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. ABSTRACT

In this thesis, Inverse Polynomial Schemes are developed, analysed and
computerized to solve ordinary diﬁemntial equations with singularities.

The method is motivated by the variety of application areas of this class of ordinary
differential equations. In its development and analysis, Taylor’sseries expansion,
Binomial series expansion and Pade’s approximation technique are used respectively.
These schemes are convergent and A-Stable. Numerical results show that the schemes

are effective and efficient,



CHAPTER ONE

INTRODUCTION

I.1. ORDINARY DIFFERENTIAL EQUATIONS

_Numerical problems are encountered in the various branches of human activities
such as science, engineering. management and technology. They include:
) The problem of determining the quantity of electric charge flowing across
an electric circuit.
(i)  The study of chemicals reactions of two different elements.
(i) The study of the rate ol decomposition of a radioactive substance,
(iv)  The rate of growth of the population of a given community.
(v} Impulse response problems
The mathematical formulation of these problems ofiens lead to differential
equétions in the general form :
Bk s 7 sy ) =0 R s 1
where y is the dependent variable and n is the highest order of its derivatives.
This highest order derivative is also the order of the equation and its degree is the
power to which the highest derivative is raised after rationalisation.
- If no product of the dependent variable y(x) with itself or any of the derivatives
occurs, the equation is said to be linear, otherwise, it is non-linear.
The differential equation (1.1) together with initial conditions stated in (1.2)
below, is called initial value problem (IVP).

That is, an n" order initial value problem is of the form



V(%)= o ; i= 1(1) n-1 R e )

In general any equation of type (1.2) can be reduced to vector equation of the

form
¥ = fixy): y(x) = a fivvavsrasersssresaresvarsmsil Lo
where,
TR T . I . o, |
fo=1(fi, f  Fhec, 5
’ vy = (v 2 Yiaerarereessrnnnnnse S¥n) and y,= ¥ (i=1,2,3..n-1)

The subject of differential equations constitutes a large and very important
branch of mathematics. From early days till the present day. the subject has been an
area of great theoretical research and practical applications.

The problems that can arise in connection with equation (1.3) include;

(i) f(x,y) is a real valued function

{ii) fix,y) contains discontinuities in the form of finite jumps in the

components of  itself or some derivatives of f.
« (iii)  f{x,y) is non-linear

(iv)  Eigen value A4 of the Jacobian J = df of fis large (i.e. stiff
problems). dy

(v) Lower order discontinuous derivative:} in the solution.
There are several existing algorithms designed to solve non-linear and real
valued problems. These includes;
(a)  Runge — Kutta methods, Euler’s methods and Taylor's series expansion as
discussed in Lambert (1973).

(b) Hybrid methods by Ademiluyi (1987)

#

F-d



{c) Implicit BDM (Backward difference method) by Gear (1971)
* Similarly, several researchers had carried out a lot of research on stiff
equations. These includes: Lambert (1973), Fatunla (1982), Ademiluvi (1985, 1987,
1988, 1992) and Gear (1971) just to mention a few.

DEFINITION

A function f{x,y) is said to be discontinuous when the following conditions are

satisfied:

(i) f{x.v) is infinite or unbounded

(i} The partial derivatives f, .f, are large and unbounded. at some points (x.y)
The-rfr are few literature available in this area.
The features of ordinary differential equation that attracts our interest in this work, is
the .ﬁhﬂnomﬁ'lmn of low order discontinuous derivatives in the solution. This class of
ordinary differential equations arises in a large variety of application areas such as
electrical networks, economy affected by inflation and other perturbation problems.

The nature of ordinary differential equations with lower order discontinous

derivatives will be considered in the next section.

1.2, NATURE OF ORDINARY DIFFERENTIAL EQUATIONS WHOSE

"SOLUTIONS POSSESS SINGULARITIES AND THE ASSOCIATED

PROBLEMS
The mathematical formulation of physical situations in simulation. electrical
engineering, control theory and economy often leads to first order initial value

problem in ordinary differential equations of the form.

y' = ﬁx.}'}; }TEQ} = :F'IU ,,,,,,,,,,,,,,, {11-4}



.in which the solution contains discontinuous low order derivative or singularities

(Fatunla, 1986). A simple example is the following

y =y
yio)= 1 o T {1.5)
_ whose theoretical solution is
¥(x) = ]—_1- .......................................... (1.6)

At the point X = 1, y(x) is undefined. and its first order derivative does not exist,
henee the differential equation has solution with low order discontinuity at this value
of x_ A similar example is the non-linear first order equation.

' g
¥ =iy y(o) =1
D x = % S s e e T

- whose theoretical solution is given by
yx)= tan(x+ =) T T——
This is clearly a problem with singularity at x = %{. At this point, the solution
dm% nol have first order derivative. Incidentally. the conventional numerical
integrators are in general formulated on the basis of polynomial interpolation with the
assumption that the IVP (1.3) satisfies the uniqueness theorem.

Consequently, such algorithms perform poorly when they are applied to IVPs
which violates this theorem. They are inefficient as they merely track the solution
which “explodes™ in the neighbourhood of this angllﬂaril}t Carver(1978).

In this regard. the alternative strategies are based on non-polynomial

interpolating functions such as the perturbed polynomial or rational functions.



- The resultant algorithms often  behave nicely in the neighbourhood of
singularities provided the step size is chosen as to sand-wich the points of singularity,
Lambert(1973), Ellison(1981).

1.3, EXISTING METHODS

. As we have earlier mentioned, the discovery of singularity in many mathematical
models of physical situation, have made modern researchers generate a lot of interest
in this class of problems.

The existing methods designed for singular or discontinuous low order derivative
IVPs includes:

| (i) The switching function techniques by Evans and Fatunla (1975).

(i) Fractional step method by Evans and Fatunla (1975),

(i) The inverse interpolation method by Hay et al. (1974) and

“(iv)  The local error estimator technique by Gear and Qsterly (1984). The

method detects and locates the points of discontinuities.

This was incorporated into an existing automatic code called GEAR by
Hindmarch in 1974. The algorithm also provides estimates of the magnitude and
order of the discontinuity and provided an efficient vehicle to restart the integration
beyond the point of discontinuity. The presence of a discontinuity is identified by

detector

]
(P+1)

Tol
[l'l

d=

. where Tol is the allowable error tolerance, P the order of the method, and t,, is an
estimate of the local truncation error.
The discontinuity is normally located with a desired accuracy by repeatedly

halving the step size. In another development. Lambert and Shaw (1965) proposed an



algorithm in which the theoretical solution to (1.3) is represented by the following

perturbed polynomials.

(A +x™ : Ne{ o0l..L
Fix)= P (x)+ : (1.10)
1 b|A+x|“iog|ﬂ+x|;NE{ﬂ,L L}
with P (x) being a polynomial of degree L defined by
L
PL(x)= > ax' T (1 ) .8

-+

and the second term on the right hand side{r.h.s) being the perturbed term. A and
N ar;z the singularity parameters with A controlling the location of the singularity
while N determines the nature of singularity. However the unfortunate aspect of this
scheme is that it can only handle IVPs whose singularity are restricted to those of
(1.10), Bo. H-L et.al (1983).

This perhaps led Lambert and Shaw (1966) to suggest an alternative procedure
called Rational Functions approximation methods.

" Rational functions are quotients of polynomials and so constitute a much richer
class of functions. Their accurate representations of problems with singularities make
them principal targets for function approximation, Alkinson(1978).

This property perhaps motivated Lambert and Shaw (1966) to present a
procedure based on a local representation of the theoretical solution to (1.3) by

specialised form of rational function that is,

P.(x)

bh+x

F(x) = veansd L13)

*where Py(x) is a polynomial of degree m. However the resultant integration
formulae from (1.12) can only cope with special and small class of singular initial

value problems. The satisfactory performance of the formulae however, motivated

Luke et. al (1975) to suggest a more general interpolating function.



RO e ——————— (1.13)
Q,(x)

which eliminates the need to characterise the nature of singularities. The
singularities are specified by the zeros of Q,(x). The complications and amount of
confputations involved in the generation of the parameters of the resultant formulae

led izatunla (1982a) to suggest the adoption of a special variant of (1.13) in the form.

F

k = 1, where the parameters A and b;s are real coefficients as the form of the
solution to the differential equation.
He considered the case k = 1 and came up with a first order computational

method of the form

7

Vi1 = s (1.15)

¥, —hy

L

which he christened as Inverse Euler. The performance evaluation of the
mettiod showed that it has wider region of absolute stability ( - e, 0) than the
traditional Euler method.
Yas1=Ynt+ hi, ettt (116)
whose region of absolute stability is only (-2.0).
. In this work therefore, we would complement his work by extending the schemes
to the cases k = 2 and k = 3 methods and implement them on a micro- computer to

establish their applicability.

*



1.4  AIMS AND OBJECTIVES

" The aims and objectives of this work are to:
(1) Develop a numerical integration algorithm based on rational
% approximation techniques (1.14) for the integration of ordinary
differential equations(ODEs) with low order discontinuous derivatives.
(i)  Theoretically  analyse its consistency, convergence and stability
properties.
-{iii}  Code the algorithms in a computer programming language (FORTRAN)
‘(iv)  Implement the programme with specific sample problems on a micro-
computer with a view to establishing its applicability and suitability.

L5 MOTIVATION

The large wvariety of application areas of this class of ordinary differential

equations to human endeavours motivated the research work.

1.6 RESEARCH METHODOLOGY

To accomplished the above aims and objectives. we went into literature
revl;fw, adopted Taylor and Binomial series expansion to generate the parameters of
the new schemes.

The analysis of the error, consistency, convergence and stability properties
were carried out by adopting Pade’s approximation technique. Dahlquist stability
theorems, and Richardson extrapolation methods respectively. The algorithm was
coded in Fortran programming language and implemented on a micro-computer to
confirm the workability and accuracy of the newly developed schemes with sample

problems.



1.7 .. ORGANIZATION OF WORK

The remaining chapters of the thesis are organized as described below.

In chapter two, the general principles of one-step schemes were examined
because they are relevant to the proposed schemes.

Chapter three discusses the development of the new schemes. Particularly we
considered the one-stage scheme. two-stage scheme, and three-stage schemes.

Their error, consistency. convergence and stability properties were all fully
discussed in chapter four. While chapter five, considers the implementation of the
schemes on a micro-computer using some sample problems. Finally, chapter six

summarises the whole thesis and makes some appropriate recommendations.

&



CHAPTER TWO

PRELIMINARY CONCEPTS AND PRINCIPLES

21 PRINCIPLES OF ONE-STEP SCHEMES

We shall first discuss the principles of one —step schemes, since the proposed
. schemes are based on these principles.

The general one-step schemes for solution of the differential equation of type
«{ 1.3} is the method in which the approximation y,:; to the solution at point x4

‘can be generated from the knowledge of y,, at x,.

Generally, one-step schemes are written in the form
s Yor1 = ¥n + h ¢ (Xa, Yoo h) veeenreesrenesensnrasnersesanasennsnes (2e1)
where ¢ (X, ¥o. h) is a function of the arguments x,v,h and in addition depends
on fas in equation (1.4). This function &(x;. v, .h) is called the increment

function.

THE FAMILIES OF ONE-STEP SCHEMES INCLUDES

(a) Euler scheme

Vit SR BRI S takskiar ey ke ises nnpe (2.2)

(b) Taylor’s series method of the form

P

h*
}'In.d-l = :}"n o hf—[xm }rne } + _2__,{ {-rpytl} o e e R o e Y {2.3}

(c) and Runge — Kutta formula

H
s D T | - S-S (2.4)
1=l

where k, = hfix +ah, v +Eb.. ki)
=l

and R- is the stage of the method.

10



2.2 PROPERTIES OF ONE-STEP SCHEMES

The ability of a numerical scheme to reliably control the global error is a
major and significant aspect that needs to be considered. Thus, the global

F

discretisation error associated with (2.1) is given by

s =M =¥ .. ) LU CLTTOPRNRR ..
where v, is the numerical solution at step X4 and ¥lx+1) is the theoretical solution,
It is-required that the error be made as smalj as possible by making h sufficiently close
lo zero.
To make this concept clearer, the following definitions are given:-
Def'!nitiun 1
The.local truncation error Ty associated with one-step schemes (2.2) is defined as
the dmount by which the theoretical solution ¥(x) of the initial valye problem (1.3)
fails to satisfy the difference equation (2.1). That is,

Tovt = ¥(X pe) = Y (Xa) = hd (%, v(x,), h) I .2

Obviously, there exists 4 relationship between the global error defined in (2.5) and the

local truncation error (2.6). The relationsh ip is

eul<Cita (2.7)

where C is a constant, From (2.6), it is clear that the local discretization error is
direétly proportional to the Jocal truncation error introduced at each step, particularly
when the derivation and computation of the local truncation €ITor is rigorous and all
previous solutions are exacts. This establishes the linear convergence of one-step

E-;chgmes,



Definition 2

The integration formula (2.1) is said to be consistent with the IVP (1.3)

provided the increment function ¢ (x,y.h) satisfies the following relationship:

§ (Xy vo 0)=fix,v) Y S R PRy D
as h tends to zero

The consistency of a one-step numerical integration ensures that the scheme is at least

of order one.
Definition 3

The one-step scheme (2.1) is considered convergent provided that for an
arbitrary initial solution vector y, and an arbitrary point x,= (a.b), there exists a
global error. e, such that

lime, =0 SRR .3
h—=0

Definition 4

The_integralir:-n formula (2.1) is said to be of order p if p is the largest positive integer

such that the local truncation error (L.t.g) t, satisfies
b SOLHP™ 0000 e (2.10)

where [J{hP*'} implies the existence of finite constants C and h, = o such that

-~

]| < €A™ R P e e e A |



forall h < h,.
Consistency demands that order P = 1.

