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ABSTRACT

In this thesis two zero stable Linear Multistep methods (LMM) with

continuous coetficients for solving general second order initial value

problems of ordinary differential equations which does not require that the

equation be reduced to a system of first order equation are considered. The

approach is based on c:ollocation of the differential systems arising from the

basis function at the grid pointsx = xn+i' 0 si ~ k and interpolation of the

approximate solution at the selected grid pointsx = Xn+i' for 1 < i < 3 and

2 <i <4 for the step numbers k= 3 and 4 respectively.

Some predictors and their first derivatives are proposed to calculate

Yn+k and Y~+k for k = 3, 4. The use of Taylor series expansion is employed

for the calculation of Yn+i for i = 1,2. Evaluation of each method and its

predictors atx = Xn+k gives particular discrete schemes as special cases of the

methods and their predictors respectively. The new4-step method was

analysed and found to be consistent and zero stable, hence convergent.

The new method was tested on some general second order initial

value problems of ordinary differential equations The result showed that the

method converges as h decreases. The new results were compared with the

exact and the earlier result of Awoyemi (1999), it was found that the new

result improved over that of Awoyerni (1999).
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CHAPTER ONE

INTRODUCTION

1.1 PREAMBLE

The subject of differential equations constitutes a large and very

important aspect of today's mathematics. Differential equations occur in

connection with the numerous problems that are encountered in various .

branches of science and engineenng. Such problems to mention a few

include:

Determination of the motion of a projectile, rocket, satellite or

planet

Determination of change or current in an electric circuit

Conduction of heat in a rod or in a slab

Determination of the vibrations of a wire or a membrane

Rate of decomposition of a radioactive substance or the rate of

growth of a population

Studying of the reactions of chemicals, etc.

Though these problems exist by theory or principle it is the mathematical

formulation of such problems that gives rise to differential equations. The

underlying principle is in the fact that in all situations, objects involved obey

certain laws involving various rates of change [see Ross 1989]. The resulting
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differentialsystems may be an ordinary or a partial differential equation. In

many cases, it is found that the resulting equations does not posses closed

form solutions. This implies that the dependent variable cannot be given

specific expressions.

The general concept of a differential equation refers to any equation

that involves an independent variable, a dependent variable and one or more

of its differential coefficient. Any differential equation can be classified into

type, order or degree. When the dependent variabley is a function of a

single independent variablex, an ordinary differential equation (ODE)

evolves; but when y is a function of two or more independent variable then,

a partial differential equation (PDE) evolves. Depending upon given

conditions, an ordinary differential equation (ODE) can be categorized into:

1. Initial Value

ll. Boundary value problems of ODE

The general solution of the m order ordinary differential equation contains m

independent arbitrary constants. To determine the arbitrary constants in the

general solution we prescribe m conditions at one point, called initial

conditions. The differential equation together with the initial conditions is

called the initial value problem (IVP)

Example yll + yl - 6y = 0, y(O)= 6, yl(O) = 2. (1.1.1)
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These conditions are called boundary conditions if they are prescribed

at more than one point and then the differential equation together with the

boundary conditions is known as boundary value problem (BVP)

( 1.1.2)

1.2 FORMATION AND KINDS OF DIFFERENTIAL EQUATION

Ordinary differential equations can be stiff or non-stiff. Stiff

ordinary differential systems arise frequently in the fields of chemical

kinematics, nuclear reactors, control theory and electrical circuit theory.

Generally speaking, whenever there is a quickly changing dynamics, there is

stiffuess.

Differential equation originates from mathematical formulation of a

great variety of problems in science and engineering resulting in a variety of

differential equations, such as first, second and higher order differential

equations. For the first order we have orthogonal trajectories, oblique

trajectories, rate of change of momentum, the falling body problem, rate of

growth and decay problems, and mixture problem. In the second order

category we have.

I. Free undamped motion

Consider the differential equation for the motion of the mass on the spring

I' 1mx I + ax + kx = F(t). (1.2.1 )

3



If a = 0 the moti<?n is said to be undamped. Thus for a free, undamped

motion where

a= 0, F(t) = 0, equation (1.2.1) reduces to

(1.2.2)

where: x is the displacement

m is the mass

k is the spring constant (m, k> 0),

ii. Free Damped Motion

Here a* 0 but F(t)= 0 for all t and equation (1.2.1) takes the form

II I kxmx + ax + = 0 (1.2.3)

where a is the damping coefficient (a> 0)

III. Forced Motion

Here the mass is acted upon by a damping (a > 0) effect and also by a

periodic externally impressed 'force F, defined as

F(t) =FI Cos wt for all t, (1.2.4)

where FI and ware constant. Then equation (1.2.1) becomes

(1.2.5)

4



IV. Electrical Circuit Problem

Applyingkirchhoffs voltage law to a circuit we have

(1.2.6)Li + Ri + 1 q = E
C

Since i = q is a popular circuit relationship, by any suitable elimination

method we get

Lq II + RqI + ~ q = E

(1.2.7)Or

Li II + Ri I+ 1 i= E
C

where

E is the electromotive force (in volts, V)

R is the resistence (in ohm Q)

L is the inductor (in henry H)

C is the capacitor (in farad)

i is the current (in ampere) .

q is the charge (in coulomb)

v. The torsion of a bar is described by the differential equation

eiv + Te = 0 (1.2.8)

This equation (1.2.8) is an example of a fourth order ordinary differential

equation.
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1.3 INITIAL VALlUE PROBLEl\IS OF ORDINARY

DIFFERENTIAL EQUATION

An ordinary differential equation (ODE) is a relation between a

function, its derivatives and the variable upon which they depend. An mth

order differential system can be expressed in the form.

(m) _ f( 1 11Y - \X, y, Y ,y ,
(m-l)........ y , (1.3.1 )

The system as expressed in (1.3.1) is the canonical representation of

F( I (m-l) (m)) - 0x, y, y , .,. y , y -
(1.3.2)

which is the most general form of 0I?Es.

As mentioned in section 1.1, a general solution to this mth order

system contains m arbitrary constants, which are determined by prescribing

m conditions at specified 'point. Often, mathematical formulation of

physical phenomena leads to initial value problems ef the kind.

II f( 1 I(Y = (x, y, y ), y(xo)= Yo, y Xu) = 11 ( 1.3.3)

Rutishauser (1960) examined the direct solution of (1.3.1) and its equivalent

first order IVP and concluded that the choice of approach depends on the

particular problem at hand (see also Fatumla 1988).

1.4 PROPERTIES OF INITIAL VALUE PROBLEM

A major property of any IVP is that of the existence of a unique

solution of the problem of interest. This is ensured by the theorem.
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Theorem 1.4.1

Here it is assumed that f(x, y) satisfies the following conditions.

1. f(x, y) is a real function

II. f(x, y) is defined and continuous in the stripXE (-00,00)

Ill. There exist a constant L such that for any xE [x.; b] and for any

Yt and Y2

/f(x, y) - f(x, Yt)/ ~ L/y - Yl/ (1.4.1)

where L is called the Lipschitz constant and equation (1.3.4) Lipschitz

condition. Then for anyYo the initial value problem (1.3.3) has a unique

solution y(x) forXE [x., b].

For problems of the kind (1.3.3), their properties are very useful when

seeking for its numerical solution as they determine whether or not (1.3.3)

can have any solution. For instance, if'j' becomes infinite (undefined) at

some point in the domain of integration, then the partial derivative of'j'

does not exist or are unbounded when they exist.

Furthermore, thenon-linearity off makes it impossible to locate the

points of singularities since there may be no clue regarding them in the

problems. In particular,iff possesses a continuous derivative withy for all

(x, y) in D, then, by the mean value theorem,



(1.4.2 )

wherey is a point in the interior of the interval whose end points are y and

Yh and(x, y) and (x, y,) areboth in D. We therefore make bold to assume in

this thesis,except otherwise stated that'f" is Liptshitz continuous in the

region of definitionD of the x-y plane. If the partial derivatives of f W.r.t y

are continuous and bounded in D, then the Liptschitz constant L of the

systemmay be taken to be

L Sup
(x, Y)ED

(1.4.3)8f(x, y)
ay=

In addition if for XE [a, b] the eigenvalue of df given asAj, is such that
dy

< 1 (1.4.4)

and

Max IRe Ajl > O,j = 1,2,3. (1.4.5)

then L»O, and the system of initial value problem of ordinary differential

equation with this property is a system with large Liptschitz constant. This

imposses a severe restriction on the size of the step length of the method.

