * COBHLM

I7b = (LEtk) / LMim))] * {(SIN(LE{k}) * SINHLM}) 1]
I72 = (LMfmh = L) /J [LM{m] ®* 2 + LE(K) ° 2}

i = ITo-* [I%a + 1T7h]

18a = COS(LE(k]} = SINHLM

18bh = [(LEKik) / LMiml} * (SINILE{k}) * COSHLM)

I8c = (LM * L} / (LMim} * 2 + LE(k] * 2)

I8 = THc * (I[Ba « IBbl

t9a = SIN{LMiml) * COSHLK

[5b = {LMim} J LE{k}) * {COS{LM{m]] * SINHLK}

Ioe = (LEtk) » L) / (LE{k) * 2 + ©im) " 2)

I8 = ISa * (ISa - I9b)

I10a = Co5(LM(m])} = COSHLE

I10b = (LMim] / LE{m)} * {(SIH({L#&im)] * SINHLK - 1}
I8¢ = (LE # L) / (LEMX] ® 2 « LMiml = 23

I16 = I1loc * (Il0a + Ilohb)

IF k = m THEN

Il1la = (SINH4 [/ (2 * LM{mh))

I11 = LS 2 » [Illa - 1)

ELSE

Illa = BINH1 / (LK(k) + LMim)}

I11b = BINHZ -/ (LEfk) - LMim)]

Tl = L Zo% {I1%a - Illh}l

END IF

IF k = m THEM

112a = :tug::  EMimly - 11 J (2 % LMiml}

113 = L J 2% [I13&)

ELSE

Tiza = (LE{k} - LM{m)] * (COSHL - 1)
112k = (LE{K] + LMim)] * ([COBH2 - 1)
D1%c = (L J 2 (LEfk) 2 + LM{m)
112 = f12¢ * (I12a 4 I1dh)

EMD IF

113a = SIN{LM|m) ] * BINHLK

I13b = (LEtk) / LMim}) * {(COS{LM{m}) * COSHLE{k}]
Iildc = |LE{k} = L} / (LE(k) * 2 + LM({m) & 2}

I13 = I1l3c * {Il3a - I13h}

114a = COS(LM{m)) = SINHLK

Tidbh = (LK / LMim]) #® {(SIM{LMim]] * COSHLE]

Il4e = (LE * L) / [(LE{k) ™ 2 + LMim)} = 2]

114 = 11d4c * (Ild4a + Tl4ab)

IF ¥ = m THEW

[15a = {CO&(2 * LM{m}) - 1) / (2 * LM(m))

I15 = L / 2% {T15a: - 1}

ELIE

T15a = (LM{m} - LE(k}} * {(COSH1 - 1]

-

2
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1940
1950
1960
1370
1980
1350
2000
2010
2020
2030
2040
2050
2060
2070
2060
2090
2100
2110
2120
2130
2140
2150
2160
2170
2180
2180
2200
2210
2220
22130
2240
2260
2270
2280
2250
2300
2310
2320
2310
2340
2350
2380
2370
23EB0
2380
2400
2410
2420
2430
L2440
2450
2460
2470
27TBE0
2780
1800
2810

118k = (LMim} + LK[k)) * ICQBHE - 1}
I18¢ = (L / 2} F (mmim] ~ .2 + LEIK] = 2
IlS = I152 = (Il5a + T15h)

ENDy IF

IF k = m THEN

I16a = [SINH4 / {2 + wMim]})

I16 = L f 2 = (1168 + 1)

ELSE

Ilfa = SINH1 / [LK{k) & LMim)}

I16bh = SINHZ [ [LK{k) - LMi{m}}

Iie = L/ 2% [T16a + T16b)

ERD 1F

if k = m THEN

i17a = (LKlk) + LH‘M]} * DTM{LE(K] + LMim}}
117h = {(COS{LK(K] + LMim)) - 1]

I17¢ = L * 37 @ = {LK(K) +« LM[m}) * 2

117 = (L * 2 J 4) - {I17c* T178) + I17b

ELSE

I17a = (LK{k} - LM(m)) * SIN(LK(k} - LM{m)])

117k = (COS{LE({k} - LM{m}) - 1}

[17c = (LE(k] + LM{m}) = SIM{LK{k] + LM{m})

