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ABSTRACT
This work considered the development, analysis and implementation of a chiss of

mplicit multi — derivative linear multi - step methods of the form:

X { k
Z“J -rmr ™ Zhl’ Elﬁu -r"”-"' Xy = +1

yail P Jaib

with local fruneation emor T, defined as

L | ]

- o Y i
Tl.l‘1|l| = }_,r'i_l .Ll.ln-f = ln lﬁ“ ‘r“”

4= j=l j=@

for the solution of imitkal value problems of First Order Ordinary DifTercotial Pogoations

ol the form:
yo= fle ) leg) =y acx<h
The development of the methods adopts the Taylor Series expansion ol the

functions ¥, , ¥ues and ¥ ., - Accuracy of order I' is then imposed on Ty The resulling

equations are solved for parameters o and " to generate the reqoired methods
(schemes).

The analysis of the basic properties of the methods such os the order of accuracy,
consistency, convergence and A-stability were carried out. The results showed tha the
meéthanls are aceurate and absolutely stable (A — stable).

The methods are implemented on a digital computer adopting FORTIRAN
programming language. The programmes are used to solve some sample first order initial
vilue problems. The resulls showed that the schemes are accurate and convergent, The
developed methods are compared with some standard loear muolti-step methods like
Adoms Moulton®s and Addison’s methods, for which the resulis showed tlat 1he methods

are accurale and elTicient,
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CHAPTER ONFE

INTRODUCTION

1.1 Preamble
,

Differential equations occur in connection with the mathematical descriptinn of
problems that are encountered in various branches of science like Mechanics, Chemisiry,
Riology and Economics, Consequently, it constitotes o large dnd very unportant pspect ol
tday's mathematics. The problems that give rise to differential equations include:

Determination of charge or current in an electric circuil.

= Conduetion ol heat ina rod or in a slab.

. Determination of motion of a projectile, rocket, satellite or planct.

- Rate of decomposition of 8 radioactive substance or the rute of prowth of

human or animal populations.

- Studying of the chemical reactions of substanees, just o mention o fow.

Though these problems exist by theory or principle, their mathematicnl analysis
give rise to differentinl equations, because the objects involved obey certain phiysical mul
chemicnl laws involving rates of change (Auzinger; ef of, 1990; Courant . 2007, Rass,
1989).  The resulting differentiol systems may be ordinary or partinl differential
equations. 1 is ordinary differential equation when the dependent variable yis o function
of o single independent variable x but when v is o function of two or more indepeniden
variables, then a partial differentinl equation evolve, Only o few of these difTerential
equations can be solved anmalyticafly, this reason gave the search Lo numerical

approximation,



1.2 lnitial Value Problems of Ordinary Differential Equations

Ordinary differential eqoations (ODEs) can be classified imto two! vitial Value
Problem (IVP) or Boundary Value Problem (BPV) depending upon the given comdition.
A difTerential equation topether with nitial condition  preseribaed at one point 15 colled
IVP, For example, the dilTerential equation

vi=xty, p(0) =1
with condition prescribed at one point x =0 i ealled IV

A dilTerential equation together with conditions specilied at two ends is called
BV, For exomple, the differential equation

y'= x4 2y, w{0)=1v(1}=0
with condition prescribed at two points x=0 and x=1 is ealled BV

Thus, a differential equation of the form

Vo= el vz )= usxsh SRS R s )
i a first order IV where 1 is assumed to be Lipschitz conlinuous {Gonzalez ¢ af;
002) ‘
LY Basic Coneepts and Principles
This chapter is concemed in defining some concepts and principles that will be
uscil in this thesis.
LA1  Limear Multistep Method

A Linear Multi-step Method (LMM) for numerical solution of Brst order ordosary

differential equations of the kind (1.1} is a computational method of ihe Torm:

L] L]
E"r !"n-|“hzﬂa.""” L e e e e o

=4l p=il

([ |



for approximating v, at the successive points (X, ¥a), where o and [} are constams 1o be
determined { Auzinger, ef al; 1993},

lin this stady we consider the development of methods for which k=1 and 2
respectively. Tn o single- siep method like Runge-Kutta method which is sell stariing, e
value of v ot %p0 depends only on v, while a multistep methods like Adim Bathsforth |
Adam Mouhon™s method und the proposed methods, to compute the value oF yo0 0l 5,0
severnl other previous values of y, such as Yo, Yuu, Yoo are required. The order of
the method depends on how many previous steps were used to gel each new value ol ¥

(Aweinger ¢f al; 199%; Ostermann and Thalhammer, 2002),

1.2 Explicit and Implicit Linear Muoltistep Method

A linear multistep method of the form (1.2) can cither be explicit or implicit, Fgn
(1.2} is explicit when iy =0, this makes it possible to determine the current value of i,
divectly from the previous steps values; vy fusgs FO0(HE=1 that have already been found,
Equation (1.2} is implicit when [l #0. As can he seen, the unknown value yg ks also
present on ihe right hand side. There is therefore o necd o penerte o good initial vilue

VW for vk together with the previous values Yoo, T . FO000K-1 which are (hen

adopted for cateulation in the formula '
.||_|| i
Vs = 2 Vies ¥R I BT ST I
o pudl jrdl
According to Fatunla {1988), we shall see that implicit methods are more necurate

and have large interval of absolute stability when compared with explicit methods,



LAY ST Ordinary Differential Equations
A differential equanion defined by equation (1.1} is said 1o be s001T 0 its Lipstehilz

constant
L= &85y | w1

ST IVPs are frequent ocourrencies in the mathenatical formulation of plysical
siluations in control theory and mass action kinetics where processes with widely varying

time constants are usually considened.

Certain types of problems can be characterized as sill;
i problems ol the Torm
y '=ky + [{1) where II: | is lurpe
(i) systems of the form
y "= ky + 1) where k is a square matris having at least one cigenvalie |1 ]
forpe
(ti)  systems of the form
v '= [y} is with the Jacobian of T having at least one cipen valiic
| 1 1 RTYIR
The behaviour of numerical methods on stiff problems can be anolyzed by applying this
methoids to the test equation
y'= Ay
the solution of this eqution s

y(t) = e™,

4



This solution approaches wero as 1 —eo when Re A < 00 15 the numerical method also
exhibil this behaviour, the method is said o be A-stable amd adeguute for solving stifl

problems.

A4 Diseretization amd Step Sive

This is a principle in which an approximation fo unkown vaciable v is sought on
certain discrele point sel.

Ix,|u=‘.~:,,-¢: NN Sy = )

while the parameter b =x =%, =0 1)n-1

is the step size or mesh size.

L35 Muliiderivative Method

This is a method which uses not only the function y and its first devivative but
also its higher derivatives. Thus it involves more analytical properties ol the dilferential
equation by way of more of the derivative properties of ¥ (Fder and Kurlinger, 20015

Raknev and Ostermann, 2002 Palencia,, 1993 .

