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ABETRACT

The scarcity and need for efficiency in today’s
competitive world have forced engineers to show greater
interest in economical and better designs.

This project is based on the analysis for optimum design
of a four-cylinder internal combustion engine crankshaft. It
considers the stressing, bending and torsional fatigue
analyses using a high-duty cast iron BY 40-10, which can be
worked into optimal shapes.

For the optimization procedure, the design parameters are
ldentified as the main journal diameter and length, crankpin
diameter and length, web width, and thickness. The objective
function is the wvolume of the material for the shaft.

Using an appropriate optimization technigue and computer
aided method, the optimal shape is developed for the set
operating conditions.

The values of the optimum design parameters are: Crankpin
diameter= 0.042m, main journal diameter= 0.036m, Crankpin
length =0.029m, main journal length = 0.027m, web width=
0.060m, and web thickness = 0.012m.

The project is useful in solving practical engineering
problems in crankshaft design and it has the potential of
being extended to other automotive components. It furnishes
local fabricators and crankshaft refurbishing firms with
useful information for improved crankshaft performance.

xiv



CHAPTER QNE

1 Intraduction
1.1 Engi i Desi

Engineering consists of a nurber of well-established
activicies, including analysis, design, fabrication, saleas,
research and development of systems. The process of
designing and fabricating systems has been developed and
used for centuries, and the existence of fine buildings,
bridges, highways, autemebiles, airplanes, space vehicles
and other complex systems is an excellent testimonial.
However, ewvolution of these systems has been slow. The
entire process is both time-consuming and costly, reguiring
substantial human and material rescurcss. Therefore, the
procedure has been to design, fabricate and use a system
regardless of whether it was the best one. Improved systems

were designed only after a substantial investment had been

recoversd. These new gystems performed the same or sven
mors tasks, cost less, and were more efficisnt. JaBbir
(L3858} .

1.2 Shafts Design

Shafts are used in a wvariety of ways in all kinds of
mechanical equipment. Typical uses are power shafts, cam
shaft=s, line shafts, and so on. As a result of industrial
application, particular definitions are associated with
shafts for a definite purpose. These definitions are as
follows:

(i) Shaft: A rotating member used for the purpose of
transmitting power.

{ii) Axle: A stationery member used as a support for

1
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rotating elements such as wheels 1dler gears, and so

on.

iii) Spindle: A short shaft or axle (for example, head-stock
spindle of a lathe)

{iv) Stub Shaft: (Also called head shaft). A shaft that is
integral with an engine, motor, or prime mover, and is
of such size, shape, and projection as to permit its
2asy connection to other shafts.

{v) Jack Shaft : (Also called countershaft). A short shafc
that connects a prime mover with a line shaft or a
machine.

{vi] Line Shaft: (also called power transmission shaft) A
shaft that is directly connected to a prime mover and
ig esgentially used to transmit power to a machina(s].

vii} Flexible Shaft: Permits transmission of motion betwsen
two points (for example, motor and machine) whera the
rotational axes are at an angle with sach other. The
amount of power transmitted is of relatively low level.
Depanding on the loading, shafts are subjected to

canstant bending and/or torsional stress or a combination of

these stresses caused by fluctuating loads.

Shafcs are subjected to {(a) fixed loading and (b)
fluctuating loads. The associated considerations: stress
consideration and endurance, therefore, will play a
gignificant role in its design. A shaft designed frém the
view point of these consideration will possess adeguate
strength. However, of egual importance (sometimes of
greater importance) }a the consideration of shaft rigidity

or stiffness. A-shaft having too large a lateral deflection



3
can cause excessive bearing wear or failure. A large
lateral deflection is also responsible for lowering the
gritical speed, which may cause the sghafr to wvibrace
vielently 1if its revolution per minute are at or near this
speed. (Aaron et al, 1973)
1.3 Reasons for Optimizing
1.3.1 Engineering Design versus Analysis

It is dimportant to realize the difference batween
engineering analysis and design activities. The analysis
problem is concerned with determining behaviour of an
existing system, or a trial system being designed for a
given task - Crankshaft, a case study. Determination of the
behaviour of the system implieg calculation of its response
under specified inputs. Therefore, sizes of various parts
and their configuration are given fcr analysis problem.

e

On the other hand, the design problem is to caleculate
sgizes and shapes of various parts of the system to meet
performance requirements.

The design of system is a trial and error procedure.
We estimate a design and analyze it to see if it performs
according to the specifications. If it does, wa have an
acceptable (feasible) design. We may still want to change
it to come up with an acceptable system. In both these
cages, we must be able to analyze designs to make further
decisions. Thus analysis capability must be available in
the design process.

1,3.2 Conventional versus Optimum Design Process

It is a challenge for engineers to design efficient and
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cost-effective systems without compromising their integrity.
The conventional design process depends on the designer’'s
intuition, experience and gkill. This cverwhelming presence
of a human element can sometimes lead to dangerous and
erronecus results in the synthesis of complex system.

Scarcity and n&e-d for efficiency in today's compecitive
world has forced engineers, to show gresater interest in
economical and better designs. With recent advances in
computer technology affecting warious disciplines of
engineering; the design process can hardly remain untouched.
Recently, the term computer aided design cptimizatcion (CADO)
has been used for summarizing all computer aids in design.
Fig, 1.0 compares the conventional and cptimum design

process.
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Engineering systems can be analyzed faster and more
accurately using computers. This allows us to unﬂers;and the
behaviour of Bystemarmnre precisely and thus design them more
accurately and efficiently. The design process-conventional
or optimum-is iterative, requiring the use of the same set of

calculations repeatedly. Such repetitive calculations are
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ideally suited for computer implementation.

1.4 Jugtification for tha Project

During the last three decades, especially with the
revolution in computer technology, thea developed nation's
manufacturing firms have done a lot on machine parts design
In this case computer analysis that involves numerical
computatcions has beén uged to perform complex calculations
needed in few seconds, giwven all the necessary information
abour the material components, and the impending external
leadings on the machine elements, to design best systems that
are cost effective, efficient, and durable.

In the case of Wigeria, the '*Pseudn’ technological nature
of the nation is clearly evident. She is a nation that has no
basis for her foundational technological development yet uses
highly sophisticated and complex machines that are i1mported.
But, bscause a naﬁimn cannot successfully by -pass her
tachnological development, it 1s nacassary Lo evolve a model
design bass on serious analytical ground coupled with computer
aid tn inkimate our voung designers with oaofimm  As=ion
procedure to be used in modern machine design. Also,
industrial organisations ecan also adopt it Efor design
praccice.

Shafts are important machine elements that the young
engineer would have to come accross in day-to-day engineering
design decisions. Tﬁerefure, the need to choose a type of a
shaft - 4-cylinder engine, Crankshaft on which the judgement_
necessary in the design of shafts for optimum performance can
be realistically appraised. This is a type of shaft subjected

to fluctuating and shock loading, that implies that a detail
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analysis for best-cost effective, efficient, reliable and
durable system can ba achieved.
= Fluctuating loading on a shaft may induce the
following effects:
{i) Bending moments and tﬂrque
(ii) Failure:
- Maximum shear theory of failure
- distortion energy theory of failure
- shock loading
It is therefore a necessity that the parameters for
formulating the problems for the Crankshaft design be
understood, also the basic concepts of optimum design and the
economic consideration so as to evolve a rigid and safe shaft
for optimum performance.
1.5 o0Object the Research Froject
The present study is analysing for optimum design of a
four-cylinder ICE crankshaft, based on all the design
consideration and Jjudgement necessary, using a feasible
optimization technique and computer aid in coping with the

design calculations involved.



PTER THO
2.1 INTERNAL COMBUSTION ENGINES

Internal combustion engine refers to an engine in which
the combustion of a gaseous, liguid or pulverized solid fuel
provides heat which gets converted inte mechanical Work
through a piston or turbine (Chapra, 19%89):

In piston-type Incernal Combustion Engine, the combustion
process is assumad to ocour at constant volume (Fig 2.0}, at
constant pressure (fig 2.1a), or by some combination of these
(Eig 2.1b) . The constant-volume process is characteristic of
the spark-ignition or otto cycle, the conscant-pressure is
found only in slow-speed compression - ignition or diessel
cycle; wicth both processes, the cycle is somstimss called a
mixed, combination, or limited - pressure cycla. Accually the
indicator card obtained from a high-speed, mixed-cycle,
compression - ignicion engine way be similac co coac cbtalned
from a spark-ignition engine.

The fundamental differences are the methods of mixing the
air and fuel (before compression in the otto cycle, and

usually near the end of compression in the diesel cycle) and

the methed of ignition. =

, =00, Ad
Uy

Kpa

Presg

:‘: 1 I]‘ a - g o & H.el,ahu'- E]d'u-_
Fig 2.0 Otto ecycle (constant volume combination, no excess

air). Process of the ideal cycle: a-b, suction stroke,



admission of change; b-c, compression stroke; etc, ignition of
the compressed charge, d-e, expansion at e, exhaust wvalve

opens, b-a, exhaust stroke.

0d
4000
X000

a

= 2000

E 1000

£ o

Fig 2.1a Diesel Cycle {constant-pressure combustion, 50-
percent excess air). Processes of the 1deal cycle: a-b,
suction stroke, admission of air; b-e, compression air; c-d
injection and combustion of the fuel; d-e, expansion, at a,

exhausgt valve opens, b-a, exhaust stroka.

A

- F
a 2 I
' H 16

Felalive welume

Fig 2.1b Mixed Cycle (constant volume and constant presdure
combustion, 50 percent excess air). Processes of the ideal
cycle; a-b, suction stroke, admission of air; b-c compressian
of air, ec-d, ignition and constant-volume cumhuatién; e-f,
expansion, at £, exhaust beginé; b-a, exhaust stroke. Broken
lines represent E?E ideal ecycle; Eniid lines 'shuw-
characteristics of the actual cycle. Primes attached to

letters show actual location of events, though some lower-

9
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compression ratio and multiple chamber engines may require
starting aids.

2.3.3 The Four-Stroke Cvcle (four-cycle}

The Four stroke cycle requires four piston Scrokes or two

crankshafc revolucions per gycle (fig 2.0, 2.1a). This engine
cycle is used almost exclusively in automobiles, tractor, and
aircraft engines in all types and sizes, and also in other
engines of other c¢lassification with the exception of most
outboard engines (Bolt et al, 1987).

2342 Multi-Cylindes Engineg

william et al (1988) declared that almost all automcbile
engines, whether wacer-cooled or airrcanled faur cycle or two
cycle, have more than one cylinder. These mulrciple cylinders
are arranged in-line, opposed or in V-form as shown in Fig
gl - Engines for other

QB IBGS, BuUcCh a8 CEviar o, alwe

arranged as radial, inverted in-line, inverted V, X-shaped,

and ocher assorted forms.

Fig. 2.le Arrangement of Cylinders: A - In - Line
B -V - type

; ' C - Opposed
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v R Standard Classification of Differant Types of
Engine (Symmetrical and Unsymmetrical) Fig. 2.1d
and Table 2.0
{A) Single-cylinder engines
{B) Double - cylinder esngines
(B,)+ Double - cylindar in-lina engine having ics
cranks directed similarly.
(B,) + Double - cylinder engine with cranks at 180"
(C} Pour cylinder in-line enginea with cranks ac 18¢°
{D)

Six cylinder engines.
(D,) + Six cylinder in -line engine

(D} + Vee six cylinder engine with 30° ¥V angles and
three paired cranks at 120°
(D;} + Vee-type 2ix cylinder engine with &0° v-angle
of cylinder and six cranks arranged at §0°

{E} Eight-cylinder 2ngine
(E') + Eight cylinder in-line engine
(E;) + Bight cylinder vee-type engina

(F) Three, Five etc. cylinder Engine

'Pes of Engings \©

®J 5 = Symmelrical
UM =

Unsymmetries

o e

®

®

o
SRS T

Fig. 2.1d Types of Engina
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Table 2.0 Types of Engine and their description
_
Tpe <f Firing Order Fieing Lacssrvals Angla ar whlgh orsnka NagramAmaTtilc
B ine arrenged in crankshsfs deplcE lem
A s - = =
A2
B, 1-2 3ed” Cranks B
diracted thea ”T;
same size Jﬁ
B, 1-2 Alternate | -
ac 130
and 540
L 1-2-4-3 1B0*® ig8ag*®
or
1-3-4-2
D, 1-5-3-6- 120 120° H
-4 or 1--:':"l
1-4-2-6-
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Ir-4r arranged in u, My dr
two planes
Equare with &l; &r
each other
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£2.1.4 rank i o alan W

William et al ({1988) found out that without special

balance weights on the crankshaft, severe vibration would
raegulc from:

1. Weight of reciprocating parts
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2. Weight of rotating parts

1. Inertia force of reciprocating part
& . Combustion pressures

5. Variation in torgue

Fig 2.la showsa thn'diagramatic display of a portion of

crankshaft and exposed view of the counter balance (weight])

Crank pin

Countzy halangg ﬂ / Saurnal ':"'""-"-'.:'
ii

Th
- Faey P

== .ll:n "
" 1 Jauranal
i

Throw

Cogrer balance

{weight

Fig. 2.le diagrammatic display of One-cylinder Engine

Crankshaft and the counter balance, (William et al, 1983)-

2515 Balanced Cranks

Fig 2.1f, shows a method of balancing cranks. When the
gize of the weight 15 determined by experiment the
counterweight must be detachable as shown in fig 2.1, fig
2.1f, shows crankdisks where the centre of mass of the

balance weight does not fall opposite the crankpin.
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) @- > fEB

o

Fig 2.1f (,, ). Method of Balancing Cranks . (Kent’s, 1g95¢)

2.2 General Description of Cast Hodular JTron Crankshaft
Degign

The crankshaft will wusually fall into cone of the

following three categories: the straight replacement of an
existing steel crankshaft, the update/redesign of an
existing engines; the creation of a new engine or family of
engine with common components. In all of these cases the
designer will be presented with a situation whers engine
capacity, cost, performance, bore and stroke have been pre-
determined. In addition, the maximum crankshaft weight and
cost may be specified. Should a family of engines be
intended, variations in bore or stroke may provide a

sufficient range of capacities wusing either a common

crankshaft or similar shafts with differant throw dimension,
Addicionally, turbe charging may feature as an option which
can result in a similar crankshaft but with the addition of
fillet rolling of the journal radii to increase the fatigue
strength. I

The creation of a diesel derivative of an existing
engine will, however, regquire further consideracion in
respect of balancing and journal hardness. In the event of

a common crankshaft replacement, that with the largest
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{larger) bore and/or the greatest (greater throw) should, of
course be selected for the design study.