Ii7d = ([COS(LE(k] + LMiml} - 1}

I17e = L™ 2 J2 » [LEfk) — Mim)] S2) = (1174 & [1'Th)
I17f = (L ® 2 ) 2 + (Liik] + LMim)] * 2b = (I17ec + 117d]
I17 = I17e - I17E

ENO IF

IF k' = m THEN
Il18a = (2 * LK{k) * COos{a * LE(k]] - S8IN(Z * LK{kh]} / & * LK[K] = 4

I18 = —[L®* 2 / 21 * [TiBa)
ELBE
I1ga = ((LE(k] - LM(m}} * COS{LE{k] - LMim)) - BIM({LK(K) LMdmb b ) SILE R

116b = {(LK(k) + LM(m)} * COS{LElk] + LMi{m}) SiWILE(R] + LMimbiy
T18 = =L 2 /2 * [(T1a + 118b)

END IF
ITi9a = (LE{K} * 2 + tM{m) ™ 2) = LM(m} = SINILE(R)) * COSMLM

I19h = {LEik} i I LM {m} - 21 * LEfk} * COSHLE * STNHLM

I1%9c = (LE(kK} © 2 - LMim} ™ 2} * STW{LK{k}) * SIMHLM

Ti9d = 3 * LMim] * LE(k) * COSLE{k} * COSHLM - 2 * [Miml * LE(k]
Tige = L% 2 0 (LKtk) 22 & [Mim) & 3) 2

119 = T15e * [I1%a - 11%b «+ T1%c + I118d|
F20a » (LM{m) " 2 + LE{k} * 2) * LM[m) * BIN{LEK{k)) * SINHLM

I20b = {LE{k) ™ 2 + LMim} ® 2§ # LK{k} * COS(LElK}) * COSHLM
I20e = 2 *»"LKik) = LM(im] * COS{LE(k]) % SINHLM
I120d = [LE(K] ™ 2 - LMim) * 2f * BIN(LE{k}) * COSHLM

1208 = L 2/ (LE{E) ™ 2 4+ 1M(m) * 2] %2
1230 = 120 = {(130a - I20b 4 IZ0c + 120d)

IF k = 'm THEN
I2Ia =L ™ 2./ [2 % IMim)}

I21bh = COS(IMim}) - {(SIN[LM{my) /S 42 = LMim}]]

121 = I21la ¥ IZ21b

ELSE

I3la = (LMIm] - LE{k)] » cogimMim} - LE{k)) - SINILMim]l - LEtkil / [LMim}
LE(k) ) ™ 2

121h = (LM{m) + LE{K)) & oosi{L@Mim] + LE{ET) - SIN{LMIm) + LE[KN) & (LMim}
I21 = -L ™ @ ¢ 2 % [IZla + IZlh)

END IF

IF kK = m THEN
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SH2D 123a =3 vULKIK) ¢omInid s LE{k))
2310 122h = (COSf2 = LEIk)) 1l

240 e = B 553 JEEow (3 s LX{KY) 2

DHL0 FER AL Y2 fod) 4 lIZEe . 1273} 4 I20R

260 ELSE
“HTO [3da = 1|4l-':H|:J + LMimb) * SINILE{K) + LMIlm)]
2000 200 = (eOSTLECRY o+ LM{m) |} - 1)

JHYD  I33p = (LE(K) - LMi{m}} * SINILE{k} - LMim))

2900 1204 = (DOSELE{kK) - LMim]] - 1)

2910 [(32e = LT 2.4 2 * (ELE{K) + TMimlF ™2y = [I228 + T22h)
2920 Ta2f=llLT TR e YLKk - LMimI) T-E) ¢ (1220 + T234)
Juid 22 = Q33w I2FF

2940 ERE 1F

Ju%0  [23a
2mgR  [23b

[EMiml. ® 2 + LE{K} "2} = LK{k} = SIN{LK{k})) = SINHLM
LKLk ™ 2 & LM{m] * 2} * LM{m) * COSILK{k}) * COSHLM
2974  IPie 2o LE(K} * LMim) * SIN(LK(k)] * COSHLM