A numerical solution to an initial value problem in ordinary differential
equation is said to be accurate, if its numerical results do not deviate significantly
from the corresponding values of the exact solution, while a numerical solution that is

not g{ablc is said to have unbounded discretisation error, Dahlquist(1959).

Instability exists in various forms, but the two basic forms are namely,

inherent instability and induced instability.

Induced instability is the characteristics of the numerical methods while the
inherent instability is a bye-product of mathematical transformation of the real

situation into differential equation.

To further explain these concepts. we shall consider the following scalar initial

value problem
&

Y=xy; asxsbivix)=ve B (2.12)

with Re (L) < 0.
Its theoretical solution is
g

yix)=¥, A T e AT

Supposing we slightly change the initial condition (2.12) by « > o, so that the

initial condition becomes

yixa) =y, + o nmmpan i sa e onncemcyce i )



Therefore, the solution of (2.12) together with condition (2.14) yields

y(x) = (yo + o) % R e LA )

Consequently not minding the integration schemes used. and for h = o, no matter how

X

small, it is seen that the second term o £ ** in (2.15) eventually grow exponentially as
the computation proceeds, if Re()L) > o, thus the solution y(x). will become unstable

for slight change in the initial condition.

This kind of instability is said to be inherent: A differential equation may be stable
while the numerical scheme gives unstable solution due to truncation. round off and

error propagation. This class of instability is termed induced instability.
It arises as a result of adopting

(i) finite interation steps instead of infinite Interation process during computer

implementation,
(i) truncation associated with the process of derivation of the scheme.

This can normally be detected by applying the integration scheme to solve the
scalar stability test equation (2.12). Its instability will show in the form of spurious
exponentials. The instability can be minimised by reducing the step size. The
stability of one step schemes can be defined in terms of global error. The following

definition further elucidates the concept.



Definition 6

One-step scheme is said to be stable, if for any initial error e,, there exist a

constant K and h, > o such that when (2.1) is applied to initial value problem (1.3)

witlrstep size h € (o, hy), the ultimate error ¢ satisfies the following inequality.

o €K €o OSK S, cooneesreerserensesneseseesenssssessresensresse (2.16)

One-step schemes is said to be absolutely stable for a given step size h, and for initial

value problem (1.3), if the errors tends to zero, as the step size decreases.

This absolute stability property of any numerical method of type (2.1) can be
investigated by applying it to the scalar test problem (2.12) which yields the

following first order difference equation.

Fd

Yorl = M(Z)Vn T AT DI .1 [
where z=2ah

L z) is called the stability function of the schemes.It can either be polynomial

or rational function with the latter being a more desirable property.

The stability properties of the proposed schemes will be discussed in broader
sense in chapter four of this thesis.

-

13



CHAPTER THREE

THE PROPOSED SCHEMES

Rational functions are quotients of polynomials. They are more adeguate and
capaiﬁe of yielding better results compared with polynomial interpolation schemes
(Lambert, 1973) in all cases where the function to be interpolated has a pole or
singularities. Hence it constitutes a much richer class of functions than polynomials,

This greatly increases their prospect for accurate approximation.

Since polynomials do not have singularities (Fatunla, 1978), it breeds endless
genérations of smooth derivatives, they are not really suited for problems with

singularities, as such, poor results are usually obtained.

The principal target of rational approximation therefore, are the problems with
singularities. Even with non-singular functions there are occasions when rational

approximations may be preferred.

3.1 DERIVATION OF THE NEW SCHEMES

In this work , we assumed that the numerical approximation ¥+ 81 X =Xgu to

* the exact solution y(x+) can be represented as

¥t = g (3.1}

k
1+ ijxju
=1

Where the parameter b;’s are to be determined from the non-linear systems of

: equations generated by adopting the following steps:



- (i) obtained the Taylor series expansion of v,.., about point (X, ¥,) for

k=123
‘ (i) obtained the Binomial series expansion of the right hand side of (3.1)
_ (iif)  insert the series expansions into (3.1)
(iv)  compare the coefficients of the powers of h in the final expression

- These parameters bj: are then chosen as to ensure that one or more of the

» following conditions are satisfied.
- (a) adequate high order of accuracy of the scheme
“(b) minimum bound of local truncation error

(c) minimum storage requirement.

(d) maximum interval of absolute stability.

. We illustrated the scheme with k=1.2 and 3.

3.1.1 ONE STAGE SCHEME

rl

Setting k = | in equation (3.1), we obtained a general one step formula in the

form

1+bx,

Yorl =

Adopting binomial expansion theorem on the right hand side of (3.2)as stated

above and ignoring terms of order higher than one, we have



Y1 = Yo [1_51 ’ﬁ] +0(x%) SR )

The first order Taylor expansion of v, about y, gives

Virt= Fabhys 0 0 e (3.4)
Substituting (3.4) into (3.3) we obtained

Yo+ b3 = yo = biynxy . TS (3.5)

The coefficient by is evaluated by imposing the condition that equation (3.5)

agrees term by term. Hence
biyvixp= hy', RO OPRSOROI & 1 .|

and

b Y B (3.7
VX,

Substituting (3.7) into (3.2), we obtained a one step integrator of order | in

the form

Y= 4 PP T—— (3.8)
¥, —hy,

 which incidentally coincides with Fatunla’s inverse Euler method in (1.15).



J.1.2 TWO STAGE SCHEME

Similarly, by setting k=2, in (3.1), we obtained a two-stage method of the

form.

Hii

T e PRI 1 .
l+bx, +b,x ~ :

Y2 =
Adopting binomial series expansion on the right hand side of (3.9) and
ignoring terms of order higher than two. equation (3.9) modifies into

Yoe2 = ¥ — Yo byxp — }f,,ngn: + yabrfx, T+ 007 BT e

By the second order Tavlor series expansion of y,+» about the point x = x, we

have

1 !
) L L

b ) .
Y2 = Yathy + " Ay N Dscasedfeg@3an
Inserting (3.11) into (3.10), equation (3.11) becomes
’ h: w 3 £ ) 2 2.k 3
:l"lﬂ + hyﬂ + ? _'}"" b= ﬂ{h ] = }"n _}‘rn b|xr| s, }'nh]xn + }"nb| Kn + []'{K ] ..(3‘.]2}

The coefficient by and b, are evaluated by ensuring that equation (3.12) agrees

term by term. Consequently we obtained

by ¥exa=hy

14
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¥

h=y"

-

-ﬁln {(¥nba = }'nbll} .

s W'yt
¥abz — ynby ™ = 2?(-""
. by
bp—life 222
ok
by=b?+ 2
2%

Solving these equations, we get

by = ;—ff [2(_?;}: = .V,...V:]
2y, x,

o I

Using these in (3.9), we obtained a two stage methad

2y,
2y, -2hy, v, +h* 2(y))? -v,¥")

of order 2

THREE STAGE SCHEME

Similarly, the general three stage scheme is of the form

¥V

- R

] *: b|xh At bEXH + b3x|.-3

Yotz =

ki 1)

(3.14)

(3.15)

sl 3 TE)

swesil il 1)

319

Adopting Binomial series expansion on the right hand side of (3.19) and also

a Taylor series expansion of y, . ; on the left of (3.19) about x = x, we have



2

Ko, " =
Sthy, + Syl T““ +007") = Yo = b1 = YuXn = YaXe® (b - b1%) -ays

(3.20)

and ensuring that the expansion in (3.20) agrees term by term. Thus we have

-biyexa= hy/

Lol

5 hy*
= xzn}’n (b —b) = — i

- X ¥albs—2by batb¥y= Wy, (SR
Solving the above set of equations, we have

YuX,
by = 2:: [2(}’.',}3 —.1"«J':]
bi= — W y,Ye+ 61 Y,y ~ 6k (Y'Y o322

6_].".:"1"3

Substituting the value of by, ba and bs into (3.19), we obtained the 3- stage

integrator of order three, as

6‘ |
Yoe3 = Y - i

6y, = 6hy v, + 31y, (2()) = v,V = (6(3) = 633y + y ¥

Higher order schemes can be obtained in this way.
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A cursory look at the Sequence of the stages and orders of the methods. shows
that, a one stage method is of order 1. two stage method is of order 2 and three
stage method is of order 3. thence it can be concluded that a k- stage method is of

order k .
The next chapter is devoted to the examination of the consistency. convergence

and stability properties of the new schemes.
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CHAPTER FOUR
d PROPERTIES OF THE NEW SCHEMES

As a result of the mode of the development of the scheme, errors occur.
Consequently, analysis of these errors and the consistency, convergence and stability
pro[_:rerties of the new schemes are therefore very essential to enable us to know
whether such methods are capable of solving ordinary differential equations of our
interest (that is, differential equations whose solution contains low order
discﬁniinuuus derivatives.)

The magnitude of these errors determines the degree of accuracy of the
schemes and its effects can be great. It can make the solution unstable. Therefore, in
this chapter, we shall examine these properties of the new schemes.

4.1 : Error Analysis

As mentioned above, the errors associated with numerical approximation
techniques, like the one under consideration for ordinary differential equations with
singularities, can arise from sources that can be majorly classified into truncation,
round-off and discretisation errors respectively.

Round-off (or computation) error is an error introduced by the computing
devices or arithmetic operations. It can be mathematically expressed as

’ Fasl = Ynet — Poss ceeresreeeee e &)
where yq+| is the expected solution of the finite difference equation (3.1) while Py is
the computer output at X,+. It is the amount by which the computed approximation
Py« differs from the expected approximation . I:-}'. the scheme at point x.4.

The way and manners machine operations are performed in terms of storage

and manipulation of numbers determines the magnitude of the errors.



However, from the work of researchers like Fatunla (1987), Lambert (1973)
and ‘Alkinson (1978) we observe that the effects of this kind of error can be disastrous,
because of the inevitable loss of accuracy it introduces. This class of error is not

amendable to analysis but its size can be controlled by employing double precision

arithmetic.

Truncation error on the other hand can occur when a limiting process is
broken off before coming to the limiting value, as a result of stopping the iteration
after a finite number of steps. This is often defined as the amount by which the true
solution y (x,+) of the differential equation (1.3) fails to satisfy the difference

equation of the scheme, and it is given by the expression

Topmaluals —ob . s (4.2)

] T ibix'lu

The bound of this local truncation error for the scheme (3.2) can be obtained

by adopting Taylor series expansion for y(x,+;) and expressing the results as
Ton1 = w(x, . y(x NH +0(h"™") ORUPRPTUOTRIIN (' . §
where p is its order of accuracy while w(x,,y(x,) refers to the principal

- truncation error associated with the scheme. It can serve as a measure of the
largest or principal error introduced at each stage of the integration scheme. It
measures the deviation of the numerical solution of the ordinary differential
equations from the exact solution.

For example, the local truncation error for the family of one-stage
methods of order one is

1 2

i 2};nyn —Yn
Hiaw= " =i R PG ST R gy . 1 1

Yo—hy,

Discretisation errors are introduced as a result of replacing differential equation
(1.3) by its difference equivalence (4.2). The discretisation error associated with this

transformation is mathematically expressed as



Enet = ¥(Xp+1) - Yori T PR TSI o

. This isthe difference between the exact solution ¥{x+ )} and the numerical
solution .+ generated by the scheme at point Xq4.

’ Since numerical solution involves iteration process, there will be propagation
of error from step to step because when iterating with a numerical scheme, we
obtained a sequence of values {y;)j=1(1)n. If ¥, has an error and since y; depends
on ¥, ¥2 will be subject to error. Similarly since ys; depends on y» and so on, errors
are accumulated and the final solutions may be in serious inaccuracy.

Propagated error can subsequently grow to the extent of distorting the numerical
result. One of the main objective of the numerical solution is to be able to control the
grm;vth of such errors

. Thus, the accuracy of the numerical techniques depends on the magnitude of
these errors. The smaller the error, the better is the numerical solution.

Therefore, in order to guarantee the quality of the integration scheme. It is
essential to have estimate of these errors.

:I"he error estimation procedure for the schemes is based on Richardson
extrapolation process, where by the local truncation error is estimated from the
différence between two predictions using the same scheme with different step sizes h
and /2.

If v+1 designate the solution by single step size h. the local discretisation error as

*

defined by (4.5) can be rewritten as suggested by Lambert (1973) as
V(X1 )= Vo1 = WX, (xR +0 (A" O TR RRRRECET A | & O,
where p is refers to the order of accuracy and h as sigp size.
Similarly, suppose we compute another approximation La«; to ¥ (x4) by applying

scheme (3.3) with h/2 as step size. Then, it follows that

(R
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h h g .
F{xn-ri} . I—'|1+I = W{-‘imJ’{IqJV#:\-'[j]F + [th J} """"""""""" 14?}

subtracting (4.6) from (4.7) and simplifying, we got

R 2
W{X"l_}-’{x”]h"h = [}Ilnf| -L“H‘:W:I .[48}

Therefore, the local discretisation error of the scheme can be estimated from

v il
Eoi =¥ - L“”L —2”} .................................. (4.9)

Thus, the approximation v+ from step x, t0 X+ is accepted as a good
approximation to the exact solution, if the global error is less than error tolerance
(Toli. that is,
|¢

< Tol SO gt S, 1 ) )

el
Exp_erts like Lambert {(1973) . Gear (1971}, H_indmaréh (1983) have found this form of
error estimate to be adequate for ordinary differential equations.

