ONE-STEP COLLOCATION HYBRID METHOD FOR SOLVING

FIST ORDER ORDINARY DIFFERENTIAL EQUATIONS

BY

EDAMISAN AMUSEGHAN
MATRIC NO : IMC/00/8278

A THESIS IN THE DEPARTMENT OF INDUSTRIAL MATHEMATICS
SUBMITTED TO THE SCHOOL OF POSTGRADUATE STUDIES,

IN PARTIAL FULFILMENT OF THE REQUIREMENT FOR THE AWARD
Ol' THE DEGREE OF MASTER OF TECHNOLOGY (M.TECH) IN
INDUSTRIAL MATHEMATICS OF THE FEDERAL UNIVERSITY OF
TECHNOLOGY AKURE, NIGERIA.

2004.



CERTIFICATION
This 1s to certify that this project was carried out by ['v:-'lR. Edamisan
AMUSEGHAN, in the Department of Mathematical Sciences (MTS), in
partial  fullillment of the requirements for the award of M. Tech

Mathematics of the Federal University Technology Akure, Nigeria.

DR. IO AWOYEMI
(SUPERVISOR)
Department of Mathematical Sciences,
Federal University of Technology,
AKURE, NIGERIA

PROFESSOR PETER ONUMANYI DR. J.K. OGUNMOYELA

(EXTERNAL EXAMINER) (Ag. HEAD OF DEFARTMENT)

Department of Mathematics, Department of Mathematical

University of Jos, Sciences,

JOS, NIGERIA Federal University of
Technology,

AKURE, NIGERIA



DEDICATION
This project is dedicated to tke glory of God, our LORD, in the
name of our Lord Jesus Christ as it 8 written: Isaiah 42; 8, who by His
mercy, loving-kindness and grace saw me through all the TRIBULATIONS
during the duration of the course.
| am saying, thank thee God-Almighty my everlasting father, in

Jesus Name. Amen

i1



ACKNOWLEDGEMENT

| give all thanks, as commanrded and written in | Thess. 5:18, to
the Almighty-God for His mercy and abundant grace to enable me
complete this research work.

I wish to express my profound gratitude to those who directly or
indirectly influenced the suecessiul completion of this research work.,
I am particularly grateful to my supervisor DR. D.0O. Awoyemi, for
giving enough time to teach, gave his books, seminar papers and
ideas. Also for sacrificing his precious time (o read through the project
and for making valuable corrections and suggestions. Also to my Co-
supervisor, DR. R.A Ademiluyi for his constructive  criticisms,
counseling and useful suggestions from time to time on the course
and especially on this project. | am also grateful to the head of
depariment of Mathematical Science, D, J.K Ogunmoyela for his
constructive criticisms, suggestions and general contribution to the
suceessiul completion of the work.

| really appreciate the priceless contribution and great concerns
of DR, O.K Koriko DR, F.I ALAO, DR. O.E Olowofeso, MR. 5. J.
Kavode, and other members of staff of the Department whose names
could not be mentioned for lack of space. | also appreciate DR. G. 0.
Omosuyi, Department of  Applied Geophvsics  (FUTA) for his

contribution on the work.

| will ever remain grateful to MR. (Brother), llesanmi Fakunle
and his Family for their immense help, encouragement, and counsels
at the required times, | could recoll=ct vividly, when MR.I Fakunle said

o me, “Do not drop M.Tech for P.G.D.E (the two could be runned



concurrently], even il it amounted to your getting only the least pass
mark 40%". He encouraged me lo march forward in the two courses. |
wholcheartedly appreciate his family's valuable contributions o my
siccesstully completing this course. Thank, very much, in Jesus
fEame. Armen

I am wholeheartedly gratelul to all concerned brethrens — In
Christ Jesus, especially of Deeper Life Bible Church, Ita-Nla, ONDO,
Chida State for their innmense contributions in prayers rom the
beginning to the end of this programme. Hallelua. Amen

| remain and forever thanklil to God, our everlasting Fathers
over my Mother, MRS, Abiodun lkawo lor keeping her alive till the end
of this programme and [or her not demanding” inancially [rom me
during the period of the programime, especially in the yvear 2004,

To my wile, MRS, Martha Amuseghan and our Children, Alex,
John, Amos, Elizabeth and Simon-Peter for enduring the hardship of
separation and ‘the tribulations that could not be explained’. | am
forever saying, thank thee Jesus, thank thee our LORD, GOD-
Almighty, thank thee the Holy Ghost lor preserving us in Christ Jesus
as it is written in John 14 ; 27, Amen;

Lastly, [ also appreciatively thank Miss. Taiwo and Mr, Austine
(Ultimate Ventures, FUTA Gate, Alturej for typing my seminar paper
and this project. May God bless you all. Amen. )

| am grateful to everybody whose name | could not mention or
remember, who have rendered one help or the other during/towards

this course of study, Thank you all, in Jesus Christ Name. Amen,



TABLE OF CONTENTS
Certification =
-  Dedication
Acknowledgement
- Table of Contents
- Last of Figures
- List of Tables
Abstract
CHAPTER ONE
Introduction
1.1 Ordinary Differential Equations

1.2 Nature O Ordinary Diflerential Equations

1.3  Problems Associated With Ordinary Differential Equations.

1.4 Method Of Solutions

1.5  Motivation

.6 Aims And Objectives

1.7  Hesearch Methodology

1.8  Organization (M Work
CHAPTER TWO

Preliminary Concepts And Principles
2.1 Principle Of One-Step Schemes

2.1.1 The Families Of One-Step Schemes

Vil

xi

i

6
&
16
16
16

17

18
18

18



2.2 The General Schemes In Consideration

2.2.1 Linear Multistep Methods (LMM]

2.2.2 Hvbrid Methods

2.2.3 Taylor Series Expansions

2.3 Convergence Of The Linear Multistep Methods And
The Hybrid Methods.

2.4 Order, Error Constant And Truncation Error

2.5 Consistency And Stability

2.5.1 Consistency

2.5.2 Stability

2.6 Evaluation Of Methods

CHAPTER THREE

The Proposed Schemes

3.1 Derivation Of The New Methods.

3.1.1 Method I

3.1.2 Method II.

CHAPTER FOUR

Analysis of The Basic Properties Of The New Methods

4.1 Method |

4.1.1 Order And Error Term.

4.1.2 mf"ﬂl OF Absolute Stability Of The Discrete Schemes

4.1.3 Consistency, Zero Stability And ConvergenCe

X

19
19
21

22

22
243
&
2F
28

32

33

34

36

40
()
40

42



4.2 Method I 45

4.2.1 Order And Error Term 45
4.2.2 Interval Of Absolute Stabality O The Discrete Schemes 48
4.2.3 Consistency, Zero-Stability And Convergence 51

CHAPTER FIVE

Computer Implementation And Numerical Resulls a4
5.1 Computational Algorithm 24
5.2  Program Flow Chart 55
5.3 Programming Implementation 56
5.4 Numerical Computations And FEesults S8

55  Comparnng Two O The Numerizal Examples

With Previous Methods 03
CHAPTER SIX
General Conclusion (514
6.l Summary 66
h.2 Limitations _ {3
* ;'! i
6.3 Recommendations " i 15
4 Contribution To Knowledge II_ ~ ~1 67
1 f.- o
Belerenoees . (18
Appendix 74



LIST OF TABLES
Table (4. 1a): Consistency, Zero-stable and convergent of method 1 45

Table (4.1h}: Censistency, Zero-stabl= and convergent of Method |1 52

Tale [5.4.1}: Examples and Results 58
Table {5.4.2): Comparing Results on Example 11 fr
Table {5.4.3): Comparing Results on Example 111 64

x1



Figure 2.1a

Figure 2.1b

LIST OF FIGURES
A-Stability Region

A () — Stability Region

xi

31

31



ABSTRACT

ey this thesis, two one-step collocation hybrid methods for treathing
lirst order ordinary differential equation were developed. They were
obtained based on continuous collocs tion method. The resulting methods
were evaluated at some points to obtain some discrete schemes. Stability
properties analysis were done, and i showed that the methods converges
[ash —* 0 and n — =). Numerical computations were done on some
sample problems on a micro-computer. The numerical results obtained

demonsirate the elficiency of the method over existing methods.
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CHAPTER ONE
INTRODUICTION

1.1 ORDINARY DIFFERENTIAL EQUATIONS

Numerical problems are encountered in the various branches of
human activities such as science, engineering, management and
technology. The mathematical formulation of these problems often leads
to differential equations.

In mathematics, any equation which connects the derivatives of
differentiable function of one independent variable with respect to itself is
called ordinary differential equation (QDE).

The general form of an ordinary differential equation is:

T o e - | 1 P e & (47 ¢ |

Where v 1s the dependent variable, x is the independent variable
and n 15 the highest order of its derivatives.

This highest order derivative is also the order of the equation and
its degree 18 the power to which the highest derivative is raised after
rationalization.

If no product of the dependent variable yi{x) with itsell or any of the
derivatives occurs, the equation is said to be linear, otherwise, it is non-
linear,

A differential equation together with initial conditions as stated in

{1.2) below, is called initial value problem (IVP).



That is, an n'™ order initial value problem s of the form:

% ¥ ¥y ey =10

vhigg=wdaflfn=1 | Gaaisssmeendismae (1.2)
In general any equation of type (1.2) can be reduced to vector

equation of the form:

¥ =) vz )=, e 1.3)
Where
i1, ={H‘_..ﬂ'l [F a, ., |
g P D )
Al 1 T oo Y and
po=g " '[J=I,23 .......... rr—I]

The subject of differential equations constitutes a large and very
important branch of mathematics. From early days till the present day,
the subject has been an area of great theoretical research and practical
applications,

In atlempting to solve this, it will be assumed that f(xy) satisfies
the following conditions.

il flry) is a real value vector function



i)/ xy) is defined and continuous in the region D of x,y-plane defined
by;
D= U M asas bim o )mtnd i i i i et 2 (1.4)
and contains initial point (X, ya)
{iti} There exist a real constant L such that for any x =[a,b] and numbers
vy and yp m D
Ffbkwts ke Mal Pyt i diiiauian AW )
Where L is the Lipschitz constant of order 1.
Thus, for any Ys £ [, the initial value problem (1.3} satisfying [i) -
litl) has a unique solution y (x) for Xe [a,b] ,
Il condition {i} and (ii} are satisfied and the partial derivatives L, |, are
continuous and bounded in 13, then the Lipschitz constant L of the

system may be taken as

Systems of initial value proaslem (1.3) in ordinary differential
equations can be classified into stiff if its eigen values Lj's are widely
separated and non-stiff otherwise. 'We will scon observe that stiffness
plays an important role in the development of the numerical methods for

solution of ordinary differential equations.