2080 1314 [LM{m} = 2 - LE(k) = 2] * cos{LK{kl) * SIMHLM

29590 I2%¥s e L-MNE AmMtm)t 2 o+ LELRY 52 2

3000 123 - 133 % [(I33a % 123k I23c = I23d}

101d¢ 124a = (LMim) " T = LK{k] 2 * LEK[ky = SIN{LEK{k)] * COSHLM
103G 134b o= {LE{k} ™ 2% LMim) 2} % LMimj * COSI(LE{K)] * SINHLM
1030 1240 = 29+ LE(K] = LMim) * SINILE[k)] * SINHLM

108 | 34d = (EMim) & 2 - LE(kY * 2) * cosS{LE{k}) + COSHIM - (LE(k] * 2 -
BOS0. )fe s BT 2 0 (LML 2 (kR MeR) Ml

3060 134 = I24& ® (1248 4+ I24b - 124c - I24d)

ITO I125a = (LE(KE} ™ 2+ LMIm} = 2) = LE(K) * SIN(LM(m))} = COSHLE
VB0 125b = (LK Y2 4+ LMim) * 2) ¢ LM(m) ¢ COS{LM{m} ) * BINHLE
¥ou0  12te = (LMim] * 2 - LE{R) T 2 ¢ STH(LM(m))} * SINHLE (k)

jton 135d = A3 * LMim] * LE{k} + COS{LM(m)] * COSHLKE - 3 + LM{m} = LK
10 13%e = LT 27 (LE{k} T 2+ LM(m) * 2} " 2

11240 35 = 135a ¢ (1253 - T2365h 4+ I258 + T25d4)

1110 [Z2&a fLMi{m} * 2 + LE{R] ® 2) * LM(m] * SIN(LM(m]) * SINHLEK
iT40  126h = (LK 3 + LMim)] * 2] o~ LE{k] * COS(LMim)} * COSHLE !kl
1150 1262 = 2 = LEK(k] * LMim} & SIMI{EM(m}} * COSHLX{k)

1160 IZ26d (LMim) * 2 - LE{k} ® 2} = COS(LM[m)] ¥ STHHLK

Yire pdee = Lo 000 (nMim) % 2o LR 5 g9

JI8G 136 = 136e * ([268a + I26b - 1260 - I26d)

Jieh IF Kk = m THEHN

¥a66 12%a = 2 * LMim) +* SIN({2 * LMi{m]} - COSH4 - 2 = IMim} ® 2 + 1
¥R 137 & R TS B DMiml T 2y o6 [TI3ME)

i270 ELSE

Jryd  1Xta fLK{k}) & LM({m]} * SINH1

x40 I27h TCOS (LK) & L™Mim)) +« 1}

1250 [37e¢ = (LEtk] - LMim)) * - SINH3

{2600 12%d VICOSH2) 4 1)

120 12Te - (L 52 F3 v ILEGR] 4 LMIm)) Y2 e (I37a - I27H)
\Eh 127F L ™2 J 2 = (LE(k] - LM{m)) ™ 2) = (I27c - X274}
izno 137 = I27e - IT7E

3300 EMD IF

31310 IF kK = m THEN

1320 128a = 2 % LMim} * COSHA - STHHA

1330 18H =L - F f B v tMim) * 3. [IZEa)

140 ELESE

1350 1Ga = [LE[E) [Mim) p * COS5H]

Piad 120k - (LEdK) o LMim]) * (COSH2)

1370 IZ2Hc = (LE{k) - LMim)] * 2 + BINH1

1380 I[28d = (LEik] + LMmi) * 2 * [S8TNH2)

i Boa

E ¥ 8§ <+

i
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fafe = [l ™
12af = (n
2l = I2EE = I
END 1 F

129a = (LM {im)
[a9h = [LE{K}f

|
-
i

!
!
2

LS
-

B

2% (LE{KY % 2 - LMim} " 2)) * (I28a + 1Z28bL}
2o+ [(LE{k] * 2 - LMim} ™ 2)) ¢ [(I28= + T2Rd}
F

+ LMim) * 2) » LE(k] *» SIM[LM{m}) * SINHLEK
¢ LMim) T 2) * LM(m) * COS{LM{m}) = COBHLK