This estimate can then be used to choose reasonable step size that will accelerate
convergence of the scheme. However, it involves considerable amount of
com'putational efforts.

-

4,2 THE CONSISTENCY PROPERTY

IRecalI that the conventional one-step numerical integrator for the [VP (1.3) was
described as follows:
Yorl = Yo+ D (Xn, Yo )
subtracting v, from both sides, we obtained

Vi =W BB N ssssmsenssesiaissass (4.11)
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~dividing both sides by h, we get

Your = ¥u
h

= ¢ (Xp ¥ h) I . I B
By our definition 2, (page 12 chapter two) the integration formular is consistent
with the IVP (1.3} provided the increment function ¢ (x.y.h) satisfies the following

$ (x.y,0) = f(x.y).

- We shall in this section demonstrate the consistency of our proposed schemes.

"I. One-Stage Scheme

From equation (3.8), a one-stage scheme is

¥
¥, —hy,

¥ot1 =

Subtracting y, from both sides, we obtained

N

Yoil =¥n =  —=B=L e 4.13
. v —h, s
which on dividing both sides by h, we have
Yo Yo . Vabu OO | £, -
h V=Y,
As h tends to zero, equation (4.14) leads to
Eﬂ§&_+ﬂ=ﬂn4ﬂ ORI (3 |y

*Suggesting that the one-stage integrator is consistent.



1.

TWO STAGE SCHEME

Recall that the two-stage scheme in equation (3.18) is

. y,
Kped 1_}-‘3.., _zh}."y:r +f?!{2{}’:.f _Jlu-!'l:}

subtracting v, from both sides we obtained

G h(2y,’ 3, — (200" = 3,070
Myt 2hy, Y, + R0~y )

Dividing both sides by h, we get

.]"Ir.u-'Z == yﬂl = Z}r:y; = lPEV; {z(y:r}z = },u}r:} IIIIIIIIIIII (4. '| 6‘}
h 2y, =20y, Y, + B QLY — Y 0)

Ash — o. then

-]"In+2 _y.'r

— .
h 1

Implying that the two - stage scheme is consistent.

Three — Stage Scheme

From (3.27) a three stage scheme is

4

6y,
6y, —=6hyi v + 30y, (20 =y, o) = I (6(y) = 63,0,y + y,¥0)

Yitd =
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following a similar procedure as before. we have that

Yoz~ Ve __ 6VaY, —6hyi())" + 3hyays - Wyyn -2y, v, — 4y, ()

L o

ho 6yl —6hyly, + 3Ry, (2(0) = ¥ ) — I (6(1,) -6y, ¥+ ¥

which as h tends to zero, leads 1o

oz “Vn _y g e (4,19)
h
By induction, it can be shown that the general scheme is consistent and hence

convergent (Lambert, 1973).

4.3, CONVERGENCE PROPERTIES

As mentioned earlier that any error introduced at any stage of the computation
whith is not bounded can produce un-stable numerical results.

Therefore, in this section. we examine the behavior of the error generated by
the proposed schemes, with a view to accessing its suitability.

Here, we intend to check, whether the schemes satisfies our definition 6 in
chapter two. This shall be established for the one — stage scheme and the general
case.

I.  One stage scheme

Recall that the one stage scheme discussed in chapter three is

gl =l T ITL [

The theoretical solution y(x) to the equation (1.3) is seen to satisfy

" yi(x,)
y{Xn+1) _m—y{x“]—h}f'[x"}-i- a2

n+l



where T, refers to the truncation error. Subtracting (4.20) from (4.21), we

have

.
y(x,)-hy'(x,) »,—hy,

Y%, 1) = Yo i 423)

el

which by adopting the definition

V(Xpe1 )= ¥ue1 = (e and simplityving, we obtain

T
¥ €y

€, =
i+ l,y{‘tw } — hyr{,\'" }I}'., = hy::]

+7T

-+l

MR |

By a first order Taylor series approximation, we have

Yot =¥a-hy, and

¥ (Xn1) = ¥(xn) — h ¥ {x0)

Therefore equation (4.23) approximately reduces to

oy
§ s DI L evemensnmd (4.24)

" e )nd)

Taking modulus on both sides of (4.24), we obtained

1€, ﬂly—{» BB e (4.25)
Wi

Setting
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Then the inequality (4.25) becomes

< Kle,|+T

e.'n-l

4+

LetT=  Sup|T,.| and  E, = Suple,,|
Oznzo
Therefore
Ewi <KE,+T, n=% L2
Ei <KE,+T
E:< KE+T

Substituting the value of £, we got
E;<KE +T = K(KE;+T)+T

E2 <K’E,+KT+T

Also E3<KE:+T
And substituting the value of E,, we got
Es<KE,+KT+KT+T

Going in this way, it is not difficult to see that ,

M

BrsllEst Y EIT' ensussssiniein

]

Provided
K=<1

Then as n — w

limE, _~ 0

.....................

st rerssis b2l



Showing that the scheme converges. According to Lambert (1963). a

consistent, and convergent method is stable. Therefore the method is stable for the

L4

one stage scheme.

II. General Case

. Recall that the general scheme is

wapem  —eBEL . e (4.30)
I+ Y bty
J=1

The theoretical solution ¥(x) is seen to satisty equation

Xoeke

) }I{XIHI&}: Hkn—kl}i_‘_ Tni—k ,[43'}
1+ b,

1=l
Subtracting (4.30) from (4.31). we obtained
}-{xn_'_t" -}'II'H-k = J"I(kxu.i-l\.-l} - -.:IIH-k-'I ! 4 ?':H-* {432}

] + ijxl i I + ZbeJJ|+é

J=1 i=l
adopting the definition
V(X)) —¥ask = nex, and simplifying, we got,
V(Xaek) — Yotk = Y{-xuﬂilj = FYoria +T||+L (4.33)
I+Ztﬂi:~:,‘1Hc
’ Jua ]

Simplifying and adopting 4.5, we obtained

Il'?u-l-.k—]

Cip i —0 — L. i e e (4.34)
1+ zbfx,:,_,,
J=1

taking modulus on both sides of (4.34), we got



s
Eogl sl T | it 353
]. b Zlﬁix'llﬁi‘
i=l
] .
k = h = F
1+Zbix|lnt 1+ bxl,, 1+ 3 b,
j=1 1=1 =1
&
setting Q=|1+ Z 7 s I
j=1
1 l
Then, T R (= =M : Q=0
I+Z:I:rjxf,+jc Q
=
Then
I i T R T (4.36)

Let T=Sup (Tys ) and M<]
Similarly setting
Ens = Sup. £ ns1, then the inequality (4.36) modifies into
D<nN<ao

Evk S MEpu 1 +T

Hence, for
k=1

We have
Ew1 = ME, +T
Eniz SME,+MT+T

En+] = M3E|'| 2o MET Tt MT + T
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. Following this trend, we see that,

k-1
Epek SM'Eq+ Y M'T ORISR . . . )|

k=1
Now,: [l S B MIE A I MT  livvssumensmasst I8

Since M < 1, then
as n —» o
Euy, —» 0

Hence the general method is convergent,

44  STABILITY PROPERTIES OF THE SCHEMES
To access the suitability of our schemes, we apply the schemes to the

Dalhquist (1963) stability scalar test initial value problem.

¥ = hy
YIXa) S ¥o s (4.39)

under the assumption that Re (&) < 0. (X is a complex constant with negative real
part). A one — step application of the method to (4.39) yields the following first order
différence equation.
Yot = H(Z)yn, z=2h sl

where the stability function p (z) is either a polynomial or a rational function
in z. with the latter being a more desirable property. (Fatunla, 1986).

The parameters in (2.1) are chosen to ensure that p (z) is a Pade’s
approximation to {*. To understand the concept of Pade’s approximation, we

consider the followings:-

34



Definition 1

Let P, (z) denote a polynomial of degree r in z as specified by

’ Piz) =1+ —— +Mz_z
: 2r (2r)(2r—1) #

4 =Dl i TS
' {2},}{‘2-?. _' ”{r_.” r! .................. A
The function
Rs(z)= __PR{[_ZE} e (4:42)

Can be shown to be an (r.s) Pade approximation to £* or equivalently, we say, R,
() is a rational Pade’s approximation to /7,

ThisR,.; (z) is a rational approximation of order r+s, if

Ris = 2400 et (4.43)

Which can be achieved by expressing /' as a power series in z' and equating the

coefficient of 2, i = 1(1) r+s in equation

Yaz :[ J az'li] NN . |

to define uniquely the coefficient a;s, bis appearing in R.. ; (z).

*
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Definition 2

The scheme (3.1) is said to be absolutely stable if a point (z, p(z)) lies in the complex

u-plane, that is, if the stability function satisfies.

|y{:}[ < R o TP M 1 %21

The corresponding region R of absolute stability of the scheme can be defined as

<1}t e (4.46)

Definition 3

The numerical scheme (3.1) is said to be A- stable if the region of absolute stability,
AS, specified in (4.46) includes the entire half of the complex plane denoted by

AS= {zeC/Re(z) <o} Ry L W)
A stability property is one of the desirable properties for any numerical schemes for
stiff'and non stiff ordinary differential equations as suggested by Dalhquist (1963).
Other stability criterion that qualify numerical scheme to perform effectively and
efficiently includes L — stability and A{) stability which normally are associated
with one step schemes. These concept are explained briefly in the following

definitions.
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Definition 4

The integration scheme (3.1) is said to be A(a) stable, o € [ 0, 7/2], Ifits region of
absolute stability contains infinite wedge So define by

Sop={ M L ATE () <0, B2 0 hinasannnssinaninvaivrasniaie (48

The largest « , is called the angle of absolute stability. The region of Sa is shown in
Fig. 4.2 . In order to apply A(a) stability conditions, we verify whether the
eigenvalues of the systems lie within a certain wedge Sa. It is said to be A(0) stable if

it is }t{ll] stable forsome e [ 0, 7/2].

Definition 3

The numerical schemes (3.1) is said to be L-stable if it is A-stable. in addition. it’s
stability function p (z) must satisfy the condition.

Limit/p (z)/ =0 s R s M)

Z—3-00

Thus an L- stable method is necessarily A-stable and A(a) — stable.
As mentioned earlier, to relate Pade’s approximation to £ with definitions above
and theorem stated below which apparently highlight the adequacy of Pade’s
app;ﬂaximation to £*in investigating the stability properties of the numerical

schemes, we now consider the following conditions and theorems.

7



Definition 6

A Pade’s approximation to * is said to be
(i) A —acceptable if |P,., n{z}| =<1 whenever Re(z) <o
{ii} Afo) - acceptable if ‘Pm {:}| <1 whenever z is real and negative,
(ili)  L- acceptable, if' it is A-acceptable and in addition satisfies Limit |P,_h {:}| -0
as Re (z) tends to negative infinity.
Birkoff and Virga (1965) gave further theorems on F. (z) as
()ifr=s P, (z) is A —acceptable
(iyifr=s+lorr=s+2 P, (z) isL -acceptable
Liniger and Willoughby (1967) considered stages one and two of Pade’s
appa':::ximation to £°

1+1(1-
R, | (zy) = -+-I-(—”Z ........................ (4.50)
L7z

and

I+ i (1-p)z+ i (r-p)
- 4(1+ )z + (r+y)z"

Ry, 2(2,7) =

With the following conditions.
(iy ., Pui(Z,7)is A-acceptable, if and only ify> o,

L — acceptable, if and only ify=1

(ii) P, 2 (Z.Y, 1) is A — acceptable if and only if y > 0, and r = 0 and L- acceptable,

itandonlya=r=>o.
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With the above definitions. we will now analyse the stability properties of the family

of one-stage and two-stage schemes proposed.
44.1 ONE-STAGE SCHEMES

Recall that the one stage scheme is of this form

}r|1-r| = Lr' ............................. {4.52}
Yo —hy,

To analyse the stability properties, we shall adopt the definitions, we earlier
discussed on pages 35-36 . Applying (4.20) to the stability test equation (4.39), we

obtained the recurrent relation,

1

¥n+1 = [m]}r‘u .{453}

as the approximation to the solution, where T is the stability function. For the

convergence of the solution, we consider the behaviour of the stability function

4 wiz) = ]-A};:.l‘: FRRSORUUI | J T
where z= Ah
MNow , a Binomial series expansion of (4.54), we obtain
w(zy =1 +2h - AW+
That is, )= T+z 2% 40 0@ 000 s (4.55)

Which by a pade’s approximation. it is equivalent to u(Z) = &’ + 0(h’)
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However, the stability function (4.54) satisfies (4.45) with ( - 0. 0) as the

corresponding interval of absolute stability. This implies that the scheme is A-stable

(see definition 3, equation (4.47)).