Over a ten to 15 year periocd between 1971 and 1586, the
automotive engine crankshaftc assumed a ratio of proportions
which provide an excellent starting point from which a cast
crankghaft can be designed to comply with specified eriteria
such as the overall length and diameter, throw and main
journal cencres. Fig 2.2 gives the proportions of
crankshatts developed in the 80's and they were not
substantially dissimilar to those put forward by Barnes-Moss
(1975) . It is suggested, therefore, that the initial design
be drafted on this basis, but also 'in the light of range of
standard bearing shell dimensions - particularly diamecers
and wall thicknesses - cbtainable from the manufacturers.
Whilst the projected areas of journal are limiced by the
maximum acceptable bearing presures, web widths can be
reduced by the enhancement of fatigue strength of the
casting and main journal areas by the adoption of a greater

degree of balance correction.

Fig:- 2 2 Tgpicsl easl crankshal '
an :II:Iﬂ-i:I-:T c #hall proportions where the main te main exnlres

(Edward, 1986)
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2.3 Crankshaft Design

Bdward- Harwell {1986}, states that the crankshaft
design should be considered from two different angles: the
stressing and bending analyses, as well as the finer poincs
of crankghaft design. In his article, he argued that these
approaches can be applied to the majority of engine
configurations, the four cylinder, five main bearing, ‘in-
line’' engine was gelected as repregsentative of current
design trends, This type of engine is preobably the most
economical to produce and makes excellent use of engine

compartment space in either the transverse or conventicnal

installation.
. e B | Er i . seg
be B [ [ n f ring Pressures

The maximum pressure on crankpin bearing shells is
generally accepted as 380/400 bar based on the projected
area of the bearing surface. A method of determining
bearing pressures (and subsequently the crankshaft bending
stresses) is suggested in the formulas ©On page 20.
However, it is useful to consider the basic causes of these
pressures and stresses: that piston load can vary from that
dus to the maximum gas pressure shortly afrer ignition, to
the negative pressure within cthe induction stroke. Piston
and small end inertia is greatest at the points of maximum
acceleration and deceleration which, within the firing
stroke, do not coincide with the maximum gas load on the
piston crown; big-end assembly inertia forms. whilst these
are constant through 360°, the wvariation is proportional to

the sguare of the rotational speed; finally it should be
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remembered that a symmetrical unbalanced four oylinder
engine c¢rankshaft appears to be "in balance" as a total unit
due to the interaction between the individual crankpins and
webs.

The consideration of a gingle cylinder -'cell! revgals
inertia forces due to the centrifugal sffect of crankpin and
the adjacent webs which, whilst not affecting crankpin
bearing loads, have to be considered in relation to the main
bearing due to the considerable difference between the
dynamic and geometric axis din this section of the
crankshatt. The addition of a suitable balance weight or
weights can cancel this effect within the crankshaft or;
aleernatively; ccan be increased to coopensate” for the
inertia of the big;EHﬂ assembly. Again, any unbalance

-

remaining will vary as the sgquare of the rotational speed D;fﬁ; A

I’I

ENgine.
|
2.3.1.1.1 Methods of determining hearing pressures k‘-.

Y

i1} Crankpin bearing shells; The load of the projected arﬁhnﬁﬂ

—— =

of these shells can be taken as that due to the maximum
gas pressure on the piston crown less the maximum
reciprocating and rotating inertia forces due to the
first two factors above. In engines incended or likely
to run at high épeeds for prolonged periods or thosge
subject to overrun condition, the forces dus tF tha
second and third factors above should be carefully
considered as they may impose bearing loads exceeding
the gas load.

{ii) Main bearing shells: As noted above, the presence of

crankshaft ‘cell’ unbalance has a major influence on
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the loadings to which these bearings are subjected.

The configuration of a five journal crankshaft wichouct

balance weights creates differing loads on certain main

bearings, and which can result in the unacceptable
requirement of varying journal lengths {or diameters).

The partial balancing, therefore, becomes a minimum
raguirement in order to achieve acceptably equal bearing
pressures on bearings of similar length and diameter, The
approximated effect of gas load and crankshaft unbalance on
individual main bgaring pressures is as follows:

1 and 5 main bearings - half of the maximum crankpin
logad legs half of the load due to residual crankshaft
unbalance, 2 and 4 main bearings - half of the maximum
crankpin lead; 3 main bearing - half of the maximum crankpin
load less the load due to residual unbalance of one crankpin
and its associated webs. It should be noted, that on
ovarrun condition, the two loads can be additive and should,
therefore, be considered in the calculation of acceptable
bearing pressures.

Main bearing pressures are not fully indicative of the
oil film thicknesses and, therefore, safisfactory bearing
performance; it is suggested that reference should thus be
made to the data available from bearing manufacturers. Tha
need to provide oil feed grooves in four of the fivg main
journal shells has a marked effect in the reduction of oil
film thickness due to the creation of two narrow bearing
sections. This reduction is in the order of 50 percent. As
detailed later the cap half groove can be deleted subject to

the cross drilling of the crankshaft journmal. The projected
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area of a bearing is not indicative of the cil film
thickness at a given pressure,

A& reduction in bearing width accompanied by a
corresponding increase in diameter to maintain the projected
area will result in reduced oil film thickness. As a bradd
guide the effect is similar to that on bending fatigue
strength by adjustment of web thickness - to the sgquare of
the width or thickness.

2.3.1.1.2 Bending Fatigue Strength

Following the assessment of bearing pressures a check
should be made on the bending fatigue strength of the
crarnkshaft in ics preoposed form. WNodular Iron in the ‘as
gast’ or normalised condition {a decision entrusted to che
foundry to achiesve _ﬂpecificatinnl can tolerate bending
stresses of up to plus or minus 10 pelrcent of ics ulcimate
tensile strength and which includes a safety allowance for
gtress concentration factors on the assumption that the
fillet radii are not less than 5 percent of the journal
diamaters. The use of undercut and radius - ralled radii
can increase the fatigue strength towards 20 percent of the
uleimate censile strength, but ecare should be takesn to
eénsure that che alternative fracture path - collar diamster
te collar diamﬂterl iz adequate - the sguare of this
dimension should be at least twice the distance from fillet
radius to fillet radius (primary fracture path). '

The bending stress in the webs at the journal overlap
section can be determined by a combination of the Kerr .

Wilson and MIRA formulae:
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Stress e 0.75 max load on crankpin X main bearing
span/bt?

where b and t© are the breadth and thickness of the web
section through the primary fracture parh, respectively.
The initial results of the above work will enable bearing
width, diameter and web thickness to be adjusted to provide
acceptable bending stresses and bearing pressures,

In the unusual é&ent of a marginal situation resort may
have to be made to fatigue strength enhancement by the use
of a higher grade of nodular iron or the amployment of deep

fillec radius rolling.

2.3.1.1.3 Fatigus Strsangkh

Failure by toreional fatigue in four cylinder cast
crankshafts can be discounted due to the relative stiffness
of this form of crankshaft and the damping capacity of
nodular iron camparea to crankshaft steels. Attention is,
howevear, drawn to the need to avold SLress raisers on
journal surfaces such as poor oil hole blends with journal
diameters &and to provide a reasonable web breadth (as
cpposed to thickness) at the point of journal overlap. The
use of a basic ovoid profile in conjuction with normal
fillet diameters is generally adeguate. It is normal
practice to fatigue test a number of sample prototype
crankshafts on a bending fatigue rig prior to dessign
finalisation. PFacilities are also available for torsional
fatigue testing should this be considered necessary.

The tests follow normal procedure in the plotting of a

S-N curve and are particularly benesficial in the
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measurements of Eatiéue gstrength improvement of deep fillet
radius rolled crankshaft.
L Detail Degign

Based on an awaren=sg of che benefits and limitatlion of
A precision casting, the manufacturing drawing will have
been produced in the light of positive decisions in respect
of machined and unmachined surfaces together with any
special treatment reguired during the machining operations.
Whilst a specialist foundry should be capable of preparing
a casting drawing Hhi&h will ‘make’ the machined crankshaft,
the writer believes that this initiative should lie with the
crankshafct designer.

R

0f prime importance in cthe selection of earinyg
materials for internal combustion engine application ig the
alloy's ability to support the wery high loads that
originace from the combination of gas and inertia forces.
Spike (1971} and Parﬁer (1971), discussed fully the factors
affecting the wvarious criteria of plain bearing design.
Now, the simplified analysis and assumption to enable the
design engineer to easily compute the plain bearing iaading
ig shown in figure 2.3.

A typical example is shown diagramatically in the form
of a polar load diagram for a big-end bearing of a four

stroke internal combustion engine in Figure 2.3
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[ HEWTCNS )
FORCES PARALLELTO 5000
CORMECTING FIO0 415

0
FCACES FERFEm:uuHm

10 CONNECTINGAOD
AAS ~ 150

AMS  ARE FlED
RELATIVE 0

Fig 2.3 Polar load diagram of a big- end bearing for a
4 - stroke engine. (gspike, 1971}

2.3.3.1 Crankshaft finish as it affects matsrial

gelection for plain bearing wear

Bearing weaar cannot be considered in isclation and the
role played by the c¢rankshaft journal must also be
investigated. Examination of crankshaft journals have shown
the type of surface features which cause bearing wear and
adequate consideration must be given te the preduction
macthods used. Pratct (1973) .

To help alle'-riall::e problems resulting from crankshaft
finish, simple rules on the grinding and polishing
directions have been suggested (Figure 2.4). Theso are: (1)
Always include a polishing operation following the grinding
operation (2) Always polish in the cpposite direction to
that of grinding (3) Always polish in the direction of

rotation of the journal in the bearing.
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GRINDIHNG FOLISHING

Surfaceg Finish 0- 75=0-3

.« Aemowal of Gnindirg Bt
‘“Surface Finisn Q1F=0-3ym  Fy
- 'l'\_‘—

IHSTALATION

Fig. 2.4 Recommended method of Grinding and Polishing
Crankshaft Journals. Fratt, 1273

2.3.4 Caloulation of Crankshafk Stiffnessg

Cyril {1977) declared that the crankshaft stiffness is
the most uncertain element in a torsional wvibration
calculation. Shaft stiffness can be measured experimentally
eicther by twisting a shaft with a known torgue or from the

observed values of the critical speeds in a running engine.
Figure 2.5a shows the Schematic diagram of a crank and
connecting rod, while the figure 2.5b shows the view of a

crankweb in a plane normal to the crankshafc axis.
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Fig 2.5a Schematic

diagram of a Fig 2.5b View of a crankweb

crank and in a plane normal to the
connecting crankshafc axis.

rod.

Lote

h = Fraction of rod length Erom crarkpin to C.G

R = Crank radius; m,

Em = maximum radius of crankweb, m

Rb = radius of base cylinder, m

If 1, = length of a solid shaft of diameter D, equal to
torsional stiffness to the section of crankshaft batween

crank centres.

Wilson's formula (Wilson (1942)

1, _ br0.4ds_a+0.4Dc, £-0.2(D,+D.)
oy Dy-dy  Di-d: hw?
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3
L bﬂzr,shﬂ,fb+u.Ea-u.ztw;rﬁpc+ i

s Dl -at pi-at hwiph

Congtant's Formula (Constant, 1928)

§
1 b a r®

I N
—_— . + +
4

D, ®,%,%;%, pil-g4 pil-4 AW

where «,, o,,t,,2, are modifying factors, decermined as

Eollows:
&, =<1~ 0.0825
N:-d:_i_ Nc-df_u+ ]E
2w, 2W,_
L]
If the shaft is solid, assume a; = 0.9. The factor o

is a web-thickness modification dstermined as follows: If
4hy, is greater than 2/3, then o = 1.666 - 4h/1. If
ah/fl < 2/3, assume o, = 1. The £factor o B R
modification for web chamfering determined as follows: If
the webs are chamferad, estimate a, by comparison with
the cuts on fig. 2.6+ Cut AB and A'B’, o, = 1.000; cur CD
alone, o, = 0.965%, cuc CD and C'D*, o, = 0.930, cut EF
glone, o, = 0.950; -<cut EF and BE'F*, o, = 0.900; i? Eﬁﬂs
are square, o, = 0.010. The factor @, is a mocdification
for bearing support given by:

_ADw

Di-dj

®, +a
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For marine engine and large stationary engine shafts: A =

0.002%, B = 0.9L.

For automobile and aircraft engine shafts: A = 0.0100. B =

0.84,
If @, is less than 1.0, assume a value of 1.0

The constantc’s Fformula is recommended Eor shafrts witch

large bores and heavy chamfers,

W

Fig 2.6 Schematic diagram of one Cranmk of a Crankshaft
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The shafring of an engine system may contain elemencs
such as changes of section, collars, shrunk and keyad
armatures, etc; which require the exercise of judgement in
the assessment of stiffness. For a change of section having
4 Fillet radius eqgual to 10 percent of the smaller diamecer,
the stiffness can be estimated by assuming that the smaller
shaft is lengthened and the larger shaft is shortened by a
length obtained from the curve of fig 2.7. This also may
be applied to flanges where D 18 the bolt diamster. The

scitfening effect af collars can be ignorsd.

Rate LENOHH OF REDLCTICN SECTION

="

i
AD
Ddamaeter  Ralio %

Fig 2.7 Curve showing the decrease in stiffness resulting
from a change in shaft diameter . (Porter, 1%28)

The sciffness of the shaft combination is the same as if the

ghaft having D, is lengthened by A and the shafr having

diameter D, is shortened by A (pPorter, 1928).
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2.3:8 Critical Speed
Critical speed is a speed of a rotating system that
caorresponds to a resconant freguency of the system. The
significant effect of critical speed may be motion of the
journal or flexure of the rotor-depending on the relative
magnitudes of the bearing stiffness.

2.3.8 Permissible Amplitudes

Failure caused by torsicnal wvibration invariably
initiates in fatigue cracks that start at points of stress
concentration - for example at the ends of keyway slots, at
fillets where there is a change of shaft size, and
particularly at oil heoles in a Crankshafrt.