1.4 Existing Linear Multisiep Methods
Various approximation methods for solving fiest onder ordivary dilferential
cquations of the forms (1.1} have been developed, they include Admms Monlion
Adums Batlforth’s Linear Multi-step Methods defined by {1.2), Gear's Backward
DifTerentintion Method (BDI) and Addison lincar multi=step methosd, oo mention a lew,
These methods, though multi-step include only the first onder derivative properly
of the differential equation.  This study wants Lo inclode more derivative propertics of

the dilerentiol equation into the existing linear multi-step wethod (823 Tor mmerieal



solution of ordinary differentinl equations of type (1.1} in the hope that it will have betier
accuracy, stability and elMiciency.

Consequently, o class of implicit ulti devivative formuli of the form,

] I L
Enf_v,_,r = Eh' z,.l'f" et B =¥ scesraeansermesmsams 1.4

i T
mvolving more derivative propertics of the dilferential equation is proposed Tor (he
solution of both non — stfT and sGIT inidal value problems of Ordinary  Dilterentinl
Fguations (O.D.1s). T is hopelul that it will be more superior in acevracy and stability

than the existing linear mult-step methods.

L5 Mesearch Aim and Objectives
L5101 Research Aim
The atim of this study is (o improve on the accuracy and stubility of exasting lnear

multi-step methods.

1.5.2 Wesearch objectives

The purpose ol this stedy is to;

(i) derive o class of implicit multi-derivative linear multi-slep methods which pre
capahle of solving non — still and s initial value problems of first ander
ordinary differential equations.

(i} examine the hosic properties such as sccuracy, consisténcy, #ero - stability,
convergence, absolute stability and its region.

(i) apply the methods 10 solve some non — s o S0 st order PV ol QS

]



Lo Research Methodology
The methods adopt Taylor's series expansion of y,., =000k in the truncation

error associnted with the methods, defined as;

i [ k
il“ull - EHJJ’IHI.I . Zha Elﬂa.'-"f“‘ I
i=l d=i

=

Accuracy of order " is imposed on 1, and the resulting equations are solved
for parameters o™ and fi;" 1o generate the reguired methods for step mmbers & =1 and 2
respectively,

The basic properties of the methods such as accuracy, consisiency, convergence,
stability and its region are analyzed using Dalhquist stability model test equation and
Boundary locus method as described in Lambert (1973} and Fatunla ( 1988).

The methods are implemented on a digital computer  adopting  Fortran
propramming language. Some sample non — sl and st infial valee problems of ODI

pre solved,

1.7 Expected Contribution To Knowledpe
The findings of this study, (his reported in Chapler Four hove prodiced o new
class of implicit linear multi-step methods of improved accuracy and stability Tor solution

of non — stff and stiff initial value problems of ordinary dilferentinl equations,



CHAPTER TWO

DERIVATION OF THE METHODS

20 Introduction

Lincar multistep methods of the form (1.2) can be elassified o explicit and
implicit methods (Lanbert, 1973), The method is explicit when [3 = 0 and implicit when
f # 0. In this' study, we are concemed with the development, analysis amd
implementation of a fomily of implicit multiderivative linear multistep methods, That s,
methods Tor which b # 0. To achieve this, comsider the local truncation error Tommula
(1.5} to determine parameters o and [};"* of the formula (1.4) Tor step nombers k1 ad
7.

Consequently, it is assumed that the local trumeastion error T4 for step application

of the formula to problem (1.1) can be defined as:

2 =f:ﬂ,:»=m, );fr E.ﬁ Pus) s ]

ffl = P
where [ is the order of the derivative of vy

Adopting Taylors series expansion of variables vy, f=00), and { =001} piven as
= I (R 18
P — 'i“}r’ . i=1(hm
.l |

in equuition (2.1) and combine terms in equal powers of b, we have
T, =C.y, +Cly's +Clty s .. C W y" 4. fn™ )

where



PR % T =l Sl (5
Commp 2 f o~ __]],z L -;!Ef /M,

i=l

11  DERIVATIONS
321 One = Step First Derivative Metlod
Setting k=1.1=1 in equation 1.4 gives
ay ¥, + 0V =0 8 A

with lecal truncation error,

T-r||l|| = nﬂ'\-ll"lﬂ +ﬂ|}‘ﬁl+| — ;illﬂ:lﬂl."llu -“;Jlil?llrr.ﬁlll

el
The Taylor's expansion of
;'lllm )
Yoy = +:n.+"‘_:f-. ‘.j‘-‘ b OO e 2.5
and
:r. ;! IJrl q
wel = " +h "h'l —tise oy w—— +ﬂfh -.--...----------.2.(]
l I = Ve 3 T 3 }

Substituting these into eguation (2.4} and combine terms in ciual powers of b, we have
T =Cor, O + O+ Ol 37 4 HOY)

where
Ly =i, + 1,
- IITI ﬁHI JIITI |
= ,//"‘.I‘:'TI -8,
Gy = ‘%;”: ‘%ﬂu
Imposing accuracy of order 2on T, tohave €, =€, =€, =0 and 1= (h'),

That is,

ar, -+t =0

9



& = fiio = =0

L"_ﬁ}é:r,v},éﬂ,,:tﬁ

Salving this set of cquations with ag= 1, we obtain

ity =—L iy =/|’£ and fh = 1]/,"-3

Substituting these values into equation (2.3) and simplilying to obfain o one-step

first derivative method of the form:
jr i .
-1I||i| =-1"I|I'+;{—P""I'+-.!"u} L o LY ) 1—-?]

which coincides with the Trapezoidal method {!.un;h::rl. 1973},
1.2.2  One - Step Second Derivative Methaod
Setting £=1,1=2 in (1.4) pives
o, + ey, = B BV R B ] [2.8)
with local truncation error
Ton = &Y ¥ @Y = MBay A B s |- 0 1By 80 i s (2.9)

Adopting the Taylor's series expansion of v, and v' .y as in equations (2.5) and

(2.6) respectively and ;

il i Wi h!_ll'llb |rl.1_!'lll 1 -
Toael =¥ ||'|'|ﬁ_.|'I s il mmsenn . e AR n‘“ } ---------------IL—II”:I
™ :-!II_

in (2.9, combining terms in equal powers ol b gives

T =C 3, O o + O Y a b Y  + C "+ Hf!r‘}

L0



whene,

)y =a, +e,
Fl:ﬂri_ﬂu_ﬂn
_
I_-lﬂll ﬂ!ll_ﬂ_n
,
L.1=TI ﬁ' - 1
3
c _m B _ Py
A S R
=£L_fh__ﬂq1

S 26 8

Imposing accuracy of orderd on T, o have Oy =C, =, =€, =, ={ and
Tuni= 0(h%).