In this thesis, we shall be concerned with initial value problems
(IVPS) in ordinary dillerential equations (ODRES) of the form;
= f{xx)o ¥i%n) = Yo over | %oy ok s ciiiieirosnmensmimiiimnninaipsnasisiiresceeisl Lo T )
[With v satisfying additional initial or boundary conditions as in (1.2} |
There are several existing algorithms designed to solve {1.7). These
imclude;
fa) Ruge-Kuta methods, Euler's Methods, and Taylor's senes
expansion as discussed in Lamber (1973} and in Kreyszig (1979).
() ITmplicit BDM (Backward Difference Methods) by Gear (197 1).
{e)] Hybrid methods by Grafl and Stetter (1964), Butcher (19635), Gear
(1965).
((l} Hybrid methods by Ademiluyr (1987),
(e] Collocation methods by Awoyemi (1992, 2002).
(Il Muoumerical methods for differential equation and application by
Butcher (1997),
lg] One-step methods of integration by Ademiluyi (2002},
(h) Single-step stable Implicit Runge-Kutta Method by Yakubu
(20003).
Similarly, several researchers had carried out a lot of research on
stiff equations, These include: Lambert (1973), Fatunla {1982}, Ademiluy)
(1985, 1987, 1992, 2002), Ademiluyi et al {2002), Gear (1971) and

Onumanyi et al (2001), just to mention but only a few.



1.2 NATURE OF ORDINARY DIFFERENTIAL EQUATIONS
For casy clarification, the nature of ordinary differential equation
{1.7], can be looked into from the problems that can arise in connection
with the equalion as follows:
{i}  fix,y) is a real value lunction.
(i) [{x,¥) contains discontinuities in the form of limte jumps in
the components of [ itsell or some derivatives of [
(i) fxv) is non-linear,
(ivi Eigen value & of the Jacobian J= &f/8y of [ is large (i.e stiff
problems).
(vl Lower order discontinuous derivatives in the solution.
Furthermore, since stifl ordinary differential equation is widely
studied, we elaborate a little further on stiffness. Stiffness as it is used in
the context of ordinary differential equations is a concept describing the
nature of certain subset ol ordinary differential equations whose
solutions contains components with fast and slow responses. The fast
responding components are called transient while the slow responding
components are generally smooth and steady.
The still systems were [irst encountered by Hirchlelder (1932) in
the study of the motion of the masses-spring system of varying stiffness

from where the problem derives its name.



The class of stff and non-stiff first order ordinary differential
equations will be considered  in this thesis.
1.3 PROBLEMS ASSOCIATED WITH ORDINARY DIFFERENTIAL
EQUATIONS
Some of the basic problem facing the numerical solution of
ordinary differential equations are:
(a)  Error Analysis Problems.
(b Order of Aceuracy and error term of the method.
{e} Stahility Properties.
(d}  Consistency properties
e}  Convergent properties.
() Evaluation of methods criterials.
(2] Computational cost.
(h}]  Programming ease,
These points would be discussed in a broader sense in the
preceding chapters and sections of this thesis as necessary.
However, some emphasized points would be briefly discussed as
[ollows:
In numerical schemes errors are generated when they are adopted
for approximation of solutions of crdinary differential equations. The

magnitude of these errors determines the degree of accuracy of the

schemes and its eflect can be great. It ean make the solution unstable.



How then do we manage error{s) becomes basic question of study. And
qualitatively speaking, constituency controls the magmtude of the local
truncation error ct:;mrnill::d al each stage of the calculation, while zero-
stability controls the manner in which this error is propagated as the
calculation proceeds, Both are essential if convergence is to be achieved.
How do we choose a suitable value for the step length h, which is linked
with how accurate is the Numerical solution we have obtained, constitute
the major problem in the application of linear multistep methods for
solving ordinary differential equations, And problem, if method is implicit
will lead us to Predictor-Corrector pair methods.

Besides, instability problems are commeon in numerical solution of
stifl ordinary dilferential equations. Desirable numerical methods [or stifl
0.0.ES are required to have infinite rather than finite region of absolute
stability. In some cases (not general) stability criteria require that the
numerical schemes must be implicit as proposed by Dalquist (1963),
because of rigorous iterative process and high computations.,

Other requirements include the necessity for the numerical
schenies to be either A-Stable, Stiffly Stable, A{o}-Stable or A{D) -Stable.

Other related properties will be discussed in chapter four,



1.4 METHOD OF SOLUTION

As earlier stated, many lile situations ultimately come to numerical
results, hence methods of obtaining numerical results from given data is
desirable, which is numerical analysis.

As we need practical answers to given problems, which numerical
answers have: been giving, because in many cases the answers obtained
from the theoretical methods may be almost useless for numerical
purposes, Typical examples are the method of integrating factor, method
of exact differential equation, method of variation parameters, Cramer's
rule for solving systems of linear algebraic equations in term of
determinants and any similar method to mention a few. In most cases
the theoretical methods merely give the existence of a solution but give
no indication of how to obtain it and what happened at several points.
And the advent and use of automatic computer has inflluenced the use
and the important of numerical methods of solution(s). This help to
unalyze differential equations at the desired peoints. It also help in
creation of new methods, modification of existing methods in making
them more effective, give room for theoretical/practical analyzation of
algorithms for the standard computational process and pointing out
those algorithms which are satisfactory in various situation. It a]lnw:.a
proper analysis of errors by trying to eliminate arithmetic traps of all

kinds.



Hence, numerical solution is preferable to analytical solution.
There are several algorithms, but one-step method is chosen because i
computes the solution at Xy« on using information only from the very
preceding mesh point Xx, thus being in contrast with the multistep
methods which require information from several previous mesh points.
The computational effort/step is generally higher in the case of one-step

L HE AL
methods than for thf'hmullistep methods of the same accuracy.

The major advantage of the one-step methods consists in the direct
possibility of using non-equal step sizes. As lor disadvantage, these come
from the increased complexity of the calculations to derive one-step
algorithms as well as from the fact that these algorithms are longer and
less “authentic™ than the multiplestep algonthms. Hybrid methods are
preferred to other methods because of its remarkable small error
constants.

The difficult nature of the solution process for erdinary differential
equations has made researchers generate a lot of interest in numerical
methods using one-step and hybrnd algorithms.

The existing methods include:

{a). CONVENTIONAL RUNGE-KUTTA SCHEME

Smee the methods proposed are Runge-kutta Like, we wish 1o

discuss briefly on Runge-kutta schemes,

4



A Runge-Kutta scheme is one of the oldest numerical methods for
salution of ordinary differential equation (ODES).
These schemes were proposed by Kutta (1901) and later improved

by Runge (1915).

An S-stage Runge-Kutta scheme is defined as:

Yirii = _»_,-..+i o e i s (1.3.1)
=1

Where Ki = hil (Xu + aih, y +Er b K,
H

aj = E b and ZH". =}

The numerical values of the unknown coellicients a;, Wi, by are
normally obtained from set of non-linear equations generated by Taylor
series expansion of Ki about points X, for i = 1 (1)s and comparing the
final expansion from (1.3.1) with the Taylor series expansion of Y

about X, in power of h,

These schemes are often divided into three classes, namely.
(i} Explicit: B= [byl = 0 for j = i
(i) Semi-implicit: B = {byl =0 for j > i.

{iiijimplicit: Iy = 0, for at least j = i,

[y



Some popular Runge-Kutta scheme are:

i) the implicit Euler scheme
Bl S I T e S e S R R A )
 where k) = f{xoth, yothlk)

{tij  two stages of trapezoidal scheme of order three

[
Yol = Fii + 1: e il R T B R T R e S ST (1.3.3)

where

ki =M% + b, vir + K1)

ks = fixath, yu + ka)

fii)  two stage implicit R-K scheme of order four and defined by

Harmmer and Hollingsworth (1955)

= ikl

Vo= N, 4-‘;—'[»,+k:].. ........................................................................ (1.3.4)

where

k=] x4 %‘% F’-.*".."%h*‘[_%‘%]kz

k. = ?.-[ v +[l+£Jh_J'.+{L+£]H* +1_;,,¢-T]
¥ f 4 f 4 -

1



fiv] Three-stage implicit Runge-Kutta scheme defined by Butcher

[ 1964).
1]
Yoir =¥ 1-5[5&1 e et e e e PR, | b I |
where
i
Nief : E_:\Ejl u}_"ﬁkl‘ E.ﬁﬁk1 3 @ 1"
2 10 2 15 s 30

A few typical examples of current works done on these methods are:

(i} Towards efficient Runge-kutta methods for stiff systems by Butcher
et al (1990).

(il A new type of singly-implicit Runge-Kutta method by Butcher et al
(2000,

(iii} Estimates of variable step size Runge-Kutta methods for sectorial
evolution equations with non-smooth data by Garay et al (2002].

(iv) Mono-implicit Runge-Kutta lormulae for the numerical solution of
second order nonlinear two-point boundary value problems by €ash
et al (2002). i

(v] A lour slage index 2-diagonally implicit Runge-Kutta method by

Cameron ct al (2002).

12



ivi] Single-step stable implicit Runge-Kutta method based on Lobatto
points [or ordinary diflferential equations by Yakubu (2003).

b. LINEAR MULTISTEP METHODS [LMM]: these methods are among

the most-popular numerical methods today for solving a first order

system of ordinary differential equations of the form (1.7).

The LMM of step K s given by:

Y, b =hY g . . {136

Where a;, Bj are constants and oy # 0, and that not both an and fo
are zero, but ax = 1, and Y. is en approximation lo the theoretical
solution v{Xu«).

Note: If /4, =0, we have an explicit method but if 7, #0 the method is

said to be implicit.

Some methods have been found where continuous solution can be obtain
through collocation.