This property is very crusial when the stability in stiff problems is being

considered. Such stiff systems are referred to as "system with large

Liptschitz constant, [see Lambert 1973]
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1.5 BASIC CONCEPT AND PRINCIPLES

Our desire is to present a new numerical integration method for

solving directly IVPs of second order ordinary differential equations of the

kind (1.3.3). As such in this section we present the basic concepts and

principles of this new method. This new method for solving (1.3.3) is based

on linear multistep method (LMM) a mathematical concept discussed by

Henrici (1962), Lambert (1973) and Awoyemi (1992, 1999).

1.5.1 STEP-LENGTH OR lVtESHSIZE

As mentioned in section 1.5 above we seek a direct solution of (1.3.3).

We adopt the principle of discretization in which anapproximation to an

unknown y= f(x) is sought on certain discrete points Xi; i= 0, 1,----

We can defme the sequence of points(xn) in the interval [a, b], by

a= x, < X I < X2 --- < x, = b

where hi= Xi+1- Xi,i = O(I)n-l

The parameter hi is called the step length or mesh size and for this work hi is

constant. The point Xi; i= 0,( l)n are called grid or modal or mesh points.

Each grid point is given in terms of the previous points by the relation.

Xi+I= Xi+ h; i = O( 1)n, x, = a, x, = x, + nh. (1.5.1)

(see Kayode 2004, Adesanya 2005)
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1.5.2 LINEAR MULTISTEP METHOD (LMM)

A linear multistep method (LMM) for (1.3.3) is a computational

method for determining (Yn) which takes the form of a linear relationship

betweenYn+j and fn+j, j = O(] )k in the form

k k
. ~ aj Yn+j = hm . L Pi fn+j
I=J=O J=O .

inwhich aj, Bj are constants. For this thesis m= 2;

(1.5.2)

........... ym-I); j =0(1) k

and h (>0) represents the method's steplength and is used as a constant. For

the purpose of our work we also assume thatUo*Po *0.

Equation (1.5.2) is said to be implicit if Pk* 0 or otherwise it isexplicit. It

is possible to determine the current value ofYn+k directly for an explicit

method from (1.5.2) in terms of

Yn+j, fn+j, J = O( 1)k-l

whose values have already been found. For the implicit method, we are

required to generate a good initialestimate for

I. m-I I h c.
Yn+k, Y n+k········ Y n+k- n t e rorm

fi( I m-I )
Xn+k, Y n+k s Y n+k s ....•...•..••• Y n+k

the previous valuesYn+j, j = 0(1 )k-l are also required to be evaluated. Once

these additional starting values are generated, these initial estimates for

Yn+j, j = O( 1)k-l are then adopted for calculation in the form

k k
Yn+k ~ ~ Uj Yn+j + h2. 2: Pj fn+j 1.5.3

J=J=O J=O
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Equation (1.5.3) IS called the corrector method and those methods that

provideinitial values for yn+kare called the predictors for (1.5.3).

Ironically, according to Fatunla (1988), though implicit methodfor a

step numberk requires a substantially greater computational effort than

explicit methods, but implicit methods are more accurate and have more

favourable stability properties.

1.6 EXISTING METHODS

The numerical methods for the solution of the differential equation (1.3.3)

wheneverXE (xo,bJ are called multistep methods if the valueofy(x) at x =

Xn+1 uses the values of the dependent variable and its derivative at more than

one grid or mesh point. Attempting analytic sulution for (1.3.3) has

remained a problem. According to Ross (1989), a closed form solution is

really a luxury in differential equations. The commonest methods used in

solving, (1.3.3) in the views of Lambert (1973), Fatunla (1988), Awoyemi

(1999) is to reduce the problem into first order and then develop appropriate

numerical method to solve the resulting system. The major constraints

inherent in this approach is in the need to develop separate computer

subprograms needed to initialize the starting values for evaluating the

functions arising from the system. The validity of such approaches depends
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to a largeextent onthe ability of the researcher to cope with the time and

costof getting a good result. This is a serious hindrance though it ironically

doublesas an incentive for investigation into cheaper and faster approaches.

Great attention has been given by some eminent scholars to problems of

the form (1.3.3) In their separate works, Henrici (1962) and Lambert (1973)

both agreed on the concept of derivation of Linear multistep methods

(LMM) in terms of power series involving finite difference operators for

solving (1.3.3) Jain (1984) described the characteristics ofLMM for solving

(1.3.3)Nystrom (1925) and Fatunla (1988) considered step by step methods

based on the classical Runge -Kutta methods. Gear (1971), Hairer (1979),

Chawla and Sharma (1985)and Vander Houwen (1979), worked onexplicit

andimplicit Runge -Kutta - Nystrom methods for the solution of initial

value problems (IVP) of the form (1.3.3). Fatunla (1984, 1985, and 1988)

on his part developed a P stable one-leg LMM and a one-leg hybrid methods

in which pade approximation was used as the basis function for solving

(1.3.3). These methods overcome the "order barrier". This means that the

attainable orderP of an implicit P-stable method cannotexceed two

«Lambert (1973) and Dahlquist (1978)). Independent works by Chawla

(1981) and cash (1981) showed that considering certain hybrid two-step

methods, the barrier could be overcomed. This gave rise to their fourth and

12



sixthorder p-stable methods. In another work onsixth order p-stable

symmetric multistep method for periodic IVPs of type (1.3.3) Jain et al

(1984),observed that the cost of implementing the method of cash (1981) is

very high due to the evaluation of many functions per iteration. Awoyemi

(1992, 1999) worked on LMM by collocation in which the numerov's

methods for solving (1.3.3) was reaffirmed. Very recently, Janssen and Van

Hentenryck (2003) developed one-leg multistep methods for IVPs in ODEs.

This involves the usage of a nonlinear multistep formula to compute the

solution at thenext integration point "an evaluation point t".

There are many other contributors whose methods have many

symbols and function evaluation per iteration, resulting incomplexity for

any serious practical application. According to Cong and Xuam (2003), the

computational efforts required for a numerical method is measured by the

total number of functions evaluations over the total number of integration

steps and the efficiency of the method is reduced if the number of output

points becomes very large.

Regrettably little has been done in considering LMM with continuous

coefficients as a means of solving (1.3.3). LMM with continuous

coefficients directly solves initial and boundary value problems of general

second order ordinary differential equations of the form (1.3.1).

13



Consequently, we propose a collocation procedure, which leads to distinct

continuousschemes and their derivatives for different values of step number

K for solving (1.3.3) directly.

1.7 RESEARCH OBJECTIVES

Thepurpose of this study is to:

(i) adopt power series as a basis function in place ofexisting basis

functions like padeapproximation

(ii) develop two zero stable continuous collocation methods ofhigh

order to solve (1.3.3) directly without reducing it to a system of

first order equations.

(iii) develop predictor for calculating Yn+k

(iv) analyze the basic properties of the method with respect to zero

stability, consistency, order, error constant and interval of stability

(v) develop a FORTRAN programme for the methods and implement

it on a computer with sample problems.

1.8 RESEARCH METHODOLOGY

The methods are based on the collocation of the second derivative of

the approximate solution and the interpolation of the approximate solution at

specific grid points for 3 < k < 4. The values of the unknown parameters

obtained by solving the set of generated system of linear equations involving

14



theparameters of the method are substituted into theapproximate solution

andevaluated to yield the continous schemes in t. Whent =1 => x = xn+jj =

3,4, these scheme produces the desired discrete schemes (methods).

The resulting discrete schemes are analyzed for accuracy, consistency,

convergence and stability properties using Dalhguist (1978) stability

theoremsand boundary locus method ip Lambert (1973) and Fatunla (1988).

A FORTRAN programme was developed and implemented on a computer

for the solution of some sample second order initial value problems of

ordinary differential equations.

1.9 COLLOCATION METHODS

Collocation method is a procedure for determining the numerical

solution to given problems. It involves the determination of an approximate

solution in a suitable set of functions called the basis functions. In this work,

the basis function is taken to be power series of degree n. The approximate

solution is required to satisfy the differential equation (1.3.3) and its initial

conditions at certain points referred to as collocation points.

According to Awoyemi (1992), collocation methods dates as far back

as to the 1930's when Antorovich (1934), first proposed spline collocation

procedure for the solution of partial differential equation.