At the shaft oil holes the crack beginson lines at 45°
to the shaft axis and grow in a spiral pattern uncil failure
occurs. Theoretically the stress at the edges of the oil
holes is four times the mean shear stress in the ghaft, and
failure may be sxpected if this concentrated stress sexceeds
the fatigue limit of the material. The problem of
estimating the stress reguired to caugse failure is further
complicated by the presence of the steady stresz from the
mean driving corgue and the variable bending stresses.

In practice the severity of a critical speed is judged
by the maximum nominal torsional stress.

_16M,

wd?

T

where M, is the torgue amplitude from torsional wvibration
and 'd’ is the crankpin diameter. This calculated nominal
stress is modified to include the effects of increased

gtress and is caﬁpared. to the fatigue strength of the
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material.
2.3.7 United State Military Standard

A United State Military Standard issued by the U.S Navy
Department states that the 1limit of acceptable nominal

torsional stress within the operating range is:

r=Tongional Fatigue limit (for cast iron)
&

r=Ultimate nsile strength {for steel)

25

If the full=-zcale has been given a fatigue test, then,

r=torsional fatjgue limit (for either material)

2

Such tests are rarely, if ever, possible. For cricicdl
speeds below the operating range which are passed through in
starting and stopping, the nomipal torsional strees shall not

exceed 1 '/, times, the above values.



CHAPTER THREE

1.1 KINEMATICS AND DYWAMICS

. S s 1 Einematica of Slider-Crank Mechanism

In internal combustion engines the reciprocating motion
and force of pistons and connecting rods are converted into
rotary motion and torgque of the crankshaft through the
glider-crank (5-C) mechanism.

The two types of S-C mechanism ars shown in fig 3.0,

(a3

Fig 3.0 - Diagrams of 3lider-Crank mechanisms

{a) Central type (b) desaxe type or offszet typa

For Central Type:

S5, = current travel of the piston (‘A’ stands for the piston
pin axis)

8 = crank angle (OB gtands for the crank). counted off from
the cylinder axis A’0O in the crankshaft rotation
direction, clockwise (point O stands for the crankshaft
axis, point B - for the crankpin axis, and point A’, is

o0



Top Dead Centre (T.D.C)

B = the angle through which the connecting rod axis (AB)
diverges from the cylinder axis;

W o angular velocity of crankshaft rotation

R = OB - radius of crank

§ = 2R = A'A" - piston stroke (point A" stands for B.D.C.
Bottom Dead Centre)
L.e.r = AB - the connecting rod length
he - - 3 P ratio of the radius of crank to the
connecting rod length.
R + L.c.r = A'0 - the distance from the crankshaft axis to
T.D.C. (Kelchin and Demidowv, 1984}.
For OffgeC Cvpe
In compariscn to the designacion for the central crank
mechanism, in the offset crank mechanism, angle 8 of crank
rotation is counted off from straight line CO parallel to
the cylinder axis A'D and passing through the crankshafc
axig, and § = A'A" = 2R. The desaxe mechanism is evaluated
in terms of relative offset K = a/BR = 0.05 to 0.15 where

a = 0D is the cylinder axis offsaet from the crankshafr axis.

3.1.2 Degign of an In-Line Carburettor Epgine

For the Kinematic and dynamic analyses, heat analysis
and speed characteristics analysis data are needed for any

type of engine being analysed.

{a) EKipematics - Table 3.0

The piston travel

Sx=R[(1-cosb)+A/4 (1-cos28)]

for a particular value of h, and variable angle 6
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The angular velocity of the crankshaft revolution
W = fFa (3]

30
30

n = engine speed in revolution per minute (rpm)

The piston speed

v, =R (sin® + ~f2 sinza)
r- —_
The piston Acceleration ;; . .
j =th'R (cos® +Acoes28) . . . . . . : e.k .- B e
At i = 0, V, =t V.. For A = 0.285 i
b i ]
Table 3.0. Kinematics wvalues -
a7 {il-cos @ + oMy {Sing+ VeoemSe {cose+ A | 3.m/8°
Ajd(i-coszai} |mm Prz x cosze
sin@)
ar 0, 0000 9.0 | D.0000 0.0 1.2850 17209
Eliy +0.1697% 6.0 +0.6234 14.2 1.0085 13506
i, L e LS |

Dynamics

The dynamic analysis of the crank mechanism consists of
determining overall forces and moments caused by pressure of
gases and inertia forces which are used to design the main
parts for strength and wear and also to determine-the non=
uniformity of torque and extent of non uniformity in the
engine run. During the operation of an engine the cranﬁ
mechanism parts are acted upon by gas pressure in th cylinder,
inertia forces of the reciprocating masses, centrifugal

forces, crankcase pressure exerted on the piston
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{which is about the atmospheric pressure), and (gravicy
forces are generally ignored in the dynamic analysis).

All forces acting in the engine are taken up by the
useful resistance at the crankshafr, friction forces and
engine supports.

During each cperating cycle (720° for four - and 3eQ®
for two- stroke engine), the forces acting in tha crank
mechanism continucusly wvary in wvalue and direction.
Therefore, toe determine changes in these forces versus the
crankshaft rotation angle, their values are determined for
a number of crankshaft positions taken wusually ac 10-30

degree intervals.

3.1.3 Gas Pressure Forces

The gas pressure forces exerted on the piscon (res are
replaced with one force acting along the cylinder axis and
applied to the piston pin axis in order to maka che dynamieg
analysis easier, It 15 letermined for each mwoment of time
(angle against an indicator diagram obtained on an actual
engine or against an indicator diagram plotced on the basis
of the heat analysis (usually at the rated power output and
corresponding engine speed).

Replotting an indicator diagram inte a diagram
developed along the ecrankshaft angle is gsnerally
accomplished by the method of Brix

The piston pressure force

P, B 1B =Y Bowsiacisae (&)
where F, = piston area, '

P’; and P’, are the gas pressure at any moment of cime
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and the atmospheric pressure respectively.

AP, B P o P ciihiraas i aeas Fa e ab s s e el {7)

ﬂ?. = axcess pressure over the piston
It follows from EBg (7) that the gas pressure curve versus the
crank angle vary similarly to the gas pressure curve F,. In
order to determine gas forces P, against the developed diagram
of pressures A P, the scale must be recomputed. TIf curve P,
is plotted to the scale M (MN per mm) then the scale of the
same curve for P, will be M, = M/,
F,(MN per mm).

The Briw» coarrection i=s

RA/ (2M,)
Where M, is the piston travel scale.
M, = M, F,
3.1.4 Masses of the parts of the Crank M nism

Az to the type of motion the masses of the crank
mechanism prts may be divided into reciprucaciiyg |vie pastin
group and the connecting red small end), rotating (the
crankshaft and the connecting rod big end), and those
performing plane-parallel motion (the connecting rod shank).

The actual crank mechanism is replaced with eguivalent

system of concentrated masses for the dynamic analysis.



a5

[h)

FI
maAmen ¢ dimg =

My

Fig 3.1 System of concentrated masses dynamically eguivalent

to the crank mechanisms.

{a) System of crank mechanism referred to axes.

(b} referring crank mass.

Notes

(1) The mass of the pilston group MY, is concentrated at the
piston pin axis at point A (Fig. 3.1a)

(2) The mass of the connecting rod group me.r is replaced by
two masses one of which (Mc.r.p) is concentrated on the
piston pin axis at point A, and the other (Mc.r.c) = on
the crank axis, at point B.

The valua of these masses [(Kg) are:
Mc.r.p = (Lo.r.¢/Le.r) MouCfesaissassas(8)
M. T8 = [ LE.F.CEE Y BT son e s (9]
where
Lc.r = connecting rod leangth
Le.r.g = distance from the big =-end centre to the

connecting rod centre of gravity:
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Le.r.p = distance from the small end centre to the
connecting rod centre of gravity.

In most of existing automobile and tractor engines
Mc.r.p = (0.2 to 0.3) Me.r. and Me.r.c = (0.7 to 0.B) Mo.r.
Mean values may be used in computations.

Mc.r.p = 0,275 Mc.r, Mc.r.c = 0.725 MC.F......(10)

The crank mass 1s replaced with two masses concentrated
on the crank axis at point B (Mc) and on the main bearing
journal axis at point 0 (Mc).

Fig 3.1.b. The mass of the main bearing journal plus part of
the webs are symmetrical with regard to the axis of rotation
iz pbalanced. The mss (kg) concentrated at point B is

Mo = Mc.p + 2. M0 CfRevainvasenasnalll)

Where Mc.p = mass of crankpin with adjacent parts of the webs.

Mw = mass of the web middle part within the outline abed
having its centre of gravity at radius £

In modern short - stroke engines the value of Mw is small
compated with Mc.p and may be neglected in most cases. The
values of Mc.p and also Mw if necessary, the determined
proceeding from the crank size and density of the crankshaft
materials,

Therefore, the system of concentrated masses dynamically

equivalent to the crank mechanism consists of mass.
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M =M + HC.r.Pessvvssinnnnanannnnnnnassss(12])
concentrated at point A, which reciprocates. and mass

My =Mz + MeiDsQ s easvives A L e e R b B [ W,
concentrated at point B, which rotates.

Roughly the values of M’ Mc.r and Mc may be determined,
using the structural masses
MY = WF, (gfn? oroglewl} i veaiiveiviiaieiees [34)
mass of unbalanced parts of one crankshaft throw without
counterweight e.g (for a cast Iron Crankshaft we assume
M, = 140kg/m")

GG N R e P e e S P £

Rotating masses

P R - I o P e « LB}

3.1.5 ertia Forces

Inertia forces acting in a slider-crank mechanism, in
compliance with the type of motion of the driven masses, fall
intoa inertia forces of recipro¢ating masses P, and inertia

centrifugal forces of rotating masses K, fig 3.2

I

1]

Fig. 3.2 Acting of forces in the Crank mechanism.

(a) Inertia and gas force; (b) total forces)
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The inertia force produced by the reciprocating masses
P,=M j=-MBw x (cos 8 + Aces 28).... (17)
As the case is with piston acceleration, for P; and secondary
P, forces;
P.o=.Py + Py
= = (MjRw' cos B + M, Rw Acos 28) ..........(18)

The centrifugal inertia force of rotating masses

The inertia force of the connecting rod rotating masses

Bhoc s M " R e e e e e R [z0)
and the inertia force of the crank rotating masses

Wair = = MW BV i SR R R R e (21
3.1.6 Total Forces Acting on Slider Crank Mechanism

The total forces (KN} aecting in the slider crank
mechanism are determined by algebraically adding the gas
pressure forces to the forces of reciprocating masses. (Table
3.1)

Bl gl & Bioiesesivsansiannesainaniesansevseldn)
The specific total forces (MPa) are determined by adding the
excess pressure above the piston apg (MPa) and specific
inertial forces Pj (MN/m’ = (MPa):

F=opg + P' svcrvncaninnse(23)
where

P/, = F,F, = = (M, Rw'/F,) (cos 8 + Acos 28)
Force N (KN) normal to the cylinder axis is called the normal
force and is absorbed by cylinder walls:

He Ptan B cesaivsvssssnsnsdssnsasssssssssssesshad)
Normal force N is known as positive, if the torgue it produces

with regard to the crankshaft axis opposes the
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engine shaft rotation.

Force 5 (KN) directed along the connecting rod acts upon
it and is transmitted to the crank. It is known as positive
if it compreses the connecting rod, and negative, if it
stretches the rod:

8 =P (/08 B) csovissssssssasssssasasansassss [(26)
Acting upon the crankpin force S produces two component forces
Fig. 3.2b:

a force directed along the crank radius (KN)

E =P cog (8 * BY JOo8 B ouoasessees s . [ 27h)
Force K is known as positive, when it compresses the crank
throw webs. Force T is taken as positive, if the torgue
produced by it ceinecides with the crankshaft rotatien
direction.

Table 3.1: Total Forces Acting on 8lider Crank Machanisms

Sign Values of tan B at A of S5ign
0.24 [ 0.25 | .26 | 0.27 | .38
a - (] a a 0 a - 360
3a + 0.121 0.124 0.131 0.136 0.141 = 330
&0 + 0.211 0.224 0.230 0.239 0.248 - 304
30 + 0.245 0.256 0.Z67 0.278 0.289 = 270
120 * 0.211 0.220 0.230 0.239 0.248 - 240
—
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u Sign Values of can B at A of Sign
.24 0.25 d.26 0.27 0.28
L] + 1 1 1 1 + k115
30 * 1.007 1.008 1.009 1.009 1.010 ¥ 330 I
=11 + 1.0322 1.024 1.026 1.028 1.030 + 300
90 = 1.030 1.0332 1.235 1.038 1.041 * 274
1240 - 1.022 1.024 1.026 1.028 1.0340 . i 2410
Sign values of tan 3 at A of Sign
d.24 0.25% .26 0.27 .28
o * 1 1 1 1 1 * E 1y
Ao + Q.806 0.803 a.801 Q.78 0.735 + 330
& * 0.317 0.309 a.30% a.293 0.285 " 300
[ 50 + 0.245 0.258 0.267 0.278 0.289 - 2714
IIED [ + 0.E83 0.5891 0,699 0. 707 0.715 = 240
Sign Values of tan 8 at A of Sign
0.24 Q.25 0. 26 0.27 .28 |
0| e 0 0 0 0 0 = 360 |
| 30 * Q.&605 0.60% -1;.613 d.6l8 Q.8622 - 130
&0 + 0.972 0.973 Q.581 Q.985 0.990 - el
50 - = = - = - - 270
120 + 0.7e0 0.756 0.751 0.747 0.742 - 240
Table 3.2. Torques on Cylinder
F i [ P aah | P, Vews | F, Pe Pes | T M,
miE LT M M NS ] MM ST MY KM Km
i ity iy iy Ty iy
1] LR I T2 143 -1 4] .00 0106 1.00 =14l -4l a 4 o
i <1k 5 13508 18 | <092 | 04 0,18 101 -1.54 | -3.82 | 2% | 573 | 24
&0 A0.15 4T LR a8 | (I8 . 14 1.3 -0.71 019 | 4ba% | 32T | -138
I Lo 1] LUE TS 3817 054 .53 i 215 (1] 1513 e | .52 2.50 7
e e e
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using the table overleaf, plot curve of specific forces Py P, P,
Py, P., P, versus the crankshaft angle.
c [ e Bpecific Total Forces