-

44.2 TWO -STAGE SCHEME

The two-stage scheme is of the form

o3
2y,

Va2 - , :
" 23,7 = 2hy o+ RO - v ")

Applying this formular to the test equation (4.39), we obtained

1—,1}:+'{—j—

whose stability function is

M) & g™ {4.57)
i
2
The scheme is A- stable by our definition 3, since it can be expressed as
’2
wz) = l+z- “? Fioe = B FNZY 0 sesesesseens (4.58)
and the fact that it satisfies lim/p (z)/ =10 (4.59)

f— -
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Its i‘ntr:rvai of absolute stability is ( - o, 0), showing that the scheme is also A —
acceptable, since

{R, (2} <1

with Re({z) <0 (see fig.4.1).

Itis.also A(0) acceptable since /R, ,(z)/ < | with negative real part.

»
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Im (z)

Re(z)

Fig. 4.1: A — Stability Region (shaded portion)
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Im (z)

Fig. 4.2: Region of A () Stability (shaded portion) Widlund(1967)
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4 CHAPTER FIVE

- COMPUTER IMPLEMENTATION AND NUMERICAL RESULTS

In order to demonstrate the applicability and suitability of the new scheme.
therla is the need to translate the new numerical formula(3.1) into computer codes.
This will involve the writing of the formula (3.1) in computer algorithm called
pseudo-code.

Some of the computer languages that are available are FORTRAN, BASIC,
PASCAL, and so on,

’ In this work, we considered the fortran programming language as the mode of
implementation of the schemes.
To achieve this, we adopted the following steps.
(i) - Re-write the formular in an algorithmic form
(ii) Translate the algorithm into a computer flow chart.
(iii)  Translate the flow chart into computer code

(iv)  Implement the code with sample problems on a digital computer

(v} . Discuss the results.

5.1  COMPUTATIONAL ALGORITHM

A set of steps taken to obtain the solution of a given problem is defined as the
algorithm of that problem.

In this section, we develop the numerical algorithm for implementing the
inverse polynomial methods described in chapter three. most especially formula
(3.1) and adopt the error estimation discussed in chapter four and the step size

*control measures,



The algorithm is given below:-
STEP 1: Declaration of variables
- STEP 2: Define function
F{x.v), v exact
STEP 3: Selection of input values
Xo s Xtasts Yoo h, 10l

_STEP 4: Initialise variables by setting

. n =0 (counter)
X= Xo
Y=Y
H=h_;
P=0

STEP 5: Compute the approximate values of y(x). adopting routine
IMPRRK (x,v.h , tol, vo)
“For i=2,N
1 X, = % +hoy

F

Y= (i—1D)**2)/ y(i— 1 —hpa*y, (i-1))

P"x','rr-:,nr = aalB{}{ { YNT_}"E ))

_Write (2,10) X, Yn, ¥1 ; Peror
STEP 6:  ESTIMATE the local Truncation Error (L.T.E.) using subroutine
ADAPT (xy.htol, L te. hugw o ¥ns1)

SET yi = y*2A(y- %)

. Dupw = Abs (tol * Yiew)
“Call IMPRRK { x,, Yo I, tol, y1)

‘SET hyew= 0.5 * hay
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SET Xi = Xy hNEW

"SET
2
LTE = {ﬁ}[}(w =

Dowp = Abs [)’.a.- B }'f]
‘Dnp = (Dnew/Daig)
"While (Dy < Dyew)
‘Then
SET hpew = hgig * (Dyp)**0.25
_Else
SET
Haew = holg ™ {anj**nﬂz
STEP 7: While (L.T.E <Tol)
_‘Then
-Return the results
Else.
STEP 8: Adjust the step size and replace hyg by hye,
hog = hiew
and repeat step 6 and 7
STEP 9: Output the results.
STEP 10: Stopping eriterion

» While (X, < Xgs). Then set

I Jl':n = X+l
¥o = ¥u+l
hﬂld = hll'.‘:'w

& E



N=n+1
and repeat step 5 - 10
Else

.STEF' 11 STOP.

5.2 PROGRAM FLOW CHART

A computer flow chart is a diagramatic representation of the algorithm or the
plan of solution of a problem. It indicates the process of solution. the relevant
operation and computations, the point of decision, and other information at the a point
of the solution.

JFlow charts are of particular interest because of its documenting feature. They
are constructed by using special geometrical symbols, such as squares, rectangles,
diai:r;ﬂnds shapes or circles. Each symbol represent some activities which could be
input/output of data, taking a decision. terminating the solution process and so on.

" The symbols are joined by directed lines segments to indicate direction of fMow.

The flow chart of the above algorithms is given in fig, 5.1.

47



" Fig. 5.1 :
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53 PROGRAMMING IMPLEMENTATION

This section considers the computer implementation of the above
alogorithm. The implementation is done in a variable step size fixed order
method. The program consists of three modules called FUNC, IMPRRK. and
ADAPT respectively.

The program starts by declaring the value of variables in double
precision mode in order to reduce round off error. After this, the program
chooses initial estimate for the variables and function FUNC was defined as a
function subprogram to evaluate f(x. ).

This was followed by adopting the solver called IMPRRK which will
call on subroute FUNC to supply the slopes of the integral curve of the
solution. On the receipt of the estimates.  IMPRRK generates the
approximates solution ¥y, 1o y(x) at x,+; and called on ADAPT to estimate
the values of the error (LTE) associated with the computation. To control the
step size which will increase the rate of convergence.

On the receipt of the error estimate from the subrountines ADAPT.
IMPRRK then test for the convergence of the solution by comparing the
magnitude of the error with allowable error tolerance. As soon as the
condition.

ILTE| < Tol

s met, the programm will ask whether the upper point is being reached, if yes,
it will output result. Otherwise IMPRRK will go to the next step to generate the
next round of approximation to the solution. The process will be repeated and
» continued until the upper end point is reached. When the program reached the

end point (X} it will stop the process.
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5.4.. NUMERICAL COMPUTATIONS AND RESULTS

To demonstrate the applicability of the various theories discussed in previous
chapter, we consider the following sample problems.
Problem 1
Consider initial value problem

Y= l+yh yo)=1

D=x=1
whose theoretical solution is
}f{x}:= tan( x + w/4) . has singularity at x = n/4
The aumerical results are returns in the variables y(x,). ¥, €. L.T. E as shown in
table 1.
Where y(X5) ¥n en, L.T.E representing the exact solution, numerical solution. local
discretisation error and local truncation error respectively. as shown in table 5.
PRI-JBLEM 2

Another initial value problem considered is

pr e J~+5x3cXpl_l’5xJ; —
p x

I

g <x <1
Its theoretical solution is
v(x)=-5 x log (2 —x) , with singularity at x =2

The problem was solved numerically with formular (3.8 and 3.18) and the results are

shown in table 2.



PROBLEM 3

Consider the initial value problem

L

Yoo = ylogy : y(o)=exp(0.2)

1 —x
The theoretical solution is
y(x)=exp A(l-x)
With singularity at x=1.
The results are shown in table 3.
PROBLEM 4

Consider

b

#

¥ =5 3 ya@)=l
r = X =2
The theoretical solution is

¥(x) = |
- x

- with singularity atx = 1.
The results are shown in table 4.
Problem 5
Consider this non stiff equation
- =ay; why=1
the theoretical solution is
vx) =£

the results is as shown in table 7
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Problem 6
Consider

vV o=Ay—x)+3x7 y0) =1
O=x=2

The thearetical solution is

yix) = +x
where A4 is a complex constant with negative real part. That is Re( 1) <0

from the form of the theoretical solution, the transcent part (™ varies
rapidly with respect to x while the 2 part x’ varies slowly. This behaviour
is characteristic of stiff equations

the results is shown in table 8

5.5 DISCUSSION OF RESULTS

-From the results in tables 1,2.3.4, 7 and 8 we observed that the discretisation
error obtained from the solutions are sufficiently small, this shows that the
schemes are very accurate, stable and convergent.
As shown from the results in tables 5a and 5b these schemes compared

favourably with the existing Euler’s method .



Table la

LOI000
02000

. 03000
04000

" .05000
06000
" 07000
.08000
. 63000

. 10000
T L.11000
. 12000
.13000
. 14000
.. 15000
© . 16000
*,17000
. 18000
d.lgﬂﬂn
YL 20000
21000

LZ2000

Y {Xn)
1.0208480201
1.0414806419
1.0625475709
10840670155
1.1060581556
1.1285412225
1.1815375604
1.17506497089
1.1981614904
1.2238381030
1.2491262234
1.2750541176
L 30185815630
1.3289510018
1.3569856254
1.3857915938
1.415407%1907
1.4458732161
14772331974
1.5095236232
1.5428242008

1.5771581412
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n

1.0204081628

1.0412371558 °

1

1.06250459%9. |

1,0842290474 ”

1.1064300457
1,1291282059
1.1523452801
1.1761042410
1.200429368E
1.2253463537
1.25088230933
1.2770663144
1.3039286934
1.3315019934
1.3598207145
1.3989215609
1.4188436193
1.4496285538
1.4813208270
1.5139679405
1.5476207037

1.5823335229

er]

-

,.-D004368573

.

/' .0002434864

_ %
0000429110
b |

'xi}ﬁaqfﬁbdgén

0003718301
LO0058R5E332
LOOOBQTT LG8
L.0010345321
L0012878764
LAI15082507
LIO1TER1E9S
LAD201215685
LODZ22769304
0025509916
0028350801
-0D312986871
LR034364285
Q037553377
L00408TR200
0044343173
-D0479685028

0051753816



23000
.24000
25000
. 26000
.27000
28000
26000
.30000
31000
,32000
.33000
34000
.35000
36000
. 37000
.38000
. 38000
40000
41000
42000
.QEDUD
LAR000
. 45000
46000
.41DDU
LABRO00D

.49000

1.6125924749

1.6491884024
1.6870116273
1.7261329577
1.7666286279
1.8085808542
1.8520786431
1.8972180755
1.9441034762
1.9928480834
2.0435750726
2.0964186731
2.1515254385
2.2090556966
2.2691852087
2.3321070744%
Z.3980339285
2.4672004725
2.5398664216
2.6163199287
2. 6968815877
2. TH169091 367
2.8718029969
2.9670128435
3.06B0454165
3.1754738757

3.2999490551

1. 6181647207

1.6551769490
1.6934374913
1.7330188152
1.7739990167
1.8164624043
l,BéDEOGIEEE
1.9062108702
1. 8527016734
2.00308B8471
2.05449859385
2.10BDB9SE1E
2.1635526845
2.2223121547
2.2833294252
2.3472035567
2.4141538965
2.4844227518
2.5582784800
2.63601590658
2.7179763515
2.8045209864
2.8960682580
2.9930850410
3.0960%95056E
3.2057037986

3.3225804753

LOOE5722559

0059385465

-0064258640

-00&3B5E575
0073703684
L00TER15101
0084214831
L00B98275947
0095982032
0102407637
0109238659
.O0116512BE7
LOL242724560
0132564581
0141442165
L0150064818
L016118%650
D1R2222783
-0184120582
01968991371
0210947638
LO02261148506
0242652611
LO260721575
L02805260403
L03022088229

L0326314201



Table 1b

=
]

01000
. 02000
.03000
.
04000
. 05000
. 06000
. 07000
. 08000
. 09000
L10000
11000
L12800
.13000
.14000
.15000
16000
17000
18000
.19000
.20000
21000

-22000

01000

¥isn}
1.020B480201
1.0414806419
1.0625475709
1.0840670155
1.10605B81556
1.1285412225
1.1515375604
1.1750697089
1.19916145904
1.2238381030
1.2491262234
1.2750541176
1.3016517630
1.32B9510018
1.3560856254
1.32B57215938
1.4154071807
1.4458732181
1:.47723314974
1.5085336232
1.5428242008

1.5771381412
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n
1.0201999587
L.o4a0g0yaz2el
L. 0618487866
1.0833409525
11053034157
1.1277563040
1,1507208524
1.1742194820
1.1982758860
1.2229151250
1.2481637206
1.2740497746
1.3008030838
1.3278552714
1.3556399307
1.3845927648
1.4141518550
1.4445576555
1.473B533975
1.5080852180
1.5413024387

1.5755578450

&1
L0006480613
0006728139
0006997842
0007260630
0007547399
.0D0078458185
LGO0B16TOTY
LO008502270
0008856044
000922973580
~0002625028
LO010043430
LO0104BETEZ
LO010957304
0011456947
.0011588090
. 0012553357
.0013155606
0013787599
0014484052
LO0015217611

0016002962



. 23000
24800
L25000
126000
. 27000
.2B000
.29000
.30000
. 31000
.32000
. 33000
. 34000
. 35000
.36000
.37000
. 38000
. 39000
. 40000
4100
.42000
43000
. 44000
¥
. 45000
. 46000
. 47000
48000

48000

1.e125024749
1.6491884024
1.6870116273
1= T2e1329577
1. 7TEGERZBGZTO
1. 8085808942
1.8520786431
1.8972180755
1.9441034762
1.96284808324
2.0435750726
2. 0984186731
2.1515254385
2.2090556266
2.26921652087
2.3321070749
2.39803392485
2,4872004725
2.5398664216
2.616319%287
2.6968B15877
2.791590081362
2.B87180298639
2.,9870128435
3.06B0454165
3.1754739757

3.2699490551

1.6108079907
1.6474135506
1.6851396977
1.7241565321
1.7645395595
1,8063702128
1.8487364609
1.89473346495
1.9414643553
1.9900410354
2.0405851896
2.0932293490
2.1481181225
2.2054096253
2.2652770779
2.3279106585
2.3935196272
2.4623347822
2.5346113007
2.6106320369
2.,6907113838
2.7751997768
2.8644800223
2.9590185572
3.0592829001
3.1658405601