15



Lanczos (1956, 1973) became the first proponents of the use of

collocationby polynomials at the root of orthogonal polynomial rather than

at the equidistant point. This type of collocation method is called orthogonal

collocation.Fox and Parker (1968) also in their own contribution adopted

Chebyshev orthogonal collocation for the solution of ordinary and partial

differentialequationsa') well as for integral equations.

1.10 EXPECTED CONTRIBUTION TO KNOWLEDGE

The study is expected to produceschemes of improved order of

accuracy which reduces the amount of computational burden when

compared withexisting schemes. It isexpected that our results (method)

will be useful in constructing global error estimation

16



CHAPTER TWO

DERIVATION OF THE METHODS

2.1 INTRODUCTION

We propose anapproximate solution to (1.3.3) in the form

2k+l

y(x) = l:> iXi
;=0

(2.1.1 )

2k+l

in which l:>; serves as the basis function of (2.1.1).
;=0

2.2 DERIVATION OF 2, 3 AND 4-STEP METHODS

2.2.1. General Overview

A typical line segment can be partitionedsuch that for k= i, 1 =

O(l)m we have an m+1 number of grid points. That is, a line segment such

as

~'--------'-----------~---------fI!.B x = Xn+1

Fig 2.1

will have x = X'I+I and x = X"+m as its start and end points respectively.

Thus for the two methods considered in this thesis a sketch of the grid points

for the main methods and of their predictors are as follows.

17



l. For k = 3

(a) Main method

ci c c c
I I I
I I

Fig 2.2

(b) Predictor I

c c c

I I
I I

Fig 2.3

( c) Predictor 2: The use of Taylor seriesexpansion is employedhere to

enable us evaluate predictor 2.

2. For K = 4 we have the following

(a) Main method for 4

c c c c c

I I I
I I

Fig 2.4

(b) Predi ctors 1

c c c c

~ I I
I I

Fig 2.5.
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( c) Predictor 2

c c c
1-----.-1 ----
I I

Fig2.6

(d) Predictor 3: Taylor series expansion is used to evaluatethis predictor.

The first and second derivatives of (2.1.1) are respectively

2k+1

Y'(x} = I>
1=0

(2.2.1)

and

2k+1

y"(x) = I i(i - 1)aiXi -2

i=1

(2.2.2)

From (1.3.3) and (2.2.2) we have that

(2.2.3)

where thea.s are parameters to be determined. Thus we collocate (2.2.3) at

the grid or mesh points,x = X,,+i' 0 < i ~ k for k = 2,3 and 4 and interpolate

(2.1.1) at x = x,,+', for 0 <i< 2,1 < i < 3 and 2 <i < 4 respectively.

The resulting non-linear system of equations are

2k+1

" .(.-l)a i-2 - J, < .< k~l I iX - ,,+i 0 - (-

i=O

(2.2.4)

2h-1

Iaix
i

= Yn+i
i=O

1.,2 < i< 3, 4 (2.2.5)

19



whereX
'Hi

= XII + ih (2.2.6)

Ifweapply the Guasian 'elimination method to equations (2.2.4) and (2.2.5)

weobtain the following ai values for k = 3.

(2.2.7)

(2.2.8)

a =-'-{I, -I, }-2 ( )_ll'. (2 2)
3 6/1 ,,+1 " a4 X,,+I + X" :; as X 11+1 + X"+I X,, + X" (2.2.9)

(2.2.10)

(
4 3 2 2' 3 4)-as X 11+2 +X 1I+2XII+1 +X " •.2X 11+1 +X,,+2X 11+1 +X 11+1 (2.2.11)

(2.2.12)

Also applying Guassian elimination method to (2.2.4) and (2.2.5) gives the

following values for ai S i=O(1)6 when K = 4

(2.2.13)

(2.2.14)

(2.2.15)

20



5 ( 3 2 2 3)
- G6 X 11+1+ X II+IX II + Xn+IXn + Xn (2.2.16)

(2.2.17)

(
3 2 2 3) (4 3 2 2 3 4)

- G4 X n+3+ X n+3Xn+2 + XII+3X 11+2 + X n+2 - as X 11+3 + X n+3Xn+2 + X 1I+3X n+2 + Xn+3X n+2 + X n+2

(
S 4 3 2 2 3 4 s) (2 2 18)

- G6 X 11+3+ X 1I+3XII+2 + X 1I+3X 11+2 + ~ 1I+3X 11+2 + X n+JX 11+2 + X 11+2 • •

(2.2.19)

Whenthea, values are substituted into (2.1.1) the results can be expressedin

the following forms

4

y(x) = Y, + Iai(xl -X:,)
i=1

for k = 2 (2.2.20)

5

y(X) = YII+I + Iai(x
i

-<+1)

i=1

for k = 3 (2.2.21)

6

y(x) = YII+2 +I ai (Xi - <+2 )

i=1

for k = 4 (2.2.22)

Equation (2.2.22) is evaluated atX = Xn+4 while (2.2.21) is atX = XII+3 .Note is

taken in that y(x) -= I oc i (x)y n+i +I Pi (X )fn+ i (2.2.23)

where fll+ i = f(xlI+ i,Yn+i,y:+J; and <, (x) ,Pi(X) are both functions ofx.

Next we proceed tothe actual establishment of the methods for the different

K steps.
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2.2.2 The 2-step Method

Here it was discovered that Awoyemi (1999) and Kayode (2004) had

extensivelyworked on K = 2. Their work confirmed the famous

Numerouv's formula.

2.2.3 The 3-step Method

However some of our predictors for K= 3 exhibited similar

characteristic as the above mentioned2-step methods.

Thecontinuous scheme for k= 3 is

y(x)= Yn+1 + t{Yn+2 - Yn+l} [(x- Xn+I)]

(2.2.24)

Ifwe now let

t= X-XII+2

h '
(2.2.25)
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dl 1
dx h

Thenequation (2.2.24) becomes

Thecoefficients of (2.2.27) are put as follows:

OCo (t) = 0

oc1 (I) = 1
oc2 (t) = -(I + 1)

oc3 (I) = 1

The first derivatives of equation (2.2.28) are as follows:

23

(2.2.26)

(2.2.27)

(2.2.28)



oc: (/)=-~
h

oc~ (I) = ~
h

h ' )p~(/)=-(-15/4 +30t2-7
360

p/(t) = ~(15t4 - 20t3 - 60/2 + 22)
120

p~(t)= ~(-15/4 - 40t3 + 30/2 + 1201 + 43)
120

p~(t) = ~(15,4 + 60,3+ 60/2 - 8)
360

(2.2.29)

Evaluating (2.2.28) at t= 1 which implies x= Xn+3

gives

(2.2.30)

whichagain isthe numerov' s method.

The derivatives of (2.2.30) is

, _(YII+2-YII+I)=~{127j" +414}" -9}" +8}"}
YII+3 h 360 11+3 11+2. ,1+1 II

(2.2.31 )

Y'" = !'(x,y,y') = af + y' at + y" af,
ax ay ay

(2.2.32)

The first derivative of the 2-step method is given as

Y' - Y••+,-Y n + "{9f' +26f' + f'}
11+2 - -II - 24 '1+2 11+1 /I

(2.2.33)

which is different from the first derivative (2.2.31) obtained for the 3-step

method.
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2.2.4 The 4-step Method

Substituting all the parameters and after some simplification we now have

the following continuous method for k= 4.