The specific force (in MN) concentrated on the axis of the
piston pin: P =Ap, + Pi......... baseerasimiann)

The specific rated force (in MPa)

Py =P tan B..... P -1 - )

The specific force (MM) acting along the connecting rod

P, = P/ [1/COSB) +vuueorsnninnnsnnns . (28c)
The specific force (MN) acting along the crank radius

P,

L5

=P cos (8 + B) f CoBR..ovsnssssnsvsssas (28d)
Te =2 PL F, [ (B7) civvsduiiainiaaaniniis v (29)

where T, is the mean walue of the tangential force per cycle, MN;
P. is the indicated pressure, MN,
F, = piston area, m’

T = number of cycle events

3.1.8 Torques

The torsional moment (torgue) of one cylinder (MNm) is
determined by the wvalue of T given by

T | B e S B0
The torgque wvariation period of a four stroke Engiﬁe with equal

firing intervals., (Table 3.2)
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8 = 720/, in a four stroke engine oVer....... ... (31)
a = 380°%/, in a two Stroke engine OVeL.....svsvees (32)
Table 1.2 Torques on cylinders. _
6" Cylindern il HE , Mm
1 2 = 3 4
Rraisk T Dl Hi e Wm Crmai HE &, By aas HI .= W
=l sl ¥ mgle @ gl e
B L]
il
0 a 1] 180 5] G0 1] E40 o 1]
10 10 | -az3.3 | 20 -94.8 3go | 176.6 | 570 | -97.4 | -238.9
60 0 | -127.6 | 240 | -165.2 | 420 | 124.8 | €00 | -169.7 | -137.7
S 9a 97 .4 270 =103.2 454 234 .3 E3d =103 .5 124.3
1x0 130 165.3 oo 99.0 L 11 2292 &sEd 131.5 El12.9
_
3.1.9 Force Acting on Crankpins

The forces acting upon the crankpin of row are
determined analytically.
Row engineg - the analytical resulting force acting on the

crankpin of a row (in-line) engine fig 3.3 is

{a) ()

S QU

Fig 3.1 Forces loadluy

(a}) Crankpin (b) Crankshaft throw



goop & W A B imnessnaiaesis (33)
where P, = K + K, is the force acting on the crankpin by the
crank, M.

The direction of resulting force Rc.p in wvarious
positions of tha crankshaft is determined by angle
enclosed betwean wvector Rc.p and tha crank axis.

Angla ¥ is found from the relation.

tan ¥ = TIP cvis s e e {34)
The mean indicated torque of an engine according to the data
of heat analysis

Mo om e m AR coessrasane {35)

N,



4.1 General

The computations of enginea parts with a wview Cto
determining stresges and strains occuring in an operating
engine are performed by formulae dealing with strength of
materials and machine parts.

Causes of the discrepancy between the computed and
actual data are: absence of an actual pattern of stresses in
the material of the part under design, use of approximate
degign diagrams showing action of forces and points of their
application, presence of alternating loads difficult to take
into account and impossibility of determining their actual
values; difficulty in determining the operating conditions
for any engine parts and their thermal stresses; effects of
elastic wvibrations that do not lend thesmselves to accurate
analysis, and the impossibility of accurately determining
the influence of surface condition, guality of finish
imachining and thermal treatment) part size and the like on
the intensity of stresses arising.

In view of this, the utilized technigues of surveying
allow us te obtain sgtresseg and strains that are nothing
more Cthan conventional wvalues characteristic only of
relative stress level of the part under design.

Forces caused by gas pressure in the cylinders and
inertia of reciprocating and rotating masses, and also
loading produced by elastic vibrations and thermal stresses are

the main loads on the engine parts.

The loading caused by gas pressure continuously varies

44



during the working c}cle and reaches its maximum within a
comparatively small portion of the piston scroke. Loading
due to inercia forces varies periodically and sometimes
reaches in high-speed engines the values exceeding the load
dus to gas pregsure. The above loads are sources of various
elastic oscillations dangerous during resonance,

Force dus to thermal BEresses resulcing from heac
liberation due to combustion of mixture and friccion affecc
the strength of materials and cause extra stregses in making
parcs when they aL_.differently heated and have differenc
linsar (or volumetric) expansion) (Kolchin ana vemidov, 1984).
4.1.1 Degign Conditiona

Changes in the basic loads acting on the engins parts
are dependent on the operating conditicns of the angine.
Generally, the engine parts are designed for most severe

operating condicions.

Hg

Fx
{al

Fig 4.0 Choice of design operating conditicns (a)

Carburretor engine (L) Supercharged diesel =ngirs

45
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with carburettor engines (fig. 4.0a) tha basic designed

operating conditions include the following data:

{1} Maximum torque Memax at the engine speed n, = (0.4 to
0.8) x n,, when the gas pressure reaches its maximum P__,
while the inertia forces are comparatively small;

{(2) nominal output power N, at speed n, with all analyses of
parts are made with taking into account the joint effect

of gas and inertia loadings;

(3) maximum speed in idling Nidmas = (1.05 to 1020)n, when

inertia forces reach their maximum, while the gas
pressure is small or even egual to zero. With high-speed
diesel engine, Fig. 4.0b; we take the following design
cparating conditions:

(1) nominal powar output N, at engine speead ny whén the
pressure reaches its maximum P,max, while the parts are
designed to challenge the joint effort of gas and inertia

loeds.

(2) maximum speed in idling MNnid max (1.04 to 1.07) ny at

which inertia forces reach their maximum,

When designing the parts of a carburettor engine maximum
gas pressure Pz max is determined by the heat analysis made
for the maximum torgue operation, or is assumed as
approximately egual to the designed (without considering the
diagram rounding-off factor} maximum combustion pressure P2
obtained from the heat analysis for the nominal power
operation. Inertia forces is the maximum torgue computations
are neglected.

When making nomimal power operation computations, we

assume that gas force Pz acts together with the maximum



47
inertia force at the T.D.C, The value of a maximum gas farca
is determined by the heat analysis for the nominal power
operation taking into account the reuniing off factor of the
indicator diagran.
The gas pressura is neglected in making the maximum

speed computations for idling operation.

4.2 DESIGH OF PARTS WORKEING TTNDER ALTERHATING LOADSI

In practice, all parts of automobile and Etractor

engines, even under steady state conditicons, operate at
alternating leads. The influence of maximum loads, and also
their variation in time on the service life of automcbila
and tractor engine parts materially increases with an
increase in the engine sp_eed end compression ratio. In this
connection, a number of engine parcs of importance ara
desiyned to ma=L the requiremacts for stacic strength
against the action of maximum force and facigue scrength due
to the effect of continuously varying leads.

The fatigue strength of parts is dependent on variation

f &4 load causing &Symnetric, asymmoliic Ui pulsaling

[

stresses in the park under design; on fatigue limits a.,, 0.,
and T
(Eor bending, push-pull and torsional stresgssg,
respectively) and yield strength o, and r, of the part
material; on part shapes, size, machining and thermal
treatment, and case-hardening.

Depending upon the variation of the acting load, the
stresses occurring in the part vary, following a symmetric,
assymetric or pulsating cycles. Each cycle is charactarized

by maximum (o,.,) and minimum (o) stresses, mean stress



cycle amplitude o, and cycle assymmetric coefficient r.
For the relationship betwaen the above-mentioned
characteristica for the cycles, see Table 4.0

Under static loads ultimate strength o, or yield
strengtch @, is assumed to be the limit stress. The
ultimate strength is utilized in design of parts of made of
brittle materials. With plastic materials the dangerocus
gtress is indicated by the yield strength.

Tablea 4.0 Cycle Characteristicsa

———
Cycle Cycle
Charactercist
ics Symmekbric asymetric Single-
— sign,
positlive, of alcernaclng Eulsat:
constant gign sign ng
Maximum o= = Doy = O & @, 3 | O, =, ¢ 4, = B = @
SEress Ay = &, 0 o + A, -
-4 | 2oy, =
2, =+ 0
HMinimam - My = O - O, = | &, =04, -2, < O By = 0
Bcress O = =0,
« 0
Mean Stress o, = 0 o, = Lo+ o, = ldg.,. + A =
el
Bovel /S 2 gy ) /2 /2
Etress i, = B o, = [dg. = o, = e, = o, =
amplitude - I N A B i
.
Cogfficient ol 0 ='p « 1 -1l = & « L =
of asymmetry | o, 0. = i D
'1 L] l:l
B - =T

Under alternating loads the dangercus stress is indicated by
fatigue limit o (e, = @, for a symmetric cycle and for a
pulsating cycle}, or yield strength @,. In design parts the
associated limit is dependent on the stress cycle asymmetry.

When a part is subjected to normal or tangential

gtresses that meet the condition.

wfw, > (B, —e, 3L - B
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or

te > (B - & )/{1 - P}

the computations are made by the fatigue limic.

When a part is under stresses satisfying the condition
in Equation <T,/7%,

the computationsare made by the yield limit

Where P, and p, are respectively the ratios of thes

fatigue limit due to bending and torsional stress to the
yield limit.

B, = o, o, and B, = 7,/7T,
whare o, and o; are the coefficients of reducing an
asymmetric cycle to the aquidangerous symmetric cycle under
normal and tangencial stresses, respectively.
For the values of o', and a', in cast iron materials having

different ultimate strength see Table 4.1 "

« {-. f%q

Table 4.1 Values of o, and a’, i =)

Ultimate Bending a’, Pugh - Pull | Torshon o, "}
Strength o, a’ . -
MEBEa
350-450 D.0& - 0.10 g.06 - 0.08 4]
450-800 D.08 - 0.13 g.07 - 0.10 a
600-800 0.12 - 0.18 0.09 - 0.14 0 - 0.08
300 - 1000 D.16 - Q.22 0.12 - 0.17 0.068 - 0.10

When there are no data as in Table 4.1 to solve eguation,

the part safety factor is determind either by the fatigue
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limit or by tha yield limit. 2f the two wvaluass thus

gbtained the part strength is evaluated in terms of a

smaller cosfficient. To Tfoughly evaluate the fatigus limits

under an alternating load, wuse is made o©of empirical
ralationship.:
For stesls
01 = 0.40a,; o, = 0.28a,
oy = ﬂ.zz‘:u; '5-1;- - {D-? = H.E]':;t_l;
T, = (0.4 - 0.7T)a_y;

for cast iron

a, = (0.3 - 0.5)0, Oy, = (0.6 — @.706,

Tty = (0.7 - 0.9)o,: T, = (0.2 - 0.6)g,

For the basic mechanical properties of high duty casat iron,

use the appropriate Table 4.2

Tabla 4.2 Basic Mechanical Properties of Materials
= . —
r Gracs Mackinical Propatclas aF !-Eul_ul'fltl-i'.::m., Hpa
—
o, o, oy - T, Ty
BY 45 = 0 450 - 700 - - -
BY 40 - 10 400 = 700 5 - e
BY 60 = 2 a00 - 1100 - = =
I — R e

Meglecting the part shape, size and surface finish, the

safety factor of engine part is determined from the

-
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expressions:

when computing by farigue limikt.
ﬂ_,, == E_I-'Ir:'ﬂ. ¥ ':.::'ﬂﬂ:l

n o= ro ST ooty

when computing by the yield limit

Ay i o/ lo, + 0,)

ny, = Tof (To + Ta)

The effect of the part shape, size and surface finish on the

fatigue strength is allowed for as follows:

(1)

(2)

{3}

by =tress concentration factors: theoretical o, and
effective k;lk,) accounting for local stress increases
due to changes in the part shape (holes, grooves,
fillats, threads, Efc].

by scale coefficient € accounting f£or the influence of
the absoclute dimensions of & body on the fatigue limit;
by coefficient of surface sensitivity €, , accounting
for the affect of surface couwdiiiue uf Libe parl we Llus
yield limit.

By the theoretical stress concentration factor is meant

the ratio of the highest local stress to the nominal stress

under state loading, neglecting the effect of concentration.

g - ﬂ'ml'lr I:"n:-l

Tha wvalues of o, for a number of most often encountered

stress concentrators are given in Table 4.3

The influence of the specimen material as well as the

geometry of the stregs concentrator on the ultimate strength

ig accounted for by effective stress concentration factor
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under variable sStresses
X = [ B
where ¢., and ¢°, stand for the fatigue limit of a smooth

specimen in a symmetric cycle and with a stress

concentrator, respectively.

Tabla 4.3 Type of stress Concentrator
i Type of Stress concentrator o,
Semiconductor groove having the following
ratio of the radius to the diameter of the
rod
8.1 2.0
0.5 1.6
1.0 1.2
2::0 1:1
Fillet hawving the following ratio of tha
radius to the diameter of the rod
0.0625 1.75
0,125 1.50
0.25 120
0.5 1.10
Sguare Shoulder 2.0
Cut V-shape groove (thread) J.uU=-m,3 i
Holes having the ratio of the hole 2.0=-3.0
diameter to the rod diamster from 0.1 Co
D.33
Machining marks on the part surface 1.2-1.4
———ee——————]
The relationship between factor o, and k, is

expressed by the following approximate relationship.

kK, = 1 + glo, - 1)
where q is the coefficient of material sensitivity to stress
concentration (it wvaries within the limits 0 <= g < 1).

The value of g is dependent mainly on the material
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proparcias:

Gray CAREE LEO@. i ieiehiiesseanaesai P et

High duty & malleable cast iron........ 0.2 - 0.4
Structural steala ....... 0000000 iia e = DB
High duty alloyed steels . ............ ..about 1

Besides, coefficient g may be determined against the

corresponding curves in Fig 4.1

"l B Lt
us_laqjd s | |
¥
tr& %//Ah{j -
/ ?;r-l
L s /— el — e

- 5
400 B0 &0 KGO JO0F M

Fig 4.1 Coefficient of steal stress concentration
Sensitivity. (Kolchin and Demidov, 1984},

When a part has no abrupt dimensional changes and is
properly finished in machining, the only Eacter eausing
stress concentrations 1s cthe gquality of the material
internal structure. Then, the effective concentration
factor,

K, - 1.2 + 1.8 x 107" (o, - 400}
where o, 18 the ultimate strength, MPa

The relationship between factors K, and K, can

be expressed by the experimental datca
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K, = (0.4 to 0.6)K,

When designing engine parts the effect of local stresses
must be minimized to add to the farigue strength. This is
cbtained by increasing the fillet radii in inside corners of
the part, by locating the holes in zones of low stresses
etc.