L El

129¢ = 2% LK{k] * LM{m) * COS[LM{m}} * SINHLK

129d = [LM{m]
Page & B 2/

2 - LK * 2} » BIN{LM({m]) * COSHLK
{LELk] ™ 2 « LM{m} ~ 2) * 2

129 = 12%= * (I293 - E2%b + I32%c + 12%d]

EX0a = [LMim)
130k = §L&[m)

-~

2% LE[k}) ™ 2) * LM{m} * SIN{LMim}} = COSHLE
o LK™ 2y o+ LE(k) * COSHLM = SINHLE(K)

[30e = 3 & LELKk] ¢ LMim) * SIN(LM(m)] * SINHLE

130d = (LxTk)
e 1 Po TR R e [

M,

2= L#Mim] * 2] * COSHLM * CZOSHLE - (IMim) * 2 - LK
L im) - o4 LE(k) M 2) 2

I3 = D30 * {(I30a « EX3OBR - I30c - I130d)

IFm = kK THEHN

131a = 2 * LK(k} *» COSHS - SINHS
131 = LY T4 8« LE(K] 2+ [Iila)

ELSE
131a = [LM{m]
31k = [LMim]

+

LE{Kl} * COSH1
LEtk}) = COSH

33 = 1X2p + 132f

END. 1F

[13a = [COS{LE(k] = LM{m) +
[33b = {COS(LK(K] - LM{m] +
|33 = (COS(LK(R) + LM{m] <+
113d = (Cos{LKE(k) LM im) =

133 = Liyf 4

n'* pi) - 1) / (LE{k) - LM{m) «+ n * pi)
n*pi) - 1) / (LE(k) - LM{m} « n = pi)
n*pl) - 1) / (LK(k) + LM{m}) « n = pi)
o % pi} - 1) / (LK(k} - IM{m} - n * pi)
133a + 133b - IXlc - 1334)
T34a = (SIMILK(k; + n * pi + LMIm))} / (LE(k) + n ® pi + LM{m))
134b = [SIN(LE(k} + n * pi - LM(m})) / (LK(k) + n * pi - LM{m))
F3de = (SIN(LE(K) - n * pi + LM{m}}) / (LK(k) - n * pi + LMim})
134d = (SIR(LE(K) - n » pi - LM{m))) / (L¥K{k} - o * pi - LM{m})

134 = Lo f & #
1352 = LMim]
T35 = Lth] ,|"

i

1344 [34b - Tde + I34d]
fLM(m) = 2 + (n * pi + LK{k)) * 2)
(LMim) * 2+ (n * pi - LE{k)) ™ 2)

[35c = CO8in * pi + LE[k)] * COSHLM

350 = fn * pi

P LKE{kY) 4 LMim) * SINHIM * SIN(n * pi + L¥{k)]

11%¢ = COS(n * pi - LK{K)) * COSHLM

LI5F = fm * pd
PAG = L e

364 = LM[m) /
[168 = LM(m) /
Ii6e = CO9(p =
13%6d = [ #* pi
Il6e = COS(n *
MsE = [ = pl
I3 = L f 2 &

{

{

- LE{KY) J/ LMim) = SINHLM * BINin * pl - LEi{k}])
(I3%a % [[3%c + IXFSd) 4 (I38k * (I3G5e -+ IZSE]})]
{LMim} * 2 + [(mo*opl + LE{K)] * 2]
{tMim} “ 2 % (n * pi - LK({k)) * @)
pi + LE(K}} * COSHLM
# LE{K}) / LM{m} * COSHLM * SIH(n * pi + LE(k]]
pi - LE{K)} * DOSHLM

LE(KI} / LM{m} * OOBHLM = BIN{n * pi - LE{k))
(Ti6a * ([36c + I3a6d}l + (I36b * [(Tige 4+ I3GE})))

E4%a = (BIN{n * pl + LE(k) « LM(m))) F n % pl + LK(K] + LM{m}
(4% = (BIM{n * pi ¢ LK({k) - LM{m})] / n % pi + LE{k} - LM{m]