Y(Xo) = Yn+2 +t{Yn+3 - Yn+2 Kx-xn+3)++ fn[x-xlI+3Y +

h(x-xlI+J ]+ 6';, {fn+ ' - fn }~X-Xn+3 Y +9h(x-xlI+3Y +8h
2
(x-xn+J ]

+2'~h2{Jn+2 -2fn+ ' + jn}[(X-X,,+3 t +10h(x-xn;3Y +36h
2
(x-xn+J +27h

3
(x-Xn+3)]

+ 3~O h3 V~+3 - 3f"+2 + 3L; - fn}[3(x - X,,+3Y + 30h(x - Xn+3t + 110h
2

(x - Xn+3)3 ]

+180h3(x-xn+3Y +97h4(x-xn+Jl+ '44~h' { L: -4fnn+3 +6fn+2 -4fn+1 + I, }

[2(x - X
II
+3)6 + 18h(x - Xn+3Y + 551?2 (x - X,,+3t + 60h3 (x - Xn+J

3
- 21h5 (x - xn+JJ (2.2.34)

let t = (x-xn+3)/h,

then coefficient of (2.2.34) becomes

OCo (/)= 0

OC1 (/)= 0

OC2 (/)= I

OC3 (/)= -(I-I)
OC4 (/)= I

(2.2.35 )
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Also,the first derivatives of equation (2~2.35) gives

oc~ (I) = ~
h

oc~(/)=-~
h

oc~ (I) = 0

(2.2.36)p~(/) = -11-02/5 + 30/4 - 20/3 - 60/2 + 11)
1440

pi(t) = 3:0 (-121
5

- 45/
4 + 20/

3 + 9Q/
2 -18)

p~(t) = ~0 2/5 + 60/4 + 20{3 -180/2 + 55)
240

P;(/) = ~(-12/5 - 7514 -- 100t3 + 15012 + 3601 + 118)
360

P~(/)= _11_(12/5 +90/4 +220/3 + 18012 -21)
1440

Evaluating (2.2.35) and (2.2.36) at1 = 1 which implies x = Xn+4 gives

(2.2.37)

and

Y' - (y n+3-Yn+2) = _h_{481 r' + 1764r' -198 r' + 140j" - 27/,'} (2 2 38)
n+4 h 1440 J n+4 J 11+3 J 11+2 11+1 II ••

2.3 DETERMINATION OF PREDICTORS FOR Yn+3 and Yn+4

The procedure for the determination of the predictors is similar to that

adopted for the main methods. Thus the discrete schemes arising from each

continuous predictor for K=2, 3 and 4 are listed below:
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Thus for K = 2

then

, = (Y/I+ I- Y/I) + (~)hl"Y/I+2 h 2 '.J /1+1

ForK=3

Finally, for K=4

and

(2.3.la)

(2.3.1b)

(2.3.2a)

(2.3.2b)

(2.3.3a)

(2.3.3b)

We alsoexpress Yn+i and Y:+i by Taylor series expansion for use in(2.2.28),

(2.2.33), (2.2.35), (2.3.2)and (2.3.3) respectively as follows:

Yn<i =y(xn +ih)=y(xJ+ily'(x.) +(i~2Y'(xJ +(i~3y"(xJ +...

. (ihY
= y(xJ+ 1hZ" +2!f(xn'Y/I'z,,)+

(ih) [af af af J- -(xn,y",z/I)+ z" -(x/I,Yn'z,,)+ fn-(x",Ynz,,) + - - - - (2.3.4a)
3! ax ay az
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and the first derivative is

(2.3.4b)

where Z = y'
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CHAPTER THREE

ANALYSIS OF JfJASIC PROPERTIES OF THE METHODS

3.1 INTRODUCTION

The order of the method, consistency, zero stability, convergence and

regionof absolute stability measure the basic properties of the method.

3.2 ORDER & ERROR CONSTANT

The order and error term of our method is found by defining a linear

(3.2.1)

With OC4 = 1, OCo and /30 are both not zero,y(x) is an arbitrary function which

is continuously differentiable on the i~terval[a,bly(xn+j)=y(xn + jh)

If y(x) represents the true solution of(1.3.3) and we adopt Taylor series

expansion of

(3.2.2)

q (kh)r r (x )
about x = x we have y(x ) = "" y".

" n+k ~ , '
r=O r.

(3.2.3)

and

y"(x
lI

+
k

) =t (kh y-2 yr (x,,)
r=2 (r - 2)

(3.2.4)

[See Ademiluyi and Kayode (2001)], then

using (3.2.3) and (3.2.4) for0 ~ k ~ 4 and collecting like terms, we obtain
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Expanding (3.2.5) and comparing coefficients we getthe following C, values

Co= 1-2 + 1= 0

C =4-6+2=01

16 18 4 19 204 14 4 I
C =----+----------+-=0

2 2 2 2 240 240 240 240 240

64 54 8 19 204 14 4
C =---+----------=0

3 6 6 6 60 80 120 240

C
_ 256 162 16 152 918 28 2 - 0
----+-----------

4 24 24 24 240 240 240 240

C = 1024_ 486+ 32 _1216 _ 5508_~ __ 4_ = 0
5 120 120 120 1440 1440 1440 1440

(3.2.6)

c = 4096 _ 1458 + 64 _ 4864 _ 16524 _ 224 __ 4_ = 0
6 720 720 720 5760 5760 5760 5760

c = 16384 _ 4374 +~_19456 _ 49572 _~ __ 4_=_ 1517 <>j-~=-0.00418.
7 5040 5040 5040 28800 28800 28800 28800 362880 50000

From the result Co= C1 = C2 = C3 = ...=C6 andC, = Cp+2 ~ o. This implies that

the scheme (2.2.21) is of order five (5) and has error constantCp+2 = -0.00418.

[See Lambert ([1973, 1991), Fatunla (1988)]. Using the same procedure as

that used above, the order and error constant for the other schemes are as

shown in table 2 below.
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3.3 CONSISTENCY

According to Lambert(1973~ 1991)and Awoyemi (2001) forany scheme to

be consistent, it must satisfy the following conditions:

(i) order p > 1

k

(ii) Ia) = 0
)=0

(iii) p(r) = p'(r) = 0 and p"(r) = 2!5(1)

Here p and 5 are first and second characteristic polynomials

respectively. [see equation (3.5.1a) and (3.5.1b)] The result is as

summarized in table 2.

3.4 ZERO STABILITY

According to Lambert [1973, 1991], the schemes and their predictors

are zero stable when no roots of their first characteristic polynomialp(r) has

modulus greater than one and every root of modulus one has multiplicity not

greater than two. Summary of result are as found in table 2.

For instance for scheme (2.2.38), we see that

432r - 2r + r = 0

=> r = 0, 1 twice.
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3.5 REGION OF ABSOLUTE STABILITY

To establish the region of absolute stability we apply the boundary

locus method as in Lambert (1973) and Fatunla (1988). This method implies

that

h(r) = p(r) where r = f'o = CosO+ iSinO
S(r)'

Thus, for scheme (2.2.38) we have that

(3.S.la)

andS(r)=_1_{19r4 +204r3 +14r2 +4r-1}
240

(3.5.1b)

But h(0) = x ( 0 ) + iy (0 ) (3.S.lc)

so that since r= eo, then

h r _ 240{f4iO - 2f3iO + f210}
( ) - 19f4di + 204f3l(} + 14f2/0 + 4f'0 -1

(3.5.2)

Recalling that cos'0 + sin 20 = 1and cos(x - y) = cosxcosy + sinxsiny enables us

to rationalize and simplify considering onlythe real part to obtain

x (0) = -90000 + 83040CosO + 5760Cos20 + 1440Cos30 - 240Cos40

~ I 42190 + i4384CosO + 1320Cos20 - 256Cos30 - 38Cos40
(3.5.3)

Considering the values of0 for 0::; 0 ::;1800 at intervals of300 we get
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TABLE 1: REGION OF STABILITY FOR THE 4-STEP METHOD

o 00 300 600 90° 1200 1500 1800

x(e) ° - 0.273 -- 1.075 - 2.351 -3.895 - 5.341 - 5.758

Hencethe region of absolute stability for scheme (2.2.38) is ( -5.758,0).

Equally, we determine the region of absolute stability of the other schemes

and summarize them as in table 2

The consistency, order, error constant and interval of stability for each

of the methods were obtained and presented as in table 2 below.
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TABLE 2: SUMMARY OF THE PROPERTIES OF ALL DERIVED

METHODS, THEIR FIRST DERIV ATIVES AND THOSE OF THEIR

PREDICTORS
-

Methods Equation Order Error Interval of Consistent Convergent

Number Constant Stability

Numerov's - Four (4) 1 (-6, 0) Yes Yes
-

methodfor 240

k=2

First 2.3.33 Two (2) 1 (-4, 0) Yes Yes

derivative of 12
k=2 method
Mainmethod 2.2.30 Four (4) 1 (-6, 0) Yes Yes

--
fork=3 240

First 2.2.31 Four (4) 1 (-2.37,0) Yes Yes
--

derivative of 5

k=3 method

Predictor of 2.3.2a Three I (-3, 0) Yes Yes
k=3 method (3) 12

Main method 2.2.37 Five (5) I (-5.758,0) Yes Yes
-

for k=4 240

First 2.2.38 Five (5) 1 (-1.75,0) Yes Yes--
derivative of 7

k=4 method

Predictor for 2.3.3a Four (4) 1 (-1.018,0) Yes Yes-
k=4 method 27
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CHAPTER FOUR .