By the scale factor €, is meant the ratio of the
ultimate strength of a specimen of diameter d to the
ultimace strength of a standard specimen (dst = 10mm). For
tha values of factor &, for structural steels and high duty
cast irons, see Table 4.4

Tahla 4.4 Value of Scale Factors

| FRIT iR FL L, TE
ik LEE K d. i RE L R )

1 RSN L] BR8] TR SR L} 3 A%=0, %2 TR TY ™ (-3 % 11}

1.4 J B )L i LB Ll -0 T 3:38-DCT 3. TR=0CkI

% 1 I B~z
For parts IEEE than 10 om in size € ., and E" may

reach 1.1 - 1.2 { ., being €, in push - pull and

bending stresses, while €,, is €, in torsional

stress)
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Table 4.5 Surface finish or surface hardening
-
Surface finish or i = f". Surface flniash i = E.u
gurface hardening or surface
hardening

i Folishing without i shot b’_i.bl:lh.-g 1.1:- 2.4
surface hardening

2 Zrinding withouk 0.37 - 0.BS Aolling 1.1 - 2.3
surface hardening

3 Finish turning without .94 - 0oBE Carburizaticn n P ERR -
aurfaces hardenini Hardening

4 fough turning wlthout LA - 8,80 Hitriding 1.2°- 5.4
surface hardening

5 With no finishing and .78 - .50
aurface hardening

By the surface sensitivity factor €,
is meant the ratio of the fatigue limit of a spescimen
having a prescribed surface finish to the fatigue limit of
a sgimilar specimen having a polished surface. For the
values of factor €, = €., for various surface finishes,
gee Table 4.5.

To increase the fatigue strength, a high surface finish
is recommended, especlally near the concentrators. The part
of importance operating under severe conditions of eyeclic
stregses are usSually ground and polisnsa dng SOMeCimes
mechanically hardensed or heat treated.

With consideration for the effect of gtress
concentration, dimensions and guality of surface finigh, the

cycle maximum stress (MPa)

o s ulk!il'll {EIEH} .+ Ua
or
; A R PR e v s e B R A R e 38

and the safety factor:

When computing by the fatigue limit
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i = B, e F O] cvinsvsansmmmsansmsssssses a5

n = T.;_."r{:r.,: + ﬂrru}'

when computing by the yield limit

M = o Ul oo a) vorv s snaiius s wai S 40
o, = Tof (Tao + Tal

whers
Yo = ok, (€,€,,) and

Tac = T,/ (8.8..)
when in a complicated stress state the total safety factor
of the part jointly affected by tangential and neormal
sCLrecses

n = T TR T it (R 41
whera n,_ and n, are particular safety factors.

To determine a minimum total safety factor, the minimum
values of g, an@ it should be substituted in the
equation 41. Temperature increase affects the fatigue
strength in that the yield limit usually drops in smooth
specimens and speeimens with capcentrakore

The value of a permissible safety factor is dependent
on the material guality, strain type, operating conditions,
construction, acting design and amount of material used are

dependent on proper defining of the permissible strass.

4.3 DESIGN QOF CRANESHAFT

4.3.1 General
The crankshaft is a very complicated and strained

engine part subjected to cyclic loads due to gas pressure,
inertia forces and their couples. The effect of these

forces and their moments cause considerable stresses of



torsion, bending and tension - compression in the crankshatt
material. Apart from this, periodically Var}ing moments
cause torsional vibration of the sghatt with resultaﬁt
additional torsional stresses.

Therefore, for tha most complicated and severe
operating conditions of the crankshaft, high and diverse
requiremente are imposed on the materials utilized for
fabricating crankshafrs. The crankshafts material has to
feature high strength and toughness, high resistance to wear
and fatigue SsLtresses, resistance o impact loads, and
hardness. Such properties are possessed by properly
machined carbon and alloyed steels and also high duty cast
iron, Crankshafts of the Soviet made automobile and tractov
engines are made of steels, 40, 45, 45T2, 50 of spscial cast
iron, and tacse for augmented engines, of higl. alicy sces.d,
grade 18 XHBA, 40 XHMA and others.

The intricate ﬂhape of the crankshaft, a variety of
forces and moment loading it, changes in which are dependent
on the rigidity of the crankshaft and ice bearings and some
other causes do not allow” the erankshafe strength tEo be
computed precisely. In view of this, wvarious approximate
methods are used which allow us to obtain conventicnal
stresses and safety factors for individual elemeats of a
crankshaft. The most popular design diagram of a crankshafc
igs a diagram of a simply supported beam with on= (fig 4:2 a

& L) and ftwo (fig 4.2¢ and d) spans between the supports.

(Kolchin and Demidov, 1984),

a7
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(e) (d)

o SKA

€7

-+ Hp th =g
I B f |;| .
-—\_? Tt "-'nllﬁ'a.:ll
2ol oty 1_”&-&-:1
[

C5kg EF" J‘ ﬂﬁ rd
S k__-fc-sf'zg,j :

Fig 4.2 Design diagrams of Crankshaft (a), (b) Single span
and {¢), (d) two span
When designing a crankshafr, we assuma that: a crank for rwn
cranks) are freely supported by supports, the support and
force points are in the center planes of the crankpinsg and
journal the entire span (ane or two) between the supports
rapresents an ideally rigid beam

The crankshaft is generally designed for the nominal
operation (n = n,), taking inte account the action of the
following forces and moments (fig 4.2b):
(1) Kp =K + K=K + Ky .7 + K, are the forces acting on
the crankshaft throw by the crank, neglecting c:c:unl:erwei:g'nt,
where K = P cos (8 + Q) /[fCosg is the total force

directed along the crank radius, ¥ = -MEW' i3 the
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centrifugal inercia force of rotating masses; Kr c.r = -

Mc.r.c Rw* is the inertia force of rotating masses of the

connecting rod; K, = - M, Ew' is the inertia force of

rotacing masses of the cranks;

(2} Z. = Epth + 2P, and is the total force acting in
the crank plane, wherz P, = + M_, éw’ is the centrifugal
inartia force of the counterweighkt located on the weab
extension.

(3} T is the tangential force acting perpendicularly
wicth the crank plans;

{4) 2, = K';,th + P', are the support reacticns to the
total forces acting in the crank plane whers
K'".th = -0.5 K, th and B',, = - P,

{5) T = - 0.5T are the support reactions to the tangential
force acting in a plana perpendicular to che aranik;

{6) Mm.j,i 1is the accurulated (running on) corgus
transmitted by the design throw from the crarkshatt
NOseE |

{7} Mt.c = TR ig the corgue produced by the rac=ncial
force;

(8) Mm.j.(i+1) =Mmj,i + M,.c is the diminishing (running
off) torgue transmitted by tha design throw to the next
throw.

The basic design relations of the crankshafc elfments

needed for checking are given in Table 4.6
Tha dimensions of the crankpins and main journal are

chosen, bearing in mind the required shaft strength and

rigidity and permissible wvalues of wunit arsa prassure

exerted on the bearings. Reducing the length of crankpins



add ro rthe

and increasing ctheir diameter

and journals
crankshaft rigidity dnd decrease the coverall dimsnsions and

waight of the engine. Crankpin - and - journal ovarlapping.

{dm.j + de.p > 2R} also adds to the rigidicy of cthe
crankshaft and strength of the webs.

In order to avoid heavy concentrations of stresses, the
crankshaft fillet radius should not be less than 2 to Imm,
In practical design it is taken from 0.035 to 0.080 af the

journal and crankpin diameter, respectively. Maximum stress

concentration occurswhen the fillets of cranxpin and journal

are in one plane.

According to the statistical dara, the web width of

crankshafts in automobile and tractor engines varcies within

{1.0 = 1.:25) B for carfturettor ergines and (1.0% = 1:3Q}8B

for diesal engines, while cie web chickness, withain (0.20 -
(0.24 - 0.27)8B,

0.22)B and respectively.

Table 4.6 Basic Design relations of Crankshaft Element

Englnes 1/8 de.pfB lg.p/a" dm.1/8 St PN
Carburretor 0.,45=-0.60 i
[l 4

in = line 1.30=1.38 O,.§0=0.70 B,.45-0.85% Q.680-7 .80 G, T4-0 .84
Ves-Lype “
with

gannecting

roda

attached ko B.50-0.70
ons _

I crankoin 1.25=-1.35 o.56=0,68 0.8-1.9 B,83=0,75 .70=-0.64
Dlagal O .45-9.60
engines &
in-lins 1.25-1.30 0.54-0.75 2.7-1.4 0.70-4.,343 a,7%-0.35
Vea-ryps
with
canpacting
rexda
acttachaed Eo 3.50-0.8%
the
crankpin 1.47-1.5% | 0.6%-0.72 | 0.8-1.0 g.,.70-0.75 O,.65=0.66

——— e




a6l
" B (D) is the engine cylinder kbore (diameter); lc.p is
the full 1ength-mf a crankpin including fillseg,
#*  The data are for the intermsdiate and curer (or centre)
main journals.

4.31.2 UNIT ARTA PRESSURE. ON CRANKPING AND JOURNALS

The value of unit area presssure on the working surface
of a crankpin or a main journal determines ths condition
under which the bearing operates and its ssrvice life in the
long run. With the bearings in opsration measurssare taken
to prevent the lubricating oil film from being squeazad out,
damage to the whitemebtal and prematurs wear of the
crankshaft journals and crankpins, The design of crankshatt
journals and erankpins is made on the basis of the actlon of
average and maximum resultants of all forgss loading che
crankpins and journals.

The maximum (Rm.j] max and Rc.p max) and mean (Rm.j.m
and Rc.p.m} wvalues of resulting forzes are deternined £rom
the developed diagrams of the loads on ths crankpins and
journals.

The mean unit area prassurae {in MPa) is:

on thea erankpin

Ke.p.m = Re.p.mf(de.p [:r:.p]- {a2a}
on the main journal

Em.j.m = Em.j.m/(dm.j)(|m.j)} or

Em.i.m = R™m.j.m / (dm.j) (fm.F)oao.inn. (42b)
¥Where Rc.p.m, Em.j.m are the resultant forces acting on the
crankpin and journal respectively, MM, R™m.j.m is the
resultant force acting on the main journal whan uss is macda

of counterweight MN, dc.ﬁ and dm.j are the diameters of the
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crankpin, and main journal, respectively, K m; 1'c.p and 1'm.j
are the working width of the crankpin and main journal
shells, respectively, m.

The wvalue of the mean unit area pressure attains the
following values:

CATEUraEEOT BOGLITIEE « cv e e s s 6w e e 4-12 MPa

Dimeel SRGIRSE 0 iy aiaie @it e e ae i =16 MPa
The maximum pressure on the crankpinsgs and journals is
determined by the similar formulae due to the action of
maximum resultant forces Re.p max, Rm.j max or R™m.j max.
The values of maximum unit area pressures on c¢rankpins and

journals Emax (in MPa) wvary within the following limits.

In-line carburettor engines........... 7-20
Vee-type carburettor engines......... 18-28
Biggal Sn@ImEs L i S i e s e 20-42

4.4 DESIGH OF JOURNALS AND CRANEKPINS
4.4.1 Dezsign of Main Journalg

The main bearing journalg are compritad only  for
torsion. The maximum and minimum twisting moment are
determined by plotting diagrams or compiling tables (Table
4.7) of accumulated moments reaching in sequence indiwvidual
journals. To compile such a table use is made of the

dynamic analysis data.
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Table 4.7: Accumulated moments for journals
r—

0 Mm.j2 Mm. j3 Mm. Jj4 Mn. j5
(MH.m) (MN.m) (MN.m) (MHN.m)

0 o +310 =440 1]

10 =400 +890 =270 =120

20 =560 +860 =190 =260

i

The order of determining aceumulated (running on) moments

for in-line engines is shown in Fig 4.3.

The moments and torgues of

running-on

individual

cylinders are algebraically summed up following the engine

firing order starting with the first cylinder.

Hmjj HMmj2 MTcl

1y
=

L
7 - I\ _
Mm j1=0 Mmjl=brg Wen S Mmoo (= My L ®
& + M, =My o = ML
ML g2 Lt T b
Fig. 4.3 Determination of torques accumulated on

journals in-line engine.

main
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The maximum and minimum tangential stresses (in MPa) of

the journal alternating cycle are:

T s | S AL SO O s e e (43a)
P, = i o s B e O R P A PR E (43b)
Whera W__ , = w/ied’m.j[1-(5m.j/dm.j)}*] 4is the

journal moment resisting to torsicn, m', dm.j and &m.j are
the journal outer and inner diameters, respectively, m.

wWwith =,,, and Tain, Known, we determine the safety
factor of the main bearing journal. An effective factor of
stress concentration for the design is taken with allowance
for an oil hole in the main journal. For rough computations
we may assgume K [/ (g,.€.,.) = 2.5

The safety factors of the main bearing journals have

the following values:

CarBurat ol SOORIIED . o v e e o e i e e .3 - 5

unsupercharged diesel engines.......... 4 - 5

Supercharged diesel engines............ 2= 4
4.2.2 Design of Crankpins

Crankpins are computed to determine their bending and
tersion stressss. Torsion of a crankpin occurs under the
effect of a running on moment Mc.p.i. 1Its bending is caused
by bending moments acting in the crank plane M, and in a
perpendicular plane- M,. Since the maximum wvalues of
twisting and bending moments do not coincide in time, the
crankpin safety factors to meet twisting and bending
stregses are derermined separately and then added together
to define the total safety margin.