Consequently, we obtain the following system ol linear equations

ity +, =10

”|"ﬁ|ﬂ-ﬂll=n i
- A= Bu— =0

| |

E"ﬂ'; _l_ﬂ“ = fiy, =1

1

...‘1 ﬂll ;_ﬁ‘l =1l

_'f1_|_|ﬂ|: .H1| 40

(20 24 [

Solving this set of equations with a;=1 gives

I, ﬂ|“=}a:_:_ M /5/'2 P =.|-1IZ a1, = rI,l“'-,

I



Substituting these values into equation (2.8) and simplifying to abtisin o one step

limear multiderivative multistep formula

! - ;
Yasi =-!Iu+EJ[.H.|.|+.L"..l_'F['l' wel — "] Sl R (211

223 Twao - Step First Derivative Linear Multi-step Metlod

Retting K =2,/ =1 in (1.4}, gives

), FE Y, F Y, =I'L'rfuu.""..+ﬁ,,_l",..|+ﬂ|_-.l"..._-l ,,,,,,, (2.132)
with local truneation ermor '
I|II;|-_'| =~ |l.'Illl'l.Pu + I:!h‘l'lu-l' " rr.".pulj - lh{llll'a‘ll'l.’llluul f‘i‘-'lullrﬁl I .I-uf'rll'.r..ul ?] e T 12 | -H

Adopting the Taylor's series expansion of a1, ¥ ikt Fopr Anel 350z @ given in
equations {2,5), {2.6), (2.14) and (2.15) in equation (2.13)

4h'y" B
—+

Yz =Py H 20V a

P hMR) s (N

4 . B0y

Waer = y'a o+ 2"s 4 2 2 ERTENTIR 1011 b, TP By 1 1 . |

and combine terms of equal power of h we have
T =G+ Clwn+( W+ Oy EJ[ﬁﬂj
where

Ly =y +it) + Xy

Cy=ar+ 20, = =0, = s

i

s =",,_|+2”:_ﬂ|| -2/,
a4

'ﬁi — —|+—ﬂ'] _&_lﬂp

I'.|



LIS 4 +| 2
i*jqﬂﬂl tﬁﬂ: :_Iﬂll"".{ﬁ:'

Imposing aecurney of oeder 4 on T .. we have () =0 =0 =0, =" =0 anl

T =0

Wil
Than is.

oy b axy 4oy =10

”1 +1Et'1 _ﬂm _ﬁu _ﬂn =)

[
TI+E'T: = —Iﬂ” =1

a, 4 i
.._|_.|.iﬂ _zl _'}ﬁ”
2
ﬂ+:rr, ‘ﬁ ,.ﬁ' # 0
243
o B

¥
il e et
120 15 ° 24 _=.f‘

Solving this set of equations with =1 gives
Inl-|:r=_|"-"| =0, = }{1 ﬂ“=%ilﬂll ||Ir'.'|_'=_,]"‘_):|
Substituting these values into equation (2125 and’ simphilying s ablin i bwo

step first derivative formuli of the form:

f
-!in-::_‘l'lu -|..:L wid '1-llﬁ|| .}I .} ------- 11'-{”

which coincides with Simpson's one — third rule (Lambert, 1973).



24 Two = Step Second Derivative Linear Multi-step Method
Setting £ =2./=2 in (1.4} pives
'r:ru-lllh + ﬁl_ll'lpll +nr:.llln-.,' = |r‘l.‘llilll.lllllu +ﬂlh1'lluil ll-JIril 1.1""1-111 '“l! [I'"_'Il.p.ln +jr|!.'|-rl Ilu i .r..llr'l!I '.r“ul 1 I el : I -'r]
with local troneation error:

T:" 4 = 'tri!-.l"lu + ﬂl.}lml + ﬂl'l‘-!'.uﬂ = "Ir[ll!lllﬂullllll-l-ﬁl-p'ﬂl | ! Jlr:lllll‘rr.unl] = "Ir! Illr‘.'ll-ll'luu 'I'Jlr'r"LrHu. I ¥ J”I:.‘ I.”. | ]
(2.18)

Adopting the Taylor's series expansion of ¥y ¥ wrr, Yarz a0l y' sz 0 i cquitions
(2.5), (2.6), (2.14) and (2.15) in equation {2.18) and combine terms in equal powers of h

we ohain

=y, +Cn+ Oy n+ Oy a4 ACH y"n 4 0ih®)
where

Cy =ty + 0y + iy

C =04 2a,=Ba— B — By )

t:“: = %*Eﬂ': _ﬂu _P--I"Tu _.ﬁzn _ﬁn "ﬂ:z

R . i
= .I"l'_ﬁ'_-_'IIr 1{|1".|r'1"1| J"I'"

G 3 i

a 2o By 4, Ba g
4'24 3 & 3 ﬁu 2 -'-"?}l

L e 4 1 4 1 ]
S R e Ny Pty R 1
: [uuﬂa”- 4nﬂ" 5ﬂ” 3‘”“ i

I o 8 ] 4 | 1 ]
= I g, G T e
! J[m'.:m 105 zq{n‘ﬂ“ |5"r” am‘ﬁ" ﬁﬁ”

14



aj

| N |
C § = 30370 [ﬂ', - E:'Iﬁlff_n }— {,ﬁ" 128 ﬂu gz '__:'E {ﬂn 8 3 II:"'.l-l'”:! }

Imposing accuracy of order Ton T, ., to have
G oG ol =0 =0, =0,=C,=C, =0, a0 T, .=t
That is,

ey + o, +at, =0

ey +2ex, — fh, = i, =, =0

i,

e 208, = =2 = Py~ =0 1
”—ﬁ'—+%a!—%—2ﬁ, — By ~2f =0

2= =2 P~ =

%4_% , —#ﬁ., —%ﬁ.: _%Jﬂzl ~2fl, =0

@, % 1 4 1 4
b et B e el e B =
1680 105 :-m"r" Eﬁﬁ" mﬁ-‘ 5“-

Solving this set of equations gives
=1 M= / Fgi== .r'”"i
q=-2 f=0 fu=WY

iy =1 s E% M =_%4

Substituting these values into equation (2,17} and simplifying we obtaimn a two-

step second derivative formula of the form:

V=2

Aad

II|-| .}A- 3"::{. T }__{P el _Hl" wil l' ] ........ I:.E][.]_I

]



CHAPTER THREE

BASIC PROPERTIES OF THE METIHODS
A pood numerical method for solution of ordinary  differential equations s
required (o be accurate, consistent, zero-stable, convergent ond ahsalutely-stable.
F'o ensure that the new methods have these basie properices, the properlics e

investipated,

L1 Order of Accuracy and Ervror Constant of the Methods

Frrors are often penerated when numerical formula is used 1o solve a differential
equation. These errors occur as a result of using nppnruinm!u values of [unction v,
coupled with numerical trancation. The magnitude of the error determines the degree ol
accuracy of the schemes, If the magnitude is adequately small, the method is said 1o he
accurate, otherwise it 15 inaccurate (Babatola and Ademiluyi, 2007) Ns ellect on
numerical solution is to make it deviate significantly from the exact solution, which con
make the solution unstable,

According 1o Lambert {1973) and Fatunla (198%), a linear multi step method s

said to be of order P il the order of the local truncation ervor Ty is I,

AL One-Step First Derivative Metlod

For the One-Step First Derivative Method {2.7) the local truncation crror
-'III - ':Iu.llpr + L.I|-ﬁ'_1'lll +f r] -'IJ'::I]'.J 1% {.11 fr1|]."".. I Lllh ‘_'l.'"I.-r |- "[“‘1 ]

el

wliere

16



Oy =12, + o,
Cy=a, = =8,
Gy Z%HI =M

Ly = /I"gﬁl F%ﬂu

with

g ==1, i, =}/: and ;= }/‘_.;