NUMERICAL EXPERIMENT

4.1 INTRODUCTION

We solve the followingexamples to illustrate ourmethod (2.2.38) for step

SIzes, h_·I.I.I.I.1
- 30 ' 32 ' 40 ' 50 ' 60

A computer program in FORTRAN language is developed and used to solve

each of our problem. Our main aim is to determine the accuracy of our

methods as the step length h is decreasing thus in our tabulation, YEX is the

exact solution, YC is the continuous solution and ER is the error. The

proposed 4-step method (2.2.37) and its predictors were used to solve the

problems. The problems solved are listed as follows:

Problem 1.

y"-x(y'y =0, y(O) = 1, y'(O)=~
2

(4.1.1)

(4.1.2)

Problem 2.

" 2x2+1 2y' y (2) (lr2J ,(2) (lr2J
Y = x6 --:;-- x4-'Y lr = 4 -l,y lr = 4 (2-lr) (4.1.3)

Exact solution: y = 2CO{ ~) - Sin( ~) + x\ (4.1.4)
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4.2 PROBLEMS: Usingthe 4-step method (2.2.37) for the numerical

solution of problems (4.11) and (4.13) we obtain the following results as

presented in Tables 3(a-e) and Tables 4(a-c).

4.2.1 Solution to problem 1

y" - x(y'Y = 0, y(O) = 1, y'(O) =.!.
2

. ( ) 1 (2+ x)Exact solution: yx =l+-In( )
2 2-x

TABLE (3a): RESULT OF PROBLEM 1 FOR THE 4-STEP METHOO WHEN

h .1
30

X YEX YC ER
0.1 0.10567274D+Ol 0.105672740+01 0.477221370-09
0.2 0.110707400+01 0.110707400+01 0.331745340-08
0.3 0.115796760+01 0.115796760+0 I 0.108646730-07
0.4 0.120794640+01 0.120794630+01 0.252824260-07
0.5 0.126075330+01 0.126075330+01 0.510796130-07
0.6 0.131502320+01 0.131502310+01 0.927727380-07
0.7 0.13730615D+Ol 0.137306130+01 0.159891560-06
0.8 0.143161090+01 0.143161060+01 0.258557820-06
0.9 0.148309150+01 0.149309110+01 0.406079170-06
1.0 0.155823500+01 0.155823430+01 0.627076070-06

TABLE (3b): RESULT OF PROBLEM 1 FOR THE 4-STEP METHOO WHEN

h :.l

32
X YEX
0.1 0.105474210+01
0.2 0.110665260+01
0.3 0.115754050+01
0.4 0.120925150+01
0.5 0.126209070+01
0.6 0.131467870+01
0.7 0.137079570+01
0.8 0.142924180+01
0.9 0.149059370+01
1.0 0.155557580+01

YC
0.105474210+01
0.110665250+01
0.115754J511'+01
0.120925150+01
0.126209070+01
0.131467860+01
0.137079560+01
0.142924160+01
0.149059330+01
0.155557530+01

ER
0.377522680-09
0.288555110-08
0.947963420-08
0.226708970-07
0.456455600-07
0.812951020-07
0.13783109D-06
0.223200440-06
0.350859050-06
0.542050960-06
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TABLE (3c): RESULT OF PROBLEM 1 FOR THE 4-STEP METHOD WHEN

h .1
40

X YEX
0.1 O.l0538019D+Ol
0.2 0.11041247D+Ol
0.3 0.11549790n+0 1
0.4 0.120664190+01
0.5 0.12594128D+Ol
0.6 O.i3711532D+Ol
0.7 0.1371 1532D+Ol
0.8 0.142961560+01
0.9 0.14909877D+Ol
1.0 0.15559952D+Ol

YC
0.105380 19D+0 1
0.11041247D+OI
0.11549790D+Ol
0.12066419D+0 1
O.l2594128D+Ol
0.1371 1531D+Ol
0.13711531D+Ol
0.14296154D+0 1
0.14909875D+Ol
0.15559949D+0 1

ER
0.23182123D-09
0.172489800-08
0.57872027D-08
0.139876520-07
0.28338729D-07
0.522863270-07
0.88603635D-07
0.143435610-06
0.22542795D-06
0.34823549D-06

TABLE (3d) : RESULT OF PROBLEM 1 FOR THE 4-STEP METHOD WHEN

h ~
50

X YEX YC ER
0.1 0.10530497D+Ol 0.10530497D+0 1 O.l4336687D-09
0.2 0.11033666D+Ol 0.11 033666D+0 1 0.10835686D-08
0.3 0.11542109D+Ol 0.11542109D+Ol 0.36561716D-08
0.4 0.12058595D+Ol 0.12058595D+Ol 0.88624779D-08
0.5 0.12586154D+01 0.12586154D+01 0.17985877D-07
0.6 0.13128196D+01 0.13128196D+01 0.327608610-07
0.7 0.13688667D+0 1 0.13688666D+0 1 0.55634408D-07
0.8 0.14272255D+Ol 0.14272254D+Ol 0.90190652D-07
0.9 0.14884684D+01 0.14884683D+Ol 0.14187211 D-06
1.0 0.15533142D+0 1 0.15533140D+0 1 0.21926171D-06
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TABLE (3e): RESULT OF PROBLEM 1 FORTHE 4-STEP METHOO WHEN

h .1
60

X YEX
0.1 0.10533840D+Ol
0.2 0.110286120+01
0.3 0.115369900+01
0.4 0.120620720+01
0.5 0.125897150+01
0.6 0.131226910+01
0.7 0.136829560+01
0.8 0.142662870+01
0.9 0.148783950+01
1.0 0.155264510+01

YC
0.105338400+01
0.l10286120+01
0.115369900+01
0.120620720+01
0.125897150+01
0.131226910+01
0.136829':;60+01
0.142662860+01
0.14878394D+OI
0.155264490+01

ER
0.102016170-09
0.743062060-09
0.251697310-08
0.169311710-08
0.125547570-07
0.226401610-07
0.384663430-07
0.623793710-07
0.981446240-07
0.151698180-06

.,

4.2.2 Solution to problem 2

y"= 2X2+1_ 2y' _L,Y(~)=(~)-I'Y'(~)=(~)(2-7r)
x6 x x4 7r 4 st 4

Exact solution: y = 2COs(~)-Sil1(~)+ ;2

TABLE (4a) : RESULT OF PROBLEM 2 FOR THE 4-STEP METHOO WHEN

h .i
30

X YEX
0.7 0.127635570+01
0.8 0.122920670+01
0.9 0.122987030+01
1.0 0.125170780+01
1.1 0.128239740+01
1.2 0.131490770+01
1.3 0.134867480+01
1.4 0.138121420+01
1.5 0.141190930+01
1.6 0.144054090+01
1.7 0.14670928D+OJ
1.8 0.149164910+01
1.9 0.151434010+01
2.0 0.153531260+01

YC
0.12763422D+0 1
0.122916810+01
0.12298067D+0 1
0.125162220+01
0.128229310+01
0.131478820+01
0.134854210+01
0.138107040+01
0.141175600+01
0.144037950+01
O.l46692440+0 1
0.149147460+01
0.l5141603D+OI
0.15351282D+Ol

38

ER
0.135068460-04
0.385539110-04
0.635635300-04
0.856034340-04
0.104293240-03
0.119494900-03
0.132731220-03
0.l4389134D-03
0.15336418D-03
0.16146431D-03
0.168442270-03
0.174496880-03
0.179786240-03
0.1844367ID-03



'----

TABLE (4b): RESULT OF PROBLEM 2 FOR THE 4-STEP METHOD Wl-IEN

h ~
32

X YEX
0.7 0.127986950+01
0.8 0.122991310+01
0.9 0.122932740+01
1.0 0.125062110+01
1.1 O.12811 0020+0 1
1.2 0.131469510+01
1.3 0.134846670+01
1.4 0.138101620+01
1.5 0.14117238L+0 1
1.6 0.14403685D+Ol
1.7 0.146693320+01
1.8 0.149150160+01
1.9 0.151420380+01
2.0 0.153519660+01

ER
0.110082130-04
0.328827750-04
0.549247580-04
0.744006530-04
0.909302630-04
0.104301270-03
0.116441060-03
0.126254880-03
0.134584730-03
0.141707270-03
0.] 47842890-03
0.153166450-03
0.158717030-93
0.161905770-03