137 = [SIN{n * pi LE{k) + LM{mb)) /

tavd = {STHIn
[dY = 4 f 4«
g = [(COZ N

130 = [COS§n
13de = {COS(nR
figd = (COS5(n

|

* pi - LE{k} + LM(m)
“« pl - LEik) - LMim)

pi - LE(K} - LM{m}}) /
37

n
n
13t 137Th + I37e - [37d

]

pl o+ LELk) + LHim)} - 1) J dn ® pi + LE(kK] + LM{m}]
Bl o+ LK) - mMim)l - 1) / {n * pif o+ LE(k) - LMim)]
pl - LE[k) + LM(m)) - 21} § {n = pi - LE(k) - LM{m)]
pi = LM{m} = LM(m)] = 1} J {o * pi = LE(kK] = LMim}}
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4450
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4500
4510
4520

EYE =L feg * i3gc - Taiad)

113848 + 138D -

1398 = LMim} o {(LMfim] * 2 - {n * pi + LE{k}) = 2}

fi9h' = LMim) / (EM{m] = 2 = {n % pi - LE{k}) ™ 2

1409 = SIN{ * pb o+ LE(WK]) * COBHLM

119d = {n * pi + LKik)} f LM{m} ¢ €OS(n * pl + LK{k)] * SIHHLM
199m = SIN{n * pi LE{k] } & COSHLM

139f = in * pi - LK(k}) / LM{m} = COS(n * pi - LK{k)) * SINHLM
(3% « L /2 = {{I3%a * {T3ge - I32d) + {I39b * [IiSa 13981114
{40a = LM{m} / {LMim} * 2 - [(n * pl + LE(k)] = 2)

f40b = LMiml / {tMmim} “ 2 - (n * pi - LKIk)} * 2}

[40c = SIN(n * pi + LE{k}) = SINHLM

(40d = {n * pi # LK{k)) / IM(m) = COS(n * pi + LE{k)] * COSHLM
(408 = SINIn * pi - LE{k}} = SINHLM

[40f = {n * pi - LEIk)) / LMim) = c0Sin * pi - LEK(k)) * COSHLM
4o = L /2 ¢ {{140a *» [Ia0c - T40d] + [140b = (Td0e - T40f})))
T41a = LKk} / {uKikl * 2 +-(n * pi + LM(m)} * 2)

[41h = LKIX) / {ukik} *“ 2 + (n* pi - LMim)) ™ 2)

I4ic = COS{R * pi + LMim)} * COSHLK

141d = (n * pi + LM{m}) / L[k} * SIN(n * pi + LM(m]} * STHHLE
141 « COS5(m * pi - LMim]} * COSHLK

141f = [(n * pi - LMim}) / LE(k}) * SIN(n * pi « LMim}) * STHNLX
j41 = L /3 * (lf4la » (I4lc + F4ld) + (I41b * (T41m + L41E10 )} )
li2a » LEIKE / (LE(k) “ 2 - [n * pi « LMim)} * 2}

t42h = LKk} / (LE(K} * 2 - (n * pl - LMi{m}) * 2}

fa2c = SINin * pi + LM{m]} = COSLK{K}

ta2d = (n * pi + LM{m}) / LE(k} * coSf{n * pi + LMim}) * BINLK(k)
f42e = SIN(n * plL - LM{m}} * COSLK{k}

142F = {n * pi - LM{m)) / LK(R) * COS{n * pl - LM{m}) * SINLK(k]
42 = L/ 2 = ({1422 * (142¢ - T42d] + (I42b * (I42m [42€111))
f43a = £/ (ILK{k) + LM{md} * 2+ (n°® &« pi > 2}

143b = 1 / (({LK{k} - LM{m)} * 2 ¢« (n ™ 2 « pi * 2})

f43c = fn * pi * COSHI * CO8(n * pi)) - 1

[43d = (n * pi * COSHZ) * COSi{n * pi} - 1

43 = L@ = L{143a ¥ Ta3c) [T43k % T43d}))

[44a = 1/ (ILK{k) Mimi) +** 2 = {n " 22« pi "

bg4h = 1./ L{EK{kY o« IMImi) = 274 in'* 2.% pi'"

44 = [m* pi * BINH1 * coS(n * pl)l

P44d = [(LE{K) + EMim}) * COSH1 * SIN(n * pk}

f44e = (n * pi} * SINHZ * COS(n * pi}

144F = (LKIK) - LMim)) * COS(LE{k} - LM{m)) * SIN(n * pi)

fddg = (T44a * Id44o) + {Id44a * [add)