Among rescarchers who have worked on this area are:

Adeniyi (1991}, Lie and Norsett (1989), Awoyemi (1992)

ONUMANYI et al (1994), ONUMANYI et al (1999)

c. BACKWARD DIFFERENTIATION FORMULA (B.D.F): This methog

has undergone various modifications for giving accurate solution to

ordinary differential equation. The general form is given as:



Z T B I R (1.3.7)

Where o, [ are constants and yus 18 (n+))" approximation lo the
solution. It was proposed by Gear (1969). Among researchers who have
worked on this are: Gear (1971}, Gear by Hind marsh (1974) Byne and
Hind marsh (1975], Ndam (1998}, ONUMANYI et al (2001),

c} SECOND DERIVATIVE FORMULA (S.D.F}: This is given as:

3
[ OTE R ) Oy PR Y o e T e SR v{1.3.8)

It was proposed by Enright (1972), improved upon by Enright
(1974, Ademiluyi) (1987).
{e] HYBRID METHODS: Hybrnid methods were also incorporated in use in
the 1960s. Between the period of 1964-1965, linear multistep formulae
which incorporate a function evaluation at an off grid point emerged.
Such formulae simultaneously proposed by Grafll and Stetter (1964),
Butcher [(1965) and others were clessilied as “Hybrid” by Gear (1965).
The Hybrid methods share with Runge-Kutta metheds the property of
utilizing data at points other than the step points (x, = a + nh). A K-step

hybrid formula is defined as
I_| i z
.y, =hZﬁ,f“,| L L £ PSR UUPTPRPIPR § Bt B, |

Where ax = 1, Ve (Rational numbers]

14



Many eminenl scholars have given some attention al various limes

to solution of problems of types {1.7) by Hybrid or/collocation. These

include:

(i}

(ii]

{11}

(iv)

(v]

i)

{wii}

(viri)

fix]

A collocation method for boundary value problems by Russel et
al (1972).

One-step collocation, uniform super convergence prediction
correction methods. Local error estimates by Zennaro (19835).
Some new collocation formulae for the continuous numerical
solutions of initial value problems by OLADELE (1991).

Hybrid second derivative methods by Ademiluyi | 1987)
Conditioning collocation by BLAIR (1988)

Collocation methods by Awoyems (1992)

Towards uniformly accurate continuous finite difference
approximations ODEs by Sirisena et al (2001).

Mew continuous implicit Runge Kutta method for stifl ordinary
differential equations by Yakubu (2002).

A recent work on single step stable implicit Runge-Kutta

method based on collocation by Yakubu (2003)

In this thesis therefore, we would compliment on Ruge-Kutta of the

improvement made by Butcher {1997) and Yakubu (2003} by collocation

hybrid method.



1.5 MOTIVATION
The large variety of application areas and general acceptability of
numerical methods for solving ordinary differential equations to
almost all area of human endeavours motivated the research work.
1.6 AIMS AND OBJECTIVES
The aims and objective of this work are to:

f1] Derive a class of one-step methods with continuous coeflicients
by collocating the differential system at selected off grid points.

(1) Analyze the consistency, order, convergence and stability of the
methods.

(i)  Determine the interval of absolute stability of the method.

{ivl Develop computer programs for the implementation of the
methods on computer.

(v) Implement the programs with specific sample problems on a
micro- computer with a vie'w to establishing its applicabihity and
suttability,

1.7 RESEARCH METHODOLOGY

To accomplish the above aims and the objectives, we went into
some literature review, adopted continuous collocation method to derive
our continuous method and we nsed Pascal triangle and some algebrai::

manipulations to obtain our simplified continuous method., Evaluation

was done al some points (as shown n chapter 3) to obtain our schemes.



The analysis of error, consistency, convergence and stability
properties were carried out using Dalhquist stability theorems, and the
bhoundary locus method of Lambert.

The algorithm was coded in Fortran programming language and
implemented on a micro-computer to confirm the workability and
accuracy of the new schemes with some sample problems.

1.8 ORGANIZATION OF WORK

The remaining chapters of this thesis are organized as described
below:

In chapter two, the relevant general principles to the proposed
method of one step schemes were discussed.,

Chapter three discusses the development of the new proposed
schemes.

Their order, consistency, convergence, stability, error and region of
absolute stability properties were discussed in chapter four.

While chapter five, considers the implementation of the methed on
a micro-computer using some sample problems. Finally, chapter six
summarizes the whole thesis and makes some appropriate

recommendations,

17



CHAPTER TWO
FRELIMINARY CONCEFTS AND PRINCIPLES
2.1 PRINCIPLE OF ONE-STEP SCHEMES

Since the proposed schemes are based on one-step, it is necessary
to discuss some of its principles and concepls.

The general one step scheme for solution of the differential
equation of type (1.6} is the method in which the approximation of yua to
the solution at point X, can be generated {rom the knowledge of v, al
%, and where h 15 also known. Generally, one-step schemes are written
in the form:

Vet =% 4 bl ¥ B ecns e pesraiis cne s sompuaesss snrsnppsarvssvrs i dhoe 5

Where $lx,, yo, b) is a function of the arguments x, v. h and in addition
depends on [ as m equation (1.7). This function ${x,, yn, h) is called the
increment funection.

2.1.1 THE FAMILIES OF ONE-STEP SCHEMES INCLUDES:

(a) EULER SCHEME:

I 15 ol the form:

Yot = ¥ FHE P W) e o e i s s s s erm e st s s an i R L]
(b) TAYLOR'S SERIES METHOD:

It 13 of the [orm: g

I!
Yo = .'!r'||+h!- [ Xy }"u] + é" f {?h, j"u' B e A e b 0 e P R e o [E-Jr



(¢) RUNGE - KUTTA FORMULA,

g =W W SV UUUR RO oy pohscte S SETCTRN, 1}

Where

k=hflx, +ah, ¥, -I-i.l':jrr] ................................................. i Rl (2.5)
i=1

With the constants

3,y AR s E——— (26)
11l

Andd

iu' =1. R N V== PPN | B LI LI 0 S e e : R e[ 22 T)

-
Where k — is the stage of the method.
2.2 THE GENERAL SCHEMES IN CONSIDERATION.

Since in this thesis our focus is on one-step collocation Hybrid
schemes, we will limit our discussion to linear multistep method and
Hybrid methods.

2.2.1 LINEAR MULTISTEP METHODS |LMM)]

Considering (1.7), we define x, by:

X, =a + nh, n = 0,1,2......... the parameter h, which will always be
regarded as constant, excepl where otherwise indicated, is called the
step-length. An essential property of the majority of computational

methods for the solution of (1.7) is that of dicretization: that is, we seek



an approximate solution, not on the continuous interval a < x <, but on
the discrete point set X, in=01,... ,n={'ﬁ_"% = {'f,,f.f.. =X, +nhn=(l)=n

Let v, be an approximation to the theoretical solution at x,, that is,
to vix.), and let [y = T 0%, val, if 8 computational method for determining
the sequence [y,) takes the form of a linear relationship between i, Tneg

1=0,1,2 .. orvrvveee. K, we call it a linear multistep method of
step number K, or a linear K- step method. The general linear multistep

method may thus be written as:
ZH'J_'I-',_, =ﬁ£ﬁl ; — . . {2.8)

Equation (2.8) 15 explicit if fg = 0, and implicit il fx =0 where
¢, amd B are constants. We assume that X, #0 and that not both
a ,amd #, are zero, Since [2.8) can be multiplied on both sides by the
same constant without allering the relationship, the coefficients o and B,

are arbitrary to the extent of a constant multiplier. We remove this
arbitrariness by assuming throughoul that o = 1 (see Lambert, 1973,
page, 11)

Thus the problem of determine the solution y{x) of the non-lincar
initiial value problem (1.7) 1s replaced by that of inding a sequenm; ¥nl

which satisflies the differential equation (2.8).
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We need lo apply a sel of starting values, yo, y1 ...... ¥, to do this.

[NOTE: In the case of one-step methed, only one such value, vy is needed
and we normally choose yo = y).
2.2.2 HYBRID METHODS

The Hybrid methods are modified linear multistep formulae which
incorporate a function evaluation at an off-grid point as earlier discussed
in chapter one section {1.3)h Hybrid methods retain linear multistep
characteristics and it share with Runge-kutta methods the property of
utilizing at points other than the step points (grid points) {x,/x, = a +
nhyj.

A K-step hybrid formula is defined as:

i”. Pouy =h iﬁ', O 7 SR L [29)

Where oy = +1, on, fo are not both z=ro, Ve {Rational numbers)

and s« v = F{Xu ¢ v, ¥o +4). In order to implement the formula, even when
P = O lexplicit), a special predictor to estimale vy, + ¢ is necessary, Thus a

hybrid formula, need a helper formula to get it start.

For this thesis we would use Taylor series method as our predictor,

=



2.2.3 TAYLOR SERIES EXPANSIONS

According to Taylor expansion of y{x, + h} aboult x,, is of the form;

.}

_'I-'[";_ 3 ||l||l|' - 1.[_.". Jl .|r]'|'l {.1:'" }.. {.;_ _1'1I {_'[."}‘I
I
Where
e "y
.'|'1 {'I'_-}—. ——— ¥ .E_F::Ill_ {2 ID]
el ’

2.3 CONVERGENCE OF THE LINEAR MULTISTEP METHODS AND

THE HYEBRID METHODS.

Convergence expresses the property that by using a sufliciently
small step an accurate computation of the numerical solution of a
differential equation can be made arbitrarily close to the true solution.