0.127985850+01
0.122988020+01
0.122927250+01
0.125054670+01
0.128100930+01
0.131459030+01
0.134835020+01
0.138089000+01
0.141158920+01
0.144022680+0 ]
0.146678530+0 1
0.149134840+01
0.151404590+01
0.153590140+01

TABLE (4c): RESULT OF PROBLEM 2 FOR THE 4-STEP METHOO WHEN

h .1
40

X YEX
0.7 0.127930390+01
0.8 0.122979680+01
0.9 0.122941100+01
1.0 0.125079180+01
1.1 0.128130470+01
1.2 0.131490770+01
1.3 0.134867480+0 I
1.4 0.138121420+01
1.5 0.141190930+01
1.6 0.144054090+01
1.7 0.146709280+01
1.8 0.149164910+01
1.9 0.151434020+01

2.0 0.15353126D+Ol

YC
0.127929690+01
0.122977590+01
0.122937600+01
0.125074440+01
0.128124680+01
0.131484090+01
0.134860060+01
0.138113370+01
0.141182350+01
0.144045060+01
0.146699850+01
0.149155150+01
0.151423940+0 I
0.15352094D+0 1

ER
0.690815830-05
0.208917010-04
0.349643730-04
0.473953320-04
0.579453670-04
0.667991250-04
0.742292640-04
0.804948850-04
0.858135080-04
0.903617800-04
0.942802480-04
0.976804570-04 •. f
0.1 00651120-03
O.I03263 14D-03
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TABLE (4d): RESULT OF PROBLEM 2 FOR THE 4-STEP METHODWHEN

h .J
50

X VEX
0.7 0.12829960D+OI
1.8 0.12305732D+0 1
1.9 0.12288902D+0 1
1.0 0.12497052D+0 1
1.1 0.12799978D+0 1
1.2 0.13135473D+OJ
1.3 0.13473417D+Ol
1.4 0.13799456D+Ol
1.5 0.14107205D+01
1.6 0.143943590+01
1.7 0.14660698D+0 1
1.8 0.149070370+01
1.9 0.15134664D+01
2.0 0.1 5349090D+01

YC
0.128299210+01
0.123056040+01
0.12268684D+0 1
0.124967540+01
0.12799612D+0 1
0.13135050D+0 1
0.13472946D+01
0.13798945D+Ol
0.101066600+01
0.143937840+01
0.146600Y8D+0 1
0.14906415D+0 1
0.15134023D+Ol
0.15348432D+Ol

ER
0.392745690-05
0.128048920-04
0.218275190-04
0.298209790-04
0.36611820D-04
0.423125150-04
0.47096718D-04
0.511'303440-04
0.54553805D-04
0.574808240-04
0.600020300-04
0.62189359D-04
0.64100021 D-04
0.658112350-04

TABLE (4e): RESULT OF PROBLEM 2 FOR THE 4-STEP METHOOWHEN

h .1
60

X VEX
0.7 0.12839460D+Ol
0.8 0.12307792D+Ol
0.9 0.122876530+01
1.0 0.12494358D+Ol
1.1 0.12796718D+Ol
1.2 0.13132072D+Ol
1.3 0.13470081D+01
1.4 0.13 796280D+0 1
1.5 0.141 04228D+0 1
1.6 0.143915910+01
1.7 0.14658136D+Ol
1.8 0.14904665D+Ol
1.9 0.15132476D+Ol
2.0 0.15343025D+Ol

YC
0.12839434D+Ol
0.12307705D+0 1
0.12287504D+0 1
0.12494153D+Ol
0.12796465D+0 1
0.13131781D+01
0.13469756D+OI
O.l3795927D+OJ
0.141 03851D+0I
0.14391194D+Ol
0.14657721D+Ol
0.14904238D+Ol
0.15132033D+01
0.15342570D+0 1

ER
0.25381671D-05
0.86843195D-05
0.] 4948758D-04
0.20503827D-04
0.25225042D-04
0.29189157D-04
0.32516350D-04
0.35321756D-04
0.37702914D-04
0.397388630-04
0.41492605D-04
0.43014156D-04
0.44343297D-04
0.45511818D-04

r
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4.3 COMPARISM OF RES,ULTS AS h IS DECREASING

Here we present forboth problems 1 and 2respectively, the effect of

decreasing h.

TABLE 5: SUMMARY OF RESULTS FOR PROBLEM 1 IN RESPECT

OF THE 4-STEP METHOD

X h=~ h=~ h=~ h=~ h=~
30 31 40 50 60

0.1 4.77D - 10 3.78D - 10 2.32D - 10 1.430- 10 1.02 D - 10

0.2 3.32 D-09 2.890- 09 1.72 D - 09 1.08 D - 09 7.43D-I0

0.3 1.09 D - 09 9.48 D - 09 5.79 D - 09 3.66 D - 09 2.52 D - 09

0.4 2.53 D - 08 2.27 D - 08 1.40 D - 08 8.86 D - 09 6.19 D - 09

0.5 5.11 D - 08 4.56 D - 08 2.83D-08 1.80 D - 08 1.26 D - 08

0.6 9.28 D-08 8.13D-08 5.23 D-08 3.280- 08 2.26 D - 08

0.7 1.60 D - 07 1.380- 07 8.86 D - 08 5.56 D - 08 3.85 D- 08

0.8 2.59 D-07 2.23 D - 07 1.43 D - 07 9.02 D - 08 6.24 D - 08

0.9 4.06 D- 07 3.51 D - 07 2.25 D-07 1.42 D - 07 9.81D-08

1.0 6.27 D-07 5.42 D - 07 3.48 D - 07 2.19 D - 07 1.52 D - 07
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TABLE 6: SUMMARY OF RESULTS FOR PROBLEM2 IN RESPECT

OF THE 4-STEP METHOD

X h=~ h=~ h =~L h=~ h=~
.10 .12 40 50 60

1.1 1.04 D - 04 9.090- 05 5.79 D-05 3.66 D - 05 2.520- 05

1.2 1.19 D - 04 1.05 D - 04 6.680-05 4.23 D - 05 2.920- 05

1.3 1.33 D - 04 1.160-,04 7.42 D - 05 4.71D-05 3.250 - 05

1.4 1.440- 04 1.260- 04 8.05 D -05 5.11D-05 3.53 D - 05

1.5 1.53D - 04 1.35D- 04 8.580-05 5.46 D - 05 3.77D-05

1.6 1.610- 04 1.42 D - 04 9.040-05 5.75 D - 05 3.970- 05

1.7 1.68D - 04 1.48D- 04 9.430- 05 6.00D- 05 4.150-05

1.8 1.74D- 04 1.53D- 04 9.770-05 6.22D- 05 4.30D- 05

1.9 1.80D- 04 1.58D- 04 1.01D- 04 6.41 D- 05 4.430- 05

2.0 1.840- 04 1.62D- 04 1.03D- 04 6.58D- 05 4.55D- 05

4.4 COMPARING NEW METHOD WITH EXISTING ONES (AWOYEMI 1999)

TABLE 7: Comparing result fork = 2,3 and 4. (For Problem 2)

x Awoyemi (1999) Awoyemi (1999) New method k = 4

k=2 k=3

1.1 0.45866726 0 - 06 0.458667260- 06 0.109302630- 06

1.3 0.24418032D- 06 0.22418032 D - 06 0.116441060- 06

1.5 0.479427200- 06 0.479427200- 06 0.134584730-06

1.7 0.168472070 - 05 0.168472070- 05 0.147842890- 05

1.9 0.31506677D- 05 0.31506677D- 05 0.157817030-05

2.0 0.38686420D- 05 0.38686420 D - 05 0.161905770- 05
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CHAPTER FIVE

GENERAL CONCLUSION

5.1 DISCUSSION OF RESULTS

A collocation technique which produces an order five (5) continuous

methods has been described for the directapproximate solution of problem

(1.3.3). Two test examples arc used to comparethe accuracy of the new

method with previously proposed methods [Awoyemi (1999)].

In table 5 the effect of decreasingh using problem 1 isexamined. It is

found that the smaller the value ofh the better the accuracy. This assertion

was confirmed in table 6 using problem 2. In table 7 we compared the

accuracy of our new method with those of Awoyemi (1999) fork = 2, k = 3,

k = 4. It was discovered that our new method displayed better accuracy (See

graph).