{44k = [[44E % Tdde) + 1144% # ITd4f)

144 = L/ 2 = (Id4g + T44h)

1458 = LE(k}) / (LK) * 2 + (o* pl « Liml} ™ 2)

ISk = LE(k} / (LEIK} ™ 2 + [(o* pi LMim) ) = 2)

{45¢ = COS(n * pi + LMim}) ¥ COSHLK

1454 = (f * pi + LM{m}) / LE(k) * COSHLE * SIM(n * pi + LM{mi)
{45a = COS(n * pi- - LM{m}) * COSHLK

145f = (m * pi - LM{m}) / LK(k) * COBHLK * SIN(n * pi - LMim} }
4% = L / 2 » ({I45a % [145c + I45d) + ([I45b * (I458 + I45£)}})
[46a = L¥ik) / (LEik} * 2 - [n * pi « LMim}} = 2)

taEl = L¥{k) ¢ (LELk} ™ 2 -~ (n * pl - LMim)) * 2)

[d6e = SIHIm * pi + LMiml} + SINHLE

[46d = [m * pi + LMim}) / LE(k) * COS(n * pi + LM(m}l} = COSHLE (k)
f46e = SIN{n * pi - L¥Mim)} * SINHLEK

5146f = (n * pi - LM{m}) / LK(k) * cOSin * pi - LM{m)) * COSHLK
[46 = L / 2 * [[Tda6a * {1460 - T46d) + (I46b * {Id6e - 148E))))
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4530 I47a =1 f ({IM(m) - LK{k}) * 2 - ftn * 2 » pi *

4540 I47b = 1 f ((LM{m} = LE{k}} " 2 « [n‘;l-p;i 214

4550 147c = (n * pi * SINH1 * COS(n * pil)

4560 I47d = (ILMim] + LE(k)) * COBH1 * SIN(n * pil

4570 I47e = [n g pil * BINHI » COGin + pi)

4580 I47f = (LM{m) - LE(k)) * COSH3 * SIN(n * pi]

4550 I4%g = [(I4%8 * I47c) + (I47a « Td47d)

4600 I47Th = [I47h *+ I47e) + (Id7h * I47F)

4610 T47 = Lof 2 % {I47g + 147h}

4620 T4Ba = 1/ [ILE{k} + LMi{m]}} " 2 + (m ™ 2 = pd = 211

4630 I4ED =1 F [(ILE{k} = LMim]} 72 4+ [m ™2 = pi ® 271

4640 I48c = {0 * pl & COSILE(k] + IM(m)] * O0OS(n = pil) i

4650 I48d = {n * pi & COS(LE[K) - LM{mil * CO5in * pll} 1

4G60 I48 = L/ 2 % [{I4Ba * Id48c] + (T4BE * TdEd})

4670 Sik= =61 = G2 - €3 - G4 - G5 - G6 = G7 - GE

4680 S1B = G%f & G10 + Gl11 + G612 + G133 + G14 + G155 + GIG6

4680 Bl = {((LM{m} 7 L} * 2 * {S51A + 81iB}) / afam

4700 P17 = (L * 2 / (8 *« LM(m) * 21} * ({2 * LM * SIN(Z * LMiml)) + Coola «
4710 P18 = =(L *-2 F (8 % LMim} * 2)}) = ({2 * LMim) = {COS(2 * LMim}) 1)
4720 Pl%a = [BIM{LM(m))] * COSHLM) - (COS(LMim)] * SINHLM}

4730 F1%bh = {(SINILM(m)) * SIKHLM) - [ (COSLMIm) * COSHLMI 113

4740 F19c = {({COS(LM{m}) * COBHLM} - 1) + (SIN{LM{mi] * SINHLM

4750, Fis = [IL ™2 F (2= we{mjl) * Floal - (0L ™ 2 0 14 * LMim} * 243

4760 F20a = SIN[LM{m)) * SINHLM - (COS(LM({m)] * COSHLM - 1)

4770 F20bh = SIN(LM{m}) * COSHLM - COS{LMim}) = SINHLM

4780 F20g = COS{LMim)} * SINHL® - SIN{LMim}}) * COSHLM

4790 Fao = [[L ™ 2 [z * LMim}}) * Faoa) - ML ™ 20 (4 # Leiml = 21}

4800 F21 = ((-L / (4 = LM(mi}) * {COS(LM(m)] 110 % ML T2 LR« cpeim
4810 F22 = (L2 SA4) + 0Lt 2 4 4 tMiml "2k ¢ (3 + LMbn] ¢ HIHiR 4
LMim) )}