Furthermore, according to Dalhquist [(1962) a linear multistep
method is convergent if:

(i) It is consistent

(i) 1 s zero-stable,

Definition 2.1: A linear mullistep method (2.8) or (2.9) is said to
converge if for all initial value problems (1.7) subject to the condition of
existence and uniqueness of solution, we have that:

lim
=0 y, =px})

Hh=x—a

Holds for all x € [a, b|, and for all solution [y,} of the difference

equation (2.8) or (2.9) satisfyving starting condition



Ve = oy (h) Tor which lim o (h) = o,
h="0

TELS | R RS, k-1, see Lambert (197 3).
2.4 ORDER, ERROR CONSTANT AND TRUNCATION ERROR

Considering the linear multistep method;

and its associated hnear difference operator L defined as

1l ﬁ]=i In.l[.n il)-hg, _|-'{r+;'fr:|] ................... (252)

Where y(x) is an arbitrary function which is continuously
differentiable on the interval [a, b]. Expanding the function y{x+jh) and
its derivative y¥! (x + jh) by Taylor series method about x, and collecting
terms in powers of h, (2.12} gives,

Ly, b=, o) O b (), rC Ry T x)e o] (2.13)

Where the Cq® are constants.
Definition 2.2

The dillerence operator (2.12) and its associated linear multistep

method {2.11) are said to be order p il in (2.13),
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R B TR e e o i s T El' =0, Cps1 # 4]
Where

Co=on+ ot FRIF rrrramrirssinsrinsnnaiin T Ok
C) = o+ 20+ oo F Kot — [Bo+ Bat B2+ i ® P
| . : | v
f'l :'rIrTI[:IH'l '|'2|l!'-?l':-|- -I-.F;'.'III:.!ll H—m [Lﬂ| 20 IE?!+ _-1-qu|||||;:- Jl ......... Illql:'
q=2,3, ........ See Lambert (1973)

In the case of the hybrid method (2.9)

Lllekbl=n, yles ) D by (vem)s e Dby (xrthh {2.15)

Where v (% + th) can be expanded in Taylor series about x.

Y ()=t (x)erhy T x) A %!I}‘}"‘“”{-T}' ---------

s N PR S KRR R b P P R
Where v {x) = v[x). Making the substitution and equating term by term,

we have.
C-:I = DII

|:-.I-I =1 + ta
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(. =0 + i, +L!J,,
) : 21

=D, 1D # s, : :—:!uﬁ ..................................................... (2.16)
> .
Coy =5y 0P+ +[F|1}|”"
o
T 2 e & B P S {PII}.’JJIJ

it follow that Co = C1 = C2= ccverivreens = Cp =0, 17 and only 1

B =DBy= Da = ivormrrrnanns = Iy, = 0. and il this is true then

Dyer = Cprt, Dz = Cpaz = tCpor

and hence, the formulae giving the constants Dy in terms of the

coeflicient o and i are:

D= g + iy

_'”r:‘r”--"'{l_'}*l“{l_rhj* ----------- --4{k-F}?}—Lﬁ,,+ﬁ1+ ......... .-rﬁr}
J'J'q—‘:jk—r!"r}:"|{1—:]'u,+ ................... |{.l.'—:}'rrt]

_I.ql—_”[f'_r}uI'ﬁ"+|"!_r}rl'ﬂ‘+ --------- '{#‘A]”ﬁ:*{l—'}“ﬂr-l ..................... {E_l?]

Thus is equivalent to (2.14)if t = 0 and B, = 0. This formula is
employed in finding the order and the error constant of the hybrid

methods,



Thus the error is got from the difference of the theoretical solution
and the approximation solution as follows,
Assume thal:
Yooj = yilxueil, j =0, 1, k-1

From (2.12)

Er.’-r y (x, +h)= J!lﬂ" v x, |;h}+!l|.'{rlh]

=hzﬁ“ Flx, iyl x4 B T LES TR O ———— (218)

Since, in this context, y(x] is taken lo be exact solution of {1.7]). The

value for v, given by (2.8) satisfies
Ya, ¥, :ﬁzﬂr f {.rn,f._pr", I]'

Subtracting and using the localizing assumption stated above, gives
.Fl:'t.-r- i }_ .r.-rnl ='ﬁlﬁli ['F{'Tuni + .-I'I‘.'Tlllt } X .lr{'r ek J'Inl-t JJ+ I.-ij'{]"_.h]]

By the mean value theorem

£l sl o - f o i 2 i )=l A t]ff{fy;lf’m]

Where Poes i8 an interior point of the interval whose end points are Yak

and (%) Hence

Vg =Yoo - Iy (%0 )= 20 0B "ﬂ:‘%‘-] SOA 1L 5] SRt (2.19)



Thus for an explicit method the local truneation error is the
dilference between the theoretical solution and the solution given by the
linear multistep method under the above localizing assumption. For an
implicit method, the local truncation error is (approximately] proportional
to the dillerence, between the two solutions.

If we make the further assumption that the theoretical solution y{x)
has continuous derivations of sufficiently high order, then for both
explicit and implicit method, it can be deduced from (2.19) that
Y] = Vs = Cper AP Lpdet N Ge) + 0 T2 e e i snasinins e { 2:20)
Where p is the order of the method, Cp+1 is the error constant and
Co o0 Bty Nixy) 4., i8 the so called principal local truncation
Eror

2.5 CONSISTENCY AND STABILITY

2.5.1 CONSISTENCY
Definition {2.2) according to Lambert (1973), the linear multistep

methods {2.8) or (2.9) are consistent if and only il:

i Order pz |

i Eu ={)

i i
i E:jrl'l :z,.":'iJ .
iv. p(1) =0 and

v. pl(l)= ¥(l1)
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Where p and y are first and second characteristics polynomals
respectively,
2.5.2 STABILITY

Stability can be expressed in general terms to mean that a small
perturbation in the initial values could cause only a bounded change in
the solution, as h tends to zero.
Definitions 2.3 (zero - stable)

According to Lambert (1973). The linear multistep method (2.8 or
2.9} is =said o be zero — stable il no root of the first characteristics
polynomial pir}) has modulus greater than one, and if every root with
modulus one 13 simple.

For a one-step method the polynomial pir) has degree one, and if
the method is consistent the only root ryp1s +1.
Thus a consistent one-step method 15 necessarily zero-stable.
Definition 2.4 |(Absolute - stability)

A linear multistep method {2.8 or 2.9} is absolute stable 1n a region
C of the complex plane deflined by D = (ha/ /11 (h])/ < 0] il for all values

hi « C, we have that all roots ry of the polynomial

L

Mihi) = S |, —hi 8, ) aresuchthar ;

it 1,i= 1,2 ciiriiviniinnes , k, see Lambert {197 3).
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Definition 2.5 |A-stahle).

A numerical method 1s saud o be a A-stable if its region of abselule
stability includes the whole of the left hand half of the complex plane,
Relhd) =0, of the complex plane, See Dahlguist (1963), and g, (2.1q).

The LMM which is A-stable iz useful in solving (1.7) with large
lipschitz constant (stiflf system). However, A-stability is a severe
requirement to ask of a numerical method, as the following theorems of

Dahlguist {1963) show:

Theorem 1

An explictt LMM cannot be A-stable,

Theorem IT

The order ol an A-stable implicit LMM cannot exceed two.

Theorem III

The second-order A-stable implicit LMM with smallest error constant is

the Trapezomdal rule.

Definition 2.6
A numerical method is said to be stiffly stable if:

(i} Its region of absolute stability contain Ryjand R; and
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fi) It 18 accurate for all h & Bz when applied to the scalar test equation
y'= Ly, L a complex constant with Re & < 0,

Where R, = (hd/Rehi<-al,
R.={hil-a<Rehd<h -e<i/mbizelabe

are positive constants see Dahlguist (1969)
Definition 2.7

A numerical scheme is said to be Afx) stable, o <|{0, 11/2]], if its
region of absolute stability contains infinite wedge 3, define by;
§ = [ Are M= af=0)]

The largest a, is called the angle of absolute stability. The region of
S, 18 shown in Fig. (2.1b) below,

In order to apply Alx) stability conditions we verify whether the
eipenvalues of the systems lie within a certain wedge 5,. It is said lo be

Al stable il it is Alo) stable for some oe |0, 7/2].

n



M
Tmg(h)
= Eeal (Bl
4
S— —
Fig, 2.1a: A stabllity region [shaded portion) Fig. 2.1b: Reglon of Afx) stability.
| [shaded portion)
! widlund [1967)

Theorem IV: | On zero-stable without proof).

No zero-stable linear multistep method of step number K can have order

exceeding K41 when K is odd, or exceeding K+2 when K is even.

3



2.6 EVALUATION OF METHOD

Evaluation of method can be divided into the followings:

{a] Reliability

{b) Accuracy

(c] Efficiency

icl) Convenience

ia) RELIABILITY: Simply saying, if a method is consistent and
zero-stable, it is reliable.

(b ACCURACY: When error term is small or when Numerical
solution compared favorably with exact solution.

jc) EFFICIENCY: Efficiency of a method can be viewed from cost
of solving a problem. Thus a method may be accurate but not
elflicient due o various invelvement in the computation. For
example, the Runge-Kutta method that can handle equations
when discontinuily occurs involves a considerable number of
function evaluations. It invelves more work time to converge to
the solution and though accurate but it is not efficient.

{d) CONVENIENCE: A method is said to be convenient, il it is not

difficult to implement.
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CHAPTER THREE

THE PROPOSED SCHEMES

3.1 DERIVATION OF THE NEW METHODS
In this chapter we discuss the development of our continuous

colloeation method for the solution of first order ordinary differential

equations.

We find a real polynomial [unclion of a single variable x as a basis

[lunction in the form:
Mx)=Fx;

vielding _|'[.1.'}—er|,.'|"' L B . 13.0)

as our approximate solution to equation {1.7)
where all a;"s and m are real coefficients.

The first derivative is given as:

¥ lx)= l fax'’ ) T (1)

Two different methods are  developed by collocation  and
interpolation will be considered in this thesis, and they shall be referred

to as Method I and Method I1.
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3.1.1 Method I

In this case, considering equations (3.0) and (3.1), m = 2, j=0, 1, 2,
Where X, is the only interpolation point, and the two collocation peints

are at X and X

; . 1
And evaluating, letting I/ =3 ¥ _%

From (3.0} we will have:

vlx)=ao+a, '.'-rn:.r: ....................................... R {3.3}
and from (3.1) we will have:

v x)=a, + 2a, x e N (3.4)
and [rom {1.7) and (3.4) we have

o B e e A e T e B S B (3.5)
and we have the following non-linear system of equations as a result of

collocating and interpolating as required.

g e (3.6)
0 o g G S {3 ﬂ
I A e S o o L A e el L {38)

Solving for aj's we have,

= | 0 R —
S "}[r"_,_ 3 ATy [, S U (3.9)
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T A ) 120 TN F Do ST e (301)
Put (3.9), (3.10), (3.11) in (2.3) and simplify to determine our

continuous method

W)=y, +(x = 2, M pou = 2= x, X000 th(r-x Mr+x,)
=y #lx—x V., -2k {x—x, Jx, + TIE k{_r—.rn }l:.f+.r,} ................................ {I-IE':I

From (3.9} and {3.12), we have

-

z.i{. N Ty (e A B (3.13)

Hx)=y+—

Evaluating (3.13) at x = X, Xow and Xu+ we obtained the following

three finite diflference schemes.