31,2793246931

.001eE44841

.00177468518

L001871%285
LO018764256

0020890684

0022106814

00234216822
.onz4846060
0026391210
LO0ZBOTO4EL
L0029898830
.0031893241
0034073160
LO036460712
-0033081308
.0041964164
LO045143013
L0043656903
LO052551211
0056878018
LO061702039
0067093593
.0073139745
.0079942863
0087625163
0096333155

0106243620



Takble

.01?00
.ﬂ2q0ﬂ
LO3000
. 04700
05000
06000
07000
LOBD00
,UQPUD
e
11000
.126Gﬂ
.
L3000
14000
L15000
16000
L17000
L1B000
L1 S000
.20000
we 1B}

LA2000

-

2a

YiAn)
1.2238727362
1.2263982671
1.2289812448
1.2316238459
12343275382
1.2370850870
1.2399285599
1.2428303332
1.2456028283
1.248B8483%530
1.25137094888
1.2551721395
1.2584553403
1.2618238056
1.,2652B08547
1:26883003172
1.2724750466
1.2762198225
1.2600634244
1.28402542886
1.28809523859

1.2922828036

n
1.2238504628
1.2263527427
1.2289114431
1.2315284BE9
1.2342058937
1.2369457644
1.2397503069
1.2426218321
1.2455627618
1.2485756358
1.2516631197
1.2548260086
1.2580732445
1.2614019155
1.2648172312
1.2683227310
1.2719218965
1.2756185631
1.2794167332
1.2833206310
1.2873347171

1.2914637060

en
LOON0EZ2T34
.0000455244
0000638017
.0000851571
LO001216445
0001453245
,O001TEESE0
0002085012
0002401366
LDO02T3Z332
LODO307BTO02
00034413032
L0002821049
.0004218800
0004635855
LD005073002
0005531501
.0006012594
006517612
.ooavoaTaTd
.0o0Ye05218

LO008120876



LZ23000
.24000
. 25000
. 26000
.27000
. 28000
29008
.30000
.31000
.32000
.33q00
. 34000
. 35000
36800
.37000
38000
.39000
. 40000
. 41800
LAZR00
. 43000
44000
. 45000
46000
. 47000
. 4B000

.48000

1.2965932853
1.3010321517
1.30586051911
1.3103185580
1.3151787801
1.3201927945
1,32536753801
13307121534
1.3362338073
1.3419417543
1.3478455738
1.3535554641
1.3602823401
1,3668378974
1.3736346824
1.,38068R1710
1.3880068561
1.3956123442
1.40351946446
1.4117463903
1.4203127742
1. 42923959020
1.4385508643
1.4482707506
1.458426B653
1.46904859263

1.4B01696568
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1.2957125839
1.30008662593
1.3045914335
1.308232%245
1.3140173935
1.3188515215
1.3240424115
1.3292%762086
1.3347251384
1.3403337263
1.3461323621
1.3521308859
1.3583397735
1.3647702172
1.3714242310
1.3783447052
1.3855154905
1.3929c14509
1.40069%87638
1,4087446333
1.4171178181
1.425B385720
1.4349288462
1.4444124887
1.4543153466
1. 4646656597

1.4754943210

LOOO0BEDTOLA
LO009455224
LR0L013T7576
.0010856335
LO00116132866
LO012412730
0013255687
.0014145728
LO0150F6089
L00160EQZ280
LD017132117
L0018245742
.0019425666
.002067 6802
LODE2004514
.D023414659
LO024913656
LO0Z26508533
.0028207008
LA30017570
00319459561
LO034013300
.0036220181
LOD38582820
S0041115226
0043832966

0046753377



Table 2b

=
i

.01000
. 02000
.03000
. 04000
. 05000
. 06000
. 07000
.08000
.09000
10000
.11000
.12000
.13000
. 14000
.15000
. 16000
. 17000
.18000
~1afog
20000
.21000

.22000

SO1000

¥ (¥n)
1.2238727362
L.2263982671
1.2289B812448
1.2316236459
1. 2343275382
1.2370950870
1.23992855499
1.2428303332
1.2458028543
1.2488488650
1.25197098886
12551721395
1.2584553493
12618238056
1.2652808567
1.2688300312
12724750466
12762198225
1.2800684544
1. ZB40254 786
12880952388

1.2922828036

T
1.2238725366
1.2263977306
1.2289802237
1.23i52198G9
1.2343250581
1.23769160753
1.2399238824
1.2428242437
1.2457951664
1.248839%2470
1.2519592096
1.2551579156
1.25843B3712
1.2618037370
1.2652573364
1.26BB026754
1.2724434354
1.2761LB35055
1.2800269553
1, 28349782025
1.2880417298

1.2922223992

ern
L00000019%94
L0000005365
LO000010211
.Ono00leasl
L0000024801
LO0000347935
00000467795
LOGO0060R0S
L0000CTT3LY
000096220
~0000117792
.0000142239
.0000169762
Q000200686
00002351584
LO000027355%
0000316112
0000363170
L,N000415091
0000472257
L0000535020

0000604044



.23000
.24000
.25000
. 26000
S27000
28000
L29000
130000
.31000
.32000
,33000
34000
.35000
. 36000
. 37000
38000
,3aboo
.40000
.41000
.42000
43000
44000
. 45000
46000
.47000
. 48000

.48000

1.2965232653
1.30160321517
1.3056051911
1.3103185580
1.3151787801
1,3201927945
1.3253670801
1.3307121934
1.3362338073
1.3419417543
1.347B455738
1.3538554641
1.3602823401
1.366837TEET4
1.3736346824
1.3806861710
1.3880068561
1,2256123442
1.403518464%6
1.4117463203
1.4203127742
1.4292399020
1.4385508643
1.44B2707508
1.4584268693
1.4690469563

1.4B01696568

1.2965253242
1.3&69559185
1.305519%187
1.3102Z34090
1.3150728474
1.3200750942
1,3252374454
1.3305676663
1.33607402948
1.3417653585
1.3476510711
1.,3537412330
1.3600466137
1.3665787471
1.3733500016
1.3803736563
1,38766349854
1.3952363541
1.4031073229
1.4112347652
1.4199179905
1.4286979%400
1,4379572581
1,44%EZD5?BB
1.4577146820
1.46826R7525

1.4753140499

LO0000679611

0000762332
LOODNES2T24
-0000951480
2001055328
LO0D1177003
LO0001305348
0001445271
L0001587775
0001763958
0001945027
0002142311
LO002357265
0002591503
002846808
0003125147
0003428707
L0003759501
0004121417
004516251
.0004947 748
0005419620
0005836052
006501718
LO007121873
LO007802438

.0008550088



Table

.01000
.02000
03800
04000
.05000
. 06000
.07000
L0000
.02800
.10000
.11ﬁhn
12000
13000
14000
.15000
.16000
.17000
.18000
+18000
.20000
L21000

L22000

3a

Results of one stage scheme for

Equation 3

Y (¥n]
1.010101008%
1,0204081628
1,0309278343
1.0416666657
1.0526315756
1.0638297815
1.07526498080
1.08659565108
1.09890104852
1.1111110%4¢6
1.1235954E61
1.1363626137
1.1494252514
1.1627906783
l.lTﬁd?DETgﬁ
1.1304761854
1.2048192797
1.2195122058
1.2345679203
1.2500000278
1.2658228221

L.28205132%]

6l

rn
1.0101010099
1.0204081631
1.0309275347
1.0416666662
1.0526315780
1,.0638297E54
1.0752648147
1.086585651%0
1.0983010955
TN ELLIAETE
1,123598550189
11363636328
1.1494252835
1. 1627906933
1.1764705B841
1.18047618589
1.2048192724
12195121899
1.234567B4961
1.2499999943
L 2eS8227787

1,28320512756

e
.00ooooo00n
.Dopoooooos
~0000000004
LO00000000%5
Locooooo023
0000000035
.0oo00ooons?
LO000000081
LOoo00oo1oz
L0000000133
0000000158
.oonoogolaz
0000000225
L0000000150
L0000000082
L0000000Ga5
L0000000073
0000000159
.0000000243
0000000337
-0000000433

0000000535



23000
.24000
.25000
26000
27800
.28000
29600
.30000
.31000
.32000
33000
.34000
.35000
.36000
37900
L38000
.33000
. 40000
41000
42000
-43000
. 44000
. 45000
46000
.47000
. 48000

-45000

1.2887013560
1.3157895418
1.3333333863
1.35135134884
1.3698630334
1.34988888%12
1.4084506877
1,4285713921
1.4492753047
1.47058B1554
1.4925372098
1.5151513865
1.5384613833
1.5624993166
1.5873013741
1.612902%808
1.83934338386
1.6666663521
1.6549143015
1. 7241375377
1.7543B55283
1.7B57138029
1.8181812862
1.8518512673
1.8B6791R120
1.8230762221

1.9607835483

&2

1.2887012511
1.3157B94651
1.3333333240
1,3513513417
1.3699630031
1.3BREAARTTY
1.4084506924
1.4285714153
1.44582753484
1.4705882203
1.4425372964
1.515151425649
1,5384615196
1.5624999812
1.5873015679
1.6129032050
1.A39344239]1
1.6666666412
1.6949152271
1.7241379025
1.?5#3859344
1.7857142522
1.8181817817
1.4518518128
1. BEETO24115
1. 9230768797

1.96076842638

L00ooo00649
0000000767
LOooooohe23
L0000000466
.0oooo00208
L0000000132
Lonooooooad
L0000000232
L0000000437
Loooo0o00e44
.D0000008E5
.0o00001104
.0000001363
L0000001 645
L0ononn163e
LOpooGon2242
LO0D0002555
Lo0o0no2e91
0000003256
LO000003644
LO000004061
L0000004492
L0000004956
LO000005455
0000005295
L0000006ETE

.0000007205



Tabkle

.01009
02800
03000
04000
.05000
.06000
LOT000
.0BOOD
.09000
.ID?&&
211000
.12Q00
.13000
. 14000
.15040
. 16000
.17000
.18000
.18000
L20000
21000

22000
g

ik

Results of two stage scheme for

Equation 3

Yi¥n)
1.0101010095
1.0204081628
1.0308278343
1.0416666657
1.0526315756
1.0838297815
1.075268B089%
10869565108

1.098%010852

1,1111110%46

1.1235954861
1.1363636137
1.1494252614
1.1627906783
1. 1760705759
1.1504761L054
1.2048192797
1.2185122058
1.2345679203
1.2500000279
1., 26568228221

1.2820513291

i3

n
1.010101005%
1.0204081631
1.0309278347
1.04166666%2
l.UE?EJlE??H
1.0638297854
1.0752668147
1.0B69565130
1.0%890104855
1.111113110%9
1.1235855019
1.1363636328
1.1484252839
1.1627906933
1,1764705440
l,lQﬁﬂ?ﬁlHEB
1.2048192724
1,21951214898
1.2345678960
1.2459999442
1.265B227787

1.2820512755

an
.a00o0ooaon
0000000003
. 0000000004
0000000005
. 0000000023
. 0000000039
.DOO00N00ST
.0000000081
.0000000103
.0000000133
0000000154
0000000191
.0000000225
.0000000150
0000000082
.0D00000004
.0000000073
. 0000000159
L0000000243
.0000000337
L00000004 34

0000000535



L23000
.24000
.25000
.ZEQGD
. 27000
.28000
29000

30000

33000
-348400
L35m00
.36000
,E?dﬂﬂ
38000
-39000
40000
.41000
~42000
.43000
- 44000
-45000
LAE000
LATT00
SAB000

LA43000

1., 2987013560

1.3157E05418

1.3333332863

1.35135134884

1.3658530334

1.3688886012

1. 4084506877

1.42857134921

1.44892753047

1.47T05881554

1.4925372089

1.5151513865

1.5384613833

1.5624998166

1.5873013741

1.6128029808

1.6302430836

1.6666663521

1.8948149015

137241375377

1.7543355283

1.7857138025

1.8181812862

1.8518512673

1.8B67918120

1.9230762221

1.96078B354E3

1.2947012%211
1.3157894651
1.3333333240
1.3513513417
1.3698630031
1.33p88887789
1.4084506923
1.4285714153
1.4492753484
1.4705882203
1.4925372964
1.5151514970
1.538468151%¢6
1.5624999812
1.5873015679
1. 6122032050

1. 62353442301

l.bobbeandld

1.69493152272
1.7241379025
1.75438559345
1.7857142523
1.8181817819
1.8518518129
1.BB67924117
19230768738

1.96078426E9

000000649
.0000000TET
0000000623
0000000466
LO000000308
0000000133
L0000000047
000000232
.0000000437
LO000000645
LO0on00086S
LOn00001104
0000001363
0000001645
LOGDO001938
Lopooaoz2zal
0000002555
L0000002892
0006003256
LO000003646
0000004062
0000004494
L0000004357
0000005457
LO0000005937
LO00a0GesTT

0000007206
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Table 43

.11000
.12ﬁnn
.13000
.14000
.15000
S16000
17000
.18000
L1000
20000
.21600
.22bon
.236400
.24000
L25000
.26000
.27000
L28000

23000

¥ [&n)

L3501172543

L3TETE2058BE

LA06B599668

4344035430

.4812892452

LABTE1Z4B60

-5136686145

5389529061

.2636605700

JSRTTEHETAZ0

LB1132648595

.6342747983

.