Substituting these values into equation 3.1 to have

S

- i

¢, ==1+1=0
o L, W
2 2
B, ih
N
AL L
5 4 12

implying that, C, =C, =, =0, ;= _}/l’1 210

hence method (2,71 is of order 2 with error constant () = }{1

312 One-Step Second Dervivative Method

For the one-step second derivative method (2.11) the Toeal troneation crro
T =6, 5, # C e + Gl Y e O 3 i + Oy a4 ol )

"y

wlere

17



{;=”n-+ﬂ|_

G == fu— Ay
il
t]=—'1|-—ﬂ"_ﬂh_ﬁ“
o= B _

j I
6 2
{'=I—T|--£'?F.L_.ﬁ
"4 @
o=t _Fn_ By
Y10 4 6

with

| ﬂ'u=_|+ﬂ|u=‘,lfé+ﬁ|=,1/:~ﬁillz"'/!‘/(g and ﬁ1'=_/l/|‘1'

Substituting these values into equation (3.2) gives

Cy==1+1=0

e B (. (R Y

= A e 1

SO '

O om e i

6 4 12

N

A 13T

P IR Y

hAE —_—=—
120 48 72 720

lmplying that €, =€, =C, =0, =C, =0, (; = #0

720
I
Hence, method (2,11} is of order 4 with emmar constant £, = ——

20

1LY Two-Step First Dervivative Method y

§.3



For the Two-Step First Derivative Method (2,163 the local trimeation error
T o= o + Cdnta + IR w + O Y, + € 0 2% + 0ln®)
wlhere

Uy =iy +irn + __\\

C=ay +2e,— By = = By

e
(= ';,]""3"1.1 =M=

4
C, =t =g, -0 >
A h 3 ] E ﬂll

P _

with
ay==1,a,=0, fo=Y4. M=% and fii= 14
Substituting these values into equation (3.3) we have

C,=—1+0+1=0

A A —0 1
3 3 3
(=042 £ i
SESlc
omiin A2
i
"
‘=ﬂ'+:—i—i="
3 IR 9

19



Implving that €, =€, =C, =€, =C. =0, 1nd C. = ?1:‘. 4

Henee, method (2,16) s of order 4 with error constant €, = an

114 Two-Step Second Derivative Method

For the Two-Step Second Derivative Method (2.19) the local trimcation ervon

Ty =y, +C Ry n+ Gy n+ G0 0+ +C R " 000"

where

O =g+, + ‘\\

G =+ 2y = B = B = B

. @
L1=_I+2‘1'3_|ﬁu_zﬁu_ﬁzn =By P '

-

. o4 Fil
Oy = 'Er;l--l-;*fl';"',:’-":ﬂn ‘ﬁ]l -'_J‘ﬂ,}

e By 4 B
S TR TR Fa 2 2
1 e 4 I
5 5[4{%*?5”* g/ =20 =5 M JHﬂ”] a

W B | i |
=] 24—a,——f,——F,—F, -2 Fn]
(:4{: 1552 a5 g Pu=2hs

e, R I 4 I q )
+—a, — ——ifp = — B,
[msn 105 - z-mﬂ" !5ﬁ" emﬁ” 5“']*‘_

/

| | |
i 256ar,)- —— T AR
Co= qoaz0 %+ 2360 )= 5o Vi H1280 )= Ul 4 6418, ) 2



with

a =l M= _A; = _%4
oy ==2 [ =0 My =‘.|/_1’
i, =1 Hl.‘-_:}/ﬂl _-.'=_;1/':-F

Substituting these values into equation (3.4) we have

O =—2+2 +§—ﬂ—1=[1
8 8

B v 2 s Yoy
- E 24 3 24 :

=t === =10
12 3 2 & 12
1 4 E |
= e e
oo s I 6
lﬁ:—L i_— _l_i.l.L:.ﬂ
120 15 10 24 12
C. = | " 8 fis 3.1 |

L me— =i - i =l
B40 105 I 120 40
T
PO N S N N L " B
6720 105 105 720 90

Implying that C, =€, =C, =0, =, =C, =C, =C; =0and , =0.0017

Hence, method {2.19) is of order 7 with error constant €, = 00017



A Consistency
| According to Lambert (1973) and Awoyemi (2001), o linear multi-step method off
type (1.4) is consistent if the parameters a;" and [i;™ satisfy the following conditions:

Lo order P2

i Ya,=0
Juil

i Y e, <38,

J =il il

121 Ome-Step First Derivative Method

{1} Since the One-Step First Derivative Method (2.7) is of order 2, then the fivst

condition above s satisfied. .

(i) With @y =-La,=1,f,=V, and f, -}/:

i
Y, =a,+a
S

P
==]+]
= 0

Also , the second condition is satisfied.

i £y
(i) Y e, =0, + ey, and >0, =B +h,
] jr i
= @ + 1 amnd ] 1 :
:I- 7
= | il =

Hence, the third condition is satislied.

¥



Mow that all the conditions are satisfied, then the one-step st derivative method s

consistent.

321 One = Step Second Derivative Method
{i] The One ~ Step Second Derivative method (2.11) is of arder 4, 1hen the st

condition is satistied.

(i) With @, =—1, @ =1, ﬁm=}/_j, i, = /Lﬁ i =,V|1 and S, =— 14

i
Z_,r':rl = Qex, + lex,

Juil
=3 _t |.'|
= [}

Also the second condition is satished

i i
(1ii} Zﬁ?f = [z, + 1z, amd Eﬂu = M+ + B+ By
r=d =il
2 T S |
=0 + | andd = e e )
2 F 2 12
= | aind = |

meaning that the thind condition is satisficd,
Mow that all the conditions are satisfied, then the one-step second denvative mcthod 15

consistent

323 Twao— Step First Derivative Method
(iYThe Two — step sccond derivative method (2.16) 15 of order <, then the fiesl

condition ks satisfed.

(i) With, o, = =1 e, = 0, ety =1, fio= Y, B, = and . = Y4



N, =, b i,
_||1ﬁ

-l +0+1
=0

Alzo, the second condition 15 satisfied,

3 1_'
(i1} EJ'”; = (¥, + 1o, + 2, and Lﬂu = M, v, + By
et joi

1.4 1
=0+ 0+ 3 and Tt + 3 | 3
= 2 and = 2
~meaning that the third condition is satislied,
Now that all the conditions are satishied, then the two-step first derivative method is
comgistent,

324 Two—Step Second Derivative Method
{iy  The two-step second derivative method (2.19) is of onder 7, then the: fies
condilion i5 satisied.

(i} With e, =1,

Fa =_:}‘/~ P = %4 ‘
== Ay =0, My = ,If"j,.