The twisting moment acting on the ith crankpin is:
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For one span crankshaft (see fig 5.04 and 5.0hb)

Mai P 4 s HEeiidoso PR sea ses ey E e s basa)
For two span crankshaft (see fig S5.0c and d)

Me.p,i = Mn. 3.4 = T, Reverane e ararereas (44b)

To determine the most loaded crankpin, table in compiled
(Table 4.8) shown accumulated moments for each crankpin.

cempubed

The associated values of Mm.j.1i aru{intu Table 4.8 from
Table 4.7 covering accumulated moments, while values of T'i or
are determined against tables involved in the dynamic

TJ

5
analysis.
The values of maximum Mc.p, i max and minimum Mc.p,1 min

twisting moments for the most loaded crankpin are determined

from data of Table 4.8,

Table 4.8 Accumulated moment for Crankpins
lzt Crankpin 2nd Crackpin Jeh Crankpin !
:Hc.pi= = O @ [MAFRC T K He,.p2= |Mn.j.L [T R [Mo.p-3 .
I Mm. {2 - i
-T' R | Mm 4 L
| 3 -
T, B
] - 180 =320 #455 +135 +590 =220 +370
aa = 140 =280 +1335| +105%5 -23590 -200 +21%0
a0 + 143 +285 +65ES +973 #1660 e LE +12 L7
0 + 158 +315 +455 +770 =-1215 =220 +1005

The extremum of the cycle tangential stresses (in MPa) are

Toas ™ Mo.pod max /M vieiiiinnnnannans. {45a)

Tows ™ Me.p.dmin/W, cvecaiincicnannnansasna (45b)
where

Wep, = m/l6d'm.j[1-( ém.j/dm.j)'] is the moment

resisting crankpin torsion, m',dc.p and fc.p are the outer
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and inner diameters of the crankpin, respectively, m.

The safety factor n, is determined in the same way as in
the case of the main journal, bearing in mind the presence of
stress concentration due to an oil hole.

Crankpin bending moments are usually determined by a

table method (Table 4.9)

Tabla 4.9 Crankpin Bending Moment

i a T K’ P th 1'5 1IE_Q H-: Hl H:.
a o a o #«13706 | #3956 | «182. | +4B3 =181 | =182

o

e [e] +2853 | +131.7 | #1212 #11595 | #1845 | +A4.9 | +388& =145 | =23
&0 +1636 | +75.3 + 70 +8d41%9 =1331 | =f1.2 | +#240 =90 =2
= Tw] =149 | =E7.5 =53 +8323 =1427 E6.6 +2315 -58 =14l
120 =2118 | =97.4 =50 +10011 | +261 +12.0 | +313 =117 | =207

The bending moment (Mn) actlng on the crankplin 1n a plané
perpendicular to the crankplane
O P S G e {46a)
where L = (Lm.j + Lc.p + 2h) is the center to center distance
of the main journals, m
The bending moment (NM) acting on the crankpin in the
crankplane
M, = 27 LJ/2 4 PooBevucsceonnasnnnnennnnns (46b)
where a = 0.5 (Le.p + h), m; 2, = K' Pith + Pcw, Pa
The values of T and K'p, ith, are determined against
values of the dynamic analysis and entered in Table 4.9
The total bending moment

M, = V(M + M)
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Sinca the most severe stresses in a crankpin occur at the
lip of oil hole, the general practice is to detsrmine the
bending momsent acting in the oil hole axis plan=s.

M, £= M.sin8 - M. cos8
where o, is the angle betwes=n the axa2s of the crank and il
hole usually located in the cencter of the Lleastc leaded
surface of the crankpin. Angle- 8 is usually detcermined
against wear diagrams.

Positive moment M, f:.*.enera.llr causes compr=35ion at the
1ip of an oil hole . Tension is caused in this case by
nagative momenkt M,.

The maximum and minimum values of M, ars destermined
against Table 4.9 or by a graphiecal marhod dirsctly against
the polar diagram of the load on the crankpin.

-R B maxl/2

Mymax = 3

__T.:‘D"‘l_m? + Kp,th,a'cesB; |

2

= M. 8inB - Mca'cosd

-RBminL/2

min =
M 2

-Tisin® + Kp, th.a'cosh |
2

/2



M_.8irB - M, a"%cos0

where

Mari{a’') = 1/2T siary = LI20-Turayy and

M.,a‘{a'’) = 1/2k,ch,a’'{a'’') = 1/2(-kp,th,a'{a’"'))/2
when use is made of counterweights, moment Mk must be added
ta the moment occuring due to counterweight inertia force
Pew ard due to its reaction Pcw,

By =ha waluss 3f Mmax and Mmin thes ocbtained

determine | the extremum values of the bending stressss in

the crankpin.
omax = M-l-max-"rw-ln.p and Foin = I'I-:rn:nl'lrwh.p --------- (49)
where

W = 0.5W,.,

az.a

Bending safety factor n; and total safety factor nec.p
of the crankpin are determined by the formulas given in
Section 4.2

gafety factor nc.p

Automobile engines. .. .... o R L S e pEud = 30l
Tractor engine|. . i e e P R e 3.0 = 3.5
4.4.3 DESIGHN OF CRANKWERS

The crankshaft webs are loaded by complex alternating
stregsses: tangential due to torsion and normal dus to
bending and push-pull. Maximum stresses occur whars the
crankpin fillet juin; a crankweb.

Tangential torsion stresses are caused by a twisting
moment

M., = ol e A R S N e {éﬂ]

The wvalue of T'max and T'min are determined in Table 4-8



&3

The maximum and minimum tangential stresses are determined

by the faormuilae.

Tmax = M, max. /W, and
Tmin = M.  min/ W,
where W,, = Ubh?® ig cthe moment resisting te twisting the

rectangular section of the web. The wvalue of factor U is
chosen depending on the ratio of the width b of the web

design section to its thickness h, Table 4.19

Table 4.10 Web design Section
Bk b L& VT K8 3 T4 -5 o ] (-1 o ||
L T ] @1 T ] [ T¥ T 28T 0. 3T -3 G o= Ars I

Tha torsion safety factor-n,. of the web and facotors K., g,
and €,, are to be determined.

In rough computations, K,/le,e.,) = 2 at the fillets may
be taken.

Nermal bending and push-pull stresses are caused by

bending moment M, ., N, (neglecting the bending causing

minute stressas in a plans perpendicular to the crank plane)

and push or pull farce P, N,

Me.

0.25(K + K, + 2F.)1m.J

Py,

n
o
an
£
+

£

Extreme values of K are determined from the dynamic analysgis

table (Kr and Pcw are constant), and maximum and minimum

normal stresses are determined by the equation below:
gmax = M, max/W, + Pmax/F,

I'th.uminl'llwaq + Pumiﬂ;'ll F,‘

o,min

where W,, = bh'/6 is the moment of web resistance to the
bending effect, F, = bh is area of design sectiocn of the

web,



70
While determining the web safety factors at normal
stresses n, thes factor of stress concentraticon in tha
fillets is defined from tables or is taken depending on the
ratio of the radius of the crankpin - to - web fillet ta thas
wabh thickness,
Figure 4.4 shows K. /(e,€.) wversus r,,/h. Tam total

safety margin n, i3 determined

n, = nn A Iin%, + n,
Avtomobile' enQineR. . ..ss i remesra not less chan 2.0-3.0
TEARESY BINEE e e T SR e 3.0-3.5
Esx || |
:||| I
2 B
L

1 =
8RB0 018 0w tish

Fig 4.4 k./(e,¢,,) versus ;/h
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CHAPTER F
5.0 PARAMETRIC MODEL SHAPE FOR FOUR CYLINDER ENGINE
CRANKSHAFT
- 7
ORI _
e— =2 —_— //,' =
[ >
- {
I i,
l__=_ﬂ
-
Fig 5.0 Parametric Crankshaft model shape )
Notes
T:: Main Journal
2. Counter weight
3 Crankpin
4. Main-journal diameter (dmj]
1o Crankpin diamscer [(dcp)
b. Crankweb
T lcp = Length of crankpin
8. imj = Lengch of main journal
5.1 Weight Analvses of each Section of the Crankshaft
{al One crankpin weight = vd’cp x |.c.p o9
4
4 crankpin weight = ad’cp x  |.c.p pg
(b} ©One main journal weight = md'mj (.m.p gg
4
5 main journals weight = S5wxd'mj [.m.p gg



(e} Ti.re are 2 filler holes per crankpin

weight removed from a fillec hole

= "r'p  egdcp

=====3» far 9 filler holes on the crankpins, weighc

removed = 8nr,padep

{d} There are 2 fillet holes per main journal
weight removed from a fillet hole
= wele, dmj og
==+ For 10 fillet holes on tha main journals, woiight

removed = 10wr?,;, dmjeg
i) There are four crankwehs withour counterweight

T

S
T —

Assumption, Crankweb is an ellipse. (Kolchin and Demidoyv, 1984).
Ar2a of ellipse = wab
4
where a = major axis

b = minor axis

Major axis = a VV,
Minor axis = b = BE,

Abbott (1976)

T2



T3

In che above

A = 2R iMajor axis)
B ='Db (Minot axis)
o, = Radius of centre of gravity of wab

waight of crankwshs (4) without counterweaight
= [1/4mab)h x 4

= m(ZR}bh

{F! Therr are four crankwebs with counterweight

]

e Ak e T ML

(Keat's, 1%50)

2 Area (A) = A, * A,

whers A, = Area of a counterwesioht
A, = A - A,
A = g x 7r
ia0
A, = 8 x yrr?
160
A, = A - B
= 8ol ek

360

How
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gin o/f2 = RfZ2E,
af2 - sin™R/2r,
o = 28in™'R/21,
B o+ o - 180"
a = (180 - 2ein'R,/21,)

Totcal wolume for crankwseb and the counterweight wvolume

- (m2R}h x 4 * Bw{180-28in”'R/2r,) (2* - T
4 il
Weight = (#2R)bBh  + #{180-2sin™R/2r) (£* - /)
45

Tocal weight of Crankshatc
= waight of crankpins + Weight of main journals + Weight

of cranxwebs aml the counterweights,

M= wndlc.px [.C.peg + 5/d4md’m.j.1.m.jpg

+ [t2ar)bh + wi180-2zin'R/2r) (! - %] pg

45

- 2R 4die.p « SAmY) 8. L0 v s eadn R e {54)

[Rs]
T

Formulation of the Crankshaft Design Problem
Te formulate the problem of designing the crankshafc
tha following notation and data for high duty cast iron
By 40-10 ave assumed (Kolchin and Demidov, 1984).
1. Maximum unit area pressure on crankpins
ko.p max = 20 MPa
2. Maximum resultant forces on crankpins
Re.p max =-18,451 N

3 Maximum Unit area pressure on main journals



Km.j max =, 20 MPa

4. Maximum resultant force on main journal
Em.j max = 10,770N
K. Maximum bending stress on the crankwebh = S0MPa
6. Radius of the crank, R = 39mm
7. Fillet radius, r,, = 3Imm
8. Maximum tangential stress of sign alternating cycle,

T max = EOMPa
- Maximum twisting moments of most loaded crankpin,
Mc.p max =, -88Nm
10. Extreme point of web rotation with counterweight,
r = Thmm
11. Extreme point of web rotation without counterweight,

Y. = B9mm

i

The six design variables for the problem are definsd as
de.p = Crankpin diamster {(m),

dm.j = main journal diameter (m),
le.p = crankpin length (m),

Im.¥F = main Journal leogth (m),

b = web breadth (m) and

h = web thickness (m)

For crankshaft in full operation the maximum unit area
pressure constraint on each element should be imposed. We
have the following design expression for the crankshﬁft_

Cost function. The problem is to minimize the weight
of the crankshaft (mass x acceleration due to gravity) which
is deduced as follows:

The Obj ; Cost F " e che Crankakaf
Minimize (M) = rdc.p x l.c.peg + S5/4rd*m.jxl.m.jug
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+ [(27R)bBh + r{i80-2sin?*R/2,) (® - %) ]1og

= ETI"-L'E,]

Whers
M =1
de.p =
dm.] =
la.p =
lm.j =
e 2
g =
b =
h =
i -]
Y =
Teit =

45

2{ad.ec.p + S5dmi) gg

Crankshaft weight

Crankpin diameter

main journal diamster
crankpin length

main journal lenjth
material density
acceleration due to gravity
wzb breadth

web thicknsss

=

extreme point 5 weh rotAL1on wikh
counterwaight (75mm)
extreme point of web rotation without

counterwaighc = 65%mm

fillet radius

Subjeck ko Ehese constraints on the different elements of

the crankshafb

Fc.p max = Re.p max Crankpins
F— constrainkts
de.p (le.p - 2rg,)
dep min = de.p = dc.p max
le.Pas = le.p = lc.p max
Kc.p max = Maximum Unit area pressure on Crankpins
Rc.p max = Maximum resultant forces on Crankpins.
2. Km.j max = REm.j max Main journal
constraincs

dm.j min s

dl‘[l.j {lm.‘j o Erf“.'!

dm.j = dm.j max



6.

1m-jr.|.:r|. -

Km.j max

BEm.j max

O max a

amax =
bmin s
hmin =

lm.jmin

dm.j +

0.035 dm. ]

Tmax =

Tmax =

Mc.p max

dcp min =

¥ s
im.J = Im.j max
= Maximum Unit area pressure On main
journals

= Maximum resultant forces on main journals.

0.75 Rc.p max x 1m,j Bending fatigue
strength
bh? crankweb
congstraints

breadth of the web section through the
primary fracture path.

thickness of the webs section through the
primary fracture path

maximum bending stress on the crankweb

b s bmax

h s hmax ,(é(

s lm.j s lm.jmax l\_.

de.p » 2R Crankpin and journal
overlapping constraints.

Radius of the Crank

£ Ty s 0.080de.p stress concentration
constraint.
16 |Mc.p max| Torsional
vibration
rd’c.p constraine,

maximum cangential stress of sign alternating
cycla
= Maximumtwisting moments of most loaded

crankpin

dc.p = doc.p max
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5.3 Dimensional Limitations

B = Cylinder Bore stroke
for carburettor in line Engine
B = (60 - 100)mm

Eelative dimensions of crankshaft engins are:

(i) Le.p = (0.45 - 0.85)
B
== LE.P = I:ZT - 55} mimn
(11) Im.] = [D.45 - 0.ad)
B
==sm LE.F = {27 = EU] TI'I].T’I_
(fx1) b = (1.8 = 1.:25)
B
=== b = I:Eﬂ - 125] TR
{iwv) [ = (820 = o -22)
B
=== h = [13 - ‘23} 'ﬂ'l['l!‘l
(v} de.p = (0.60 - 0.70)
B
sans doO.p = (36 - 70) mm
(i} dm.j = (0.60 - 0.80)
B

ET-T- %3 ﬂ‘m.j = (36 BQ) mm
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5.4 Ear for Crank
duty cagt Irom BY 40-10 " ii-ee
(Ll Ko.p max = 20MPa
Foc.p max = LB451H
{1£) Km.j max = 20MPa
Fm.j max = 10770N
(iii) oA s 90MPa
{1} R = 3 8mm
dm.j + dec.p = 0,078m
(v Iyp = 3 X% 107m
{wi) Emax = a0MPa
Mc.pmax = SBANT
{wii) x = 7 Smm
{wiii) - 7% = & Smm
Now let

do.p = %

dm. 3 =i

1c.p = 3,
.3 =K
b = p o
h = x;

tcrankpin diamater)
{main journal diameter)
icrankpin lengich)

imain journal length)
{web breadth)

(web thickness)

Substituting the paramsters in the optimization prcblem, we

have.