6566265864

.G7837686672

.

6385138591

T2005074684

7398639500

1582540660

.

1779154266

7858423577

LB133292239

LBI00T005TT
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n
25336508522
.38E2333608
4165304731
L4725 T6T742
4774146157
~50YDAD36E3
LB360135157
LBE94522464
5823144073
6195975450
.B462989564
LB724157079
CEBT9446582
7228824843
« TAT2256550
277097068354
L T841135240
+B1BE504153
LB3IBSTTZ502
sB5UBA9R395
LBEO5E38TE2

LO006549389

=40t

LO0324865978

0084703021

0096705063

0128541312

0160253705

LO191BTETRY

-02234438012

L0254993403

LO286536373

.03lal0enls

L0349724673

.0381409088

.04131807186

0445057971

0477058350

.080919E910

0541495430

0573963493

0606618236

0839474414

0672548522

L0705p48812



. 33000
24000
.35000
.36000
37000
.38000
.39500
. 40800
41000
.4z800
.43000
44000
. 45000
. 46000
47000
48000
49000
50000
L 51000
.52000
.53000
54000
55000
56000
.57000
58000

£ 59000

- 3461589573

.8615809844

SBT63IGRI0Z22

.B904531730

LBO3RT29587

. 9166096038

9286565626

-34000716867

1

2506546376

—.2605220B06

9698124823

9783087079

L2B60734976

LBB30904642

L 8993790835

-1.0049047215
*l.ﬂﬁgﬁﬁﬂﬁ?dd
-1.0136627058
=1.0l6ET20527
-1.01930938B0
-1.0209453365
-1.0217783671
-1.0217997690
=1.0210007467
-1.0193722164
-1.016%050014

=1.0135897270

=1

=1

=k

=}

-1

=1

=1

-1

=1

=]

il

=1

=3

. 9200984942
. 9349098994

STOB44095
9746171710
. 9915032293
L0077375307
-02331421482
0382301393
0524778396
.0eel525668
0789487733
.0211608109
1026829345
+1135093016
L1236339718
.133050%062
:14175396B6
1497369238
.1569934383
L1EZ51T0B06
+16830131%96
+ 1743395250
1786249688

L1H21508239

.1849101639

1868358654

1881011066

LA73083953849
LOTT3200154
Jo8a7273072
08416359250
LABTeI02738
J0811275265
0946583557
0982229726
. 1018232020
1054604863
.1031362910
L112B521030
~1166094369
1204098375
+12425449823
1281461847
1320853932
1360742180
+1401143856
1442076927
.1483559832
15256115719
15682517949
~E61150077]
1855373475
.16993059640

.1745113796



Table

.11000
L12000
.13000
. 14000
. 15000
L 16000
17000
. 18000
.19000
. 20000
. 21700
. 22000
.23000
,24000
. 25000
.EEQDD
.27000
.28000
29000
30000
. 31000

32000

4b

Y{Xn}

.3501172543

1

3787630585

L406B500668

.4344035430

LA613892452

I

~4BT78124860

5136696145

-53E0529061

.5636605700

L587TEET430

61132648095

.68342747003

LGhE6265664

LBTB3TH6ET2

6985109581

200507484

. 7393630809

LT59254 0660

LITTE154266

71959423977

-, B133292235

-, B3007T00577
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i

-.3495609343

AT TRESB2TY

LA052296214

4322440570

.4537010539

.48459349030

L5099164039

«B348627272

LSOBB2T2R23

.5E24046250

1

LAOSIBRINA0

LBE2TTTe2881

6455599855

L6T07351604

.B912864862

. 1112385337

i

LT305358682

L 7482420558

I

«TET2942133

-. TRATO3ISGRE

-, 8014664702

= 817558802

2n

.0005563200
.0010974306
SD01LA3027 54
00215943861
0026881914
0032185830
.0037522106
LO04290178%
0048332877
+0053821180
0059370905
0064985112
070666009
0076415178
-0082233730
LO0BB1Z22128
00940811419
LOL00111101
0106212133
LO011Z2384290
.0118627537

LO0124341776



33000 - 8461589573 -, 8330262688 .01313288B5
.EQBHD -.B615898844 -. 2478116144 L0137TH2700
L35000 -, BT63567022 -. 86192575966 0144309058
38000 -, 8904531730 =i §T53625955 0150805775
37000 - 03B T29557 -.B88115688% 0157572671
,38600 -, 9166098036 -, 9001786479 L01643008559
.396&& -.59206565620 -.9115449348 201711162748
.4060& -, 59400071667 -, 9222079014 I LOL77992653
-41000 —. 95065486376 =, 9321607830 .0184%938546
LAZ2000 = 9605320806 -, 3413967004 -0191953802
LA3000 -, 8698124823 -.9408086531 0199038292
44000 -, 97830870749 = S5 TEg951 T 0206191200
LAS000 -, 8860734976 ~. 9647320457 0213414518
46000 -. 9930904642 -.89710288592 .0220706050
.4?600 -. 99937090595 =, 4Te5724491 LO0228066404
LABE00 =1.0049047215 - SEL3R51703 0235495506
-49h0o0 -1. 0096685704 -.3B55692428 S02429932735
50600 -1.0136627058 - FEERDET41] LO250559647
51000 -1.016B780527 9910595974 LN258194552
52000 =1.0193083850 -, 9027195955 LOZp580G7924
53000 =1.0202453365 =-BEISTIIET 6 JO2T3669683
+54000 -1.0217783671 —BA36273307 LO281509764
LE5000 -1.0217997490 - 992B5T79832 .0ZB941E058
LSE000 =1.0210007467 -.9912613007 LO2973%4460
L57000 =1.0193722164 - 3888283327 0305438838
-28000 -1.0163050014 -. 9855408987 ,DBlBE%lﬂET
.532000 -1.0135B97270 -.9B141RG437 LO3Z21TI0E3Z

68



0

BLZSS0E200° G@wammwmﬁﬂ,ﬁﬂﬁmmmwﬁmcm. G0OCTEZ6B88E T BEGSTELSRET goasT”
SLTLLGLSO0D? GLERLZETSE T [[680EERZON° SPTILOEEBEE T PSERSHGOGE"T aoost”
BSLOSFEZS00” GEEoL0LEZE T P1660SSE00° FEBBTOGTEE"T BIOOTSHEEE"T 0CoORT"
FOBBFOLEOD” SELLIBROGE T ROEGQLEZ0D” PEGIBZEE0E"T DEBLTSITOE"T onogT”
CeTTSTERDOD® SEARERELOLE T B2ETETOZ00" FRIE290LLET SLTTFSOSLET opozt”
sFLEEaBEDD” CEPHZEESRE T GEOTOSLTON” ECGEZBBOSE T FEZEDETEFE T pRoIT"
PLOPLEREDDT SEEROPEOEEZ " T LOSZBOSTOO” LESESRELRZE T OEOTBEBEZE'I QAGoT”
GOBLETEa0” mmNmmmmmmH.ﬁﬂmﬁmhmmacﬂ. BEFEBERODET FOBFIDIEST'T pogen-”
CIBLOLLZON” LLTGEBECLT T [EESPEOTOO” Qﬁwmwﬂﬁmha,ﬂ GEOLESODSLT T . aoaeo:
SERREFRZOD” BSREEB0GFT T RBeTLL08000° I0BESFEEST T FOSSLESTIST T apoLo”
erEOFTIZ00" SELOTOPQZT T FEBBIEL0O00° BEGOEZRZTREL T SECCTREBIT "1 apaoan:
ITRSERATO0" GRTEBOEPOT T [OGBTLEOON® LEFOOERSAT T S9ETES0R0T"T aoasn:
ESSLOLSTO0" CESFOBRERD T BEE0OEITCOOT PLROSEERRO"T SST0L2OFBOT QoarD”
EERTHTETIO0” LEQFPBZET20 T DTLEEROO00DT G6665F0SES0°T GOLSLEPSESOT pgoco”
CEFROLOTOD" FESEEORORD T FOBRERPZO0O” FSSTLEEZTFOT ETP20BFIFO T paozo-
S0E03r8000°7 56666006T0 TELSBEERODD” BZ2TBOF0EZ0° T ﬁnNqumGNDHH Qooto-
ot uAD 19 ux (ux) A =
oooTo” = 1
1 uorienby I03
g{nuIo Is[ng JO sirnsay 1 uwotrienb3y 107 swayos sbeis sug Jo siTnsey

AOHLEW WETAT HLIM FWEHDS MEN FHI 10 NOSINVAMOD FHL I0 SITASIH HHL
BSAqEL



STLTZEHBFD®
QETEPFEFED”
BTEEEZZTLO”
0B00RZELED”
86979ZERE0"
ZZYPFBIZED”
98040 L9RZ0"
DOEOELELZOS
TODDTLESZO "
FELBEEEEZO”
BOEETSGTIZ0"
OOERBOEETOS
STIIVEGEHTD"
ZOTSEREITO”
LZOBBEAGTO"
ZFOOD0OSHTIO"
ESO0ABREETO”
89FLLSEZIO0C
FELEBEETTD”
GRTSE050T0"
LT98089600°
FCZOR0DER00"
6TEFEETE00S
EE9TATSL00"
BLOETRAS00"

L

EOSEFEQIETR €
EESTOGEEZETR "2
LORG0TESSE" 2
G590BLIREE g
GHBCERLEFEZ "
FRGTTLBOLT
BEZBEFBIZT T
cE856E0LB0E
SZLOFPOEETO" T
OO0TERIGESE"T
FEFTESSZEE T
SEFCBOELLE"T
BTEESEEEES T
OBLELRGIBL T
E52862605L T
GECEEESTIL T
DZEBELE9ELS" T
LSLBOERIES T
GTOSEEITOS T
ZECREF298S T
ZREEEPIEES T
BLESFEI00E T
SPOLEFOROR T
ZESOSSERER " T

BZBHSTSROF"T

CHSOZIFEIC®
coLEgEgL e
08966TTSTO"
BTBF2E0STO"
GRTZFFIFIO®
TBSFYGEETO”
COPELEZRETO’
LREETERTLO?
6S9BEZE0TO°
LEQLOPZOTO"
ZEOZBGS5600°
LFELZEERBOL
TEBRPLEZFBOC”
IOTSIe8LOC"
BEREOLELOD”
GLS8S8BI00”
DF2BSZFI00°
G9FS8EE500°
BERZELEL00°
STEEGLTSO0"
BEOS9sLPOD”
ELTEFEFFODS
96Z9LB0FOL"
LLEEQSLEQD T
GEZFREFEOLD”

-

COogkBLERGEE
STISLEZRPBY " E
SO96BESTETRE
LY9SSEQZLFE"E
COZFHEEEQE™T
LESTETEZEZ T
SPEOZSEEATE
8I2662080T°2
GREGREFFSO"E
TLEEBBBOEOQD "2
PELOTOLECS”
e0L80TZ2206° T
€9ZT00SC98 " T
EPORERFOIB T
L9TOGEEELL T

T

T

T

ZGTREBTOEEL”

ELEPLETEGD"

O6FER LTSS

LOELFRTETS T
GELGEEEERG T
LEQLOERLFETT
GOPELIBETS T
DLEROEETBER T
HEQOAZGAFF T
EETSEFBRLY 1

BIZF2DBHEL TS
GZLFOUEZLOVZ
GREZEEELDBGEE " Z
6FLOLOTZEE"E
LBDZSBTEDEE
G2E955060EE
SREFSESTIST T
TELZBTFOE0"E
STLOGLSERD 2
FEBOBFBZEE T
ZOLrEOTRERE T
SELO8TELBET
TE#98L0ESET
CPEE0OBGENE"T
GLEQRZORALT
CESGZETIELTT
ELZOTTOLES T
FZOFRBIEF2TT
BRLEFEESETST
ETRTESTLLE T
BODZFEZREFS T
ZEZOECSR0587T
FLETBESLLF T
T9TCELESFIT
LOBTLOPETR T

CooTE”
QUoOE”
0f0sE”
oooge”
agoLg”
aoagg”
Qoase”
00OFE"
GooELE”
0Qoee”
0ODTE"
ooooe”
DA0EE”"
oooeeE’
000LE”
oooeg”
ooosz”
Qoare”
QoaEL”
ooazZe”
CooTE”"
pogog”
0OOET”
DOOBT”
BogLT"



LESOPEETOT"
69ZLLEETEN
LLFZBEIEAD"
6A0ZELTOLO
EFBLIEREOD”
< £6AG987E90 "
TL83001850°
TEBTEEZESO”

FSBEFSSERT"E
BEFTOLPERBOE
LERTROVFEE " T
SPESREBOGE
BITZOTEE0E "
BRFYZTIREIL
900B08LBES ]
959L8B0298 " 4

[ |

TOEFTEREED”
6Eihedc0ED”

E0FRESORED”
SLETZLO9EC™
TT2ES22FE0”

BOSETT9EED™

SE0LkR0TZ0O"
TLETGEI6TIO"

ESLFOBYEZTE"E
SEELEOLSOZE
8508605607
OTPOSB0ERE"E
0BSEB30968°2
BOBG0CZSP0E"E
ST9ERLELTL Z
89906T02E9 "2

TSSOGRERAT L
LSLBELPSLTE
COTRGROBI0"E
SEFBZTIOLAE'E
EOEGZ0BTLE"E
+ZALYGORTEL T
LLBSTHESRD "E
LBEBRTEDTR Z

g0aaF”
ao0agF”
QO0OLE"
oooak”
QpogE”
0oo0Re”
COoER"
DADER”