@y =1 A= }E/‘ My = _3'/:;4



Also, the second condition s satisfied

Gi) Y je, =0, +la 430, and SUF =4 M4 St

i=4 Jeali

- i ] I ?
=l 3 4 32 aml =T )4 '1--1 [
] B XM 3 M
{1 el H

meaning that the third condition is satisfied.
Now that all the conditions are satisfied, then the two-step second derivative method s

consisient,

33 Zero— Stability
According to Auzinger eral (1992), Babatola and Ademiluyi, (2007), a lmear mulisten
method of the form:

Yiua =@, F hlLrT,_L"... ¥4 ,I'?n}"ﬂ
with first chamcieristic polynomial

pley=1""* - "

is said 10 be zero-stable if the oot of the first charneteristic polynomial plo) has podulus
less than or equal o 1,

This property is checked for all the methods here.



33

332

333

One- Step First Dervivative Method

The one — step first derivative method,
fry -
.Llnlll = .rll +;[F"'| +-1I"}

whaose first characlenistic polynomial 13
piry = 't =pt=

r'(r=1)=10
and % roels are » =0 or r=1

Showing that the roots are within a unil circle, hence it is zero — stable,

One — Step Second Derivative Methol

The one — step second derivative method

/ T -
-rn1| = -}III + -: {-!_I"I. -I-.!rin }_ I_nl f_:“ wHl .1' g lj

witl first chorscteristic poalynamial is
plr} = P —pt={)

"(r—=t)=0
Solving we have r=0 or r=1

Qinee the roots are within a unit circle, the method is zero-stable,

Twao- Step First Derivative Method

The Two ~ Step first Derivative Method
h .
Fuy ! £ '1"'" T E[llllnq:-l- 4.1I il +_]-'I|| I

whaose first characteristic polynomial

h



pirl=r"* —p" =0
=r'(r'=-1=0
Solving gives r=0, r=1 or r=-]
Since the roots are within a unit circle, the method is zero-stable.
134 Twao Step Seeond Derivative Method

The Two Step Second Derivative Methiod

]
Vi S 2V =Y+ ;: h{}"...;_ —_14'“}1- %}-{r"ﬂ.: ER3e i -':!_i'"..j

i

whose first characteristic polynomial
plO= " =2r* 4 ")

P =2r 41)=0

e =1 =0
Solving gives r = ) arr = HNtwice)

Since the roots are within a unit circle, the method is ero-stable,

34 Convergence

According to Palencia (1994) mnd Awoyemi (2005), o necessay ond sulliciend
condition for a linear multistep method to be convergent is that, 1t must be consistent and
zero-stnble. From the analysis above, the methods are consistent aml 2o stable, henee

the methods are convergentl.

1.5 Absolute Stability of the Methols
A linear mulii-step method is said to be absohiely — stable 06 e repion ol s

stability covers the whole left hall of the complex plain,



To aseertain the region of A — stability of the methods, boundary loeus methiod
and Dialhquist Seability model test equation ( y'= Ay ) are adopted.

LELDL One —step fivst derivative method

Applving the one — step second derivative miethowd

fig .
FYur =X +; EJ' url + § "}
1o solve the test equation gives

-LIJIIH i -PII t g{"q—rﬂl‘ll + llg.r!'ll}

[ .-1."1] [ .J'Ih}
I=— Yorl = i ¥a
b 7

F

A/ '
o el iy !+ I’I‘.E
Yo o 1-A84

Setting £ = Al we obiain

1434
Ktk = i

—_——

[ - _I.-"'-I
-]ll '2

where 1{z) is called the stability function. This method will produce o convergent
approximate if Jufz] <1

ol
. I+ 25
e ——={<l
-
4
14 =
= L] el
| R
g

Simplifying, we have sets A and B with

A={ztz<2}and B={z/z<0}

28



The region of A — stability is the intersection of sets A and 15 as shown in the donlily

shaded portion of the region in Figure 3.1,

7

TN 77 7 Lo (-, 0

Figure 3.1:  Region of Absolute Stability of One-Step First Devivative Method
ITence, the method 15°A — stable.

3521 One - Step Second Dervivative Method

Applyving the one — step second dervative method

Yeu=Nu¥z [.J""" ) } :r: {}I""'-'--r-"}

1o solve the test equation gives

|----l|:.r't| + Ay, }——{Fi' ,+i:_1’,,}

..1 Wil

Simplifying to obtainz <2 o 2<0,

The region of A ~ stability is shown by the doubly shaded pocon of the region m

“;//
/
// ' i, O

]
Fignre 3.2 Region of Absalute Stability of One- "ﬂrp Secom) Derivative Methol

Figore 3.2,

Hence the methad is A — stable,

29



353 Twa —step seeond derivative method

The two — step livst derivative method
fi ;
."rub? = -.1'Iu r -i [11"'# #2 + 4.“ il +J|"']

witly [irst charaeteristic polynomial
piry= i

and second charneteristic polynomial
| { 1
r${r'i=3 P adr )

Applying the boundary locus method; implying

ol

W)= where F=e"" = Cosfl +isin@?

r""{r}

-1
Iir)= :
-Ij{r: +¢1r+ll]

20+ isin -
h{ﬂ]= Con 20+ isin 200 -1

%{I"nx"_-ﬁ isin 204+ 4(Cos 0+ isin )+ 1)

Rationalizing, simplifying nnd eonsidering only the real parl of
W)= o)+ (D), 0" <@ <180
gives 1fe)=(0.0)

Hence the method has xero stability only, therefore it is not A - stable.

in



334 Two —Step Seeond Derivative Method

The two — step second derivative method

Foi = 2R =Wt ;I'-I.'{'l- e ¥y 1,|+ i::l f.'r'... » + 81 i H_v'..:l

with lirst characteristic polynomial
P
piry=e=2r+ 1

and second characteristic palynomial
. 3
ﬂ[r]: .};{r* ~ ]}

Mp] = !l{I—I where r =& = Coy@ +isin @
8(r)
E{{'ﬂsﬂ +isin—1)
}{{_'ﬂ.&'ﬂ + i 5ind+ l]

Ia)=

Rationalizing, simplifying and considering only the real part of

o)==+ iv(0), 0" <o <180°

gives x(@)=(~=.0)

The region of A — stability is shown by the doubly shaded portion of the region i

igure 3.3.

boe - 1)

0

Figure 3.3:  Region of Absolute Stability of Two-Step Second Derivative Metlul

[Henee the method is A — stalle.
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Tahle 3.1

Summary of the Basic Properties of the Devived Metholds

Methods Error Consistency | Convergence | Interval of
conslont A —stnhility

e - step  first l_ .

derivative -5 Yes Yes {==fi, (1)

tk=11=1)

e —  step  second

derivative D.001389 | Yes Yes -z, 1)

fr=1.4=2)

f'wo — -step hirst o

derivative 0011111 | Yes Yes {0, )

(k=2 1=1}

Two — step second o

derivative 0000165 | Yes Yes {=on, (1)

=0 =2 '
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CHAPTER FOUR

IMPLEMENTATION OF THE METIHODS
4.1 Test M'roblems

To test the suitability and performance of the schemes, the foromilie anc translated
into computer alporithms using FORTRAN programming langoage. The How charts are
s shown in Figures 4.1 - 4.4, These FORTRAN progrommes are usad to solve three first
order initial value problems of (non-stil and stiffy ODEs, The results are presented in
Tables 4.1 — 4.3, These results are compared with the results of some standard methods
like Adams Moulton™s and Addison™s methods as shown in Tables 4.4 - 4.9,

The main aim is to determine the accuracy of the new methods as the order of the
derivative and step number are inereasing. Becouse the method is imphicit, we require
predictor, that is, o method which is sell -starting . 11 is otherwise called a helper method
{Lambert, 1973). The storting methods are predicted by adopting the Taylors senes

CXpansion,

Prohlem 1 )

A non—stiff LY, P
1W=X% ¥, }rl[ﬂ]l=L xE!ﬂ,I]'--r"tl|ﬂ‘1=ﬂ.l

st solution: _1{:.'} =" —x—1

33



Pealilem 2

Astlfl V. P,

W= - II3|[!*—I1J+ 3, y(0)=1 withh=0.1
Fxact solution: vl = x'+¢ '™
Profilem 3

AsiallL V. I,

=—15v(x). w(0)=1 withh=0.]