WX y.= . }il[ v—1)1 .. +{]—Eu'}fﬂ,,| .......... TR o A3.140)
{:","}—_1-"_;;{: f”}[[m —u)f ., e I N L R (3.145)
... =y, = —[F}' A - En].f,,,,]_ ........... L o k3.14¢)

1{1.

Evaluating, letting
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COuar three Tinile difference schemes becomes:

3.1.2 METHOD II
In this case, we consider equations (3.0} and (3. 1) with m=3, j=0, 1,
2, 3, where x, is the only interpolation point and the three collocation

points are al X, Xnoeand Xnew.

From {3.0] we will have:
bt R - TSR P - 1Y R ebe e S R e eRen £ L}
and from (3.1] we will have:
yix)=a) + 2am +3aax ... st s s s e g {3.17)
and we have the following non-linear system of equations as a result
of collocating and interpolating as required.
Ay + 28:%ue F 3AX e = [0 e e 3. 18a)
ar + 28y Row * J83%hy = fivve i e (3. 18b)
Ay * 287 Zoew ¥ 3838 % = Lo ssiassansisaniisipisisisse b 1 9G]

a0 +8) Xotaml;+ax, = B L T L T PSS [3- I.'Ed'

i



Solving for aj's we have,

! Vo =M 10 Sy ] = K (3:19)

aa= =
Woiv-uilw—a)i{w-v)

| : , 1
Ak el =y X Yiorreossssenensanvsnsasssssssnnsrere o[ 3420
o 2’1{1-'—“’[1'” "f""'"'l kar"" I lr.l.-l.u-] |:3 ]

ap = r||1|| -2 Maphqi| — ! [.-'f;n-n . ILHII—%*.'{_I'"“ |- 'Trr-u}]_ ]_‘r:"mﬁf {3.2 ”

2h (v —n)
IVRN
o lrll"\-' 3 --'rrrll-I
“,. = _'I.'II _.l'" .rm" _E.T"”' Hr{.r_ “} _;r:mpx

3
—=Kix  +x
2 [ way II'II}

il L 3
U o ,
L :_"2 Eh"‘___".il,llrn-r .IF:HII] 2 [rn-|+Tn|u} __r"[j;'} _,“"___””__13.22].

Put (3.19), (3.20), (3.21), (3.22) in (3.16) and simplify to determine our

continuous method

_.I'{':.:! = .ru | {'r _Ill}.llrul-u_ l—'rn-i-n{'!'l_xﬂ H_fn“r o .lfrlpln}-'-jxnruk:.'r_xll}{rm i * Irﬂl-l}
fr{v—m)

3= X, W X _3;,{1!_;;}“_ e Wx+x Woo = L,*}—%K[I -x x4+ x)

(r 45 (-2 ) o +n, M Ty e e (3.23)

as our continuous method.
Simplilying using Pascal triangle and some algebraic

manipulations we obtain our simplified continuous method to be:
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el = 4 le—x b, 4 H [ = 3 = 2hu) (£, = £,

 x -:‘_E[_tm-:,, +Inhx, + 6l v — 4zx, — 3whe+ 207 + 23, -hth ______ (394
From {3.19) and (3.24) we have:
W)= o tEJu‘l: - "}| bl e (- v ) Mnde - x ) 2 v, Ve
M-JT :H-H—p-[ 67wt 3w —x, )+ hefx—x, )20 x, ) |1
+ o b-x,) [ﬁh?uv—yn{.r—;r}—ﬂm{x—xﬂ]+2[.x—,r,,}! l/'mh. ............ (329
6" (-1 w—v)

Evaluating (3.25) at X = Xu+1, Xnsu, Xove and X+, we obtained the

following four finite difference schemes,

plr. =y, = m[ﬁmr o [T 1”21-".., P "I“ l B+ 3nw 4 3ny - EIj"

o n]l.'u = [ﬁru | T .. {3.26a)
it il i

wx, )=y ﬁ{n-—HIH rr][ﬁm—]uu =3vn A 2 ].l""_, "I" I LT ]j",,,,

"‘r_'_ = ljm' ]f i

6[11 —ti ) —v)
M., 1.I—_v.. =

i

ﬁ{ﬂ ~nlw—v)

e i P AT, NPT R ) |
”I“_"}[_'hw v ]f '+5—i_[1"ff lr—]l}[ G+ 3w+ v - 2y ]-’r.u.

I!mr— W Ir il AR RN AT Yo [3.26)
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i wi
L O MR Tw — L 1
W )—ra= 6y —u ) —!r][ o e — i) — ) I el
i ;
_{_-'.fu ”H“ F‘»m B = Jiw 4 2w Jlf,,,, ..... T — (3.264)
Cur four finite differences schemes becomes
i . N
Virel = e = -1-[2_;*,* = Aot 1 R e e s (9. 2 70)
Yirtn — Yo = -—{3 =SS B, . (3.27h)
h
Yordn — ¥y — i_}[ 2_.Fu o " “] .......--....----......---,.....---,....---[3.2'?:'||

Vi = Yy = I—i[@,;;,_, +37, ] i f3.274)

Also evaluating at Gaussian points, when

o) )

=]
IT 10
In (3.26a), (3.26b), (3.26¢) and 3.264).
Qur four finite difference Schemes becomes
Py =)= -—{"r'" A L SR S (3 28a)
. "‘_|Er':[3 o A01208) 1, v2s -6l ] (3288
= EI{ID+3\J’?§£;,,, s +qo-aisg, oo (328¢) .
l“ "
i -l;uf{li 65, 116, (104 124T5) vasf | (3.284)
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CHAPTER FOUR
ANALYSIS OF THE BASIC PROPERTIES OF THE NEW METHODS

Considering the nature of the process of development of the
schemes, it is natural to expect that error will be associated with
the method  fy solving initial value problems of ordinary differential
equations [o.d_es)

Hence, there are needs o analyze the properties of the methods.
These properties are: errors, the consistency, convergence, zero-stability
and repion of absolute stability.

These will enable us to know whether the new methods are capable
ol solving first order ordinary differential equations of our interest.

The results of these properiies analysis determine the degree of
accuracy and the general acceptability of the schemes,

Therefore the properties ol the two methods are analyzed as
follows:

4.1 METHOD I
4.1.1 ORDER AND ERROR TERM
MNow, we find the order and the error constant ol our three discrete

schemes as [ollows:

For {3.15a), we have
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e, )=mx, 4 Iy=lx, Yo' (x,) r%_r" (x, ) l-—y'" (x, }4 _|." [0 L —

" nxﬂ]ﬂ’—*;'!}--y”' {x.}--i";%ry" {.T,}-I-%E R T

Fow=0" o =0 G, cub)=2" x, )+ by
hence,

LY ny
Foniy=y" () {%}'M' fx, )4 [j—:)—f'“ h..lii LA

ll.fr} ¥ (x, }l{hﬁ} Tl | R +

=y, = (s, Fei)= 3 () el Y+
hence

ap hY '
Livep=p a4 G]Iur" (x, }+[—]21]r—_p”' (x, ]+@ i {r]+[i—|] Lall £ &

T L -'F;;[_.l"...1 ) *_ul".,.;--.]"':’

we collecteoefficient termsand solveas follows

¢, =l=1=0
e, =h- [EFF—?] h—h=0
2. 3
R O PN Bl [ N
| 2 3 EF £ . 6
K Kk i 4h
me— | SR — =X —
3 2 9x2 2 9xi
4 1
L)
6 £l
Hﬂl'lt‘.E, C" = {_:J
W Sh'_ 6w -SH_R 1 g,

NI I O
: 6 36 36 36 36
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. |
hence its error constant Cp= Cae= Caa —

K1

Similarly for (3. 150k and 3.15¢), all are summarized as follows:

fr | )
Mo =¥, = I,.I‘,, R 2 A }rrr':fw- 2 Oy= =
2 ey
k 15
c=—faf o Jewdderd, €= —
.1.r-|| 'u !-.1[ ,I"“ u ."Iun ]'f L L] QTE } ___,_,_,_,_____”tq-lni
o, I
f - I'=_2.-.. 'ﬂr-' 2_ !r1=——
Yo~V 3[_I,I arder 5
&

4.1.2 REGION OF ABSOLUTE STABILITY (RAS) OF THE DISCRETE
SCHEMES

We apply the boundary locus method of Lambert (1973), given as:

_plr)_plexp(i2))
fi {vl’-?} r) ¥ {exp{r I.?:u

Where r = e’ = cos 6 + isind and p and y are the first and second

characteristic polynomial respectively.

Henee for (3.15a) we oblain

42



.!-Il-l e -rﬂ sl LR

oot =r=1 = plr)

anel

;I,-"l g e l:l.':'

%{ " r'"]

hrence,

h{f}}:fﬁ{f}:_l{f_ ) - 1{¢-ﬂ‘sﬂ+rsimﬂ—|}

p(r) e (eosf+isin@) lcos@+isinfl)

Heos®—1)+i2sind

" cosn @+ cosvi+sinm 0+ sinvid)

Multiply by conjugate of the denominater and simplify, we have,
the form:
1@ )=+l 0) + 1 i ) where #) is the real part and y(8) is the imaginary part.

Taking the real part, and simplify, we have
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2eos i cosn -+ sin@sinw 1)+
2costcos v +sinfsin vd)- 2cosnd+ cosvl)

Heosnfloos vl +sinnfsinvi )+ 2

Setiingn= /I/{ = %

and appiving cos A cos 2 +sin Asin B=cos A — B)we have

lms[ EFJ]+ 2cos e —Ems[ﬂ]— E-:m[
3 3 k|

Ems[ﬂ]l-z
3

0

)

=D

Iovalware o (@), 0= @ <180 we hve
rl@=(0.0)

Similarivwe obtain forother neo schemes(3.150 and 3.1 5¢)as shown below.