Minimize (M} =

7egldic.p x l.c.p + 5/4md’m.j x 1.m.j

+ [(Z{2ZR)Dh + r{180-28in™R/2x,) (* - /)]

45



BO
- 27, (4d.e.p + 5dm3j})
becomes
EiX) = (3,75, + Sfas,Mx, +({2{0.079) % %+
(180 - 2=2in'0.03%/0.138) {0.075" - 0.06%)
- 2(.003)% (4%, + 5x.)}
S i [ gy ovvvnns-%gl
£iX) = {2, %%, +1.35x%%, + 0.168Bx;x; -7.2 x 10"k,

- 9 % 10%, + 0.0028})

subject to the constraints

18451 - 20 x 10°
2 i =

x,lx, - 0.008)

10770 - 20 x 10°
g, = P S

."-t;lil"f.. . G.QD'E:I

13838.25x%, - 20 x 10°
=4 = S

X 027 )

9 = 0.078 - x; s o
g, = -0.003 * 0.035%, = o
gy = 0.003 = 0.08x, = 0
g, = 2995 - 60 x 10° = 0




a1

Limiracion on the values of the variabhle

2,038 = X, 5 0.070
0.0316 = ®, = 0.080
g.027 = - = 0.0&85
0.027 s X, s 0.060
0.0a80 < *s = 0.125
g, 012 = X, % 0.022
where %, = 0.

The solution to this optimization preblem iz as

presented in the Appendix (B].
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CHAPTER SIX

6.0 REESULTS AND DISCOSSION

6.1 Analysis aof Besult

Tha summarized report revealed the following:

L The Optimum values for sach wvaribale
X, = 0.04216%911 m {crankpin diameter)
X, = 0.03500000m imain journal diameter)
X, = 0.02930594m {erankpin length)
¥, = 0.02700000m (main journal length)
¥, = 0.05000000m (web breadch)
X, = 0.01200000m {web thickness)

These are the optimum wvalues for the wvariables used to
describe the crankshaft model. The above <waluess still
complies with increasging the crankshaft rigidity and
decreasing the overall dimensions and weight of the engine
through reducing the length of crankpins and journals and
increasing their diameter.

*The optimum values enable us draw the crankshafc in

standzid foxwm.
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Gil.2, The objective function coefficient for each design
varizble has the minimum and maximoum it can assume and still

recain the normal weight level.

T e Constraints Status

This is a critical decision to the design.

A, Crankpin Constraint

The status of the Crankpin constraint shows that it is

accive or tight, 41.e. it 18 & binding constraint.
Therefore, it must not be altered so as not to affect the
functional performance of the crankpin, there is no slack or
surplus for this constraint.

B. Main Journal Constraink

The status of the maln journal consgtraint is loose or
inactive, and as such it has a surplus of 0.1%155003 over
and above the computed. This implies that it allows a
variation above the value,

C. Crankweb Constraint

The status of this ;nnﬁtraint aleo indicates Llian 2l L&
loose or inactive. Hence it can permit a lesser variation
of about 0.588163197 to still achieve our optimum objective,
D. Crankpin and Journal Qverlapping Constraints

The gstatus of the crankpin and journmal overlapping

constraint showse that it is tight or active. Hence.it is

strictly binding and hence the surplus or slack indicates

Zero.
B e f :
1. In respect of the main journal diameter, the status is

lonse and therefore can tolerate a lesser wvariation of
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up to 0.20459880.

2 In respect of the crankpin diameter, the srtatus is ais:
loose and therefore can accomodate a surplus of up to
0.11177664.

F. Torsional Vibration Constraint
The Status of the constraint shows that it is loose ard

hence, it can tolerate a surplus of up to 0.31262735.

E. The status of the eighthconstraint i3 tight bsacause it

ig an added constant variable of magnitude egual to ane.

6.1.4. Shadow Price
This shows how much the wvalue of the cost function

would be affected if any of the constraint level is

increased by a wunit guantity. It i3 0.00003021 and

0.0001182%9 for the binding constrainks (1) and (4) and zero

for the rest. This indicates that any sligat changes ia cha

tight or binding constraint would increase the weight of che

crankshafc,

6.1.5. Crnvargancs

A alggrithm ig sald ro be convargent IiF 9 vaashas 5

minimum peoint starting from an arbitrary design.

Eegulcs of each direration ¢

It=ration 1

New obj (Min) = 2.7394596E-03 + (0.1129451 BIG M)

Iteration 2
Mew cbj. (Min) = 2.801778 E-03 + (5.373595 E -02 BIG M)
Iteration 3

New Obj. (Min.). = 2.827984e -01
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Itaration 4

New obj. (Min.) = 2.B08126E -03
The result of iterations revealed that iC is a convergent
algorithm which arrives at the minimum at the £fourth
itsration.

The formulation of this optimum design has all the
constraints either active or inactive. Perhaps, any of the
constraint is +wiclated, then the potential strategy
constraint approach could have been the most efficient way
to handle the problem. Another method 18 to use the descent
method of approach to adjust the violated constraints uncil

a feasible design is arrived at.



CHAPTER SEVENW
7.0 RECOMMENDATIONS AND CONCLUSION
7.1 RECOMMENDATIONS

It is needful to suggest certain recommendations
consaquent upon the deduction from this research work.
Various categories of people would actually benefit from che
recommendarion whilé actualising them such as automocive
engine design Engineers, local fabricators of crankshafct,
local designers, on how to make design decisions that are
reliable, cost effective and with adeguate scrength.

Also, the information would furnish Nigeria's foundry
industry’s design and drafting engineers with initial
information on cthe preparation of the manufacturing drawing
of crankshafts.

Soma of these recommendations includa:
fal Approaching thElnptimum design through stress analysis

instead of maximum unic area pressure on the elemants.
(b} Trying wvarious other approaches.in which some of the

constraints could be redundant or viclated and employ

gither the potential constraint strategy or descent

function to solve the problem,

(e} Developing a CADD automatic manufacturing drawing that
would take care of machined and unmachined surfaces
togecther with any special treatment reguired during che
machining uperaéiuns for the crankshaft.

(d) Since the facter in ‘e’ above, that is preparing a
casting drawing which will ‘make’ the machined
crankshaft is that of the crankshaft dezigner, ir is

therefore believed that the work could be expanded for
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a PFhD work in the future.

Escablishipng a National gand International TLink with
Autgmotiv dustriasg gigner

It is pertinent to mention that the Institutions downhere
especially the Mechanical Engineering Department, FUTA,
cannot boast of having enough computer outfit especially
those related to automotive Engine design; a link could be
made with both national and International automotive
industries, as well as automotcive engine designers to secure
usaful information and CADD outfit to use for design
purpose.

This proposal could also be a bage for the developing
Nigerian automotive industry to achieve rapid growth in this
area.

Moreso, students/supervisors handling such related
projects should be linked with relevant industrial get up
for assistance and practical exposure,

7.2 Conclugion

Major effort oo this projecl wolk Was Luwaids swuay siid
the analysis of the dssign of internal combustion engine
crankshaft and modelling the design for optimization.
Formulating the objective or cost funection for the
minization problem and establishing the necessary
constraints based on the wvariables and parameters for the
problem and employing an effective optimization method to
solve the design, using a computer aided approach.

The above was achieved by first identifying the most
important variables for the Crankshaft model. These are the

crankpin diameter and length, Main-journal diameter and
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length, web width and thickness.

Then, through search, the parametic medelling was
employed.

The crankpin and main Jjournal were Ctaken to be of
aylindrical shape, the erankweb was taken to be of
@lliptical shape bearing in mind the fillet Hnles affetct on
the design,

The most teething constraints were identified on first
the elements of the crankghafr, that is, the crankpin, main
journal and crankweb, using the maximum unit area pressurs
approach. Also crankpin and journal overlapping has teo be
in a prescribed range for the strength rigidity of the web.
To minimize the stress concentration along the £illet hole,
it must have a definite relationship both with the main
journal and crankpin diameter.

Moreso, torsional vibration has a significant effect on
the crankshaft performance and it was also taken ag cne of
the constraints.

The relative dimensicne of the cramichzSt cngine was
sought out, from the cylinder bore strocke for carburettor -
in line Engin=, and how this related to the ocher dimensionsg
of the crankshafb elements.

Using a high duty cast iron BY 40-10 crankshaft type
for a four cylinder internal combustion engine type, thes
parameters for our problem were established.

The work continued with the establishment of a
necassary optimization procedure for analysing the problem,
ranging from the cost function formulation, constraints

formulation, dimensienal limirtations, normalization of the
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set of constraint eguations and then linearizaticn of the

problem to arrive at the Linear Programme salvable k- any of

the already existing software algorithms.

The guantitative system for Business Plus Software

Packace was employed to solve che LP problem waich was

developed with the Basiec Programming language.

(al

§ =}

(e}

{d)

It helps to employ optimization method to solve
practical engineering problems in the automobile
industry.

It provides assistance to the developing automobile
industry in Nigeria to achieve design aims, especially
in crankshaft design vis-a-vis modern method.

It furnishes 1local fabricators and crankshaft
refurbishing firms with useful information for improved
performance.

It aids local designers on how to make design decisicns
that are reliable, ecost effective and with adequate

strength.
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APEEMDIX A
A, Numerical Methods for Constrained Qptimum Design
The numerical methods or primal merthods te' direeccly
solve the original constrained optimization problam take the
following procedure.

Ay Froblem Formulation

Figd X = (XL .5 ... ; Xn) a design wvariable vector of
dimension n, to minimize a cost function.
E=F (%) +ovvvrermronrnsnnnnnrs {55.1)
gubject cto che agquality constralnts
B (%) =0 d =1 B8 B orevnmos |55.2)
the inequality constraint
k) 20 E & Y LD {55.3)
and explicit bounds on desion var iablasg
Mol E Xy AOmE F o8 LUBermgiesssserered Dasn a
where Xy ANl xR ar|e ragoestieadaeitih,  Lowss
upper limit wvalues for the ith design wariable, x

B, Bagic Concepk and Tdeas

Numerical matheds for constrained problems are based on
the following iteratiwve prescription.
Vector form:

3 et 2 . o™ .. ......[55.5)

component form:

xi_““-ﬂ 4 x_lli:l & M[:”:

[
1
e
o
e |

K = iceration number

i = ith design wvariable

93
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%' = gtarting design estimate

'™ = pgmall change in cthe current design

Now
A™ = 7 TG Ny o0 L (55.7)
whaera d'™ = desirable gearch direcrtion
e, = positive scalar called the step size.

A, Search Technigques or direct methods of Cotimization

Step. 1:

Sbap 2

Step 1:

Step &1

Step 5:

Estimate a reasonable starting design X'"" get the
iteracion counter K =«
Compute a ssarch direction 2™ in thes design

space. This calculation generally recuilres cost

function values and its gradi=ancs for
unconstrained problems, and in arddition,
senstraint @ fupavicns @nid: théi=D graillapkEy a2

constrained problems.

Check for convergence of the algorithm. b il
has converged, terminate the iteratiwve craocess.
Otherwise continue.

Calculate a peositive step size

Calculate the new design as

xrh.n.j - xﬂ:l $ ﬂ'hﬂl'”_+.-.q.,-:55-a}

set KX = k + 1 and go to step 2.

A, Dascent Step Idea
E(x®) = | AR e . (55.9)

gubstitute x™Y in equation 558

Elx™) ¢+ gd™ < A S A S {55.1a)

Elx™) + od™
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- Fi™y  § g le™ g™y < £y iLLlz {55.11)
whara
pathl E (x5} o O {_5-54.1]
bug

A (e MY e ey o (55.13)

H'l'.‘-'-h‘, E].‘ > 0

Ay Convergence of Algorithms

The central idea ©behind numerical mathods of
oprimizacion is to sesarch for the ogptimum poin- in an
iterative manner generating a seguence of designs, It is
imporcant to note that the success of a method depends on
tha guarantee of convergence of the saguence to the cptimun
point. The property of convergence to a local ocptimum polint
irreagpactive of the starving point 25 oalled glabal

convergance of the numerical methed.

A Rate yvergsences

In practice, a numerical n2sthod may take tog many
iterations to reach the optimum poinkt. Therefore, it iz
important to employ methods having a Ffaster rate of
convergence, Rate of convergence of an algorithm ig usuzally
meagsured by the numbar of 1iterations and function

evaluatrion to obtain an acceptable solution.

A, Four basic steps in algorithm analysis

1. Linearization of cost and constraint functions.

2. Definition of a search direction determination

gubproblem using the linearized cost and constraint
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functions.
3. Eﬂlut?nn of rthe subproblem which gives a gearch
direction in the design space
4., Calculation of a step size to minimize an appropriate

descent function in the search direction.

A, in t t a Desi Point

The precise definitions of the status of a constraint
at a design peint are needed in the development and
discussion of numerical methods.
Active Constraint: An inequalirty constraint g,(x} = 0 is
said to be active {or tight) at a design point X'™ if ir is
gatisfied ags an eguality at that point, i.e g (x'™) = 0.

Inactive Constraint: An inequality constraint g, (%) = 0 is

gaid to be inactive at a design x'*' if it has negative value
at that point, i.e g {x™) =< 0

Vioclated Constcraint: An ineguality constraint o, (x) s 0 is
said to be viclated at a design point X™ if it has positive
value cthere, i1.e g;(x™) > 0. An Equalicy CONSCralne o (xj=0
ig wiolated at a design point x™ if it has nonzero value
there, i,e. h (x™) = 0. Therefore an equality constraint

is always either active or vieclated for any design point.