Exaet solution:  yx) = o™

The results nre shown in Tables 4,1 — 4, 4.

Prolilem 4
Anon-Linear V.
v=x' —y, y(0)=1, x e[t ]withh=0.1

. 1
[xact solution y{x) = —

X+—e'
b



4.2

The Flow Charis

MAIN PROGRAM

k=1 L=

C sTar )

=00

k1=

yill=1

Fipll =x 1} & (1

i

VEI= ¥ (k-1)+ 005 |
Fip (k1) + Fi (x(ke1 ),
Yk, Fiplk=110)

(A)

—

Fip tky =
Yik-17,

Fifuik-1),

©

W D

Mo

1

Xtk) = Xik-n+ |

1

ek = ghsih) — Yikih
oY = ptvi foi— VTR

L1 Flow Chart Representing

It P, o], e

./“

FUNCTIYNS

/

I

el %, i, /

Fi={xp+1)n
Ity o
L
// PRI I.l

(1

i R /

f

/

Ftay =Y - (0.1 *

Fiph

[
/ PRIMNT /

=/

{nn )
[2.0%Y)

1

Fyii

[ o7

f



MAIN PROGRAM

ho=il |

sxil)1=1l

¥ibi=1

yprevi ] =1

Gp (1F=x(1}+ %]
fplfi=Fe %13+ wil)

= |

!

Ypeew (k) = yprevik=1})

+ 0005 * {fip (k-1) 4

Fil i Xik-1) ¥prev (E-1],
Fip (k=111

1

Fiplkl = Fifxik-1]), Yprev
(K=1% Fip (k=130

¥

k=Y prev (R -
(051706333
* (Fii fxik=1% ¥ik-11,

1

Fip =k} = Fin {x{k-1},
Yik=11, Fim=ik-13}

-

1
/’Iumn lij, pi /
H

My

¥

Kk =uik-13+01
el = ahs (jih) —y ki
errd = nhsipg - yiki)

7 PRINT yik), b s

Srop

IPHIMT Mk Vik)
ki Py, el Bad

FUNCTIONS

(A)

Fir=1 & {xp +10,1)
+ Py (X0, v, Fip2)

(1)

L

/ o — /

f

Finy =% & (L0 * (X105 ))
(LTS i )

Fig. 4.2: Flow Chart Representing

h=l,L=2



MAIN PROGRAM @

Flipdle- 1§ = Falsik-1)
=M1 Y(k-2}, Fip {k-2)}
X(1 =0
Wili=1
X(2=0l 1 :
Fip(l1=x{1)+y1) 1 Fip=tky= lils{k=1,
Fip2i1)= 1+ s 1wl 1) yh-11, Fip2ik-1) _@
; yik) = yik-
2+.AT0H3I3]

s Rl RN LR AR

0,005 {hex( 1+ w 1)
Fip2(2) = | + x(2) H{y(ZH / RE .-\1H|.| P /
PRINT ILp"'[[]- PRIMT yik}, hj. pl

PRINT 3.-1,'1} Fip2(2)

/ RFAD 1"|j I:' Wikl = wlk-10+ A0l

err ] = abm i — vik])
err 2 = abs [pl — vk
eir]l = oba :1u- ¥ 24
err 2 = nhs {p] — ¥21)

1

PRINT x(2), ¥(2), hi,
i, errl, e

w
ol

¥2p = x{k=1yik-1p »
0,1 # (k-1 4 0.023

1. * Fip 2ik-11)

I

wip = mik=1} 4+ (wik-2) + 0.1
k-2 05 ITOEIRD
Fip2ik-21)

\\

3
z

PRI Skl Vil
b 19, el vl

k

Yip= Fip2(k-1)

( B ) Fig.4.3: Flow Chari Representing
k=2 L=1
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MAIN PROGRAM

W

Ju =i, |

K{ly=1

Tilp=1

A2y =]

Fipd Ly =xi1p+ w1}
E'l|:|jl:H— |'|3'HE]':'}'I'|'|

i

Y2= 0+ 0 0% 1)+
(LS ™ [D4+2%w | H- 2%
Fip2(2) = | + 22 H2*Y(2]
Fip 102y =22} +Y(2}

PRINT Fm’-'ﬂl
PRINT \’m Fip2(2
RE:‘i!}hj P /

1

errl = ahs (hj = ¥(2H
err X = nhs |_!"i w2k

\

\

Yip = 8- Y R-2 L * Y2

I

Fipdle= b = Fi {uik-2), ¥ (k-2),

Fip (k=21
1

Fip2tky = Fib {xik=1 5 ¥ik-13, Fip 2k-1 ]
YiE) = ¥{k-2 -+ (L3333 (¥ 3p
4 *Wip+ Fipdk—=2)

PRINT x{ﬂ:, Y2},
. errl, err2

k=2
Al <1

\

M

I
/ |1|-:a¥_ hj, 1 /

/mum‘s wik), b, pi

kikp = xik-1F + 1, |
ervl = ahs (hy — vk
Cir 2 = albad il - vik i

L 3

/'u-lcml' Kiki -.'uy

bif, Py, Bk, wia

FRINT BiLj Yikp
Vi, 1'g, el et

R

3

XKl = sm{k-13 41k
; Csror 2

¥ = w(k) + (UKT) + 0.1
* Fip Hk-L)+ (i3
* Fip 2k=1}

L 3

Yop = x(k-21+Y(k-2)

Fig.4.4: Flow Chart Representing i =2, 1. =

3%

2



4.3

Tables of Results

Table 4.1: Results Obtained for Problem 1 in Respeet of Methods 1-4

Exact Solution | One step First | One step | Two step First | Twao siep |
Derivative Second Dierivative Second
Derivative Ierivativi

ERE | T B 1

0| 111034200 LIT0000000 | 1110341667 | LUIO3HI66T | 1110341836
0.2 | 1.24280500 1242749763 | 1242805142 | 1.242805142 | 1.242805117
0.3 | 1.39971800 1 398465250 | 1399716994 | 139971649 139071 701
0.4 | 1.58364900 TSRIB04101 | 1.5B364B4R0D | 1583648480 | 1583649096
0.5 1.79744300 17048933532 1.797441277 1707441377 1797442543
06 | 2.04423800 2040857353 | 2044235024 | 2044235924 | 2044237600
0.7 |2.32750500 2323147375 | 2327503253 | 2327503233 | 23275050146
0.8 | 265108200 3645577849 | 2651079126 | 2651079126 | 2651081454
0.9 | 3.01920600 3012363523 [ 3.019202827 | 3.019202827 | 10197206021
1.0 | 343656400 1 A2B161693 i