4820 F23da = (BIN[(LM{my] + SINHLM] <+ ((COSTLMim)] * COSHLM) - 1

4830 F2ih = (STIN(LMim)) * COSHLM) + (COS{LMim}) * STINHLM]

4840 F23c = [(BIN{LMim)) * COSHLM] - {(COB{LMim|} * SIHHLMI]

SEE0  FAF e (LU R f3ow LMIm))) e PEIA) = (LY 4120w LMiEm] R

ARGD F2da = (SIN{LMim}) * COSHLM) « (COS(LMIm)] * STHNHLM)

4870 F24b = ({COS(LM{m)) * COSHLM) - 1) 4+ (SIM{LM{m)) * SINHLM|

4880 Fid4c = (SIN(LMim}) * SIRHLM} - ((COS(LM(m)] * COSHLM) 1)

4850 Fid = [(L'" 2 J (&« LMm)}} * Fada) - (4L 2 ) [4 = LMim] = 211

4800 F25a = (SIN(L&M(m)}} * COSHLM] - (COS{LMim]} = SINHLM)

COgN F25b = (SIN(LM(m)} * SIMHLM) - {((COS(LMim]) = COSHLMI 1)

5010 Fatc = [(COG(LMIm] ) * COSHLM) - 1) + (BTHILMIm))] * B1MHLMI

5020 F25 = ({L* 2 7 (3 % EMiml}) = Pasal = (fL ™ 2 7 l4 % LMimd = 211

5030 F26a = (SIY(LM{m)) * SINHLM} « ((COS(LMim]| * COSHLM} 1]

5040 F26h = [(SIN(LM{m]) * COSHLM) + [(COS[LMim)) * SINIHLM]

5050 Fia6c = (SIN(LM(m)} * COSHLM] - [COS{LMi{m}) * STMHIILM]

E060 PRE-= [(L " 2/ (2% LM{m})) * Fagca) - [(L.° 2/ (2 = L¥iml ° 2}
Q70 P27 = {L " 2 / (8 * LMim)} ™ 2}) = ({2 * LM * SINH4) « CO5H4 S % |Mim
GOB0 F2B = -(L 5 Z-f (@ % LMiml = 23 = ({2 » LMim) * [COS5H4 11} oAMEA )
5090 Fi3 = F20

5100 F3I0 = F24§

119 PAl = {(=L / (4 = LM(m))) * (COSHLM - T}« {(L = 2 F (8 = LMimb * 20}
5120 F3Z = L™ 2 74} + (0L 2 J {4.% LMim] ™ 201 + ({2 = LMm) = STRHA}
5130 531 = F17 + AM * F18 + BM * FI9 & CM'* F20 + AM * FZ1 « AM * 2 = FZ2} + A
Eldd B33 = BM ¥+ P25 + BM * AM + F26 » BM ™ 2+ FI17 » HM * M % F280 + ©M * F23
5150 82 = (821 +:.822) [ atam

5160 841l = 81 + AM * G2 + BM = 83 4+ ©d + G4 + AM = G5 « MM ™ 2 ¢ 6 « AM = LM
5170 G547 = BM * AM * G100 + BM *°2 = Q11 + BM % OM & G1Z + CM Z.# 0131 4 'CH *
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51B0 54 = [S41 + S42) S afam

5190 5Bl = -F17 - AM * P18 - BM * P1% - M = F20 - &AM * F21 - AM * 2 * F22 -
E200 S5B2 = -AM * CM * F24 « BM * F25 + BM #» AM = F26 + BM ™ 2 * F27 « BM = Cp
E210 BE = ({LMIm) domid i * 3 o+ (881 4+ BB3)) S afam

5320 Bl0l = -G1 - AM # (32 - BM = G3 - M = G4 - AM = 05 - M ™ 2 = G5 - AM *
E230 5102 = BM * AM * Q10 + BM ™~ 2 = @11 + BM * CM * 312 & OM * Q13 « R * A
5240 810 « (LM{m} *2 /L " 2 * [B101 + 81062)} F afam