We note from table 7 that additional step number improves the

accuracy of the new method. We discovered that fork = 4, a method which

yields a discrete scheme with an improved order of accuracy is obtained.

This suggests that better accuracy can be achieved if we limit ourselves to

even step numbers.

[ See Awoyemi 1999]

5.2 CONCLUSION

It is noted here that methods with continuous coefficients have a lot of

advantages over their discrete counterparts. This is so since with continuous
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schemes one can generate as many values as desired especially between the

last two grid points. Derivatives of continuous schemes to any possible order

could be computed. This enables annth order (n ~ 2) ordinary differential

equation to be solved directly without reduction to first order systems. A

direct consequence of this is that complicated computer programs are

avoided.

According to Onumanyi et al (1999) the new method can be used to

construct global error estimation. More importantly, this method could be

used to develop automatic codes for problem (1.3.1) (see [11], chapter 11).

5.3 RECOMMENDATION

In this work, power series was adopted as basis function. Other basis

function could be adopted to see whether accuracy will be improved. From

tables 7 it can be deduced that even step numbers seems to give better

accuracy than odd step numbers. Thus, it is recommended that higher even

step numbers should be investigated and adopted when good accuracy is the

focus. Equally; hybrid type method for step numbers 3 and 4 for second

order odes should be investigated for comparison with the new proposed

method.
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APPENDIX 1

NAME OF FILE: UDOHl. FOR
K=4
SOL TION OF GENERAL SECOND ORDER INITIAL VALUE PROBLEMS OF THE
FORM Y"-F(X, Y, Y')
IMPLICIT DOUBLE PRECISION (A-H, O-Z)
DIMENSION Y4C(16, 32 10), YEX (16, 32, 10), ERC (16, 32, 10), A4C (16, 32, 10)
1, TT ((16,32,10)
F (X, Y, Z) = 5DO*Z*ZIY - 2. DO*Y
Y(X)=DSIN (X) *DSIN (X)
OPEN (6, FILE=' UDOHI. OUT')
N= 10
NSTEP=32
P]=3.14]593DO
A=PII6.DO
B=A+O.IDO
DIST=B-A
H=DISTIFLOAT (NSTEP)
C=A+H
DX=H/FLOAT (N)
D=2.DO
XN=A
YN=.25DO
ZN=(DSQRT (3. DO)I 2. DO
XNI=XN+H
XN2=XN+2.DO*H
XN3=XN+3.DO*H
XN4=XN+4.DO*H
WRITE HEADINGS
WRITE (6, 9)
9 FORMAT (4X, 2.6HPROBLEM: Y'=.5*Y' Y' I Y - 2y/)
WRITE (6, II)
II FORMAT (4X, 12H Y (P1I6) =.251)
WRITE (6, 66)
66 FORMAT (4X, 19HY' (PII6) = SQRT (3)12/)
WRITE (6,8)
8 FORMAT (4X, 'H=.1I32'1)
WRITE (6,7)
7 FORMAT (4X, 'EXACT SOLUTION: Y=3.X.X.X-2X+X.X.(I+X.LNX'1)
WRITE (6,6)
6 FROM AT (4X,'SOLUTION USING PROSOED PREDIC10RS AND THEIR')
WRITE (6,12)
12 FOEMAT (4X, 'FIRST DERIVATIVES 'I)
WRITE (6,5)
5 FORMAT (7X, 'X' , 15X, 'YEX' ,20X, 'YC' ,20X, 'ER' I)
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CALCULATE PREDICTORS AND THEIR DERIV ATlVES
K=O
DO 11=1, 16
DO 2 J=I,NSTEP
FO=F(XN, YN, ZN)
CALCULATE FP
PDFX=O .DO
PDFY =- .5DO*ZN*ZN/(YN*YN)-2.DO
PDFZ=ZN/YN
YNl=YN+H*ZN+ (H*Hl2.DO) FO + (H*3/6.DO)* (PDFX+ZN*PDFY+FO*PDFZ)
ZNl = ZN+H*FO+ (H*Hl2.DO) * (PDFX+ZN*PDFY+FO*PDFZ)
Fl=F(XN1, YNl, ZNl)
YN2=2.DO*YNl - YN+H*H*Fl
ZN2=(YNl - YN) /H+ (H+ (H/6.DO) * (11.DO*F1 - 2.DO*FO)
F2=F (XN2, YNS, ZN2)
YN3=.DO*YN2 - YNI + (H*HIl2.DO) * (l2.DO*F2 - 2.DO*F2 - 2.DO*FI+FO)
ZN3=(YN2- YNI )/H+ (H/24.DO) * (53.DO*F2 - 26.DO* FI +9.DO*FO)
F3 = F (XN3, YN3, ZN3)
K=K+l
IF (K.GE.2) THEN
YN4=YC
YPN4=ZC.
ELSE
YN4=2.DO*YN3-YN2+ (H*H/12.DO) * (14.DO*F3-5.DO*F2+4.DO*FI - FO)
ZN4=(YN3 - YN2) /H+ (H/360.DO) * (922.DO*Fl -771.DO*F2+516.DO*FI -
7.DO*FO)ENDIF
F4=F (XN4, YN4, ZN4)
CALCULATE COEFFICIENT OF CONTINUOUS METHOD
DO 3 K = 1, 10
TT (1, J, K) = XN3+DX*FLOAT (K)
X=TT(1, J, K)
T=(X-XN3) /H
A2T=-T
A3T=T + 1.DO)
Dl=H*HI1440.DO
BOT=Dl * (2.DO*T**6+6.DO*T**5-5.DO*T**4-20.DO*T**3+11.DO*DO*T)
Bl T=DI *(-8.DO*T**6-36.DO*T**5+20 . DO*T**4+120.DO*T**3-72.DO*T)
B2T=Dl * (l2.DO*T**6+72.DO*T**5+30.DO*T**4 - 360.DO*T**3 + 330.DO*T)
B3T=D 1*(-8.DO*T**6-60.D*T** 5-1 00.DO*T**4+ 200.DO*T** .DO*T**720.DO*T**T +
1472.DO*T)
B4T=Dl *(2.DO*T**6+ 18.DO*T**5+55.DO*T** 4+60.DO*T**3 - 21.DO*T)
AP2T=-1.DO/H
AP3T=1.DOIH
P=H/1440.DO
BPOT=P* (12.DO*T** 5+30.DO*T**4 - 20.DO*T**3 - 60.DO*T*T+11.DO)
BPIT=P* (-48.DO*T**5 - 180.DO*T**.4 + 80.DO*T88 3 +360.DO*T*T-72.DO)
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BP2T=P* (72.DO*T** 5 + 360.00*T**4 +.120.DO*T** 3- 1080.00*T*T+330.DO)
BP3T=P* (-48.DO*T**5-300.DO*T**4-400.DO*T**3+600.DO*T + 1440.00*T +
1472.DO)
BPT4T=P* (12.DO*T** 5+90.DO*220.DO*T**3+ 180.DO*T*T-21.00)Z4C (I, J, K)
=AP2T*YN2 + AP3T*YN3+BP4T*4F+BP3T*F3+BP3T*F2+BPIT*Fl+1BPOT*FO
CALCULA TE EXACT SOLUTION
YEX (1,J, K) = Y (X)
ERC (I, J, K) = DABS (Y4C (I, J, 'K) - YEX (I, J, E»)
IF (X.GE.C) THEN
YC=Y4C (1, J, K)
ZC=Z4C (T, J, K)
YE=YEX (1, J, K)

ER=ERC (I,J, K)
GOT03
ELSE
ENDIF
3. CONTINUE
IF (C.GE.B) THEN
WRITE (6; 10) X, YE, YC, ER
10 FORMAT (5X, F5.1, 3X, 3020.10)
GOT04
ELSE
C CHAJ\[GE VARIABLES
C=C+H
XN=XNJ
XNl=XN2
YN=YNI
ZN=ZNl
XNI=XN2
YNI-YN2
ZNl=ZN2
ZN2=ZN3
YN2=YN3
ZN2=ZN3
ZN3=ZN4
YN3=YN4
ZN3=ZN4
XN4=XN4+H
ENDIF
GOT02
4 IF (B. GE. D) GO TO 1
B=B+DIST
2 CONTLNEU
] CONTINUE