For (3. 150), we bawe

He)=-

8

8- 14|:n5[ﬁ]4 ﬁms[m]
3 3

s

lf}—ﬁcus[@]
3

Fvaluare (@) 0 <0<180" ar interval of 30" is shown in the rable below

e

60"

| 900

1207

1507

1807

X(8)

0

0.0007577

0.0100115

0.044422

0.1215626

0.2492488

04285712

H0)=(0,0 4285712

Far (3 15¢), we have

s )




and

b oo | 3o0 Go" agy’ 1200 | 1500 1807
®i |0 | 0.02289 | 0.0005 | 0.2010 | 0.3510 | 0.5358 | 0.7500
Giving

2(i1) = (0,0.75)
4.1.3 CONSISTENCY, ZERO STABILITY AND CONVERGENCE
We apply section | 2.5], to give the table below:

Table (4.1a): Constitency, Zero-stable and Convergence of Method 1

Consislenoy Zero-stable Convergent

' The [ pzi | & (1) =1} 'l-_.ﬁ-:ﬁ One-step, 11:.]t:nr1=¥:-a1t:n1
scheme ZI'”' =i since it is | (iijzero
: consistent stable
a. ko8 | e | o v/ v v’ v
3.15b Wil L ;__/ L_/ (¥ v
3.15¢ |/ V4 W L 4 v

1 o ————— —

See echion (4 2.2) in thes chapler {chapter 4) for detail method of selving
4.2 METHOD I
42,1 DRDER AND ERROR TERM

Now, we find the order and the error term as follows:

For {3.27a), we have .

i o T o Mo S _ I -
M d = ) = YO T S ) ey )y () gy ey i)
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Fon=v'lx, 0=y (x, +u =y (x,)+uhy"(x) +%y"{x,}+%y"{r,}+ %jf' (x )+
(wlr)
...?I‘.. 1 1'_';"_:|
| ] 1
foa =¥z, =¥ (x, 4-2#::-'{: ]I+—_;.[ }+:—ry"{ )+ %J' [x_ )4 ;—:]1 {x. 1+
L
d‘ﬁl" L -
Fovw =000, b gt (e, bl m 3 Y+ iy, Y4 e J"tI.J+M—‘1.+"'Ir..]'+ v} ¥ )+
! 4 3 4
{H_';]— e ).,
fooo=v(x =r +—h)= e : . ‘J'”{rlrivtr]
AT R T LA S T 24
i .
:|E=-J ]' [.'I'"].-...
£ =¥ix, b= Vix, +wh)=y{x )+ win(x, }+{|-r|—r-}-- Wix .“I M Mix e 'r?r} yix, )+
(wh) .,
G 4
) 13 B A
Fronr =0 =108, TR =YD+ TR+ Ty )+ Sy ()4 T () +
k3 L
:I.q'l {Th ......
h
[’LI{".H'I} W .-!Iu]_ -j.lz.fj.ll-ﬂ ) |r;ll' I E.I;IH'I']:“
We collect coefficient terms and solve as follows:
Cn“ I - ]. - U
= .Fr—'%r[h:I—le+2x1]=h—gn.l'—-ﬂ
. _EFEE_,?L; ﬂ] _W h[2h b b A Al ho| AT 3k K
2 3 4 2 4 2 3 4 2 2 L 3 2 2 & 3
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Wb RN

R |

6 3 16 6 6

» 3

) h\z e B s 3*I1']_h h[lr h® Sh’|_

% F2x— = | —— e
lax2  d4x2! 4-2 ?* 3lae 8 16

e B h I h* U=l B h h' h' Ox 3K
ol By X 3 gt e 5 L.
4 3 [ dudl E=3 I el 4 3 Bxdxd Bx3! Hx 4=1]

_ h' dh’ > Fx3h’
A 3| 8x4 8Sx4! Bxd

T 4 4

Woon[2sh -4 W m[2ant | K K
Bxdl Exdl

h' h 9xh* ]_J‘r‘ h[ n h' 9x%h’

{i= - 2% - +2x% ——— - "
5 ][ 16 x16x4 16x4] 16xl6x 4| 5 3| Bxléxdl 16Hxdl Rxl6xdl

W h[m-mﬂwxgh*] i h[ﬁ:m‘—ﬂﬁﬁl_h‘_ﬂ[ 74h' ]

axlodl |5 3| Exi6xdl| S 3| Bx16x4l

o 3

W K| 3TH
W =E — |20 C, =4
s 3[4xmx41} hence C,

i I _3?#‘ = lezh‘-la:s_{{
120 4608 5 x 4608

WK g
23040 3291 4286 32914286

Hence its error constant

e T
1201 4286 23040

':-pl | 1':3 o

Similarly, for (3.27b - 3.274d) and all are summarized as follows:
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Yottt — ¥ = E[2 .|r.,.|l = _,r“., + 2_|Fu,‘j order 4 Cs = —?-

3 23040
Yien — ¥ = —;'—[23 f..—af. +5f I order 3 Cy = —_-j-
’ 4" AR 2048

> (4.1)

Yiiew — Y ® :; [T_f,_a 4 .F"”] orderd €= e
h -3

Waitn = —|9 ! 3 Hoe s I’IIIE 3 C R ——

Yum Yo = 0L 3] oS T o

4.2.2 INTERVAL OF ABSOLUTE STABILITY OF THE DISCRETE SCHEMES

We apply the boundary lecus methad of Lambert (1973), given as:

PTG L L U

¥iry  plexp(i@)
Where r = e = Cos @ + iSin # and p and y are the first and second
rharacteristic polynomial respectively.
Henee for (3.27a) we obtain

_'r"ul'_"r'u:r-I‘P"]

Tir) = ;hr" —r' 21"}

fr{idy = Al ﬂ:_‘_’m_l Sln = Hcmﬂ+f5il!ﬂ-!j .
de) pe™)  2Com@+ising) — (Casvl) + izind) + A oswd +dsimm i)
Multiply by conjugate of the denominator and simplify, we have,
the lorm:
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f() = el @)+ 4 vi?), where x (0] is the real part, and vy (8] is the imaginary

part.
Taking the real part, and simplify we have,

ol cosfecosnd? + sin@sinnd?) + Sleos@coswd 4 sindsinw ) - Ieosfecosvd +sinfsimvd)

—Geosk + Icosvil? — Goosw &) -
Aeos m? +sin” uld)+ Heos” wid 4 sin” wi?) #{cos” v+ sin’ vl -
Acosul! cosv? + sinw@sin vl + Bilcos 4 cosw i 4 sinndsinw ) -
A(cosvi? cosw @ + sinvilsinw @)

X =

applving, cos’d + sin'fl = |
CosA CosB + Sin A SinB = Cos (A-B)
U=%, 6 V="4%, w=% and simplify we have

6{Ces 10— Cos 1 @)

X =
W= 5 8(Cos 0 - Cos L 0)

Evaluate x (8], 0 <6 < 180" at int=rvals of 30, is as shown in the table

below:
& _']ﬁ--" - [300 60" [o0r  [1200 150 [ 1800
ﬁﬂ]'_lu 0.0286 |0.1163 | 0.2679 | 0.4941 |0.8149 | 1.2600

The result from the table shows that the region of absolute stability

of our discrete scheme [3.27a) 1s x (8) = (1.2690,0).
Sunilarly we obtain for the other three schemes (3.270) - (3.27d) as

shown below:
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(i) X )=

for {3.278)

1103 — 187X ox Lﬂ] + |08 'm“[ﬂ] = Idl]"m[ SEJ
4 2 4

*5’.] " 23{1{'0:[‘5—}]

4 2

Fvaluate %(@), 0 <8 < 180" at intervals of 30", is as shown in the table

B10-93 I{"ﬂ.{

belosw:
‘ f o [ 300 B0 Q- 1200 150 180°
| i) 0 0.000088 | -0.008558 | -0.041180 | -0.110750 | -0.217977 | -0.320622

The result from the table shows that the region of absolute stability of

our discrete scheme (3.27h) is x(8) = (-0.329622, 0)

(i) X (0) =

For {3.27c), we obtain as follows

Flmi{f:’ + zdf rF',!.'i'{ g}—‘l?f}u'{af}_zq

i
54320 o8 — 4+ 140 o —
4 2

&

i o

209

a0

age

120"

1507

180"

X |0

-0.000235

-0.003135

015588

-0.048306

-0,114027

0224063

XjH) = (-0.224063,0)

4E+I44{'m[|-9 —Mﬂ['m{ E]—dl&l’.‘m L
2 4 4

o0 4 54!_'_."::-.-.-[ E]
2

(iif) (6=

——

30



For {3.2d) we obtain as follows:

m x| 30 “Teoe Ty ‘ 120" 1500 180" \

Wm0 | -0.000135 | -0.002387 -Emza?s. 0.040205 | -0.102070 n.zzc@HJ

Xif) = -0.2240914,0)

4.2.3 CONSISTENCY, ZERO STABILITY AND CONVERGENTE
CONSISTENCY

Applying section (2.5.1) of chapter two to discrete scheme (3.27a).

We obtain as follows:

the scheme has order 3, and 3 = 1, which satisfies Pz |

o) .- }"n-‘h,l 3 'l'.:l!n}'“
Erxl=:r.,lﬂ,=—i4l=ﬂ

Vipdw = Vvt

The first characteristics polynomial of the finite difference scheme is :
plrj=r-r=r"-1

Setting r = 1, we have,

pfl)=1"=-1=0

o (r )= vrv!

Vel

p' () =Yt

pl) =% . 1N =

Similarly, the second characterisics polynomial of the finite differepce

scheme is ¢ '

Fie)= 1/12 [Tre =20 # 1]
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Setting r = 1, we have,

/12 [7i1) = 2{1Y) + 1¥]
1/12(T-2+1)

512 =%

piil}='2and Y (1} = 4

(1)

Henoe

pt (1) =Y {1}

The consistency properties are satisfierl.