5250 LAM = AF / MIU

EZE0 OME = ({E * IN J MIU} # [(LM{m)) / L]
EZT0 TAI1l = (LAN * 81} f (2 = OME * 2]
5280 TAIZ = 1 - TAIl

5290 TATI = OME *» TAIZ

5300 LAMZ = M1 / (MIU * L)

5310 TBIL = 81 + L » £g * 84

EIZE TBIZ o {L-® T 3+ ob = gEQ = % Z-w gRY J (TRI * -2}

5330 TBI = TAI * (1 - [(i(LAm3 / 2) % {TBIi - TBI2)))

6340 AK = LM{m) * C /S L

5350 A = -COS{LMi{m}} + [AM * SIN(LM(m)]} + (BM * COSHLM} + (CM = SIMNHLM)
160 FPRINT TBI, A

5370 Tl = [A #* (1 = COS[TRI * £}4) / {TBI)

E3B0 TZa = [COS(AK * £) - COB{TBI + t)]

5350 T2b = TAT * 2 - AR * 2

5400 T2 = Tia J Tib

5410 T3a = AM * (THI * BIN(ARE * C) # AK * SIN{TBI * tl)

5420 "M3b-= TBI # [THI * 2 - AE * 2)

5430 T3 = Tia / T3k .

E440 Tda = AK * BM * SINYTBI * t) * COSE(THI = £) * [EXPLAKE * t) EXPL-AK = [
E450 Tdb = 2 = TBI = {AK * 2 « TBI * 2)

5460 T4 = Tda [_T4b

E4T0 TSa = BM * TRI * (SIN{TEI * t]] " 2 % [(EXPIAK * £) + EXP[(=AE * C]]

B4R TEh = 2 = THI * (AK ™ 2 + TAI ™ 2)

£490 TS5 = Tsa / Tshb

5500 Té6a = BM * AK * SINITAI * t) * COS(TBI * t) * [(EXPIAE * t] EXPy AR * L
5510 Teb = 2% TEI * [AK ® 2 - TAI ™ 2]

5520 To6 = Téa f Teh

5530 TV = BM + TRI * COB(TBI # t) = (COS{TBT = k] * ({EXP[AK * E} + EXP{ AK
5540 TTh = (AK ™ 2 - TBHI * 2}

5558 T7 = TTa / T7b

E560 THa = CH * AK * BIN{TBE * £} * (COS[TBI * t} * ([EXP(AK * t] + EXP[-AK #
EETO TAb = THI * (AK ® 2 % TBI " 2)

5580 ‘T8 = THa / TBb

EES0 THa = O = THT + (SIM(TBI * £}) " 2 + (EXP{AK = t] - EXP{-AKE * El}

Lefdd TObh = 3 *+ TBI + (AKX ™ 2 & THI * ZI

5610 T = Toa / Teb

5620 T10a = CM + AK * SIN{TBI = t) * COS[TREI * t) * [EXP(AKE * bt} « BXER| AR *+
5610 T1gb = 2 % THI * {(AK * 2 + TBI ° 2]

BG40 T10 = Ti0a / Ti10b

5650 Tila = CM * TBI * (COS(TBI * t£)) T 2 * [EXPIAK * £} EXPi-AK * £h)

5650 Tith = 2 = (AK ™ 2 - TBI * 2)

5670 T11 = Tila [/ T1lb

54RO 'T12 = {(BM * SIN(TBI * tj] S [AK = 2 - TBI = 2)] + ({CM * AK * COSTHI
E6580 M1l = SIN(LM(m) * X / L] + AM * CoS(LMIim} = X / L)

GO0 Mi2 = BM * (EXPiLMim]l » X / L} - EXPi-LMim) = % F L1} + CM = (EXP(LMim}
B7i0 WA = {71 + T2 « TE'-Td — TR & TE =TT = TH - TR+ TI0 + TIT & T12]

LTEO WBIm) = wa * ({LAM2 * SRA . * L ™ 2} / [(uMim) * afam)]

730 NEXT

5740 W o= wWH{l} + WB{Z} # WB(3)]

o

4F o+ (FM J H1U]
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