A., Constraint Wormalization

In numerical calculations, it is desirable to normalize
all the constraint functions.

For example, consider a stress constraint as

a = g, O &4 -4, = 0

and a displacement constraint s



& = fi, ‘Br ] - &, =0
where
g = calculated stress in a member
d, = an allowable stress {working stress)
J = calculated deflection at a point
5, = an allowable deflection

We can, however, normalize the constraints by dividing them
by their respective allcowable values to cbtain the
normalized constraint as
Bo=-1.0 = 0
where B = ¢/0, for stress cmnstrainc

and = §/6, for deflection constraint

4. Lipearization of the Constrained Problem
Lat X*™ = design estimate at the k™ itsration
& = change in design
Taylor series expansion for cost and constraint eguations
are:
Minimize £{x™ + &% = £(x™) + ET{x™) W™
subject to linearized equality constraint
hy (x™ + &™) = hy(x™) + W (x™)Ax™ = 0
1= 1 o p
and the linearized inequality constraints
g, (x™ &+ Ax™) = 'Hri-'-'lmil + Vg, (x™)Ax™ < 0
i =1 to m.
where UL, Wy and ¥g; are gradients of the cost function,
jcth equality constraint, and jth inequality conscraint

reaspactively.



98

Some Simplified Notationsg:
cost function walues at the current design point x'™

£, = B R e O S J85.13a)
negative of the jth eguality constraint function wvalue at
the current design pﬁint 1

e = A AP i s i (55.13k)
negative of the jth ineguality constraint functions valus at
the current design paint x'™, i.s derivative of the cost

funccion with respect to the irth design wariable x,

c; = e e s (55.13d)
ith component of the gradient of the jth equality constraint
at the current design point x%, or derivarive of the jth
equality cﬂnstraint.functinn with respect to ith design

variable x;.

VI R . 10e o I S [55.13e]
ith component o©of the gradient of the jth inegquality
copstraint at the current design point X™, or deriwstrism of
the j** inequality constraint function with respect to ith
design wvariable x;.

Ay =A™ ddEsn e rmarnan I55113F)
d is the n dimensinﬂﬁl design change wvector or the search
direction

R e Ay e (55, 13g)

Using the above notations, the approximate subproblem is

defined as follows:
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il
Minimize £ =Y c;d, (f=¢c"d) (55.14)
I
Subject to the linearized equality constraints
a
Y ond, = ey F=1-p, (N = &) (55.14a)
1

and the linearized inequality constraints
i
Yayd s by J=1 tep, (ATd s b) (55.14b)
I

where the columns of the matrix N (n x p} are cthe gradients
of equality constraints and the columns of the matrix (A& (n
x m) are the gradients of the inequality constraints. HNote
that since £, is a constant which does not affect solutcicn
of the linearized subproblem, it is drcpped. Thersfore, £
represents the linearized change in the original cost
function.

Let n'' and a' represent the gradient of the j*™
equality and j** inegquality constraints respectively.
Ther=fore they are given as

At = (8hy/8x,, 8h, /8%, ... ... B TS iy (55.15)

altt = (O, /0y, S /0%y «oau s DGRy i {55.16)

The matrices N and A are also given as

N = Y o T L T e e e R {55.18)
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APPENDIX B

Splution to the Formulated Problem

- 9 % 107k, « 0.0028).....4.., {55.1%)
gubject to the constraints
18451 ~ 20 x 10 < 0,....(55.1%a)
LI =
x{x, - 0.0086)
10770 - 20 x 10% =0...... 155,19Db)
g, - P
.?1:.1'3'.4 = ‘Dr‘DI:IE:I
13R3A8.25x, =80 % 0% w Do0lL (55:.13c)
EJ L ——— ’,1
X (%7) Y
e
o
' ( :'
g, = D0.078 % = By & Beae. (§5.39a)
5 J-'F_.
g, = -0.003 # DNEE. £ B {55 .19e)
g, = 0.003 Gofibag = Beasaeoredimes (55.19F)
2995 LR e e VR e A (55.19%g}
=) =
x;’
Variable bounds
0.038 = x, = BMVTREAE o e gt syt e {55.19h)
0.038 = X, £ R L e o {55.151)
0.027 = Xa s U B s e e (55.193)
0.027 = K, & Lk = o R P o A R (55.19k)
0.060 = Hy s ¢ B e B e e en L P 155.191)
0.012 - x, = i B R O R R N e (55 .19m)

[x % = 1.25x%%, + 0.158x%x.», - 7.2 x 10°%%,
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Va3,

Va5

181
d Fo
. 2255 x 10"

q, = s o B e e e e [55.19n)
}Ei‘:x! = ﬂ', DEE]

5.385 x 197
- = e (o =3 - PP 155.19p)
x (%, — 0.006}

1.5376 x 190

g, = i R - R e R o {55.194g)
%, (%, - 0.006)

g, = ~12.82%, - 12.82%, + 1 = 0....(55.19x)
g, = YT T, R (55.198)
g, = S o R v TS R e [55.19¢)

4.99 x 107
(a8 = o R e e s (55.190)
3*,"

The gradient of the cost function is as follows:

VE = [2x,x, - 7.2 % 105, 2.50x;%, + 0.158%, - 5x107F,

x.*, 1.25%;% 0.158x,, 0.158x]

The gradients of the constraint functions are as

follows:
[-1.8451 x 107, O, -1.8451 x 10", 0, 0, 0]..(55.20a)
x {x, - 0.0086} x {x, - 0.006)°

[0, -1.077 x 102, 0, =-1.077 x 107, 0, 0]..{55.20b)

%, (%, - 0.006) % (X, - 0.006)°
[0,0,0, 1.5376 x 10°%, -3.075 x 10%x,, -4.513x107%x,]
 Hr X %, A A

......................... {55.20c)
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W, = (SR, LA 0, 0,0, 0) s v (55.20d)

V3, = (0,210,667, 0,0,0,0] . 0 vueeresennen e {55.20a)

g, = B T O O T G G R (55.20f)

Wy, = 1=1.996 = 10°%,. 0, B, D, 0 0) i {55.209)
x,*

Linearized Form

£ix) = E{x'®) + VE. {x - xI0)

Starting Design Point

Gt — {D-U4Eﬂ,ﬂ-UEUG.D.ﬂEﬂﬂ,ﬂ.ﬂEED,ﬂ.ﬂ?E,D.DlE]
For Cogt Function
- = 3.160 x 10 + [2.616 x 107 €.254 10 2.304 i 10°*

3.12% x 197 2.844 x 107 1,701 % 107

My - 0.04E
x; = 0.050
x5 - 0.028

> D.028

Xs = 0,076

X, - 0.018

The constraints’ status

£ 3.160 x 107 + [2.616 x 107%, - 1.256 x 10* + £.254

x 107% - 3.127 x 10™ + 2.304 x 107x, - 6.451 x 10°°
+ 3.125 x 10%, - B.75 x 10°F

* 2.844 x 107%, - 2.161 x 104

+ 1.201 x 10°%, - 2.162 x 10
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£ ™ [2.137 + 2.616x, + 6.254%, + 2.304x, + 3.125x%x, +
2.844x, + 1.201x,] x 107,

The constraints’ status

b, = g )y = 0.113 inactive
b, = ~g, (x') = 0.51 inactive

= A ety = 0.B3 inactive
b, = -g, (x) = 0.26 inactive
b, = gz {x'") = 0.042 inactive
b, = “g (x') = 0.28 inactive
b, = -g, (x'") = 0.55 inactive

The gradients of the constraint functions

Wy, = (-36.401 0 -76.244 O 0 o)
vy, = (D -19.582 0 -44.504 O 0]
H, = (@ D 0 6.244 -4,601 -29,141)
Vg, = (-12.82 -12.82 0 0 0 0)
Vg, = {0 11.667 a o ! o)
W, = {-26.667 O 0 a 0 o)
W, = {-37.601 0O 0 a 0 o)

:u I i i E i

gix) gxc{ ) + Vg . (x - x')

(1) g = -0.13 + (-26.401 0 -76.244 0 0 @)
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[T %, = 0.0480" |
x, - 0.0500
H_-, - ‘D.EEBG
% - 0.0280
x - 0.0760
%, - 0.0180
A =
g, = 36.401x, - 76.244%; = 3.752 5 0
(2) g5 = ~E.EL o+ (O =12.582 0 -44 504 4
C x, - 0.o0480 |
¥, - 0,050
%, - 0.D280
% - 0.0280
%o - 0.076
| - 0.018
T = =15 . S8Ed. = 44 S0dw o+ 1 715 = 0

(3} g, = -0.83 + (0 0 0O 6.244 -4.601 -29.141)

q'xl - 0.048

Xy o= 0.050

i 0.028

Xy e 0.028

X - 0.076
% = 0.018 |

===> g, = 6.244x, - 4.601x% - 29.141x, - 0.131 =z 0



(4) g,

{5) g,

{6) g,

E

1]

R

-12.8

-D.042 + (0O

11 .66

=0.28

1405

(-12.82 -12.B2 ©0 O
%, -  D.048
o - 0.050
%, - 0.028
x, - 0.028
K, - 0.076
X - 0.018
2x, - 12.82x;, + 0.9%59%
11 .8867 Q Q
x, - 0.048
X, - 0.050
X, - 0.028
x, - 0.028
Xq = D.076
X, 2 0.018
Txy 5 LLEE T =
+ (=26.667 o 0
i D.048
%, - D.050
X, - D.028
X, - 0.028
e & 0.076
- s = D.ﬂl% B
-26.867x, + 1.000 =

0

LER S

Q)



106

(7) g, = -0.55 + (-37.601 0 0 0 0 O}
T 0.048
x5 = 0050
X, - 0.028 |
w, - 0.028
r - 0.076
X, - 0,018 1
e R -37.601x, + 1.255 s 0
Summarized Form
£ & [2.137 & 2.616%, + G.254x, + 2.304x, + 3.135%,

+ 2.844x%;, + 1.201%x.). x 107

subject to:

g, = -36.401x, - 76.244x, + 3,752 = 0
g, = -19.582%, - 44.504x%, + 1iFLS = 0

g, = 6.244x, - 4.801x, - 29.141x, - 0.131 =0
g, = -12.82%, - 12.82x, + 0.596 = G

g = 11.667%, -~ 0.625 = 0

a, . -26.68Tx, + 1.00 < 19

= = -37.601x; + 1.255 = 0

Variable bound valueas

0.036 = 3%, = 0.080
0.03e = - = 0.070
0.027 = o, = 0.065
0.027 s X, = 0.060
0.080 = A, = 0.125
0.012 = X, = 0.022

The Quantitative System for Business Plus Software Package
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was employed to solve thisg LP problem. This was developed
by Yih - Long Cheng and Robert §. Sullivan, and was released
in 1991, It was developed with the Basic Programming
Languags, to perform i‘.he golution to the following problems.

E Linear Programming Problems

- Quadratic Programming Problems

- Assignment Problems

- Network Modelling

- Project Scheduling - CPM & PERT.

- Dynamic Programming
Note that the congtant in the cost function could be deleted
since it does not affect our solution, but for our purpose
the constant was .mﬂltipliad with wvariable X, which
automatically assume & magnitude of one, i.e X, = 1. The

result as it comes out of the computer is as shown sn page

109,



{1}
Input Data of The Problem ayol  Page: 1

Min +.002618X1 +.008254X2 +.002303X3 +.003125X4 +.002844%5
+.001201X3 +.002137%7

Subject to

(1) +3B.4010X1 +0 X2 +TE2440X3 +0 ¥4 40 X5
40 X8 +0 7 > 4+3.75200

2} +C X1 +19.5820M2 +0 X3 444 5040K4 +0 x5
+0 X8 +0 X7 > +1,71500

(3} 40 X1 +0 X2 +0 X3 +6.24400X4 -4.80100%5

(4] +12.8200%1 +12.8200X2 +0 ¥3 40
+0 X8 +0 X7 = + 998000
X3 +0 X4 +0 i5

' 29.1410%68 +0  ¥7 < +.131000
‘ ¥4 +0 %5

(8) #0 X1 +11.8870X2 40

Var. no. Nama

x1
X2
X3
¥4
x5
X8
L

=4 0o e @ R =

=C=
o ]
=0>
i ) e
<0
=C=
4

=+, 036000
<+ 038000
<o 02T000 >
=+ 02F000>
o« o QE0000
=< +.012000>
<+1.00000 =

+0 X8 +0 X7 < 4.B25000

(B8) +26.6870X1 +0 X2 +0 X3 +0 X4 +0 xs
+0 X8 +0 %7 > 4100000

{7) +37.8010%1 +0 X2 +0 X3 +0 X4 +0 X5
+0 K& +0 X7 > 4125500

8 +0 X1 +0 X2 +0 X3 +0 X4 +0 X5
+0 X8 +1.00000x7 = «+1.00000

Integrality and Bounds  Page: 1

Integrality(CVB) Lower bound Upper bound

o DT 0000
<4+ 080000
< +. 085000 =
<4 080000 =
=+, 125000
< 22000
< 41,00000 >
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+.0416%9111
+., 03600000
+ 02930584
+. 02700000
+.06000000
+.01200000
+1 ., 0000000

»=+3.T52000L
=+1. 7150000
=+ ,.13100000
=+,99592959
<+ ,62500000
=4+1,0000000
=+1,.2550000
=+1. 0000000

Coetk

LO0AT3ITEZ
LO0312500
JAD2R4400

L1 20100
CADZ213700

Shadow
Price

LO0003021

0011825

Objecti ra
Coefficiant
+. 00261 500
+ . 00625 L0O0
4. 00230300
4+ 00312300
+.00284:L00
+.00120..00
+.00213°'Q0

rrrrrrrrrrr

19156003
.58816297

L20498E00
LAL1TTEGE
31262735

T T T i

+.001098582
+. 00151648

+4 . 657E-11
-4 B5T7E~-11
=2.328E-11
+1 _ 000E+20

. b S e

-

+3.5TE1BE2
+1.5234400
-.457163599
94226402
+.42001200
- Infinity
+.,94237268
+1.0000000

+

. [Ob]. Coeff,

Maximuam

+.00735352
Infinity
00547936
Infinity
Infinity
Infinity
Infinity

+ Infinity
+ Infinity
+ Infinity
+1.0579195
+ Infinity
+1.1117766
+ Infinity
+ Infiniey