31.4316559480

39

3436559480

J 1A365H3AT



Table 4.2: Results Obtained for Problem 2 in Respeet of Methods 1-4

40

Xn Exact One Step First | One step | Two step Fiest [ Two slep
Selution Derivative Second Iﬂcrivntive Second
Drerivative Dharivative
.0 1 | | | I
(1 D36TER044 0. 38130632 (L36R42207 (1. 36E40322 (.367RY ]34
0.2 | 060653078 | 0.60832461 | 060655749 | 060654910 | 060653130
0.3 077800800 | 077961324 | 077809183 | 077800099 | 0. 77801042
04 | 0.RB249600 | (.885632246 | 088238694 | O.BB256863 | (.8%249923
0.5 | 093941306 | 094432639 | 0.93943306 | 0.93040826 | 0.93041882
06 | 096923323 | 097036215 | 096928343 | 096924644 | (.96923723
(0.7 | 098449644 | 098340632 | 098449905 | 0.98445961 | 008440984
0.8 | 099221794 | 099401241 | 0.99227784 | 099223084 | 0.99222065
0.9 (099610137 | 099801243 | 0.99696487 | 0.99660078 | 0.990 10603
L0 | O.D9BD4RTE | 009967201 | D.OOROBR4Z | 09UR02022 | 0.OUK04977




Table 4.3: Results Obtained for Problem 3 in Respect of Methods 1-4

Exact Solution One  Step  First | One  step  Second | Two  step  Flest | Twe  step Secoml
Derivative Derivative Perivative Derivative

| 1 i | I

3.059023205D-08 3059611237008 3.0590621 14D-08 10562066108 | 305902321 11008

&1 ROAG4 10D-08

6.1 199362 160-08

& 1 I ROSGLEID-08

G, L ERIEDOT R D-0H

R RE T B BT

17706061 50-08

%.1794632920-08

BATIOREI I T1-08

F23609282D-07

1.227323625D-07

1223613532007

91700 22008

..........

O, | TT00M 3-8

12350081 121007

152950 1603D-07

1.53463 2604 D-07

529520301 D-07

FA29520 0 153 0-07

1 5205 |6R2-07

1235413923007

[LAZEIOOTT20-07

1. E35463500-07

BS540 20H0-07

LB35 1 30807

2141316244007

2148069 141 D07

2041324635007

2141324341007

2 11316327007

24728364007

2449721306007

2A4TI01651D-07

24473037300

244721 BSHTAOT

2733129885007

2758314022007

2753243 14D-0OT

2. 7512430490-07

3.0500232050-07

3.064 1 25662007

30590429 60-07

4]

1059042563007

275312001 60-07

3,059023 24610017




Table 4.4: Results Obtained for Problem 4 in Respect of Methods 1-4

(h46142203

Xn Exact Solution | One Step First One step Two step First Two ..‘i|1."|'l
Derivative Second Derivative Seconil

Derivative Derivative
0.1 118619591 |‘.] TH2R60 I 1860899 1.A8609H 6 L ARBIYEG
0.2 102819279 102321363 1.02808143 | 102808285 | 102819023
0.3 (L.D086I320 (1.89461242 090856202 |  0.90856320 090869751
0.4 0.81304204 0.80732946 0.81303307 0.81303572 08130238
0.5 0.73340497 0.71834675 0.73324162 (.73324329 (L7334 36
0.6 0.66518150 0.63103711 D.66501008 | 066501282 | 066518114
0.7 0.60549394 (1.58343291 0.60536149 0.60536216 (60344934
(0.8 0.55245110 0(1.53621495 0.55229052 0.55229196 (1.5524 501k
0.9 0.50476580 0.47365129 050459061 (0.50459241 050476484
1.0 046153433 043659024 (46142011 046153302




Methods of the Same Order of Aceuracy for Problem One

Table 4.5: Comparison of the Second Derivative Methods with Some Fxisting

n Exact Solution A" Owder methods T Order methods
Cine step T Adams v Twn step 2™ Addison's
Derivative Muoultons Derivative method
method
on 1 i= | (L |
il 111034200 1110341667 L1103413 | 10341667 | 111034167
0.2 1.24280500 1.242805142 1.2428053 | 1.242805142 | L.24280513
1.3 1.3997 1800 1.399716994 1.3997109 | 1.399716994 | 1.39971739
i 1. SRIGAH00 1583648480 5836480 | L.3B3I64B480 | 138364948
1.5 1.79744300 1.797441277 1.7974409 | 1797441277 | 179744228
)6 2.04423800 2.044235924 20442347 | 2044235024 | 2.04423697
K 232750500 | 2327503253 | 23275032 , | 2327503253 | 2.32750506
] 265108200 2651079126 26510787 | 2651079126 | 265108173
19 3.01920600 3.019202827 10192006 | 3019202827 | 101920604
1.0 3.43656400 3.436559480 34365579 | 3436559480 | 343656240
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Methads of the Same Order of Aceuraey for Problem Twa

Table 4.6; Comparison of the Second Derivative Methads with Some Existing

Xn Exact Solution 4™ Order methods 7% Order methods
One step 2™ Adams Two step 2*° | Adidison’s
Derivative Moulton's | Derivative mi bl
method
o | 1 | [ [ |
0.1 0.3678R044 036842207 0.37500103 036788134 (.367801 34
0.2 0.60653078 060655749 0.60677096 060653136 | 060631872
.3 0.77800800 0.77809183 0.77880861 0.77801042 0.77801882
04 0.88249690 088238694 (L.88279715 0,8R240923 (1L.8R250148
0.5 0.93941306 093943306 0,93951307 093041582 00304 1936
0.6 0.96923323 0,96928343 (,96943323 006023723 | 096023809
0.7 0.98449644 0.98449995 0.98519644 098449984 | 098430280
08 099221794 (.09227784 099231794 | 099232065 | 050222247
0.9 0.90610137 (0.90696487 0.99730137 (L9961 1605 0,906 0724
0.00R04878 (.99808842 099824878 (.0050:1977

1.0

C0.O9R06346

—
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Methods of the Same Order of Accuracy for Problem Three