- -

ST5seE2000° DeLP00Z80Z "I 6SSELEDQDD” PELAZ0B888E" T ZTE00EBERE T goast’
E9ESKLSODOT FOZESODLYRE T PELGELDOOO" PEBEELGECGRE"T LOGB08EEE" T opast’
PIZTEESOOO" EFEQTOETSEZ T 9R2O00E0000° QLELEDBTHE™T SGOBEZRIRE T goagT*”
Teeeg L p000” EZTOERGLEZ T £R LS TOOQ0 " CTLEBERBSE T EEPESCRRASE T aooetre
0998¥EF000° CELZLVPLPEE T GEZERTOOOD " FHTELGTORSE" T SEETZLTSGENT anaEtT”
SELOeLEQODN” PECCTRSTISZ T 26 L L TTO000 " FeOERSETSZ" T BERE0LETSETT apoTT”
FEZGOLE000” SSPLEIeEeRI T 02Z9600000 " OLPEZREBRPZT 0698BFERFZ T oeogt”
LETRSeZ000" LEBFLOSSRE " e TCLL0O000" FOIGELSRETT EEERZOBSHE"T Qa0e 0"
Nmawmmmmoﬁ. QAZTRLSZRE [ So80900000 " LEFERERERE" T mmMMGMmeW.H Qagan”
LTALBTEDOD" EROLAOLEET " SLLOFDOOOD T FEaREZERESE" T 6GSSBIGRED" T ConLn”
CIROEETOOO" SCOOETE9EL " SHLFEDROOCD " GLOSTE0LEE T OLEOSROLEE T copeg-”
[8868PT0O00° EZCSBLIREE T TOREZOO00D0" TBSO0SEEFEE T ERESLEEPET T Lonsa”
GEZZFSTLO0OS DEEZLOSTEE T L9899 T00000° 60BELE8TEL" 1 SRR EZOTEE 1 Logrg-”
PETESEO0O00O7 FPIEGSEEREZ T TTZ0TO0000 LEZZ0BGREE T SPPET8EAEE T cogED”
A585550000° TEBQEREREZ T S2EC000000 " HPELLEESZEE T TLOEBGEQEZ™T aogeQ”
BEOTLECOOO” PLOSSFREEL T 266 T00D0OO0G" SOESELBEZE T EOELEI BEEEZTT gogaTo”
L uie T4 UR (Ux] & ®
pooTag” =Yy
g uctienby o3 S===s=s=sssssmmEs—— oo oo e
eIl IsTng 1o siTnssy 7 uoTyenby 1o swayos sbejs oml Jo s3Tnsey
. : _ il 4  SeesssssssssssSsameSSooo——gooooomEsss=ass== . .

QOHL3IW E371N3 HLIM FWIHIS MIN JHL 40 NOSIIVHNOD JHL 40 S1INS34H IHL
qG =i|qe |



Fe

BESLOLREDDT BFOLBPEGRE"T LIFTETRODO” BEZEELOTEQR T SFAFBETSEOR T COOTF”
TOSe0EFEDD” TPESTLIZ6E " T TOERSLEQOD” TRGEQETSRE "1 CPREETRGEE " T Qoaog-”
BSOFSECEDD” EQOSPIBLRPBE T LOLBIZREQOD® FSBBESSLBE"T I29B90088BE" T ! Qoo0sLe”
CBSBECOE00” BETEEO9LLE T LFTGZTEDOD " EBGOELEORE"T OILIOBANEE"T 0ooBE"
gLysEERZOOT TSELGELOLE T BOBRFRECOD® STOGOSEELET PEBOVESELE"T oaoLe”
ECTLLESTOO” TLETO8TRIE T E0STESZ000" TLRLBLGOSE™T FLEBLER29E" T conee”
TELETeRECD” QLB0TELLEE T S9TLEEZOOO” C LETOSEO0NSE" T I0PEZRE0DRE"T UogeEe”
FEESFEEZOD” DEES0ZOIGE"T TIEZRTIZ000" DEEZTRLESE T [FOPGEEESE" T QOarE"
LBLBLETEZODT TS6BLS9GRE°T LEOSHETOOD" TTLOTSBLFE T BELSHFBLFE"T aooee”
BOETBRFOZOO" CEEZOGTHEBGEE T BSEEQLTOOO CREESOLTFE T EEQLIFETRE"T QapEE"
¥985816TOO" 6OFZSTEFEE T SLLLESTOOO! BEZORLOSEETT ELOBEEEREE T DaoIE”
268F5ELTCO” BEQOLBTHEEZL T TLZSRRTIOOO" E382L350E0°T FEGTZILOEE"T epoaoe”
HedrbLRTOD" SOS9EBOLEE T BYESOETOOO S PESPRLEESZL T TOBBLIESZE T dodes”
B3E9695100° LEGTEZSSIE T EQ0LLTITOOD" EFEOSLO0ZET SEGLERTOZE T Qoogeg”
BOBRSSFTIOD” EEBLETLETE T BZEASO0TOO0" FLPRZLOSTE T TOBLELISTE"T oooLe”
TF9cL9ETOO” GE6SOSEB0E"T O6FTSR0000° DEOFPEEEQTET CREGGETCOIE T oanez-
LOZERLETDOT POLEEEEFOE T RELZGEO000" LBTERTSSAET TTeTS09508° 1T paosge-
SETRLBTIIOO® COELPFBERZ T EEEEQLOODD” SBTESS600E"°T LTSTZEQTQE T D00k "
LOZEROTION® SF206BFSEE"T TI96L20000° CPTESTE96E T ESBZEBSTIRET"T aoaee”
GESESENTON” TOFFLSETEE T PROFOSOO00" CEHOETEEERE"T SEDBEBZERET Qoage”
FELSOSE00D " GSO9PPTLEE T OROSESOOOOD " BEZLTPOBEE T EHEZSROBREZ"T poote”
LE0S&LBOOODT 09C8SFIERZ T LSEZZLROODOO" EZOZELEERE™T IBEFSEORBETT coooe”
ETZZZEEO00" TELESSZRLZ T TROSTROBOO™ =+ - ¥ EGERIZODBE"T. PREFE9008E"T : Cooe T
LETERRLOO0D" BOOSTLFSLE T DLTESECOOD ESOSESTILET SECRETZ9LET QQaoatT”

SLBELBSDODT EQEOLBLTEE T ETTATER000" FSEFEFFELE T 99F0CLBPZLE T OnoeT”



TFET9EE200°
098928500
OTSLERPE007
LOLLFBEOSOOT
LOBBLOLFODT
STeEAVFOD”
LEFBOETROG®
ZLE0LTBEQD”

LPEGEERELETT
PITLZEZEGRT
EETTOREZSE"T
ODBESLTIEPR T
QELEZBLEER T
FEBEELLFZR T
GOEBTETRTIR T
IE9E0ZRLOR T

BEOOSSEQOG”
BEFZOELODOT
£LaTETLOng”
STLTACS00G"
cS0BEaS000"
DES6TPe000”
9FLLEEROOO”
TSZATSEOO0”

L

sL

GEFIPTEGLE T
SEGLEBIERAT I
OZ8IFTLLSE T
BRLSOESLFR T
TeSZLSELER T
DAPELEIRBER T
9e6RLTRATET
CSILVeETIR I

BES260TOBE"T
E9bEEF0B9F"T
EGOR9ZFESF 1
9O L0LE8RE"T
EFOL0SSBER"T

*DZERBEZRER T

cPl LETEQZR T
E0ELGRLTTR T

COO6ER”
0oogfF”
GOOLE”
SGO09F”
QoosE”
Q0OFER"
O0oEE”
oooze”



THE RESULTS OF ONE STAGE SCHEME ADOPTING RICHARDSON METHOD
TO ESTIMATE THE LOCAL TRUNCATION ERROR FOR EQUATION 1|

Table 6a

" h=0.01

0.01000
0.02000
0.03000
0.04000
0.05000
0.06000
0.07000
0.08060
0.09000
0.10000
0.11000
0.12000
0.13000
0.14000
0.15000
0.16000
0.17000
0.18000
0.19000
0.20000

0.21000

Y(Xn)

1.0208480201
1.0414806419
1.0625475709
1.0840670155
1.1060581556
1.1285412225
1.1515375604
1.1750897089
1.1991614904
12238381030
12491262234
1.2750541176
1.3016517630
13289510018
1.3569856254
1.3857915938
1.4154071907
1.4458732161
1.4772331974
1.5095336232

1.5428242008

Yn

1.0204081628

1.0412371554

1.0625045998

1.0842290474
1.1064300457
1.1291282059
1.1523452801
1.1761042410
1.2004293688
1.2253463537

1.2508823933

1.2770663144 -

1.3039286834
1.3315019934
1.3598207145
1.3889215609
1.4188436193
1.4496285538
1.4813208270

1.5138579405

1.5476207037 .

76

En
0.0004398573
0.0002434864
0.0000428710
0.0001620320
0.0003718801
0.0005869833
0.0008077198
0.0010345321
0.0012678784
0.0015082507
0.0017561699
0.0020121968
0.0022769304
0.0025509916
0.0028350891
0.003129967 1
0.0034364285
0.0037553377
0.0040876296
0.0044343173

0.0047865028

L. T.E

-1.0204081628
-1.0412371555
-1.0625045959
-1.0839049835
-1.1056B62655
-1.1279542382
-1.1507298408
-1.1740351768
-1.1978936120
-1.2220819331
-1.2508823933
-1.2730419208
-1.28083748326
-1,3264000102
-1,3829565047
-1.3889215609
-1.4118707622
-1.4421178784
-1.4731455678
-1.5050993059

-1.5380276980



0.22000 1.6771681412 15823335229 0.0051753816 -1.5719827596
0.23000 161250924749 16181647307 0.0055722559 -1.6070202180

0.24000 1.5491884024 1.6551769480 '+ 0.0059885465 -1.6431998559
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THE RESULTS OF TWO STAGE SCHEME ADOPTING RICHARDSON METHOD
TO ESTIMATE THE LOCAL TRUNCATION ERROR FOR EQUATION 1

Table 6b

X
0.01000
0.02000
0.03000
0.04000
0.05000
0.06000
0.07000
0.08000
0.09000
0.10000
0.11000
0.12000
0.13000
0.14000
0.15000
0.16000
0.17000
0.18000
0.19000
0.20000
0.21000
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0.23000

h=0.01

Y(Xn)
10208480201
1.0414806419
1.0625475709
1.0B40670155
11060581556
11285412225
11515375604
11750697089
1.1991614904
12238381030
1.2491262234
12750541176
1.3016517630
1.3289510018
13560856254
1,3857915938
14154071907
14458732161
1.4772331974
15095326232
1.5428242008
15771581412

1.6125924749

¥n
1.0201999587
10408078280
1.0618487866
1.0833408525
1.1063034157
1.127 7563040
1.1507208529
1.1742194820
1.1982758860
1.2229151250
1.2481637206
12740497746
1.3006030838
1.3278552714
1.3568399307
1.3545927848
1 .414151555(?
14445576555
1.4758533875
1.5080852180
1.5413024397
1.5755578450

1.6109079907
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0.0006480613
0.0006728139
0.0006987842
0.0007260630
0.0007547399
0.0007849185
00008167074
0.0008502270
0.0008856044
0.0009229780
0.0009625028
0.0010043430
0.0010486792
0.0010857304

0.0011456947

'0.0011988090

0.0012553357
0.0013155606
0.0013797899
00014484052
0.0015217611
0.0016002962

0.0016844841

LETE
1.37386666665407E-06
1.26356000000882E-05
2.454592000002418E-05
3.71766666666199E-05
5.05776000000087E-05
6.48189333333586E-05
7.95708000001803E-05
©.61145333334320E-05
1.13333589599876E-04
1.31721066666479E-04
1.513847995990850E-04
1.72433200000081E-04
1.94991199299883E-04
2.19195733333362E-04
2.45196933333247E-04
2.73160000000150E-04
3.03268133333331E-04
3.35722933333383E-04
3.70748799999987E-04
4.08597066666812E-04
4 49544666666727E-04
4.93898333333362E-04

5.42005733333480E-04



0.24008 16491884024  1.68474135506 0.0017748518 5.94248733333404E-04
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L01400 1.07250818886 1.0%26865177 Q001883291
L01500 1.0778841591 1.07THOBE9524 LODOZ0Z275935
01800 1.0832870718 1.0835044752 La002174034
.U%?OD 1.0887170717 1,0889492214 LO00Z2321499
01800 1.0941742897 1.0944213284 .0D0Z2470388
LO1900 1.D9%6588620 1.0599209332 0002620712
L0Z000 1:1051709259 1.1054481744 0002772485
02100 1.110710A191 1.1110031805 L0002525713
LDZ2200 1.116z2780802 1.1165841214 .0003080412
.02300 1.1218734483 11221971072 0003236588
02400 1.1274868633 1:.1278362801 L0003354259
02500 1.1331484657 1.133503B086 .0003553429
02600 1.13882835970 1:13919588075 0003714114
LO2700 1.14453675850 1.14458244305 0003876315
L2800 1.1502738145 1.1506778199 .0004040054
L2500 1.1560395870 11564601206 0004205336
03000 1.1618342605 1. 1e227 147481 L0004372177
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.03700
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04000
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LA e00
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1.173510B87499
L. IF93931177
1.1853048402
1.1912461953
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1.2032133%32
1.2092495452
1.2153109235
1.2214026844
1.2275249805
1.2336779645
1.2398617905
1.2460766131
1.2523225374
1.25859968698
1.2649086172
1.27124898972
F.2T7T76211384
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1,173%819485
1179881355