Similarly for (3.27b - 3.27d) and these are summarized in the table

(4.1hb} as shown below:

Table (4.1b): Constitency, Zero-stable, and Convergence of Method II

Zero stable convergent
Consistency
The [Pz im:“ P (1) = Y|p (i) =|Onestep, | (i consistent
scheme . (1) 0 since it is (i) zero-stable
consistent
13.’.2?&]. RE] v : |l i v
(3.27h) J y J B i =
3.27¢) |V J J | K} v
327d) |V J v i/ J J
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Zero Stability
We apply section (2.5.2) of chapter two and it is shown in table [4.1b)
above.
(C) CONVERGENCE

According to Dalhquist (1962) a Linear multistep methods is
convergent il :

(1) it is consistent

(i1} it is zero-stable

(see section (2.3) chapler two)

Since the four discrele schemes are consistent and zero-stable,

they are convergent (see table (4.1b] above.
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CHAPTER FIVE
COMPUTER IMPLEMENTATION AND NUMERICAL RESULTS

In order 1o demonstrate the applicability and suitability of the new
method, there is the need to lranslats the new numerical formula (3.26a)
into computer codes, This will invelve the writing of the formula (3.26a)
in the computler algorithm  called  pseudo-code, and implement on
computer adopting computer programming language,

There are some various types of computer languages available.
These include FORTRAN, BASIC, PASCAL, CLIPPER, DBASE.

In this thesis, we considered the FORTRAN programming langusage
as the mode of implementation of the new method.

Ta achieve this, we adopted the following steps.

{1} Re-write the formula in an algorithmic form.

(i) Translate the algorithm into a computer Now chart

(m}) Translate the flow chart into compuier code,

(v} Implement the eode with sample problems on a digital computer

(V) Discuss the results
5.1 COMPUTATIONAL ALGORITHM

A set of steps taken to obiain the solution of a given problem is the

algorithm ol that problem.

In this section, we develop the numerical algorithm for implementing

the method (3.26a) descnibed in chapter three, and step by step
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size control measures,the error estimate were given. The algorithm is
given in Appendix 1.
5.2 PROGRAM FLOW CHART

A computer [low chart is a diagrammatical representation of the
algorithm or the plan of solution of a problem. It indicates the process of
solution, the relevant operations and computations, the point of decision
and other information at a point of solution.

Flow charts are of particular interest because ol its documentary
[eatures. They are constructed bv using special geomelrnical symbols,
such as squares, rectangles, diamonds shapes or circles. Each symbol
represent some activities which could be input/output of data, taking a
decision, terminating the solution process and so on. The symbols are
Joined by directed lines segments to indicate direction of low. The flow

chart of above algorithms is given in Appendix 2.
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5.2 PROGRAMMING IMPLEMENTATION

The implementation is done in a variable step size fixed order
method,

The flow chart and algorithm {see Appendix 1 and 2} were
implemented  for the program for the computational purposes in
FORTRAN 77 language, in a mini-computer. The output were in double

precision code.
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5.4 NUMERICAL COMPUTATIONS AND RESULTS
To justify the desirability and the applicability of the derived

methods, we have solved some examples and obtained the results as in

table below.
TABLE 5.4.1: Examples and Results

EXAMPLE 1
y!'=8y, vi0)=1,02x50.5
yix) = e
h=0.1
X EXACT o EC
0. 100 0164872127 1001 0. 16484375000+01 0283770700 10-03
), 2000 02T 18218281+ 0] D27 13053850+01 0.5228443042D-02
1. 2RI (A48 1689070001 D.A465233697 0001 0. 16455373510-01
0, 00 . 7IRBOSG0TR0+0] 0. 7345903590401 D.A0025639560-01
£3, SEHICH O 121824939600 02 0. 12095279300+03 D.8721466299D-01
h =005
X EXACT ¥C EC
£, 100 D le48Y2127 1D 01 0 I6484904820+01 0.2307887937D-03
0.2000 (.27 1828 1B2B D01 2717176399401 0110542914702
T 3000 0448 169070001 0447267 164910+01 0.30174213290-02
LERC AL 0. 73806090 H 0] 0738211 1719D+01  0.69443800450-02
(3. 5000 0.1 21B249396 102 0.12167798330+02 0, 1469562553D-01
h = 0,025
X EXACT ¥C EC
(1. 1003 164872127 10+01 L 16486T7535TD+01  0.45913872950-04
0. 2000 027 E528 1B280+01 02TIBIOG03ITH0] DI75TITEITTID-03
0. 3000 0. 448 168907 00+01 0,494812342010+01 0.454865928960-03
3 e 0.7 38005609 00 O.T3IRB03A0TID+01 01022028 1290-02
£ SO0 0. 12182493960+ 02 0. 12 1803603610+ 02 I'_'I.?.! 335995880-02
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k=0.0125
X

01 1000
02000

0 3000
04000

0, BO00

EXACT
0. 164872127 1D+ 01
027 1828 1828001
044816800700+ 01
0.7389056009 401
D12 18249306T+02

vi=Jxtyyll)= 1, 05x505

h=0.1 gix] = expix)
X EXACT

£3, RO 0, 10 1000500001
0. 2000 01, 1008032086101
0.3000 0. 10273678030+01
04000 0. 1066092399 0+0]
{1, 5000 0. 1133148453001
h=0.05

X EXACT

0. 1000 0. 100 10005000+0 1
0. 2000 0, 100833208600 1
03000 0, 102736 TROZDH0]
0. 4000 0. 106609239914+ 01
(1, SCHI0) L1133 1484530001
h=0.N25

~x EXACT

0. 1000 i1, 100 1005000+ 01
0. 2000 0. 100BD32086 00 ]
(3, 30000 D A027T36TROZDVO1
03,4000 0, 10a509 2390 -0
0. 5000 0, 113314845304 01

¥yo

16487 142TRD+01
02718257 148D+ 01
0448 16266940+
07388917507 D0
0, 1218220652002

EXAMPLIE IT

Yo

0 1D5TRIBA2RIHO]
(2. 124539 79480401
0.1 1044971280+ 01
0,1 1264R845650+01
0117005 14960+401

¥C

0. 102221 13650+01
OIS 101 1450401
0, 1064210270001
0, 109383 78220+01
(.1148222811D+401

yo
01024 16864910+011
0. 102926 16920101
0.1045316121D+01
0.10793012800+01
0.113897684240+01

39

EC

0.6992533731D-05
02468094070 0-04
DAZATE20424D-04
0. 1385020239003
(0.287492847610-03

EC

0.5683792757D-01
0. 3735586200001
0.7712932481D-01
060302 16672001
0. 36903043 18D-01

EC

0212108650401
0.43069053360-01
(1L.3684246703D-01
0.27745422840-01
0. 1507435808001

EC

02316814837 0-01
0.212296060610-01
0. 1T948317750D-01
0.132088800413-01
0651907 1 1880-02



h=00125

X EXACT

0. 1000 O DO DRS00 ]
£F, 2000 0, TO0RG3 2086 D0
(. 30400 0 102730 TROZD 01
(31,4040 0, 1066092399040
05000 0. 1133484530401
h = 0.00625

. EXACT

0. 1000 0. 10010005000+ 01
£, 2000 0. 108032086 [H01
(1, 3000 0, 10273678030+ 01
0, 000 0. 1066092390+ 0]
0. 5000 01133 1484530+01
yl=gey ¥il=1,05x205

Yix) = 2eF=x
k=01

X

O LOSMOD
020000

3. 30000

O 000

), SOE00

h =0.05
X

1. 1O

0 00

0. 20000

£ 40000

0.50000

EXACT
O 11 1034 18360401
(1242805516040 ]
0. 13997 1 Te 150401
0. 15836493950+ 01
0.17974425410401

EXACT
O 111034 183604010
0. 1242805516040
(12997 17615001
0. 1583649395001
(179744254 1 D0

¥

0. 10125452021+01
0. 10185654TRIHO]T
0. 10362 181360401
0. 0725236750401
C.11362 18360040

i s

(LI06T623330H01
O I0I327TTTelH01
(LI031761284D4+01
10692637770
0L 113462 1205D+01

EXAMPLE I

o

(1.1 13875000001
1.1263212599D401
0. 1430846637 D+0 1
216048647 34T+01
(1, 180864 15500401

¥

0112429961 10+01
0126217867 TDHO]
3141408923 10+01
1.15930191620+01
01801810 1080+0]

&)

EC

0.11544701860-01
0.10533392040-01
D.BRLOIZITOAD-02
0.6431276285D-02
0 30EIS06ER6D 02

EC

0.5761832426D-02
0.5202356214D-02
0.439348 16360-02
0.317137T78160D-02
0, 147345 167ED-02

EC

0.28333163850-01
0 20407082290-01
(.31229022300-01
0.2121533854D-01
(.11 19900860001

EC

0. 13957 774750D-01
0, 19373 160230-01
0.14371615720-01
0. IQE'EI']:'EEEDEAIJ-UE
043675661 760D-02




h=0.025
X

h 1CHEHD
1. 200D
1. 30000
O.A40000
0. 50000

h=00125
X

0. 10000

0. 20000

(. 30000

O A

0, 50000

h = 0.00625
X

. 1000

0. 20000

), 30000

0 OO0

0. 50000

EXACT
0. 111034 18360+01
1124280551603 01
0. 13997 176 15040]
0. 1583649395040
0179744254 1D4+01

e

EXACT
0111034 18360+01
0.12428055160+01
0.1399717T615D+01
0. 158364939504+01

1797442541401

=

EXACT
0,11 1034 1836001
3. 1242805516001
0.139971Tal5D01
0. 15836493951+ 01
01797442541 D401

e

£ 1 1222167300401
[ 12521802430+01
CL1406592 14 1001
(158802368 1D+01
017993 165420401

¥

01116201 1960401
(1124741485404 01
(1, 140307622804 01
(. 1585758677001
0179830178710

¥C

h1113251990D+01
i1, 12450906681H 01
(. 1401377763101
1. 1584684540040 1
D797 ES2ERID+01

&l

BC

0, 1187489403001
093747 27000002
06874526004 3-(k2
0. 4374285T750D-02
0.1874000204D-02

EC

0.5859359412D-02
0.4609338090D-02
0.3359312457D-02
0.2 10928 1840D-02
0.8592454742D-03

EC

02910154 152D-02
0.22851514590-02
0. 1660 48223002
0. 10351443590-02
0.41013977030-03



yl=-v/2+3x), vi]=1,05x=005
h =1 ‘gf.\:j=|’!+x}?-’i"