Table 4.7: Comparison of the Second Derivative Methods with Some Existing

Xn Fxaet Solution A" Order methods T Order methods
T One step 2™ | Adams Moulton's | Two step 2™ Adldisons
Derivative method Derivative method
0l 3.030023205D- o F0590631260-08 | 30590232011 30500232290
it 3.0590621140- il (1T
08
0.2 6.1 180464 10D- T G 1EDS06IID-0E | 6, L EBO4GEI - G0 1665331
n% 6.1 180501630 08 i
Lih
0.3 | RITT0ERGISD-08 | 9177096391 0- G THUE1HID-05 917069662008 | 0.1 THG08921)-4%
(g
0.4 1.223609282D-07 | 1.223613332D- 1.223613742007 260312007 | 1 223600543117
a7
0.5 1,52650116030-07 | 1.520520391D- 1329528016007 | 5205 16820-07 | 1.52051 1827007
07
0.6 1.835413923D-07 | 1.835463520D- 1.835465331D-07 &3S 13080007 | LE3S0360-07
07
0.7 | 214131624007 | 2.1413246350- 2. 141326461 D07 2141316327007 | 214131654 1007
07
0.8 LMT2E6AD-07 | 244730165 1D- 2447321 1430407 TA4TINESRTI-07 | 2447208729007
07
0 ETAZI08R50:07 | 27532431 14D 28328367007 A 0904007 | 2 TSI 00521107
7
1.0 3.03M023203D-07 | 3.059042916D- 3.05WM39720-07 TOSH2360-07 | 10SNITIG0-47
07




Table -L8: Comparison of the Second Derivative Methods with Some Existing

Methods of the Same Order of Accuracy for Problem Four

46

Xn | Exact Solution A" Order methods T Oriler methods
Chne step i Adliims Twa :ill:p-iﬁ" | Addison’s
Devivative Maonltan's Devivative miihod
il
0.1 1.18619591 1. 1R60R9U1 LIB432106 | LIB6195406 LI8GI9215
0.2 102815279 102808143 102631423 LO2R19223 | 1LO2B1R0G,
0.3 0.90869320 0.90856202 0.90611348 090869251 (L.90868874
0.4 0.81304294 0.81303397 081096433 D.RIFM23E | O.B1304062
05 | 073340497 0.73324162 0.73193761 | 073340436 | 073340372
0.6 066518150 (L.66501098 0.66343672 066518114 066517891
0.7 | 0.60549394 0.60336149 0.60241736 (60549341 0605491112
D8 | 055245110 0.55229052 0.55053246 | 0.55245094 | 0.55245036
09 | 0.50476580 050459061 0.50114363 0504 70484 (. 50476002
L0 | 046153435 046142011 045983722 046153392 0.AG153165




Table 4.9: Percentage Ervors of the 2" Dervivative Methods and Some Fxisting

Multi-step Methods in Respeet of Problem One

One Hn:.p o

Xn Adams Twao = step Znd | Adddison’s
Derivative Moulion’s Derivative el ol
metlod methoid
(0.1 3.999 636 | 1477 3,072
0.2 1.143 2413 0.942 T
0.3 7.187 50,724 2743 1.620)
0.4 3284 6.315 oeln .03
0.5 0.586 11.683 2.543 1006
0.6 &.500 16.143 1.947 5030
0.7 7.506 7.734 (L.68R 2 578
0.8 11218 | 12448 T IT 10928
0.9 10.509 14.573 (.762 9,593
1.0 13.153 17.750 (.998 4.394
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Table 4.10: Percentage Errors of The 2™ Devivative Methods and Some Fxisting

Multi-step Methods in Respect of Problem Two

Xn | One Step 2°7 [ Adams Two—step 20l | Addison's
Derivative Maoulton's Dervivative metld
method method

0.1 1.472 19.3560 2446 296340

1.7 0044 0,306 0056 13001

(1,3 0,108 1.029 R 13907

0.4 0102 R 2 641 s100

(.5 0.021 0.107 6,166 6.744

0.6 0,052 0.206 4,127 5041

(.7 0.036 0.711 S 3413 4600

0.8 0.060 0.101 2731 43566

(1.9 0.851 1.205 4604 5043

1.0 0,040 0.200 0,992 1.513
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Table 4.11: Percentage Errors of the 2" Derivative Methods and Some Existing

Multi-step Methods in Respeet to Problem Thrce

Xn | One Step 2™ Adams Two —step 2nd | Addison’s
Mervivative Muoulton's erivative mictlnil
el il !

0.1 1.272 1.305 0020 (LO7R

0.2 il .G8K 1. 357 RV |

0.3 2018 3104 R 1018

0.4 0.347 (1.365 0.245 2133

0.5 0.575 1.073 0.517 1465

(0.6 2702 2801 0332 0.616

0.7 0392 0.477 0388 1.387

0.8 34.220 42.249 0.947 6,780

(.9 4112 4,194 0.113 Cuh?

1.0 0.644 0.679 0,134 0732




Table 4.12: Percentage Errors of the 2* Derivative Methods and Some Fxisting
Multi-step Methods in Respect to Problem Four

Xn | One Step 2™ Adams Two—step 2nd | Adidison's
Derivative Moulton's Devivative it luinal
mthad method

0.1 (1,894 15.% 380 2

0.2 0127 183 5.43 - T

0.3 0.144 28.4 7.59 ARG

04 0.703 5.6 6.8 4.5

05| 0304 20100 8.32 161

0.6 0.256 26.2 ~ 541 89

0.7 0,219 50.8 R.75 178

0.8 0.291 62,0 2.90 133

0o (.347 717 0.0 067

1.0 (.248 368 - g3z SRS 1
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4.4: Graphieal Hustration of Errors of the Methods |
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4.5 Discussion of Results

Tables 4.1 — 4.4 shows that the aceuracy of the methods improves as the order ol
the dertvative increases, that is, the one — step second derivative methoad bas betier
accurncy when compared with one — step first devivative method, Also, the two - siep
second derivative method is more accurate than the two — step st derivadive

It can also he observed that as the step — size (k) of the method inereases, betles
accwracy is achieved. Consequently, the two — step methods for wiuch k = 2 are more
aceurate than the one — step methods for which k = 1.

The Tables of results in Tables 4.5 — 4.12 also ;slmwml thit the new methods

compare favourably with Adam’s Moulton and Addison®s methods of the same order of

AlCCHITEICY.
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CHAP'TER FIVE

CONCLUSIONS AND RECOMMENDATIONS

5.1 Conelusion

In this study, a class of implicit multi-derivative linecar mulii-siep methods have
heen developed for numerical solution of first order ordimary differentiol equations.
Analysis ol the basic properties showed thit the methods are consistent, #ero — stable,
convergent and absolutely stable. Supgesting that the methods are suitable for the
solution of non — stifT and sGiT Initial Value Problems of Ordinary DilTerential Bguations.

The numerical implementation of the schemes requires the trnsformation of the
schemes o FORTRAN programmes, used (o solve some ﬁ;:Lan]r.,'. initinl value problems ol
first order ODEs, The results are shown in Tables 4.1 — 4.4, It is clear that secomd
derivative methods seem to give better accuracy than (irst devivative methods,

The results in Tables (4.5 — 4,12} also show that the new schemes compare

favourably with Adam’s and Addison's Linear Multi-step methiods,

kL]
i

Limitations and Recommendations
In this work, Taylor series was adopted as the basic Tunetion, although, oflws
basic functions could be adopted to see whether aceuracy will be improved,

[t is suggested that higher derivatives should he investigated and adopted when
good accuracy is the focus. Also, a step size (h) lower than (L1 ¢an be nsed womplement

the methods to see whether accuracy will be improved.
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Furthermore, the explicit aspect of multi-derivative linear multi-step methods T

the solution of first order ordinary differentiol equations should be stodied.
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