SOP
END

52



APPENDIX 2

NAME OF FILE: UDOHI. FOR
K=4
SOLTION OF GENERAL SECOND ORDER INITIAL VALUE PROBLEMS
OF THE FORM Y"=F (X, Y, Y')
IMPLICIT DOUBLE PRECISION (A-H, O-Z)
DIMENSION Y4C (15, 32,10), YEX (15,32,10), ERC (I5, 32,10), ZAC (I5, 32,10)
1, TT (15,32,10)
F(X, Y, Z)=(2.DO*X*X+1.DO) I X** 6 - 2. DO*Z/x-Y/x**4
Y(X)=2.DO*DCOS (I.DO/X) - DSIN (I.DO/x) + I.DOI (~*X)
OPEN (6, FILE= 'UDOH2. OUT')
N=10
NSTEP=32
PI=3.141593DO
A=2.DO/PI
DIST=B-A
H=DIST/FLOA T (NSTEP)
C-A+H
DX=HlFLOAT (N)
D=2.DO
XN=A
YN= (PI*PI) 14.DO - I.DO
ZN=(PI*PII4.DO) * (2.DO-PI)
XNl=XN+H
XN2=XN+2.DO*H
XN3=XN+3.DO*H
XN4=XN+4.DO*H
WRITE HEADINGS
WRITE (6,5)
5 FORMAT.(7X, 'Z', 15X, 'YEX', 20X, 'ER' /)
CALCULA TE PREDICTORS AND THEIR ERIV ATIVES
K=O
DO 1 1= 1, 15
DO 2 J = I,NSTEP
FO=F (XN, YN, ZN)
CALCULATE FP

PDFX=-8.DO I XN**D - 6.DO I XN* *7+(2. DOIXN* *2)* *ZN+(4.DO I XN **5) *YN
PDFY--1.DO I (XN**4)
PDFZ=-2.DO I XN
YNl = YN+H*ZN+ (H*H/2.DO) FO +(H*3/6.DO)* (PDFX+ZN*PDFY+FO*PDFZ)
ZNl=ZN+H*FO + (H*Hl2.DO)* (PDFX+ZN*PDFY+FO*PDFZ)
Fl =F (XNl, ZNI)
YN2=2.DO*YNI - YN+H*H*Fl
ZN2=(YNl - YN) IH+ (H/6.DO) * (11.DO*Fl - 2.DO*FO)
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F2=F (XN2, YN2, ZN2)
YN3=2.DO*r'N -YNl+ (H*H/l.DO) * (l3.DO*F2 - 2.DO*Fl+FO
ZN3= (YN2 - YNl) /H+ (H/24.DO) * (53.DO*F2-26.DO*Fl + 9.DO*FO)
F3=F (XN3, YN3, ZN3)
K=K+l
IF (K.GE. 2) THEN
)~4=YC
YPN4 =ZC
ELSE
YN4=2.DO*YN3 - YN2 + (H*HIl2.DO) * (l4.DO*F3-5.DO*F2+4.DO*FI-FO)
ZN4= (YN3-YN2)/H+ (H/360.DO) * (922.DO*FI-771.00*F2+516.DO*F1 -7.00*FO)
ENDIF
F4=F (XN4,YN4, ZN4)
CALCULATE COEFICIENT OF CONTINUOUS METHOD
DO 3 K=I, 10
TT (I, J, K) = XN3 + DX*FLOAT (K)
X=TT (1, J,K)
T= (X-XN3) III
A2T=-T
A3T=T+l.DO
Dl=H*H/l440.DO
BOT=D1 * (2.DO*T**6+6.DO*T**5 - 5.DO*T** 4-80 .D*T**3+60.DO*T*T +
111.DO*T)
BIT=-Dl * (8.DO*T**6+36.DO*T** 5-20.I~0*T**4 - 360.DO*T**3+240.DO*T*T
1+72.00*T)
B2T=Dl* (12.00*'1'** 6 +72. DO*T** 5+ 30.DO*T** 4-720.DO*T**3+360.00*T*T+
1330.00*T)
B3T=-Dl * (8.DO*T**6+60.DO*T**5+ 100.DO*T**4 - 440.DO*T**3 - 480.DO*T*T-
1472. DO*T)
B4T=D1 * (2.DO*T** 6+ 18.DO*T** 5 + 55. DO*T** 4 + 60. DO*T**.2 - 21. DO*T)
Y4C (1, J, K) =A2T*YNS+A3T*YN3+B4T*F4+B3T*F3+B2T*F2+BIT*Fl+BOT*FO
AP2T=-1.DO/H .
AP3T=1.DO/H
P=HI1440.DO
BPOT=P* (12.DO*T** 5 + 30.DO*T**4-20.00*T**3240.00*T*T+120.DO*T+
II1.DO)

BPIT==-T* (48.00*T**5+180.00*T**4 -80. 00*T**3 -1080. DO*T*T + 480.00 +
172.DO)
BP2T=P*(72.DO*T* *5+360.DO*T* *4+ 120.00.00*T* *3-2160.DO*T*T +720.00*T +
1330.DO)
BP3T==-P*(48.00*T**5+300.00*T**4 +400.DO*T**3 -1320. OO*T*T - 960.00*T-
1472.DO)
BP4T=P* (12.00*T** 5 +90.00*T**4+220.00*T**3+120.DO*T - 12.00)
Z4C (1,J, K) =AP2T*YN2+AP3T*YN3+BP4T*F4+BP3T*F2+BPIT*Fl+
IBPOT*FO
C CALCULATE EXACT SOLUTION
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YEX (I, J, K) = Y(X)
ER (I, J, K) = DABS (Y4C (1, J,K) - YEX (1, J, K»
IF (X. GE. C) THEN
YC=Y4C(1, J,K)
ZC=Z4C (I, J, K)
YE = YEX (1, J, K)
ER=ERC (J, J, K)
GOT03
ELSE
ENDIF

3 CONTINUE
IF (C. GE. B) THEN
WRITE (T, 10) X, YE, YC, ER

10 FORMAT (5X, F5.1, 3X, 3D20.8)
GOT04
ELSE

C CHANGE VARIABLES
C=C+H
ZN=XNl
ENl=XN2
YN=YNI
ZN=ZNl
ZNl=XN2
YNl=YN2
ZNl=ZN2
YN2=YN3
ZN2=ZN3
XN3=XN4
YN3=YN4
ZN3=ZN4
XN4=XN4+H
END IF .
GOT02

4 IF (8. GE. D) GO TO 1
B=B+DIST

2 CONTINUE
STOP
END
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Comparism of new method with the exact solution and Awoyemi (1999)
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RESULT OF PROBLEM 2 FOR THE 4-STEP METHOD WHEN
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Graph of exact solution with the new method
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Awoyemi Vs New method
Awoyemi (1999) New method

0.45866726 0.10930263
0.22418032 0.11644106

0.4794272 0.13458473
0.16847207 0.14784289
0.31506677 0.15781703

0.3868642 0.16190577

Comparism of new method with the exact solution and Awoyemi (1999)

Awoyemi (1999)
0.45866726
0.22418032
0.4794272

0.16847207
0.31506677
0.3868642

New method
0.10930263
0.11644106
0.13458473
0.14784289
0.15781703
0.16190577

Exact
0.12811002
0.13484667
0.14117238
0.14669332
0.15142038
0.15351966

Graph of exact solution with the new method
VEX YC

0.12798695 0.12798585
0.12299131 0.12298802
0.12293274 0.12292725
0.12506211 0.12505467
0.12811002 0.12810093
0.13146951 0.13945903
0.13484667 0.13483502
0.13810162 0.138089
0.14117238 0.14115892
0.14403685 0.14402268
0.14669332 0.14667853
0.14915016 0.14913484
0.15142038 0.15140459
0.15351966 0.15359014
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Resultl-of problem 2 for the 4-step method when h = 1/32
X VEX

0.7 0.12799
0.8 0.12299
0.9 0.12293

1 0.12~06
1.1 0.12811
1.2 0.13147
1.3 0.13485
1.4 0.1381
1.5 0.14117
1.6 0.14404
1.7 0.14669
1.8 0.14915
1.9 0.15142

2 0.15352

Result of problem 2 for the 4-step method when h=1/32
X YC

0.7 0.12799
0.8 0.12299
0.9 0.12293

1 0.12505
1.1 0.1281
1.2 0.13946
1.3 0.13484
1.4 0.13809
1.5 0.14116
1.6 0.14402
1.7 0.14668
1.8 0.14913
1.9 0.1514

2 0.15359
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