X ~  EXACT

. 1000 095346258020+ 00
£y, 2000 0.9 1287092920+ 00
0. 3000 0.87TTO5801930400
01,4000 0.B451542547D400
0.5000 0B 1649658081+ 00
h =005

X EXACT

0. 1000 0.9534625892D+00
. 200H) 0.9 1287092920400
0.3000 0.BT7OSB01930+00
(1. 4000 (.8451542547D+H00
(3. 5000 0.816496 58007 (M)
h=0.025

X EXACT

0. 1000 .9534625892D400
02000 (L9 128709292000
03000 08770580193 0+00
04000 0.8451 542547000
. 5000 0.816496 5809400
h=00125

X EXACT

0. 100 0.9534625892D+00
0.2000 0.91287092920+00
0.3000 0BTTOS8019304+00
. 4000 0_B451542547 0400
0. 5000 0.8 1649658000400

EXAMFLE IV

¥

(1945 1 4488664 1+00
0918562999 | D00
(.BB420430000+00
(1.8404636 103D+ 00
(.B1AS2142680+00

¥

0.9578786 1 150+00
0.9177396 196 D400
(0.88025 141520400
(R84701 14147 0D+00
0.817273434904 00

¥C

9568138288000
1.9151893842 000
(LBT7BLEIGAIOD+00
08460 10407 1 D00
0816826722610+ 00

FC
1.95510181730+00
.914001826 1D+ 00
(LBTTTERE0TED00
N.845564427 20400
LE1664T7 139810

6l

EC

0. T9BA2TTIT6D-02
(. 56920699390-02
0.7 1463707280-02
04309355583 1D-02
0202484 58680-02

EC

(.44 160222320-02
(1LABGBLI03IBD-02
031 9.33'3 5928002
(. 1857 159967 D-02
0. 77685397390-03

EC

0.3351239514D-02
023 183550040-02
0, 15056696550-02
0856152333 1D-03
(0.33014164950-03

EC

0. 1639228008D-02
0. 1130896904 0-02
D.7IMBRE09TD-03
0.44017247980-03
[}, 15055884840-03




H= 000625
X

1040

0. 20030

LRICE B4 0]
Q4000

(. 5013

EXACT
0.9534625892D+ 00
0912870920200
ORTTOSEO DI 00
(0. 8451542547100
LB 1649658001 ()

Yo

0954273 2A0E T
0.9 34203901 Dy
DATFAPTT245100 00
08453548886 (4
0.8 16568233200 00

EC

0810651 56650-03
0. 55846004480-03
.35970518350-03
0. 2006338424 03-03
0.7 1658223960-04

A look at the examples show that, with decreasing h, (h— 0} the
numerical values are moving closer and closer to the corresponding exact
solutions, Le. the method convergas.

It is also noted that in all examples the appropriate solutions are
approaching the exact solutions. This shows the convergence of the new

method.

5.5 COMPARING TWO OF THE NUMERICAL EXAMFPLES WITH
PREVIOUS METHODS.

We compare two of the numernical results with Butcher's 4th order

method, as shown below.
Errors of numerical solutions fro example Il and example 11 with h

= (1.1 are as below:
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Example I, v!' = 3x4y, ¥({D)=1, O0=sx=0.5

yix) = exp(x?)

Table 5.4.2: Comparing Results on Example II.

Mesh values [x) Butcher's 4" order | Our new 4" order
method method

0.1 -5.9997 x 104 0.0568

0.1 -1.8107 x 107 0.0347

0.3 -3.6776 x 102 0.07713

0.4 -6.3088 % 102 0.0604

0.5 -9.9115 x 10+ 0.0369

Example 111

yi=x+y, y[0)=1,0sx505

vix) = Jed—x -1,

Table 5.4.3: Comparing Results on Example III.

Mesh values (%]

Butcher's 4" order

Our new 4t grder

method method
0.1 004016870 | 0.02833316
0.1 0.019151047 0.02040708
0.3 0.01845324 0.03122902
0.4 0.026395160 0.02121539
0.5 0.040799140 0.01119901

fud




From table {5.4.2) and [{5.4.3), as the number of mesh points
mcreases our new 4™ order methoc based on hybrid collocation method
produces a better results than Butcher’s 4% order method. And our new
method converges faster than Bulchers 4™ Order Method,

Chir tew method, also based on one-step collocation methods, has
it approximate solutions approaching the exact ones from one side e
the errors are all positive or negative. Therefore one-step collocalion in
nature has this added advantage to studying and solving many practical
problems.

Un the computer implementation, our npew one-step Hybrid
eollocation method (3.26a) is simple, and it is easier lo program than
butcher's or Yakubu's 4" and 6" order, Ruge-Kutta method respectively.
NOTE:

The method (3.26a) when implemented on a mini-computer has the same
accuracy at
L= 4 ve b w=3% See (3.27a)

And at Oaussian points, when,

x-—uf 54415
e !L-_rﬁ;g.'.-".] Vel e LLI*:‘;'_A] see (3.28a)



CHAFPTER SIX
GENERAL CONCLUSION
6.1 SUMMARY

In this thesis, we have developed two hybrid method based on
continuous collocation method, for solving first order differential
e uAtions.

They were analyzed, one of it, (method (3.26a), was computerized
and implemented with some sample problems on a micro compuler,

The results show that the method is capable of solving lirst order
ordinary differential equations of both non stiff and moderately stiff
initial value problems.

6.2 LIMITATIONS

Since the method were based on Taylor series expansions, they are
subject to point te point errer and possible error propagation.

Also, several iteration are involve with difficulties in handling them
moderately in some stiff initial value problems. Hence the method will be
restricted to non stiff and moderately stiff initial value problems.

6.2 RECOMMENDATIONS

Based on the limitation, the Study of the one-step collocation

Hybrid methods developed in relationship to the existing ﬂne-step:

methods will lead to greater interest in continueous solution of equations,

hence higher order and better effizient collocation points should be

i



exploited for more useful general purpose code for solution of ordinary
differential equations.
6.4 CONTRIBUTION TO KNOWLEDGE
The methods are suitable for solving lirst order differential
equations for both non stifl and moderately stiff initial value problems.
There are indications of improved accuracy over 4' order Butcher's

method with decreasing h,

The new methods are simple and easy to implement.
|
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i 7 13Nk
HAME OF F1lLE: .FOR
eALUTION OF FIRST ORDER INITIAL VALUE PROBLEMS Y'=F(X,Y)
3y A FAMILY OF ONE-STEP SYMMETRIC HYBRID METHODS
IMPLICIT DOUBLE FRECISION(A-H,0-Z)
DIMENSION ¥YNiC (B0, 80) ,YEX (80,80) ,BRC (B0, 80) ,TT (80, BO)
IFiX, T)=5.00%Y
Y (%) =DEXP(5.D0*X)
\CPEN {6, FILE="EDAM1.QUT"}
‘N=R80
NETEE=80
A=0.DO
H=0.006250D0
B« , 0062500
D¥=H/FLOAT {H]
D=, 500
XM=A
¥YH=1.D0
U=f, 2500
V=0,5D0
W=0 ., 75D0
XN1=XMN+H
ENU=XN+0.25D0*0
ENV=XN+0.5D0*V
XHW=XN+0.75D0*W
WRITE (6,5}
FORMAT (8%, "%*, 12X, "BXACT' 20X, '¥C _o0%, VEC',22X,"¥D" 22X, 'ED' /)
CALCULATE PREDICTOR
DO 1 I=1,N
CALCULATE FP
FF=F (XN, ¥YN)
DFX=0.D0
DFY=5.00
FPE=DFX+FF*DFY
DFXX=0.D0
DEXY=0.D0
DFYY=0.00
FPP«DFXX+2 . DO*EFFP*DFXY+FF*FFR*DFYY+DFX*DFY+FF*DFY*DFY
YH1=YN+H*FF+ [ (H*H) /2 ,D0) *FP4 ( (H**3) /6.D0) *FPP
Fl=F (XMN1, ¥YN1)
YNU=YN4+U*H* FF+ I+ U*H*H*FP/2 . D0+ ( (U*H) **3) *FEP/6.D0
Fli=F (XN, YNU)
YHV=YN+V*H* PP+ VH VR HYH*FP /2, 00+ ( (V*H) *+3) *FPP /6, D0
FV=F (XNV, YHV)
YHW=YH+WYH*EE+W*W*H*H*FP/2 . D0+ ( (WYH) **3) *FPP/6 . DD
FWl=F (XNW, YNW)
CcALOULATE COEFFICIENTS OF CONTINUOUS METHOD
o 2 J=1,NSTEP
TT(I,J) =XN+D¥*FLOAT {J)

X=TT(I,J}

P=X-XHN

Al=P/(6.D0O* (V-U) * (W-U} *H*H) '
A2=6.D0*H*H*V*W-P* (3 DO*H*W43  DOYH*V-2 . DO*F)

Bl=al*hk2

Ai=P/(6.DO*H*H* (V-U}) * (W-V) }
Adwm-£,DO*H*H*U*W4P* (3, DO*H*W+3 . DO*H*U-2_DO*P)
BZ=A3*Ad

AS=P/ (6 . DO*H*H* (W-U) = (W-V) )}

AG=6 . OD*H*H*U*V-P* (3. DO*H* V43 DOYH+*U-2 . DD*P)
BIi=AS*AL

YNIC{T, ) =YN+B1*FU+B2*FV+B3I*FW

YO=YNIC(I,Jd)

CALCULATE EXACT SOLUTION AND ERROR OF THE METHOD
IF(X.GE.B) THEN

YEX(I,J)=Y(X)

T4



YE=YEX (I,J)
ERC{I;J]=EABE{TH1EiI,J}—YERfI.J]i
ER=ERC (I, d) :
AWRITE (6, 10) X, YE, i ER
FORMAT (1%, F8.5,3X,3D20.10)
CHAMZE VARIABLES

| XN=XN1

TH=YHN1

HHUO=XNV

FHU=YHV

KNV = XNW

YNV =YHW

¥H1=¥N1+H

| ELSE

Go TO 2

ENDIF

IF(B.GE.D} GO TO 1
E=B+H

Go TO 1

CONTINUE

CONTINUE

STOP

END
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