1.145B104080
1.1917692544
1.1977380448
1.2037769285
L.2098260601
1. 2158055885
12220156670
1.2281564496
1. 2343280804
1.2405307444
12467645677
1,2530227165
1.25832634846
1.2656546221
1.2720148961
1. 27840673201

LO004710686
LO004882379
005055678
. DO005230581
0005407132
L0005585313
.0D00576E144
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LD0061249E26
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b4
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.00200
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00400
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00800
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.01000
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01700
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02100
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. 02500
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1.0050125211
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1.0408107762
1.0460278628
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1.0671590308
1.0725081886
1.0778841591
1.0832870718
1.0887170717
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1.1162780802
1,1218734483
1,1274968633
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1.1388283970
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1.1502738145
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1.0202012555
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1.0304544061
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1.0408106021
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1.0BBT166634
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1.0996584227
1.1051704605
1.1107101274
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0000000631
0000000855
.000000107A
.0000001305
.0000001532
L0000001740
.0000001975
L0000002211
.00000D2450
.J0000DZ6RS
.0000002934
.0000003181
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L000000362Y
.0000003883
.0000004137
.0000004393
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.0000004917
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.0000005715
. 0000005985
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.0000006a16
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.00000072485



.03100
. 03200
.03300
.03400
. 03500
. 03600
. 03700
L03800
.03800
. 04000
.04100
. 04200
.04300
. 04400
04500
L 04600
. 04700
. 04800
04900

11676575794
Y. 1735108739
1.17593831177
1.1853048402
1.1912461853
1.1972173315
1.2032182382
1.2082495452
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1.2214026844
1.227524%805
1.2336779645
1.2398617205
1.2460766131
1:2523225874
1.25859986%98
1.264%080172
1.2712489872
1.2776211384

83

1.16876572124
1:1735100941
1.1793923135
1. 1853040177
1.1912453539
1.1972164714
1.20321751983
1.20924686471
1.2153100060
1.3214017475
1.2275240241
1.2336769882
1.238B8607943
1.2460755968
142523215510
1.2585%688127
1.2649075393
1,2712478885
1.2776200186

L 000007675
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L000000R042
0000008225
LO00000B414
.0000008601
.00DoooRTas
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,0aD0D03963
.0000010163
LB000010365
000010571
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. 0000010987
.0000011195
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1.0041742897
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1.1162780802
1.1218734483
1.1274968633
1.133148465%7
1.138R8283970
1.14453679590
1.1502738145
1.1560395870
1.1618342605

Results of three stage scheme for Eguation 5

n
1.0050125211
1.0100756095
LATETE00341
L0Z203565799
N2557604746
0308492546
361770352
0415602411
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T = = T L
.

0469957415
0524964239
0580511950
0636643804
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0750733966
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1108176445
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an
La00000000n
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LQO00Te9E93
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L0R02603253
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LO0nT4946453
Q009718787
L0012253238
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03400
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03600
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1..1828308587
1.183%541725
1.1970614721
1.2042542720
1.2115341247
1.21895026203
1.2263613874
1:2335120955
1.2415564549
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1,2571331B46
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1.2B12458553
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.Dis2728782
L0164432926
0176683544
.0189454318
0202879254
0216852887
0231429892
0246625502
0262455314
02785935345
0296082041
.0313912304
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0371680441
L03592423367
L0413541564
L0436254525
0459383912



Table Ba

h = .00100
b Y{Xn) by an
.00100 LBBE9204327 .B928571383 .0059367057
L O0Z00 .TBE6278601 .7971938725 L0105660124
00300 .6976763509 L7117802484 .01410D3B975
.néqnﬂ .6187834417 L6355181017 L0167346600
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.01100 L2BT1366050 L2B74770726 L0203404675
1200 ,2369294572 LZ566TR3T2 0197469150
L1300 .2101382380 L2291758406 L0130376027
.01400 L1B63766895 .2046218998 .01R2452102
01500 .1653022329 L1RZGORR540 0173966220
01600 . 1466110448 1631246375 .0165137928
.01700 LL300336095 LI456481797 LB156145703
LOI800 . 1153309380 L1A00441789 .0147132408%
01900 .1022910504 ,1161122058 .0138211555
.02000 0807259379 .1036731314 .0129471935
. 02100 .DBO46BAS2S 0925670174 .0120981648
.D2200 ,0713719026 LDB26510627 .0112791601
.02300 L0633039209 s 0737977676 .01D4938468
02400 ,0561485729 - L0B58932529 .0097447200
02500 0498026800 .0588359972 .0090333171
.02600 0441747317 .0525351298 .00B3603980
.02700 .D391835661 .0469096640 ,0077260979
. 02800 .0347571956 .0418872549 ,0071300553
LG2900 0308317894 S03740332100 LO065715206
.03000 .0273507124 .0334001574 LODE04 94450



.03100 L0242637495 298263050 0055625555

. 03200 0215263654 0266357786 . 0051094132
03300 0190990517 (237875300 0046884783
.03400 0169467735 6212449100 . D04Z9B1366
L03500 0150384582 LO1B97S1965 LO0D39367382
L 03600 0133465479 0169491738 . 0036026259
03700 0118466014 0151407575 0032941561
.03800 0105169418 .0135266579 . 0030097161
03900 . 0093383444 . 0120860821 0027477377
. 04000 . D0B293758%9 0108004649 0025067060
.04100 0073680638 0096532315 0022851676
.04200 0065478483 0086295832 0020817349
. 04300 . 0058212184 0077163078 0018950894
04400 0051776262 0069016094 0017239832
. 04500 . 0046077170 OR61749569 0015672389
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04700 0036567015 ,0049491891 0012924876
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6.2

CHAPTER SIX
GENERAL CONCLUSION

6.1- SUMMARY

In this thesis, we have developed a k™ - order inverse polynomial method for
solving ordinary differential equations with singularities.

. This is motivated by the rational approximation technique suggested by
Fatanla (1982a). It was analysed, computerised and implemented with sample
problems on a micro computer.

The results show that the schemes are capable of solving ordinary

differential equations with poles or low order discontinuous differentials.

LIMITATIONS

Since the method is based on Taylor and Binomial series expansions, it is
subject to point to point error and possible error propagation. Besides these. the
followings are possible problems:

(i) There is difficulty in the selection of starting stepsize, that is, the stepsize
that will over step the points of singularities.

(i) Step size restriction by accuracy in the .neighhourhmd of singularity.

(ii) Step size restriction dictated by stability

{.iii‘,ll Complexicity of the determination of the k parameters of the methods

which increases with the siage k of the scheme.
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6.3- Recommendation

Based on the limitations. we need to adopt some strategies which can help to find

appropridte balance between the step size (h). the order of accuracy. and stability of the

methods in order to achieve a better. more accurate. efficient and effective scheme.

These strategies include choice of step size (h) as to satisfy h = —’ =0

W
and the use of double precision arithmetic to minimise the effects of round off error.
As a result of the high accuracy of these schemes. we are recommending that a
higher order stage k schemes be exploited as a general purpose code for solution of

ordinary ‘differential equations with singularities.

6.4 CONTRIBUTION TO KNOWLEDGE

The new schemes will be adequate for solution of differential equation of Electrical
networks, and model equation of economy affected by inflation. Other areas of
application include control problem and computer aided designs from which ordinary
différen;ial equations with singularity can arise. By the stability properties {;I' the

schemes? it will be capable of solving stiff and non stff oscillating differential equations.
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APPENDIX 1

THIS PROGRAM SOLVES ORDINARY DIFFERENTIAL

EQUATIONS WITH SINGULARITIES

Initialise x . v, h, Tol, X;

OPEN (UNIT=2, FILE =* MATHS.OUT’, STATUS = ‘NEW"

OPEN (UNIT=1, FILE=* maths.dat’. STATUS = ‘NEW"

FORMAT (12X .RESULTS OF ONE STAGE SCHEME")

WRITE (3.100)

FORMAT (4 st eeeeeee oo e e

WRITE (2.6)

FORMAT (7X.°X", 19X, "Y(Xn)". 20X, "Yn™ 19X, £,")

WRITE (3.101)

FEBREAA . s i s s ')

HI =0.01

HMIN = 0.01D-5

TOL =1.0D-6
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X;=1.0D0

er=n.ﬂDﬂ

Yy=1.0D0

INVOKE SUBROUTINE IMPRRK TO COMPUTE APPROXIMATE

VALUE OF Y

CALL IMPRRK (X, Y, HL. TOL, Yy, £,)

CHANGE THE STEP SIZE TO HALF OF THE STEP SIZE

FORI=2N ;X = X1 + howt

HN = 0.5D0*HI

WRITE OUT RESULTS

WRITE (2,10) HI, Y(X), Yo . £,
FORMAT (110.5.2x.3(120.10.2x))
WRITE (2,99)

FORMAT (°/7, 18(°-), *".5(200°-"),1"))

[F (HL.LE.HMIN) THEN

STOP
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ELSE

HI=HN

GOTO 8

END IF

END

FUNCTION SUBPROGRAM TO COMPUTE THE FUNCTION OF F

FUNCTION F(x.y)

REAL*8 Y1. Y, Perror

F=(Yiy **2)(Yia —H*E.))

Perror =ABS((Yn-Y))

RETURN

END

FUNCTION SUBPROGRAM TO COMPUTE EXACT

REAL *8 ¥n, Y. Perror

YEXACT = tan(X; + pi/4)

RETURN

99



i

END

SUBROUTINE IMPRRK TO COMPUTE THE APPROXIMATE

VALUE OF Y, USING EULER METHOD

SUBROUTINE, (X.Y.H. Yn. ¢ )

REAL *8 (Yn. Y. Perror)

Y1 =Yy +H* }::
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APPENDIX 2
C THIS PROGRAM SOLVES ORDINARY DIFFERENTIAL EQUATIONS
& WITH SINGULARITIES USING TWO STAGE SCHEME
C USING ERROR ESTIMATES TO ADJUST THE STEP SIZE. THE STRATEGY
C IS TO CONTROL THE STEP SIZE TO GET MINIMUM ERROR
REAL*S (A-H, T-Z)
QPEN (UNIT=2, FILE= "maths2.out’. STATUS ="NEW")

WRITE (8,*) * RESULTS OF TWO STAGE SCHEME, ADOPTING
RICHARDSON EXTRAPOLATION METHOD TO ESTIMATE THE
LOCAL TRUNCATION ERROR AND CONTROL THE STEP SIZE
WRITE (8.100)

100 FORMAT (*/'seroverernnnn. e s

WRITE(S.11)

11 FORMAT (2X, "STEP SIZE’ . VALUE OF X, YEXACT, NUMERICAL

VALUE, LOCAL ERROR, ERROR
WRITE (8,120)

1. 6 L i I e S P R e i |
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[R]

101

Xy =0.0D0
,;,U =1.0D0
HI=0.01D-1
TOL=0.1D-2
X, =1.0D0
X-p = Xy+ HI
CALL ADAPT (X.Y.TOL. HN. L.T.E. Yq1) |
CALL IMPRRK (Xy.Yy. HL. TOL. Y )
'{’n =YEXACT (Xp. Ynp)

E%= ABS(Yne1— Ynp)

WRITE (8,2}, HN, Yn, Y+, L.T.E, E)
FORMAT(2X. 6(10.5.3X))

‘;‘»"RE‘I‘E. (8.101)

FORMAT (*/7, 6(20(*="). */"))

IF (Xp. GE. X, ) STOP

?En =Xp

Yln= Ynp
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GOTO 2
E.ND
SUBROUTINE ADAPT TO CONTROL THE STEP SIZE
SUBROUTINE ADAPT (X. Y. TOL, HN, L.T.E)
REAL *8 (A-H, T-2)
H,= 0.01D-1
Dn=TOL*Ynp
2= 0.01D0*H
}'{p =A+H
CALL IMPRRK (X.Y.H.L.T.E. Ynpl)
{:ALL IMPRRK (X.Y.H2.L.T.E.Ynp2)
CALL IMPRRK (Xpl, Yp2. H2, L.T.E, Ynp3)
SET LTE = (27 1-2° )(Yn-Y )
DP =ABS(Yp3-Ypl)
DNP= ABS(DN/DP)
EA = 32.0D0*DP)/31.0D0

IF (DP.LE.DN) THEN
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HN= H* ABS(DNP*#0.2D0)

ELSE

HN = ABS(DNP**0.25D0)

END IF

IF (L.T.E. LE . E) THEN

GOTO 8

ELSE

H=HN

G?DTD 7

RETURN

END

SUBROUTINE IMPRRK TO COMPUTE NUMERICAL VALUES OF Y
SUBROUTINE IMPRRK (X. Y. H. L.T.E. Ynp)
INITIALISE THE VARIABLES

AH 1= 0.0D0

AH 2=0.0D0

FUNCTION SUBPROGRAM TO COMPUTE F



FUNCTION F (x.y)

REAL* 8 (A-H.T-Z)

SET

Yoip = YR YS 2R YA P+ (HA22 QM Y P2 YA T)
Perror = ABS(Ynw1- Y(X))

RETURN

END
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